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Spin-orbital coupling induced isolated flat band in bismuthene with k-dependent spin texture
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Flat bands exhibit many exotic physical phenomena due to the dispersionless features and are receiving
widespread attentions. In this work, a metastable bismuthene allotrope (P-3m1-Bi72) with isolated flat bands
near the Fermi level was identified, through high-throughput tight-binding calculations, from more than 500
allotropes. P-3m1-Bi72 features the kagome characteristic of an interlaced distribution of triangles and hexagons.
First-principles calculations revealed that this structure is a dynamically stable phase of bismuthene and
energetically more favorable than many previously predicted bismuthene allotropes. Based on the high-level
functional of HSE06 (HSE stands for Heyd-Scuseria-Ernzerhof), three isolated flat bands are confirmed in the
band structures of P-3m1-Bi72, located in the vicinity of the Fermi level. These isolated flat bands originate from
the kagome-like features of the atomic configuration as well as the charge distributions, and their isolation and
flatness are severely affected by the strength of spin-orbital coupling (SOC). Additionally, the spin textures of
flat bands in P-3m1-Bi72 are k dependent and exhibit twofold rotation symmetry in reciprocal space. Our work
provides a candidate material for studying the properties of isolated flat bands in a strong SOC system.
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I. INTRODUCTION

Flat band means a special band structure exhibiting a
dispersionless feature that the energy bands E(k) are almost
independent of momentum k. When the kinetic energy is
quenched, the interaction energy becomes crucial throughout
the entire Hamiltonian, making the flat-band systems exhibit
strong correlation effects [1,2]. Flat-band systems are ideal
platforms for realizing the fascinating physical phenomena
[3,4] of superconductivity [5–7], Wigner crystallization [8,9],
anomalous quantum Hall effect [10], supersolidity [11], and
dipolar interaction magnets [12]. The confirmation of magic-
angle graphene bilayers as a flat-band system [13] has sparked
a new wave of exploring two-dimensional flat-band materials.
Usually, flat bands can be constructed by topological defects
[14,15] or designed in special lattice models with compact
localized state, such as kagome [16] and Lieb [17]. However,
flat bands in real materials typically experience disturbances
leading to a certain degree of dispersion. They often devi-
ate from the Fermi level or overlap with dispersive bands.
The isolated zero-energy flat bands are highly expected in
condensed-matter physics in view of their advantages in many
practical applications by avoiding the influence of other fac-
tors [18].

Spin-orbit coupling (SOC) is an intrinsic interaction in
physics that describes how the spin of particles interacts
with their orbital motion, which largely influences the elec-
tronic structure of materials. Most of the previously reported
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flat-band systems are light-element materials with weak SOC
[2,9,13,14]. Designing flat-band systems based on strong SOC
materials is an intriguing topic, but presently there is relatively
little research on this subject. Flat-band systems with strong
SOC are highly expected to extend their functionalities for
applications in spintronics [19,20], and they have recently gar-
nered significant research interest [21]. For example, Hiroki
et al. have demonstrated that SOC-related flat bands can be
realized in pyrochlore and kagome lattices [22]. Especially,
SOC can open a small band gap and isolate the flat band from
the dispersion band [23], and some SOC-related quasi-flat-
bands [24] have been experimentally confirmed, such as CoSn
[25]. Unlike ordinary flat bands, electrons in SOC-related
flat bands interfere destructively through spin selection rules
controlled by SU(2) gauge fields [26], resulting in localized
charge distributions in real space [22]. Therefore, flat-band
systems in strong SOC materials are more worthy of expec-
tation in condensed-matter physics.

Bismuth, as the heaviest element in the group 15, possesses
strong SOC. Previous studies have suggested that bismuth
can form various allotropes [27–30] due to its 3-coordinated
bonding features. Furthermore, the air stability of bismuth
surpasses that of phosphorus and arsenic [31], which is crucial
for practical applications [32]. It is believed that bismuth can
provide a large number of allotropes with different electronic
properties, such as the SOC-related flat band. In fact, some
2D bismuth allotropes have been experimentally synthesized,
such as Bi(111) and Bi(110) thin films [33,34]. Their out-
standing spintronic properties enable the conversion between
spin and charge currents in future integrated circuits [35,36],
making them candidate materials for spintronics [37]. The
prediction of Bi(110) thin film as an elementary ferroelectric
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FIG. 1. (a) Total energy and structure thickness relationship for 8 old structures (green triangles), 57 bismuth structures with flat bands
(red pentagrams), and 467 structures without flat bands (blue solid circles). (b) Top and side views of the optimized P-3m1-Bi72 structure, with
cyan diamond representing the primitive cell.

material [38] has been recently confirmed [39] by experiment,
which has attracted further research interests in 2D bismuth
systems [40–43]. Here, we are highly curious about whether
it is possible to design flat-band materials in 2D bismuth
allotropes.

With the development of advanced preparation methods
for two-dimensional materials, the potential diversity of bis-
muthene is promising under suitable substrates and growth
conditions. Presently, common theoretical phosphorene and
bismuthene isomers are viewed as different undulating hexag-
onal lattices. This inspires the theoretical design of more
bismuthene allotropes through the random undulation of
hexagonal lattice supercells. In this study, a high-throughput
approach combining the random method with group theory
and graph theory (RG2) [44–46], first-principles calculations,
Vienna Ab initio Simulated Package (VASP) [47], and the
tight-binding (TB) approximation [48,49] is employed to in-
vestigate the atomic structures and electronic properties of
potential bismuthene allotropes. Based on the quotient graph-
coloring strategy in RG2, hundreds of possible undulated
configurations have been generated as potential bismuthene
isomers. Interestingly, there are indeed some configura-
tions that exhibit flat bands, including a low-energy one
(P-3m1-Bi72) with three isolated flat bands near the Fermi
level. It is further confirmed to be dynamically stable based
on first-principles calculations. Comparative studies indicate
that these isolated flat bands with SOC-dependent isolation
and flatness originate from the kagome-like feature of atomic
configuration and charge distributions. Furthermore, the spin
textures of the flat bands in such a 2D bismuth system are k
dependent and show twofold rotation symmetry in reciprocal
space. Our work provides a candidate material for studying the
properties of isolated flat bands in systems with strong SOC.

II. COMPUTATION DETAILS

To find sufficient configurations with corrugated and
3-connected features for 2D bismuth allotrope, the planar
honeycomb lattice in different hexagonal and rectangular su-
percells is considered as starting points. Corrugations can be

simply constructed by creating different up (U) and down (D)
atomic positions of bismuth in the supercells. This can be effi-
ciently finished by our previously developed RG2 [44,45,50].
Although the 2D materials we study can be described by
layer groups, they need to be treated as three-dimensional
(3D) crystals to be recognized by commonly used first-
principles calculation software and crystal-structure editing
tools. Therefore, in our research, we select a third lattice
vector perpendicular to the a-b plane and choose to label them
using 3D space groups. In our present work, only small-size
cells with a total atom number smaller than 80 are consid-
ered. The configurations with neighborhood relationships of
U:UUU and D:DDD are directly dropped by RG2 due to their
potentially higher energy. Finally, 524 surviving candidates
are selected for further investigations of their structures, sta-
bilities, and electronic properties based on the widely used
VASP [47]. As the total energies summarized in Fig. 1(a) as a
function of layer thickness, many corrugated candidates of 2D
bismuth with remarkable energetic stabilities are discovered.
Some of these discovered candidates are energetically more
favorable than most of the previously proposed ones, such
as TB-Bi [51], ε-Bi and η-Bi [27,52]. The experimentally
synthesized α-Bi [53] is obviously the ground state of 2D
bismuth with the lowest total energy.

To gain accurate results of electronic band structures,
the high-level hybrid functional of HSE06 (HSE stands for
Heyd-Scuseria-Ernzerhof) [54] is expected. However, it is
time-consuming and too expensive for high-throughput cal-
culations. To address this issue, a general and transferable
TB model based on sp3 d5 orbitals of Bi allotropes is con-
sidered, and the details of such a TB model can be found
in our previous work [48,49,55,56]. The HSE06-based band
structures of three old structures of MBi, β-Bi, and α-Bi with
and without SOC are selected to fit the TB parameters for 2D
bismuth allotropes. In order to enhance the universality of the
TB model, the fitting cutoff radius is expanded to 15 Å. The
final optimized TB parameters are shown in Supplemental
Material, Table S1 [57], and the corresponding band structures
of the three selected old allotropes are shown in Fig. S1 [57].
It can be seen that the electronic properties calculated by the
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TB model are consistent with the HSE06-based ones very
well. It is worth mentioning that these three selected struc-
tures have different geometric configurations and electronic
properties, including rectangular, hexagonal, and square unit
cells with atomic layer thickness ranging from 1.6 to 3.5 Å,
as well as metal, semiconductor, and semimetal. Furthermore,
the transferability of our optimized TB parameters can be
further confirmed by the band structures of three additional
2D bismuth structures of TB-Bi, ω-Bi, and ε-Bi, as shown in
Fig. S2 [57]. These results indicate that our TB parameters
have strong universality and can be applied to calculate other
2D bismuth allotropes.

III. RESULTS AND DISCUSSION

Based on the optimized TB parameters, the electronic band
structures of all the 524 2D bismuthene allotropes with and
without SOC are rapidly calculated. It is found that most of
them are semiconductors. To identify the flat bands in these
systems, we set the criterion for bandwidth to be 30 meV.
Since people are only concerned with the energy bands near
the Fermi level, we have evaluated only the ten bands above
and below the Fermi level. Finally, 57 configurations have
been confirmed as flat-band systems under the width criterion
of 30 meV. The configurations with and without flat bands are
denoted in Fig. 1(a) as red pentagram and blue solid circles,
respectively. It can be seen that the proportion (10.9%) of flat
bands in 2D bismuthene is very small. The band structures of
the 57 flat-band systems are shown in Figs. S3 and S4 [57],
in which the flat bands are denoted as red solid lines. Their
optimized crystal structures are provided in a res.format file
in the Supplemental Material for interested researchers [57].

As shown in Fig. 1(a), the one with the lowest total
energy among all the flat-band systems attracted our inter-
est. It contains 72 bismuth atoms in its hexagonal cell in
P-3m1 (164) symmetry and can be correspondingly named
as P-3m1-Bi72. The optimized crystal structure of P-3m1-
Bi72 is shown in Fig. 1(b), where the green and red balls
represent the upward and downward Bi atoms, respectively.
Its optimized lattice constants are a = b = 25.48 Å and c =
22.19 Å. There are two different segments of hexagon and
triangle separated by an obvious kagome-type boundary. All
the Bi atoms in each hexagon and triangle are alternating
upward and downward similar to those atoms in the β-Bi [28]
and blue phosphorene [58]. It is clearly seen that there are
9 pairs of (upward or downward) Bi–Bi bonds surrounding
each triangle segment, and the hexagon is enclosed by 18
pairs of Bi–Bi bonds (alternating upward and downward). In
P-3m1-Bi72, all Bi atoms are 3-coordinated with bond lengths
ranging from 3.030 ∼ 3.098 Å and bond angles range from
73.96◦ ∼ 107.81◦. These bond characters are similar to those
in β-Bi [28], but the layer thickness of P-3m1-Bi72 of 3.88 Å
is twice larger than that of β-Bi (1.74 Å).

The average energy of P-3m1-Bi72 is −3.726 eV per atom,
which is higher than the experimentally synthesized allotropes
β-Bi (−3.762 eV per atom) [33] and α-Bi (−3.771 eV
per atom) [53]. It should be noticed that such energy is
lower than that of the experimentally observed Mbi [34]
(−3.579 eV per atom), which indicates that the discov-
ered P-3m1-Bi72 is expectable. The thermal stability of

P-3m1-Bi72 is also confirmed by the ab initio molecular dy-
namics at 300 K. As shown in Fig. S5(a) [57], the total energy
just slightly oscillates around the equilibrium energy and the
final structure remains intact after a 5-ps simulation. We have
also calculated the vibrational spectrum of P-3m1-Bi72 to
evaluate its dynamical stability. The results in Fig. S5(b) show
that no negative frequency appears in the phonon-band spec-
trum [57]. Furthermore, the phonon density in the whole first
Brillouin zone (BZ) also contains no imaginary vibrational
modes, which further confirms that P-3m1-Bi72 is dynami-
cally stable under small vibrations. Based on its thermal and
dynamic stability, as well as relatively lower total energy,
P-3m1-Bi72 is expected to be realized in future experiments.

The electronic band structures of P-3m1-Bi72 with and
without SOC in TB are shown in Figs. 2(a) and 2(b), respec-
tively. It can be seen that without SOC, the system exhibits the
properties of a normal indirect band-gap semiconductor with
a gap of 1101 meV. With included SOC effect, the system is
still an indirect band-gap semiconductor with a reduced band
gap of 396.6 meV. However, there are three isolated flat bands
near the Fermi level. To confirm these electronic band features
of P-3m1-Bi72, the hybrid functional HSE06 is employed to
calculate the band structures again and the results are in good
consistence with those deduced by our TB calculations as
shown in Fig. 2. The isolated flat bands near the Fermi level
are denoted by VB1, CB1, and CB3 in Fig. 2(b) and their
bandwidths are calculated to be 105.84, 19.8, and 26.1 meV,
respectively. These bandwidths are much smaller than the
criterion of 50 meV used for selecting flat bands in previous
works [59] and comparable to the flat-band width (12 meV)
in twisted bilayer magic graphene [13]. Especially, valence
band 1 (VB1), conduction band 1 (CB1), and CB3 have much
smaller dispersion in the M-K path, where the corresponding
bandwidth is only 1.03, 2.84, and 1.07 meV, respectively.
These values are much smaller than the width of the flat
band in the twisted bilayer magic graphene. The maximum
Fermi velocities of VB1, CB1, and CB3 are calculated to
be 16.5 × 104, 4.43 × 104, and 5.33 × 104 m/s, respectively,
which are close to that of twisted bilayer graphene in magic
angle (4 × 104 m/s) [13]. For VB1 and CB1 along M-K, the
maximum Fermi velocities are about one order of magnitude
smaller, which are only 0.503 × 104 and 0.902 × 104 m/s.
From the HSE06-based density of states as plotted in Fig. 2(b)
(green solid line), it can be seen that there are corresponding
sharp peaks appearing for reflecting the flat bands. To visual-
ize the characteristics of the isolated flat bands, the high-level
HSE06 is employed to calculate the 3D band structure of
P-3m1-Bi72 in the hexagonal BZ. Like the results displayed in
Fig. 2(c), CB1 and CB3 are nearly flat throughout the entire
BZ, which is consistent with our conclusions drawn from the
2D band-structure analysis.

For the band structure without SOC, it is known that in
the planar kagome structure, both a flat band and a Dirac
cone composed of pz orbitals appear simultaneously [9,12].
However, the P-3m1-Bi72 does not exhibit obvious flat bands
without SOC, as depicted in Fig. 2(a). This may be attributed
to structural fluctuations and strong hybridization between
the pz and other orbitals, resulting in the absence of flat
bands solely composed of pz orbitals. Intriguingly, multiple
isolated flat bands can be induced in P-3m1-Bi72 when SOC is
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FIG. 2. The band structures of P-3m1-Bi72 calculated with density-functional theory (DFT)-HSE06 (red dashed line) and TB (blue solid
line) without SOC (a) and with SOC (b); (c) The 3D band structure of P-3m1-Bi72 calculated by HSE06 with SOC. The high-symmetry points
Г, M, K are defined in Fig. 4(d).

included. To further explore the effect of SOC on the
electronic properties of P-3m1-Bi72, we calculate its band
structure based on the TB method with considering differ-
ent SOC strength (λ) as included as Hλ = λL · S, where L
and S represent orbital angular momentum and electron spin,
respectively. The band structure with λ = 1/3 is shown in
Fig. S6(b) [57], where the highest and second valence bands
are separated at point Г. Additionally, the band gap between

the highest valence band and the lowest conduction band de-
creases. With increased λ of 2/3, the highest valence band and
the lowest conduction band become more flat, and the highest
valence band is isolated, as shown in Fig. S6(c) [57]. As
shown in Fig. S6(d) [57], three isolated flat bands (VB1, CB1,
and CB3) are obtained at λ = 1, and the band gap decreases
to 396.6 meV. That is to say, the highest valence band will be
isolated and become more and more flat with the increase of

FIG. 3. (a) Band structures of P-3m1-Bi72 calculated using HSE and PBE, with three blue regions indicating the energy ranges of the VB1,
CB1, and CB3 flat bands. (b)–(d) Charge distributions near the VB1, CB1, and CB3 flat bands, respectively, in a 3 × 3 supercell, with black
diamonds representing the primitive cell and red hexagonal stars used as guides for the eyes.
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FIG. 4. Spin textures of the highest valence band: (a) and (b) represent the projection of the in-plane and out-of-plane spin magnitudes
in reciprocal space, respectively, where the black arrows represent the in-plane spin textures and the blue and red colors represent the spin
magnitudes, with more blue indicating a larger spin. (c) Spin magnitudes along the Г-M direction. (d) The Brillouin zone, with red arrows
representing reciprocal lattice vectors and orange lines indicating the extension line of the Г-M direction.

SOC, while with increased SOC, the lowest conduction band
will be finally identified as a flat band and the band gap of the
system will gradually decrease. This phenomenon reflects that
strong SOC of the bismuth element plays an important role in
the formation of the isolated flat bands in P-3m1-Bi72.

To further understand the origin of the flat bands, we
have studied the spatial distributions of the charge density
of the VB1, CB1, and CB3 bands. The band structure of
P-3m1-Bi72 calculated by PBE (Perdew, Burke, and Ernzer-
hof) and HSE06 is shown in Fig. 3(a); it is found that the PBE
(green solid line) calculation underestimates its band gap in
comparison with HSE06 (red dashed line). Fortunately, the
PBE calculation can also describe the isolated flat bands very
well. Thus, the low-cost PBE method is adopted to calculate
the charge density of the flat bands in our present work. As
shown in Figs. 3(b), 3(c), and 3(d), the PBE-based spatial
charge densities for different isolated flat bands are illustrated.
It is obvious that the charge distribution of VB1 [Fig. 3(b)]
is concentrated nearby the kagome boundaries, while there
is almost no charge distribution in the interior of hexagons
and triangles. The charge distributions of CB1 and CB3,
as shown in Figs. 3(c) and 3(d), also look very much like

kagome patterns. These distributions of charge densities are
in good agreement with the fact that P-3m1-Bi72 is formed
by a kagome-type boundary consisting of hexagons and tri-
angles. As reported in twisted multilayer silicone [60] that
quantum destructive interference in kagome geometry will
lead to electron localization and flat bands, the kagome-like
geometric features can be considered as a key role to under-
stand the flat bands in our discovered P-3m1-Bi72. Finally,
we introduce kagome boundaries into supercells of various
sizes, creating superperiodic systems to verify the sufficiency
of kagome pattern-induced flat bands. The results in Fig. S7
show that flat bands are present across different system sizes
[57], highlighting the strong correlation between the kagome
pattern and flat bands.

Given the significant influence of SOC in the formation of
flat bands, we have further investigated the spin texture prop-
erties of P-3m1-Bi72. By comparing the spin vectors in plane
and out of plane of the flat bands of P-3m1-Bi72 in momentum
space, the BZ and high-symmetry points are illustrated in
Fig. 4(d). As a result of the central symmetry present in the
structure, all the energy bands are doubly degenerate, with the
two components of the doubly degenerate bands exhibiting
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opposite spin polarizations, similar to LaOBiS2 [61]. For sim-
plicity, our work focuses on presenting the spin structure of
the highest valence band (VB1) as an example. In Fig. 4(a),
the in-plane spin textures are depicted, with the background
color indicating the magnitude. The black arrows represent the
in-plane spin textures, and the orientation of the spin is plotted
in the inset. Notably, the in-plane spin demonstrates twofold
(180°) rotation symmetry and increases in magnitude as it
moves away from Г, reaching a peak at the M and M− points.
The magnitude of the out-of-plane spin is shown in Fig. 4(b),
showing also twofold (180◦) rotation symmetry within the BZ,
with Г exhibiting the maximum magnitude. In P-3m1-Bi72,
opposite spin orientations are observed near the K+ and K−
points. The spin orientation near K+ is achieved by rotating
the spin orientation near K− by 180° around the center of
the BZ. This phenomenon is analogous to the counter-rotating
vortices of the spin in the twisted homobilayer MoS2 at the
K+ and K− points in the BZ [62]. In addition, the spin
structures in the flat bands CB1 and CB3 still exhibit similar
twofold rotation symmetry. A comparison reveals that both
the in-plane and out-of-plane spin components of the highest
valence band exhibit periodic changes in the Г-M direction.
Figure 4(c) illustrates the spin magnitude along the extension
line of the Г-M direction. It is evident that the in-plane spin
reaches its maximum at point M and becomes zero at point
Г. The spin direction points towards the Г-M direction. Con-
versely, the out-of-plane spin shows the opposite behavior,
being maximum at point Г and minimum at point M. This
periodic variation of the spin textures has wide applications in
the construction of polarized spin optoelectronic devices [63],
such as optical analog of the Datta and Das spin transistor
[64]. Overall, the spin textures exhibit a twofold rotation sym-
metry across the entire BZ, with the spin in VB1 vibrating
periodically along the Г-M direction. This phenomenon is a

result of the specific polarization direction imposed by the
crystal field and plays a crucial role in shaping the electron
spin textures.

IV. CONCLUSIONS

In summary, a metastable configuration of 2D bismuthene
(P-3m1-Bi72) with multiple isolated flat bands near the
Fermi level is identified through a high-throughput method.
P-3m1-Bi72 has a kagome-like boundary formed by consis-
tently undulating Bi–Bi bonds (three pairs) between triangles
and hexagons. The first-principles calculations confirms that
P-3m1-Bi72 is a dynamically and thermally stable semicon-
ductor with three isolated flat bands throughout the entire
BZ. These isolated flat bands can be well understood by the
kagome-like distributions of charge density and the kagome-
like boundary of atomic configuration. Their isolation and
flatness are severely affected by the strength of SOC. The
k-dependent spin texture of the flat bands in P-3m1-Bi72

exhibits twofold rotation symmetry across the entire BZ
and shows periodic variations along the Г-M direction. This
unique spin property has broad applications to construct spin-
dependent optoelectronic devices. Our findings provide a
candidate material for studying the properties of isolated flat
bands in systems with strong SOC.
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