
PHYSICAL REVIEW B 110, 115305 (2024)
Editors’ Suggestion

Metric for quantifying elastic and inelastic thermal transport at interfaces
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Understanding interfacial thermal transport across interfaces is crucial for unraveling heat transfer mechanisms
in materials and devices. Interestingly, an effective metric to quantify the contributions from elastic and inelastic
vibration scatterings at interfaces to interfacial thermal transport is still lacking. In this paper, we demonstrate that
the significance of elastic and inelastic vibration scatterings at the interfaces on the interfacial thermal transport
is determined by the competition between the similarity of vibrational density of states (VDOS) between two
contacted leads and the anharmonicity of the interface. The VDOS similarity between two contacted leads,
measured using the Kullback-Leibler (K-L) divergence value, is found to correlate strongly to the signature
of elastic thermal transport at interfaces. Our calculations show that elastic vibration scatterings dominate
the interfacial thermal transport at interfaces when its K-L divergence value is <0.2. For instance, the elastic
vibration scatterings contribute >75% to the interfacial thermal conductance (ITC) of Ar/heavy Ar (h-Ar)
interfaces when the K-L divergence value is <0.2. When the K-L divergence value is >0.2, which indicates
the VDOS similarity between two contacted leads is significant, we find that both the elastic and inelastic
vibration scatterings at interfaces contribute primarily to the interfacial thermal transport. Furthermore, for the
interfaces with K-L divergence values >1, the ratio of ITC contributed by inelastic vibration scatterings can
be quantitatively characterized by the interfacial anharmonic ratio (IAR), which is a measure of interfacial
anharmonicity. Our calculations on Ar/h-Ar, Si/Al, and Si/Ge interfaces at various temperatures with K-L
divergence values >1 show that the IAR is generally linear with the inelastic contribution to ITC with an error
of 12.5%. Our results here advance the fundamental understanding of interfacial thermal transport resulting
from elastic or inelastic vibration scatterings, which may benefit the thermal management design in related
applications.

DOI: 10.1103/PhysRevB.110.115305

I. INTRODUCTION

Interfaces in heterogeneous materials offer many possibil-
ities for designing the corresponding devices with engineered
electrical and thermal properties. The thermal transport across
interfaces, particularly in heterojunctions of electronics and
thermoelectrics, is crucial for designing and optimizing their
performance.

Vibration scatterings at interfaces have been widely stud-
ied, mainly through the acoustic mismatch model (AMM) [1],
the diffuse mismatch model (DMM) [2], and the harmonic
nonequilibrium Green’s function (NEGF) [3–6], and permu-
tations thereof that only include contributions from elastic
vibration process while neglecting inelastic processes. The
interfacial thermal conductance (ITC) of some systems, such
as Al/Si [7], Al/GaN [8], and TiN/Al2O3 [9], predicted using
these methods agrees well with experimental measurements,
which indicates the elastic vibration scatterings are the main
heat transfer channels at these interfaces. However, some ex-
periments have implied that the inelastic vibration scatterings
at diamond/Pt and diamond/Au interfaces contribute largely
to the ITC by comparing the upper limit of elastic ITC with
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the measured value [10]. Many methods based on NEGF
[11–13], equilibrium molecular dynamics (EMD) [14–16], or
non-EMD (NEMD) [17–20] are then developed to quantify
the contribution of inelastic vibration scatterings to ITC. For
instance, Dai and Tian [11] extended the NEGF to include
three-vibration scatterings at interfaces and found that the
three-vibration scattering process contributes ∼27% to the
ITC of Si/Ge at room temperature. For another example, Zhou
and Hu [18] characterized the three-vibration scatterings at
the interface in the framework of NEMD and showed that
three-vibration scatterings result in ∼20–30% of the ITC of
the Si/Ge interfaces. Based on EMD or NEMD simulations,
all high-order inelastic vibration scatterings are found to con-
tribute even higher to the ITC of interfaces, e.g., ∼50% for
Si/Ge interfaces at room temperature in the framework of
NEMD [21], ∼50% for Si/Al interfaces at 700 K in the
framework of NEMD [22], and ∼50% for Si/Ge interfaces in
the framework of EMD [16]. While there is great progress
in quantifying the vibration transport across interfaces, the
underlying mechanism behind the interfacial thermal trans-
port is still poorly understood (e.g., the factors governing the
elastic and inelastic processes at interfaces remain unclear),
and a metric for quickly characterizing the contribution to
ITC from elastic and inelastic vibration scattering processes
is lacking. At the same time, a quick metric to determine the
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contributions to interfacial thermal transport from elastic and
inelastic scatterings directly guides us in designing interfacial
thermal materials for thermal regulation. On the one hand, we
may increase the interfacial thermal transport by improving
elastic scatterings at the interface [23–25]. On the other hand,
inelastic scatterings usually become significant at elevated
temperatures, which can further enhance interfacial thermal
transport at high temperatures [8,18,22]. By comprehending
these two metrics, we can quickly construct interfacial struc-
tures with multilayers to optimize interfacial thermal transport
across a wide temperature range.

In this paper, we find that the contribution to the ITC
from elastic and inelastic vibration scatterings is determined
by the competition between the similarity of the vibrational
density of states (VDOS) between two contacted leads and the
interfacial anharmonicity. The Kullback-Leibler (K-L) diver-
gence value and interfacial anharmonic ratio (IAR) are further
proposed to measure the VDOS similarity and the interfacial
anharmonicity, respectively. Our results show that, even at
high temperatures (e.g., T = 40 K for the Ar/h-Ar interface),
the elastic vibration contribution to ITC is >80% for these
interfaces with a small K-L divergence value <0.2. When the
K-L divergence value of interfaces is >0.2, both elastic and
inelastic vibration scatterings contribute largely to ITC. The
contributions to ITC from elastic and inelastic vibration scat-
terings can be further quantitatively characterized by the IAR
when the K-L divergence value is >1.0. Our calculations on
Ar/h-Ar, Si/Al, and Si/Ge interfaces at various temperatures
with K-L divergence values >1.0 show that the IAR is linear
with the inelastic vibration contribution to ITC with an error
bar of 12.5%. The paper is organized as follows. In Sec. II A,
we introduce the method based on NEMD simulations to
quantify the contributions to ITC from elastic and inelastic
vibration scatterings. The calculation details and physical ex-
planations of the K-L divergence value and IAR are given in
Sec. II B. Results and discussions are presented in Sec. III.
The influence of VDOS similarity and interfacial strength on
the interfacial thermal transport is discussed in Secs. III A
and III B, respectively. The interfacial anharmonicity on the
interfacial thermal transport is further discussed in Sec. III C.
In the following Sec. IV, we propose the generalized descrip-
tor for quantifying the contributions to ITC from elastic and
inelastic vibration scatterings in various systems. Conclusions
are drawn in Sec. V.

II. METHOD AND SIMULATION DETAILS

A. Quantifying the interfacial thermal transport
based on NEMD simulations

To quantify the interfacial thermal transport in the frame-
work of NEMD simulations (Appendix A), we calculate the
heat current across the interface using [18,19,26,27]

QL→R = 1

4

L∑
i

R∑
j

〈(
∂Uji

∂�r ji
− ∂Ui j

∂�ri j

)
· (�vi + �v j )

〉
, (1)

in which 〈〉 denotes the time average in NEMD simulations,
and �vi, �ri j , and Ui j are atomic velocity, relative displacement,
and potential energy of the atom pair i and j, respectively. For

the two-body potential, the atomic potential partial function
can be written as the atomic forces, e.g., �Fi j = ∂Ui j/∂�ri j .
Here, we output atomic velocity �vi and the atomic potential
partial function ∂Ui j/∂�ri j every 20 fs after NEMD simulations
reach the steady state. Here, L and R represent the left and
right sides along the ideal interface with no thickness and con-
stitute the interfacial region. The size of the interfacial region
is set as one unit cell length at both sides of the interface,
which is large enough to obtain the convergent heat current
[19,26]. It is also noted that the interfacial heat current calcu-
lated using Eq. (1) is identical to the heat current calculated
via Q = 〈dE/dt〉 in NEMD simulations [26].

By introducing the cross-correlation function between
velocity and the atomic partial potential function, the spec-
tral interfacial heat current can then be calculated via
[18,19,26,27]

QL→R(ω) = 1

2

L∑
i

R∑
j

Re

[∫ +∞

−∞

〈(
∂Uji

∂�r ji
− ∂Ui j

∂�ri j

)∣∣∣∣
τ
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〉
e−iωτ dτ

]
, (2)

where τ is the correlation time. Meanwhile, it is popular
to assume that all the vibrations hold the same temperature
drop �T at interfaces [18,21,22], and the spectral ITC is
calculated by

G(ω) = QL→R(ω)

A�T
. (3)

At the same time, the interfacial heat current can be seen as
the couplings among vibrations across the interface [28] and
can be calculated by [29,30]

Q =
∑

ω

h̄ω
∂ f (ω, T )

∂T
�(ω, T ), (4)

in which f (ω, T ) is the equilibrium vibration distribu-
tion function following the Bose-Einstein distribution, i.e.,
f (ω, T ) = [exp(h̄ω/kBT ) − 1]−1, kB denotes the Boltzmann
constant, h̄ is the reduced Planck constant, h̄ω is the vibration
energy, and �(ω, T ) is the vibration transmission function.
However, in the classical MD simulations, all the vibrations
are inherently fully activated, and the vibration distribution
function follows the classical limit of Boltzmann distribu-
tion [31,32], i.e., fclassical limit (ω, T ) = kBT

h̄ω
. Therefore, in the

MD simulations, the vibration transmission function becomes
[22,31,32]

�(ω, T ) = QL→R(ω)

kB�T
. (5)

The ITC calculated based on NEMD simulations consid-
ering the Bose-Einstein distribution of vibrations can then be
corrected via [30,33]

GQC = 1

2πA

∫ ∞

0
h̄ω

∂ f (ω, T )

∂T
�(ω, T )dω. (6)

To further quantitatively characterize the contribution to
ITC from elastic and inelastic vibration scatterings, we
regard the vibration transmission function at extremely low
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temperatures (e.g., 2 K for the Ar/h-Ar system) as the elas-
tic vibration transmission function (Appendix B). Therefore,
the elastic ITC Gela can be calculated by substituting the
elastic vibration transmission function �ela (ω) into Eq. (6).
This assumption has been validated by comparing the ITC
calculated using Eq. (6) with the ITC computed using
the original NEGF [17,26]. The corresponding ITC result-
ing from inelastic vibration scatterings is then obtained by
Ginela = GQC − Gela

B. Quantifying the elastic and inelastic interfacial thermal
transport based on VDOS similarity and interfacial

anharmonicity ratio

It is popular to apply the DMM, which considers the dif-
fuse elastic scatterings at the interface [2,34–37] to evaluate
the elastic vibration transmission. The predicted ITC based
on the DMM agrees reasonably with the measured ITC when
the anharmonicity is negligible (e.g., at low temperatures)
[7,38,39]. It can be deduced that the elastic vibration trans-
mission should be strongly related to the VDOS of two contact
sides [16,21,37,40,41]. Here, a dimensionless parameter, i.e.,
the K-L divergence value [42], is introduced to quantify the
similarity of VDOS of two contact sides. The K-L divergence
value of an interfacial structure with two contact sides is
calculated as

DK−L(P ‖ Q) =
∑

ω

P(ω) log10

[
P(ω)

Q(ω)

]
, (7)

in which P(ω) and Q(ω) are the normalized VDOS of the
two contact sides. Here, the normalized VDOS of two contact
sides is calculated using the vibrations of the local interfacial
region. It is noted that K-L divergence is a nonsymmet-
ric metric that measures the relative entropy or difference
in information represented by two normalized distributions,
e.g., the normalized VDOS in our calculations. As shown
in Eq. (7), the K-L divergence is always nonnegative, and it
can be >1 if the two distributions are significantly different
from each other. For instance, our results show that the K-L
divergence of VDOS of the Ar/h-Ar interface with a mass
ratio of 4 is >1, which is because the cutoff frequency for
Ar and h-Ar are 1 and 2 THz, respectively. A larger K-L
divergence value denotes a smaller overlap and a smaller sim-
ilarity between the two normalized VDOSs. It is noted that,
for the weakly bonded interfaces, the interfacial VDOS can be
approximated by the bulk VDOS of two counterparts which is
used to calculate the vibrational transmission coefficient in the
DMM. Meanwhile, the DMM can only consider the elastic
scatterings. Therefore, for weakly bonded interfaces with a
small K-L divergence (i.e., <0.2), the result calculated based
on NEMD simulations agrees well with the DMM predictions
since the corresponding ITC is mainly contributed by elastic
scatterings, and the interfacial VDOS can be approximated
by the bulk VDOS of two counterparts. Our calculations in
Appendix C clearly show that the vibrational transmission
calculated based on NEMD simulations can be compared with
the DMM predictions for these weakly bonded interfaces with
a K-L divergence <0.2 [Fig. 1(c)].

At the same time, previous studies [8,10,18,21,22,25,26]
have shown that inelastic vibration scatterings may largely

benefit interfacial thermal transport. In bulk crystals, inelas-
tic vibration scatterings are determined by the anharmonicity
[44–48]. As discussed in Sec. II A, the inelastic interfacial
heat current is determined by the anharmonic part of the
atomic potential partial function ∂Ui j/∂�ri j and atomic velocity
�vi. Therefore, it is easy to know that the inelastic vibration
scatterings at interfaces should also be relevant to the anhar-
monicity of the interfaces. Here, we propose a dimensional
parameter, i.e., IAR, based on the anharmonic interfacial in-
teratomic force, which is inspired by the anharmonic atomic
force defined by Knoop et al. [49,50], to quantify the anhar-
monicity of interfaces.

The atomic potential partial function ∂Ui j/∂�ri j in Eq. (1)
involving two atoms of two contact sides around the interface
can be approximated via

∂Ui j

∂rα
i j

≈
∑

β

kαβ
i j

(
uβ

j − uα
i

)
, (8)

in which kαβ
i j = ∂Ui j

∂uβ
j ∂uα

i

∣∣∣
|�u|=0

is the interfacial second-order

force constant, and therefore, we calculate the forces as Fα
i j =

kαβ
i j (uβ

j −uα
i ). Here, we use the finite displacement method

(FDM) to calculate kαβ
i j with a displacement of uα,β,γ

j =
0.01 Å. It is noted that the atomic displacement inherently
includes the temperature effects and then the interfacial an-
harmonicity. In our calculations, the interfacial forces as well
as the average forces are calculated based on these atomic
trajectories which are output from the MD simulations. The
calculation details can be found in Appendix D. We find
that the average force increases with temperatures [Fig. 2(a)].
During MD simulations, �Fi j can be further characterized by
the probability density function:

p(F ) = 1

3Nt N(i, j)

∑
t

∑
(i, j)

∑
α

δ
(
F − Fα

i j

)
, (9)

where δ(F ) is the delta distribution. To reduce the compu-
tational cost, we only include these atom pairs (i, j) with a
relative distance smaller than the cutoff distance (ri j � rcutoff ,
where rcutoff denotes the cutoff distance of the interatomic
pair potential) in Eq. (9). It is noted that the average value
of individual force components [Eq. (8)] should be zero, as
atoms vibrate around their equilibrium sites. The width of the
interfacial interatomic force distribution function [Eq. (9)] can
be evaluated by its standard deviation:

σ [F ] =
√∫ +∞

−∞
F 2 p(F )dF =

√√√√ 1

3N(i, j)

∑
(i, j)

∑
α

〈
Fα

i j

〉
, (10)

in which 〈〉 denotes the time average in MD simulations. Here,
σ [F ] can be regarded as the average magnitude of interfacial
interatomic forces acting on the interfacial thermal transport.
Moreover, σ [F ] can be regarded as a general scale in which
the interfacial interatomic force is given and compared via
the normalized interfacial interatomic forces, i.e., Fα

i j (t ) →
Fα

i j (t )/σ [F ] (Appendix D). Therefore, σ [F ] can be calcu-
lated by independent EMD simulations with a small system
(Appendix D).
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FIG. 1. (a) The transmission coefficient [Eq. (C1)] for Ar/h-Ar interfaces with a mass ratio changing from 1.2 to 16, and (b) the
corresponding spectral thermal conductance [Eq. (C2)] of Ar/h-Ar interfaces at T = 40 K. (c) The thermal conductance of Ar/h-Ar interfaces
calculated using the diffuse mismatch model (DMM; dash lines) and the elastic thermal conductance (solid lines) computed based on Eq. (6).
Here, we apply the same interfacial adhesion parameter (ε12 = 0.25ε) to depict all the Ar/h-Ar interfaces. (d) The elastic thermal conductance
of Si/3C-SiC, Si/4H-SiC, Si/6H-SiC, and Al/Si interfaces, adopted from Refs. [22,43].

Specifically, σ [F ] at extremely low temperatures
(Appendix B), in which the elastic vibration scatterings
dominate the interfacial thermal transport [22,26], can be
regarded as the harmonic average interfacial interatomic force
σ har[F ]. Therefore, a dimensionless parameter IAR can be
defined as

IAR(T ) = 1 − σ har[F ]

σ [F ]T
, (11)

where IAR ranges from 0 to 1 and can be applied to describe
the anharmonicity of an interfacial region.

III. RESULTS AND DISCUSSIONS

A. Influence of VDOS similarity between two contacted
bulk materials on interfacial thermal transport

It is known that the ITC calculated by the DMM
[2,7,25,34–36,39] is determined by the coupling of the VDOS
between two contact bulk materials. The ITC calculated using
the DMM agrees well with the experimental measurements
for these interfaces, in which the interfacial thermal transport

is dominated by elastic scatterings [7–9,36]. Therefore, it is
easy to deduce that the elastic scatterings and their contribu-
tions to ITC should be strongly correlated with the similarity
of the VDOS between two contact bulk materials. To clarify
the effect of the VDOS similarity between two contact bulk
materials on the elastic contribution to the corresponding ITC,
we designed an Ar/h-Ar interface with a mass ratio changing
from 1.2 to 16. At the same time, a weak interfacial interaction
(i.e., ε12 = 0.25ε) is chosen to describe the interatomic inter-
actions between two contacted bulk materials. It is noted that,
for a weakly bonded interface, the VDOS of the near interface
region is like that of its bulk counterpart [37,40] (Appendix E).
In this circumstance, the vibration transmission calculated
from NEMD can be compared with the DMM predictions
(Appendix C).

Our results show that the cutoff frequency of h-Ar de-
creases when its mass increases and the corresponding overlap
of the VDOS between h-Ar and Ar reduces [Fig. 3(a)].
Furthermore, the ITC contributed by the elastic vibration scat-
terings is found to decrease with the overlap of the VDOS
between two contacted leads [Fig. 3(b)]. The elastic vibration
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FIG. 2. (a) The average forces σ [F ] [Eq. (10)] of interfacial
atoms with various interfacial bonding strengths ranging from ε12 =
0.1ε to 1ε. The Kullback-Leibler (K-L) divergence values here are
calculated using the vibrational density of states (VDOS) of the
interfacial atoms and will change with the interfacial bond strength,
as discussed in Sec. III B. We give the range of the K-L divergence
here. (b) The inelastic contributions to the total interfacial thermal
conductance (ITC) assessed using the interfacial anharmonic ratio
(IAR) [Eq. (11)]. For all the Ar/h-Ar interfaces in (b), the interfacial
adhesion parameter ε12 = 0.25ε is used.

scatterings at the interface should satisfy the energy conser-
vation law, i.e., ω1 = ω2, where ω1 and ω2 are the incident
and transmitted vibration frequencies at two sides. There-
fore, a larger overlap of the VDOS between two contacted
leads would provide a greater likelihood of finding vibration
modes that satisfy ω1 = ω2 for these elastic scatterings. For
example, when the mass difference of the Ar/h-Ar system
changes from 1.2 to 16, the maximum frequency of these
vibrations contributed to the interfacial thermal transport at a
low temperature of 2 K varies from ∼2 to 0.5 THz [Fig. 3(c)].
We further find that the ITC is mainly contributed by elastic
vibration scatterings for the Ar/h-Ar system with a mass ratio
of 1.2 even at a temperature of 40 K [Fig. 3(c)]. For the Ar/h-
Ar system with a mass ratio of 16, which indicates a large
difference of the VDOS between two contacted leads, only
these vibrations with frequencies <0.5 THz can elastically
transport thermal energy across the corresponding interface
owing to the energy conservation rule [Fig. 3(a)]. Therefore,
even at a relatively low temperature of 10 K, the elastic
vibration scatterings contribute only 40% of the total ITC
[Figs. 3(b) and 3(c)], with the rest contributed by inelastic
vibration scatterings.

We further apply the K-L divergence value [Eq. (7)] to
quantitatively characterize the similarity of the VDOS of the
near-interfacial region [Fig. 4(a)] and attempt to figure out
its relationship with the ITC contributed by elastic vibration
scatterings. Our results show that the elastic vibration scat-
terings contribute >75% to the ITC of Ar/h-Ar interfaces
with K-L divergence values <0.2 [Fig. 4(b)]. We also de-
signed an h-Ar/h-Ar grain boundary with a K-L divergence
of zero, in which the interfacial bond strength is 0.25 times
the bond strength in two contacted bulk leads. We find that
the elastic vibration scatterings contribute >90% to the ITC

for the h-Ar/h-Ar grain boundary at all the temperatures con-
sidered here [Fig. 4(b)]. Meanwhile, for these interfaces with
K-L divergence values >1, which indicates a large mismatch
of the VDOS between two contacted leads [Figs. 3(a) and
4(b)], elastic vibration scatterings contribute <∼50% to the
corresponding ITC [Fig. 4(b)]. Other interfaces with large
K-L divergence values >1 such as Pt/diamond [10], Si/Al
[22], and Si/Ge interfaces [21] also show that both elastic and
inelastic vibration scatterings contribute largely to the ITC,
e.g., inelastic vibration scatterings contribute >50% to the
total ITC for Si/Ge interfaces at room temperature [21]. It
is also noted that, for the weakly bonded interface, the K-L
divergence value of the near-interfacial region may also be
estimated using the VDOS of two contacted bulk counterparts
(Appendix E).

B. Effect of interfacial strength between two contacted leads
on thermal transport across interfaces

Meanwhile, it is known that the interfacial strength be-
tween two contacted leads will strongly influence the VDOS
of atoms near the interface [23,41,51–57]. The VDOS of
atoms near the interface may not be approximated by the
VDOS of their bulk counterpart (Appendix E). The VDOS
or the K-L divergence value of the interface is changed by the
interfacial adhesion, which may alter the elastic and inelastic
interfacial transmission.

Here, we first change the interfacial interaction of the Ar/h-
Ar interface with a fixed mass ratio of 1.2 from 0.1ε to 0.75ε.
The K-L divergence value is <0.2 for all Ar/h-Ar interfaces
with a mass ratio of 1.2 and decreases with the interfacial in-
teraction (Appendix E). As we discussed above, the interfaces
with K-L divergence values <0.2 indicate a high similarity
of the VDOS between two contacted leads. Therefore, the
ITC of Ar/h-Ar interfaces with a mass ratio of 1.2 should
be mainly contributed by elastic vibration scatterings based
on the analysis in Sec. III A. For Ar/h-Ar interfaces with a
mass ratio of 1.2, our results show that the elastic vibration
scatterings contribute ∼75% to the ITC of these Ar/h-Ar
interfaces at all temperatures when two contacted leads are
bonded by a weak interfacial interaction of 0.1ε and 0.25ε

[Fig. 5(a)]. When the interfacial interaction of Ar/h-Ar inter-
faces becomes 0.50ε and 0.75ε, elastic scatterings contribute
even 88 and 85% to the ITC at 40 K [Fig. 5(a)], respectively.
This is because the strong interfacial interaction can change
the local atomic environment, such as interatomic forces and
local strain at the interfacial region, which in turn increases
the similarity of the VDOS of the local atoms in two contact
leads (Appendix E). Therefore, the ITC contributed by the
elastic vibration scatterings for these interfaces with a high
similarity is still dominant and increases when the interfacial
interaction between two contacted leads increases. We further
find that the K-L divergence of 0.2 may be applied to distin-
guish these interfaces with ITCs dominantly contributed from
elastic vibration scatterings (i.e., >70%). For instance, for
Ar/h-Ar interfaces with a K-L divergence of 0.15, the elastic
vibration scatterings contribute >85% to the ITC even at
40 K [Figs. 5(a) and 5(b)].

It should be noted that, for these Ar/h-Ar interfaces with
large mass ratios, the increase of interfacial interaction may
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FIG. 3. (a) Vibrational density of states (VDOS) of Ar and h-Ar with various atomic masses, e.g., the mass of h-Ar changes from 1.2 to
16 times that of Ar. (b) The inelastic contribution to the interfacial thermal conductance (ITC) of Ar/h-Ar interfaces with various atomic mass
ratios. The inelastic contribution increases with the mass difference, which indicates less overlap of the VDOS. (c) The vibrational transmission
function of three selected Ar/h-Ar interfaces, i.e., elastic scattering-dominated interfaces (mh−Ar = 1.2mAr), inelastic scattering-dominated
interfaces (mh−Ar = 16mAr), and interfaces with comparable contributions from elastic and inelastic scatterings (e.g., mh−Ar = 2mAr). For all
Ar/h-Ar interfaces considered here, the interfacial bond strength ε12 = 0.25ε is applied to depict the interatomic interactions.

decrease the corresponding K-L value from a value >1 to that
<1. For instance, for an Ar/h-Ar interface with a mass ratio
of 3, the K-L divergence value changes from 1.47 to 0.88
when interfacial adhesion increases from 0.1ε to 1.0ε. If an
interface has a K-L divergence value >1, the ITC contributed
by elastic and inelastic vibration scatterings can be assessed
based on the IAR (see detailed discussions below). However,
for interfaces with K-L divergence values between 0.2 and

FIG. 4. (a) The Kullback-Leibler (K-L) divergence values
[Eq. (7)] of Ar/h-Ar interfaces, with mass ratio changing from 1.2
to 20, and Si/Al and Si/Ge interfaces. The K-L divergence values
of Si/Al and Si/Ge interfaces are calculated based on the results of
Xu et al. [22] and Feng et al. [21], respectively. The K-L divergence
value of the Pt/diamond interface is calculated based on measure-
ments of Hohensee et al. [10]. (b) The ratio of interfacial thermal
conductance (ITC) contributed by inelastic scatterings for Ar/h-Ar
interfaces with various K-L divergence values. For all Ar/h-Ar in-
terfaces considered here, the interfacial bond strength ε12 = 0.25ε is
applied to depict the interatomic interactions. We also consider the
ideal interface with a K-L divergence value of zero, i.e., h-Ar/h-Ar
interfaces with weak interfacial bonds ε12 = 0.25ε.

1, both elastic and inelastic vibration scatterings contribute
largely to the corresponding ITC, and their contributions are
challenging to quantify accurately.

C. The role of interfacial anharmonicity in thermal
transport across interfaces

As discussed above, the similarity of the VDOS between
two contacted leads is low when the K-L divergence value
of interfaces is >1. Only a small part of vibrations with
frequencies lower than the cutoff frequency of the contacted
leads can transfer thermal energy across the interfaces via
elastic scatterings based on the energy conservation rule
[Fig. 3(a)]. These vibrations with frequencies larger than the
cutoff frequency of the contacted leads can only transport ther-

FIG. 5. (a) The inelastic contribution to the total interfacial ther-
mal conductance (ITC) for Ar/h-Ar interfaces with various bonding
strengths at T = 40 K. (b) The corresponding Kullback-Leibler (K-L)
divergence values calculated using the vibrational density of states
(VDOS) of atoms in the interfacial region. The K-L divergence
values decrease with the interfacial bonding strength.
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FIG. 6. The influence of the similarity of the vibrational density of states (VDOS) between two contacted leads and the interfacial
anharmonicity on the interfacial thermal transport. The Ar/h-Ar interfaces with Kullback-Leibler (K-L) divergence values of (a) [1.13, 1.91],
(b) 0, and (c) [0.15, 0.19], considering various interfacial bond strengths. All results here are calculated from T = 2 to 40 K.

mal energy across the interfaces through inelastic scatterings
[Fig. 3(a)].

For these interfaces with K-L divergence values >1, our
results show that both elastic and inelastic vibration scat-
terings contribute largely to the ITC [Fig. 4(b)]. At the
same time, the ITC contributed from inelastic vibration
scatterings is correlated with the interfacial anharmonic-
ity which is included in the interfacial interatomic forces
[17]. To quantify the interfacial anharmonicity, we then
calculate the average interfacial interatomic force σ [F ] (Ap-
pendix D) and find that σ [F ] increases with temperature
[Fig. 2(a)] as expected. The IAR, which can be used to
measure the interfacial anharmonicity, is then obtained using
Eq. (11).

Our results show that the IAR of these interfaces with K-L
divergence values >1 change almost linearly with the ratio of
ITC contributed by inelastic vibration scatterings [Figs. 2(a)
and 6(a)]. Therefore, it is suitable to use IAR to quantify
the ratio of ITC contributed by inelastic vibration scatterings.
However, the ratio of ITC resulting from inelastic vibration
scatterings assessed based on IAR will be overestimated when

the K-L divergence value of the interfaces is <1 [Fig. 2(b)].
This is because the IAR only considers the interfacial anhar-
monicity while ignoring the coupling of the VDOS of two
contacted leads. For instance, the calculated IAR at 10 K is
0.57 for Ar/h-Ar interfaces with a K-L divergence value of
0.76, which is much larger than the ratio of ITC contributed by
inelastic vibration scatterings [i.e., 35%, Fig. 2(b)]. The IAR is
calculated based on the average force σ [F ] of the atoms in the
interfacial region, which quantifies the overall anharmonicity
resulted from these interfacial atoms. It is shown that the IAR
contributed by the low-frequency vibrational modes should
be generally smaller than that of the high-frequency vibra-
tional modes [50]. Meanwhile, for interfaces with small K-L
divergence values, e.g., Ar/h-Ar interfaces with a mass ratio
of 1.2 and a K-L divergence value <0.2, the elastic vibration
scatterings which include the specular transmission [37,58] of
low-frequency vibrations (<1 THz) can contribute largely to
the interfacial thermal transport [Fig. 3(c)]. However, these
vibrations contribute a little to the IAR [50] and lead to an
overestimation of the contribution to ITC from inelastic scat-
terings assessed using the IAR.

FIG. 7. The inelastic contribution to interfacial thermal transport assessed based on the interfacial anharmonic ratio (IAR) across interfaces
with Kullback-Leibler (K-L) divergence values (a) >1 and (b) <1. The results of Si/Al (from 30 to 900 K) and Si/Ge (300 K) interfaces are
reproduced from Refs. [21,22]. The temperatures for Ar/h-Ar interfaces range from 2 to 40 K, with interfacial bonding strength ε12 changing
from 0.1ε to 1.0ε. The shadow region in (a) represents the uncertainty (±12.5%) for linearly fitting the inelastic contribution to the total
interfacial thermal conductance (ITC) with IAR. The K-L divergence values here are calculated using the vibrational density of states (VDOS)
of interfacial atoms (Appendix E).
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FIG. 8. The interfacial thermal conductance (ITC) of Si/Al inter-
faces calculated using nonequilibrium molecular dynamics (NEMD)
simulations by Xu et al. [22]. The interfacial inelastic scatterings
at T � 40 K contributed <5% to the total ITC of Si/Al interfaces,
suggesting that interfacial inelastic scatterings at the T � 40 K could
be ignored. Therefore, we chose the average force of Si/Al interfaces
at 40 K as the harmonic one σ har[F ] in our simulations.

Consequently, the IAR can be applied to estimate the
contribution to ITC from inelastic vibration scatterings for
those interfaces with large K-L divergence values (e.g., >1
for all the interfaces considered here [Figs. 2(b) and 6(b)]).
At the same time, the ITC is mainly contributed by elastic
vibration scatterings for these interfaces with K-L divergence
values <0.2 [Figs. 6(b) and 6(c)] at almost all the temperatures
considered here.

IV. GENERALIZED DESCRIPTOR FOR QUANTIFYING
THERMAL TRANSPORT ACROSS INTERFACES

Overall, the significance of elastic and inelastic vibration
scatterings at the interfaces on the interfacial thermal transport

FIG. 9. (a) The thermal conductance of Si/3C-SiC, Si/4H-SiC,
Si/6H-SiC, and Al/Si interfaces calculated using nonequilibrium
molecular dynamics (NEMD) simulations with quantum correction
(QCs) and the diffuse mismatch model (DMM), respectively. The
NEMD results here are adopted from Refs. [22,43], respectively. (b)
Thermal conductance of the Si/Ge interface predicted by anharmonic
atomistic Green’s function (AGF) [11] and DMM calculations. The
AGF results here are adopted from Ref. [11]. The harmonic AGF
considers the elastic scatterings only and agrees well with the DMM
estimations.

is determined by the competition between the similarity of the
VDOS between two contacted leads and the anharmonicity of
the interface, which is characterized by the K-L divergence
value and IAR, respectively.

To further validate the accuracy of the measures (i.e., the
K-L divergence value and IAR), we include 40 Ar/h-Ar sys-
tems with mass ratios ranging from 1.2 to 20 and interfacial
interaction ranging from 0.1ε to 1.0ε at temperatures ranging
from 2 to 40 K, Si/Al interfaces at temperatures ranging from
30 to 900 K [22], and Si/Ge interfaces at 300 K [21]. For these
interfaces with K-L divergence values >1, which indicates
a small VDOS similarity between two contacted leads, the
ratios of the elastic and inelastic contributions to ITC can be
well characterized by the IAR [Fig. 7(a)]. For instance, for
the Ar/h-Ar interfaces with the K-L divergence in range of
[1.1, 1.9], IAR estimates that the ratio of ITC contributed by
inelastic vibration scatterings is from ∼20 to ∼80% when the
temperature ranges from 3 to 40 K. The predictions based on
IAR agree well with the results calculated using MD simula-
tions, which show that the ratio of elastic contribution to ITC
is from ∼17 to ∼80% [Fig. 7(a)]. However, the IAR fails to
predict the ratio of contributions of the elastic and inelastic
scatterings to ITC for these interfaces with high VDOS sim-
ilarities between two contacted leads (i.e., the corresponding
K-L divergence value is <1). This is because the high VDOS
similarity between two contacted leads can lead to a large con-
tribution to ITC from elastic scattering channels. For example,
for the Ar/h-Ar interfaces with the K-L divergence value of
<0.2, elastic vibration scatterings contribute >80% to the ITC
at temperatures ranging from 10 to 40 K, much lower than
predicted using IAR. For these interfaces with K-L divergence
values ranging from 0.2 to 1, both the interfacial anharmonic-
ity and the similarity of VDOS between two contacted leads
largely affect the interfacial thermal transport. The ratio of
the ITC contributed by inelastic vibration scatterings at these
interfaces can neither be ignored nor solely estimated using
IAR [Fig. 7(b)]. Moreover, we validate these two metrics by
considering higher temperatures and including more systems
(Appendix F), and our results show that these metrics depict
the effect of the elastic and inelastic vibrational scatterings on
interfacial thermal transport well.

V. CONCLUSIONS

In conclusion, we have systematically quantified the contri-
butions to ITC from elastic and inelastic vibration scatterings
using NEMD simulations, VDOS, and interfacial interatomic
force analysis. Our results show that the ratio to ITC resulting
from elastic and inelastic vibration scatterings is determined
by the competition between the VDOS similarity between two
contacted leads and the anharmonicity of the interface. We
further propose two measures, i.e., the K-L divergence value
and IAR, to quantify the similarity of the VDOS between two
contacted leads and interfacial anharmonicity, respectively.
Our results show that the ITC across interfaces is dominated
by elastic vibration scatterings when the K-L divergence val-
ues are <0.2, e.g., the elastic vibration scatterings contribute
>80% to the ITC for these Ar/h-Ar interfaces with a K-
L divergence value of 0.19. For these interfaces with K-L
divergence values >0.2, both elastic and inelastic vibration
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FIG. 10. The distribution functions of interatomic forces between Ar and h-Ar atoms at Ar/h-Ar interfaces with a mass ratio of 4, and the
interfacial bonding parameters are (a) ε12 = 1.0ε and (c) ε12 = 0.25ε, respectively. We also apply the Gaussian function to fit the distribution of
interatomic forces. The corresponding normalized distribution function of interatomic forces with interfacial bonding of (b) ε12 = 1.0ε and (d)
ε12 = 0.25ε. The dark lines in (b) and (d) are plotted for view, which shows that the normalized forces at various temperatures and interfacial
bonding strengths can be reduced to an identical distribution.

scatterings are found to contribute largely to the ITC. Fur-
thermore, the contributions to ITC from elastic and inelastic
vibration scatterings for these interfaces with K-L divergence
values >1 can be quantified using a generalized descriptor
IAR. Our results on Ar/h-Ar, Si/Al, and Si/Ge interfaces at
various temperatures with K-L divergence values >1 show
that the IAR is generally linear with the inelastic contribution
to ITC with an error of 12.5%. Our results here advance the
understanding of determining the contributions to ITC from
elastic and inelastic vibration scatterings.
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APPENDIX A: NEMD SIMULATIONS

In this paper, a typical interfacial structure constructed by
two dissimilar Lennard-Jones (LJ) face-centered-cubic lat-
tices, i.e., Ar/h-Ar with a mass ratio ranging from 1.2 to
20, is used to analyze the interfacial thermal transport. The
system size is set as 160a × 10a × 10a, in which a = 5.29 Å
is the lattice constant at 10 K. In our previous work, we have
shown that the system size is large enough to exclude the
size effects in the NEMD simulations [26]. The parameters
used in the LJ potential Ui j = 4ε[(σ/ri j )12 − (σ/ri j )6] are
ε = 0.0104 eV and σ = 3.4 Å [59]. The cutoff distance for LJ
interaction is 2.5σ , and the simulation timestep is 1 fs. At the
same time, we also considered the interfacial bonding strength
in our simulations by changing the interaction between Ar and
h-Ar atoms ε12 from ε12 = 1.0ε to 0.1ε. Periodical boundary
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conditions are applied to the lateral directions of the system,
i.e., perpendicular to the direction of heat flow. All the MD
simulations are performed by LAMMPS [60].

Here, we first relax the system at the NPT (constant particle
number, pressure, and temperature) ensemble for 2 ns, in
which the pressure is set as 1 bar for all the temperatures. Then
the system is relaxed at the NVT (constant particle number,
volume, and temperature) ensemble for another 2 ns. After the
equilibrium, the system is applied with heat current using the
NVE (constant particle number, volume, and energy) ensem-
ble for another 8 ns. The heat current is generated by applying
the temperature coupling to the two Langevin thermostats at
two ends of the system, i.e., Tthermostat = T ± 0.5T , where T is
the system temperature. It took ∼4–6 ns to obtain the steady
state (stable temperature distribution and steady system heat
current) of the system. Following that, we further run the
NEMD simulations for another 2 ns to output the atomic tra-
jectories at the interfacial region (one unit cell length at both
sides of the interface) to calculate the spectral interfacial heat
current. Meanwhile, the system heat current can also be cal-
culated via Q = 〈dE/dt〉, where E is the accumulative energy
in the thermostats. The ITC can be calculated via Fourier’s
law G = Q/A�T , in which A is the system cross-section area
(10a × 10a) and �T is the temperature drop at the interface,
which is calculated by linearly fitting the temperature distri-
bution of Ar and h-Ar lattices.

APPENDIX B: CRITICAL TEMPERATURE
FOR DETERMINING ELASTIC ITC

In the MD simulations, vibrational scatterings may be
ignored at extremely low temperatures [32], e.g., T har <

0.05θD, where θD is the Debye temperature and can be esti-
mated via θD = h̄ωcutoff/kB. At such low temperatures (T har <

0.05θD), the corresponding interfacial thermal transport is
dominated by the elastic scatterings [22,26,27]. For instance,
in our previous work [26], we show the vibration transmission
function at 2 K (∼ 0.02θAr

D ) of Ar/h-Ar interfaces calculated
using NEMD simulations is almost identical to that predicted
by the atomistic Green’s function (AGF) method, in which
the inelastic scatterings are ignored. Therefore, we use the
vibration transmission at T = 2 K as the elastic transmission
for all the Ar/h-Ar interfaces. At the same time, the harmonic
average force σ har[F ] is then calculated at such temperature,
e.g., T har = 2 K for Ar/h-Ar interfaces in our calculations.

For Si/Al and Si/Ge interfaces, we ignore the inelastic
scatterings at 40 K (∼ 0.04θSi

D ) and regard the average force
as the harmonic one σ har[F ]. The corresponding IAR can be
then calculated [Fig. 7(a)]. Furthermore, our previous NEMD
calculations show that inelastic scatterings at the interface
contribute ∼5% to the total ITC at 40 K for Si/Al interfaces
(Fig. 8). It is, therefore, reasonable to choose the average force
of Si/Al interfaces at 40 K as the harmonic one σ har[F ].

It is also noted that the temperature range for various
sets of interfaces is chosen based on their lower Debye
temperatures. For instance, the lower Debye temperatures
of the Al/Si and Ar/hAr interfaces are around θAl

D = 423 K
and θh−Ar

D = 46 K (mh−Ar = 4mAr) [61], respectively. We can
assume that all the vibrations within the lower cutoff fre-
quencies are fully activated and involved in the interfacial

FIG. 11. The variance of force constants kαβ

i j = ∂Ui j

∂uβ
j ∂uα

i

∣∣∣∣
|�u|=0

of

the Ar/hAr interfacial structure. The variance is calculated as
Var = 1

N−1

∑
(kαβ

i j − 1
N

∑
kαβ

i j )
2
. In our simulations, we choose the

displacement uα,β,γ

j = 0.01 Å to calculate the interfacial force con-
stants. x, y, and z denote the three directions of the force constants,
e.g., x includes the kxx

i j , kxy
i j , and kxz

i j terms in the force constant matrix.

phonon transport. Therefore, the ITC contributed by elas-
tic scatterings converges when temperature increases to the
lower Debye temperature. When the system temperature fur-
ther increases to a value above the lower Debye temperature,
e.g., T = 1.5θD, phonons with frequencies higher than the
lower cutoff frequency are activated and contribute to the
ITC via the inelastic scatterings [22,31,32]. Therefore, we
set various temperature ranges for various sets of interfaces
in our calculations to include all these elastic and inelastic
effects on interfacial thermal transport. The temperature range
of various sets of interfaces in our calculations ranges from
T = 0.02θD − 0.04θD to 2θD.

APPENDIX C: DMM

It is known that elastic vibration transmission may be as-
sessed using the DMM [2,34–37]. Here, we also calculate
the vibration transmission coefficients at the Ar/h-Ar interface
based on the DMM theory [39], which is given by

ζ 1→2(ω) =
∑
λ

[kλ,2(ω)]2

∑
λ

[kλ,2(ω)]2 + ∑
λ

[kλ,1(ω)]2 , (C1)

in which ζ 1→2 denotes the vibration transmission from side
1 (Ar) to side 2 (h-Ar) and k is the wave vector. The ITC of
Ar/h-Ar interfaces then becomes

GDMM = 1

8π2

∑
λ

∫
kλ,1>0

h̄ωλ,1(kλ,1)k2
λ,1ζ

1→2

× |v⊥
λ,1(kλ,1)| ∂ f

∂T
dkλ,1, (C2)

where v⊥
λ,1(kλ,1) is the group velocity normal to the interface,

and f is the equilibrium vibration distribution, i.e., the Bose-
Einstein distribution. As shown in Fig. 1(a), the DMM largely
overestimates the vibration transmission across the Ar/h-Ar
interface with a mass ratio of 16, in which all the vibrations
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FIG. 12. (a) The Kullback-Leibler (K-L) divergence value which is calculated using the vibrational density of states (VDOS) of the
interfacial region with various atomic layers and a mass ratio of 4. (b) The K-L divergence values of the Ar/h-Ar interfaces with various
mass ratios.

with a frequency <0.5 THz on the Ar side are assumed to
transmit to the h-Ar side fully [Fig. 1(b)]. This is because the
DMM only considers the diffusive scatterings but ignores their
specular and nonspecular transmission [37,58]. Sadasivam
et al. [58] have suggested that the specular transmission of
low-frequency or long-wavelength vibrations, i.e., the trans-
mitted vibration remains in the same in-plane wave vector,
contributes nonnegligibly to the ITC.

On the contrary, the DMM may reasonably depict the Ar/h-
Ar interface with a high overlap of the VDOS [e.g., the mass
ratio of 1.2 in Fig. 1(c)], in which the contribution to ITC
from these low-frequency vibrations is small. For instance,
the corresponding transmission function is changed from 1 to
0.6 when the mass ratio decreases from 16 to 1.2 [Fig. 1(a)].
Therefore, the ITC of the Ar/h-Ar interfaces with a high over-
lap of VDOS or equivalently a small K-L divergence value
(e.g., the mass ratio of 1.2) predicted by DMM agrees reason-
ably with the elastic ITC calculated based on MD simulations
[Fig. 1(c)]. Furthermore, the experimental result [8] shows
that the diffusive elastic scatterings are the dominant thermal
transport channels across the interfaces with a high overlap of
VDOS or, equivalently, a small K-L divergence value, such as
the Al/GaN interface in which the cutoff frequency of acoustic
vibrations for both Al and GaN is ∼10 THz.

In the meantime, we also examine the ITC of Si/SiC, Si/Ge,
and Al/Si interfaces by comparing the DMM calculations with
NEMD simulations. Our results show that the DMM underes-
timates the ITC of Si/3C-SiC, Si/4H-SiC, Si/6H-SiC, Al/Si,
and Si/Ge interfaces [Fig. 9(a)]. However, it may reasonably
estimate the contribution to ITC resulting from elastic scat-
terings when most scatterings are diffusive. For instance, the
ITC of Si/Ge interfaces predicted using the DMM agrees well
with the ITC calculated using the harmonic AGF [11], which
only includes elastic scatterings at interfaces [Fig. 9(b)]. The
NEMD or AGF results on Ar/h-Ar, Si/3C-SiC, Si/4H-SiC,
Si/6H-SiC, Al/Si, and Si/Ge interfaces also show that the
DMM can reasonably predict the ITC contributed by elastic
scatterings [Figs. 1(d) and 9(b)]. Therefore, for interfaces

with a K-L divergence value <0.2, such as Al/Si and Si/Ge
interfaces, the DMM may be applied to predict the ITC. How-
ever, the DMM fails to evaluate the ITC of interfaces with
a K-L divergence value >0.2, where the contribution to ITC
from inelastic scatterings is nonnegligible.

APPENDIX D: VALIDATION AND CALCULATION
OF NORMALIZED FORCES

The IAR is a generalized scale independent of the size of
the systems. It is, therefore, reasonable to use a system to
calculate the average force σ [F ] and the corresponding IAR.
Here, the system size to calculate the average force σ [F ] of
Ar/h-Ar interfaces is set as 20a × 4a × 4a, in which the length
of Ar and h-Ar leads is 10a. Periodical boundary conditions
are applied to the lateral directions of systems. We first relax
the system at the NPT ensemble for 4 ns, in which the pressure
is set as 1 bar for all the temperatures. Then we perform EMD
simulations at the NVE ensemble for 2 ns, during which the
atomic displacements of the control volume (i.e., the length is
2a) at the interfacial region are output every 0.1 ps. It is noted
that we only consider the interatomic forces contributed by
these atom pairs with ri j < rcutoff . The interfacial interatomic
force �Fi j is calculated using the FDM based on these MD
trajectories, as discussed in Sec. II B.

As shown in Figs. 10(a) and 10(c), the force distribution
function [Eq. (9)] can be calculated based on MD trajectories.
The average force σ [F ] [Eq. (10)] is then obtained by fitting
the force distribution using a Gaussian function. It is noted
that the mean value of the individual force components should
be zero. Furthermore, we show that the normalized forces,
i.e., Fα

i j (t ) → Fα
i j (t )/σ [F ], exhibit the same unit for various

systems at different temperatures, e.g., the density function of
the normalized forces [Figs. 10(b) and 10(d)] can be reduced
to the identical distribution.

Meanwhile, we also validate the accuracy of our interfacial
second-order force constants used the FDM. Our results show
that a displacement uα,β,γ

j = 0.01 Å should be small enough
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FIG. 13. (a) The vibrational density of states (VDOS) of Si/3C-
SiC, Si/4H-SiC, and Si/6H-SiC interfaces and their Kullback-Leibler
(K-L) divergences of the interface, respectively. (b) Inelastic contri-
bution to thermal transport of Si/SiC interfaces with temperatures
ranging from 50 to 1200 K. The inelastic contribution was adopted
from Ref. [43].

to obtain the accurate interfacial second-order force constants
(Fig. 11).

APPENDIX E: K-L DIVERGENCE VALUES
OF REAL INTERFACIAL STRUCTURES

As discussed in Sec. III B, the K-L divergence value of real
interfacial structure may differ from the value calculated using
their bulk counterparts. We therefore examine all Ar/h-Ar
interfaces with a mass ratio changing from 1.2 to 20 and
an interfacial adhesion ranging from 0.1ε to 1.0ε. We first
choose the control volume of the interfacial structures with
several layers of interfacial atoms, e.g., four atomic layers at
Ar and h-Ar leads (Fig. 12). The size of the control volume
is determined by the interatomic forces between interfacial
atoms from two contacted leads. The larger control volume
contains more atoms of which the VDOS is identical to that
of their bulk counterpart [Fig. 12(a)]. These atoms do not
directly interact with atoms belonging to the other interfacial
side. The corresponding K-L divergence may then be overes-
timated when a large control volume is used to calculate the
value. Here, we choose the control volume to only include
these atoms that interact with the other interfacial sides, e.g.,
four atomic layers at Ar and h-Ar leads, and the interfacial
VDOS is calculated based on the atoms in the control volume.
Our results show that the K-L divergence value calculated
using the real interfacial structure is smaller than that com-
puted using two contacted bulk systems [Fig. 12(b)]. Only
for these Ar/h-Ar interfaces with a small mass ratio and a

FIG. 14. (a) The thermal conductance of Ar/h-Ar interfaces
considering two mass ratios (mh−Ar = 1.2mAr and 4mAr) with tem-
perature ranging from 2 to 70 K. (b) The corresponding inelastic
contribution to the thermal transport across Ar/h-Ar interfaces in (a).

weak interfacial adhesion (e.g., the mass ratio is 1.2, and the
interfacial adhesion is 0.1ε) may we use the VDOS of two
contacted bulk counterparts to calculate the K-L divergence
value [Fig. 12(b)].

APPENDIX F: VALIDATION OF TWO METRICS
AT HIGH TEMPERATURES

We consider three more systems (Si/3C-SiC, Si/4H-SiC,
and Si/6H-SiC interfaces) to validate our conclusions on the
metric, K-L divergence. As shown in Fig. 13(a), the K-L
divergence of the Si/3C-SiC interface is 0.18, indicating that
thermal transport across such an interface should be elastic
dominated. This is further verified by our finding [Fig. 9(a)]
that the results from NEMD simulations with quantum cor-
rection agree well with the DMM calculations, in which only
the elastic scatterings are included. At the same time, we also
show that the IAR fails to describe the inelastic contributions
of thermal transport across these Si/SiC interfaces, in which
the elastic scatterings contribute >75% at even a high temper-
ature of 1200 K [Fig. 13(b)].

We further show that the inelastic contribution of the Ar/h-
Ar interface with K-L divergence >1 at high temperatures
(T > 40 K) can also be estimated by the IAR. For the inter-
faces with K-L divergence <0.2, the inelastic contribution is
<25% at even high temperatures (T > 40 K for Ar/h-Ar and
T > 800 K for Si/SiC interfaces) as shown in Figs. 13 and 14.
Therefore, the two metrics we proposed here should be also
valid at higher temperatures for these interfaces.
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