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Hofstadter spectrum of Chern bands in twisted transition metal dichalcogenides
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We study the topological bands in twisted bilayer transition metal dichalcogenides in an external magnetic
field. We first focus on a paradigmatic model of WSe2, which can be described in an adiabatic approximation
as particles moving in a periodic potential and an emergent periodic magnetic field with nonzero average. We
understand the magnetic-field-dependent spectra of WSe2 based on the point net zero flux, at which the external
field cancels the average emergent field. At this point, the band structure interpolates between the tightly bound
and nearly free (weak periodic potential) paradigms as the twist angle increases. For small twist angles, the
energy levels in a magnetic field mirror the Hofstadter butterfly of the Haldane model. For larger twist angles,
the isolated Chern band at zero flux evolves from nearly free bands at the point of net zero flux. We also apply
our framework to a realistic model of twisted bilayer MoTe2 , which has recently been suggested to feature
higher Landau-level analogs. We show that at negative unit flux per unit cell, the bands exhibit remarkable
similarity to a backfolded parabolic dispersion, even though the adiabatic approximation is inapplicable. This
backfolded parabolic dispersion naturally explains the similarity of the Chern bands at zero applied flux to the
two lowest Landau levels, offering a simple picture supporting the emergence of non-Abelian states in twisted
bilayer MoTe2 . We propose the study of magnetic-field-dependent band structures as a versatile method to
investigate the nature of topological bands and identify Landau-level analogs.
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I. INTRODUCTION

When magnetic flux of the order of a flux quantum
�0 = h/e threads the unit cell of a lattice, the energy spec-
trum exhibits a remarkable fractal structure, first studied by
Hofstadter [1]. Reaching this regime for standard materials
requires unrealistically large applied magnetic fields B. The
advent of moiré materials which feature large unit cells en-
abled the Hofstadter regime to be probed experimentally, with
signatures observed in bilayer graphene on hBN [2], twisted
bilayer graphene [3–5], and transition metal dichalcogenide
heterobilayers [6].

The experimental realization of twisted bilayer graphene
[7] spearheaded these developments [8–18]. Twisted bilayer
graphene exhibits flat bands at twist angles close to the
magic angle of θ = 1.05◦ [19], providing additional interest
in its Hofstadter physics. The band structure at large mag-
netic fields was shown to exhibit rich structure [20–23], with
salient features appearing at magnetic fields corresponding
to an integer number of flux quanta threading the unit cell.
At these points, the Hofstadter problem retains the period-
icity of the underlying lattice [22] and the system displays
reentrant flat bands, resulting in an interaction-driven phe-
nomenology which is similar to that at zero magnetic field
[5]. Shortly after twisted bilayer graphene, twisted transition
metal dichalcogenide (TMD) bilayers emerged as another
remarkable moiré platform, featuring flat topological bands
[24–27] and permitting the observation of Mott insulators
[28], superconductivity [29,30], quantum criticality [31], and,
most remarkably, the integer and fractional quantum anoma-
lous Hall effects [32–36]. Very recently, a TMD bilayer was

proposed to exhibit a fractional quantum spin Hall effect of
holes [37] and shown to feature multiple flat bands of equal
Chern number in a given valley [37,38]. These experimental
findings were accompanied by intense theoretical efforts. Due
to flavor polarization, topological bands exhibit an anoma-
lous Hall effect at integer fillings [39–42], with the magnetic
field tuning the fine balance between competing states [43].
The fractional quantum anomalous Hall effect can form in
partially filled Chern bands and is now firmly established in
exact diagonalization studies [41,44–49], greatly broadening
the scope of fractional states in twisted graphenes [50].

Motivated by these exciting developments, we study the
effects of a strong magnetic field on topological bands in
twisted TMDs. We employ a continuum model [24,25] for
each valley of the twisted-TMD band structure and develop
a gauge-independent framework to compute the spectrum as
a function of magnetic field (Hofstadter butterfly). While our
framework is generally applicable, we focus specifically on
models of twisted bilayer WSe2 and MoTe2 .

We first investigate a minimal model of WSe2, identi-
fying and elucidating a remarkable similarity between the
Hofstadter butterflies for WSe2 at small twist angles and the
Haldane model [51,52], and shedding light on the various
topological phase transitions as a function of magnetic flux.
We find that in many ways, the model with an external mag-
netic field corresponding to � = −1 flux quanta per moiré
unit cell can be viewed as a natural parent model for under-
standing the TMD band structures. In particular, we find that
up to a twist angle of ∼2◦, the band structure at � = −1 is
robustly described by a Haldane model. This contrasts with
the zero-flux case, where a topological phase transition [25]
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already occurs at a twist angle of ∼1.5◦. Beyond this tran-
sition, the two topmost bands acquire equal Chern numbers,
which is no longer compatible with the two-band approxima-
tion of the Haldane model. We show that these equal-Chern
bands arise from the parabolic band top at flux � = −1.
Notably, the entire topmost band at � = −1 resembles a free-
particle dispersion, allowing a single Landau level to develop
into a detached flat Chern band at zero flux, and providing
ideal conditions for fractional quantum Hall liquids to form.

We then apply our framework to a more elaborate model,
which provides a realistic description of the band structure
of twisted bilayer MoTe2 at twist angle θ = 2.1◦, close to
the value in a recent experiment [37]. This model features
three low-lying bands of equal Chern number per valley, in
agreement with experiment. It has been proposed to feature
non-Abelian topological order in the second topmost band,
analogous to the first Landau level [37,53–57]. We show that
at � = −1, the band structure is remarkably close to that of
a backfolded free-electron dispersion for a large range of en-
ergies, allowing its two lowest Landau levels to persist all the
way to � = 0. In this picture, the lowest two bands at � = 0
are Landau levels of the nearly free electrons at � = −1, so
that the � = −1 band structure may serve as a natural parent
model to understand the appearance of non-Abelian phases
[37,53–57].

Beyond twisted bilayer TMDs, our results for twisted
bilayer MoTe2 establish the Hofstadter spectra as a valu-
able general characterization method for Chern bands and
their connection to Landau levels, complementing earlier ap-
proaches focusing on their quantum geometry [58–65].

The special role played by the � = −1 band structure
is best motivated by the adiabatic picture of twisted bilayer
TMDs [66,67]. This model describes the band structure of
one valley using a model of electrons with effective mass
m∗ subject to a potential Ṽ (r) and an effective magnetic field
B̃(r) = ∇ × Ã(r), both of which are moiré periodic. The cor-
responding Hamiltonian for the K valley takes the form

HK
Adiabatic = − [h̄k − eÃ(r)]2

2m∗ + Ṽ (r). (1)

The valley-odd effective magnetic field emerges after project-
ing to the low-energy states of the potential and tunneling
terms of the full continuum Hamiltonian, exploiting their slow
spatial variation. These can be written as an effective Zeeman
field acting on the layer degree of freedom, with the direc-
tion n̂(r) describing a moiré periodic texture. The effective
magnetic field, shown in Fig. 1(a), is given by the Pontryagin-
index density associated with this skyrmionlike texture,

B̃(r) = − h̄

2e
n̂(r) · ∂xn̂(r) × ∂yn̂(r), (2)

and corresponds to an average of one flux quantum per unit
cell. The moiré-periodic scalar potential Ṽ (r) experienced
by the electrons, shown in Fig. 1(b), combines the effective
Zeeman energy and a scalar potential originating from the
adiabatic approximation,

D(r) = h̄2

8m∗
∑
i=x,y

[∂in̂(r)]2, (3)

FIG. 1. (a) Effective magnetic field B̃(r) = ∇ × Ã(r) entering
the adiabatic model in Eq. (1), measured in units of flux quanta
(�0 = h/e) per unit cell (AUC). The moiré unit cell with the AA,
AB, and BA stacking locations is highlighted in red. The effective
magnetic field is peaked at the midpoints between AB and BA stack-
ing. (b) Effective moiré potential Ṽ (r) entering the adiabatic model.
(c) Band structure of twisted bilayer WSe2. Plots in (a)–(c) are for
a twist angle of θ = 1◦ using model parameters from Ref. [25].
(d) Same as (c), but at a twist angle of θ = 1.67◦.

which is proportional to the trace of the quantum geometric
tensor of the adiabatically polarized states as a function of r.

Within the adiabatic model, the external magnetic field
simply adds to the effective field, B̃(r) → Btot(r) = B̃(r) + B
[67]. This immediately implies that on average, an externally
applied field corresponding to � = −1 flux quanta per unit
cell cancels the effective magnetic field. At this point of net
zero flux, the model in a single valley reduces to a band
structure without average magnetic field and can be solved
using a Bloch basis for the original lattice unit cell. This
simplification makes � = −1 a natural starting point to un-
derstand the magnetic-field-dependent spectrum. Note that
in the other valley, the effective magnetic field B̃(r) carries
the opposite sign, so a cancellation in that valley occurs for
opposite applied flux � = 1.

Within the adiabatic picture, it is natural to describe the
band structure of twisted bilayer WSe2 at � = −1 in terms
of a Haldane model. The periodic potential Ṽ (r) localizes
particles into site orbitals on a hexagonal lattice; cf. Fig. 1(b).
The next-nearest-neighbor hopping between these orbitals
will have nonzero phases due to the inhomogeneous part of
the emergent magnetic field. The departure of the external
magnetic flux from � = −1, i.e., the net flux, tunes these
phases. Indeed, for sufficiently low twist angles, we find very
good agreement between the exact magnetic field spectra ob-
tained from the original continuum model and those computed
from the Haldane model. Specifically, both models exhibit
a similar sequence of topological phase transitions, which
are expected whenever the phase of the next-nearest-neighbor
hopping amplitude changes sign. The site orbitals delocalize
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with increasing twist angle. As a result, the Haldane model
must be extended to include longer-range hoppings and be-
comes more sensitive to the net flux. A direct consequence is
that the Haldane model at net zero flux (� = −1) is much
more robust against an increase in the twist angle than at
� = 0.

For larger twist angles, the adiabatic model suggests an
alternative description at � = −1. The kinetic term in Eq. (1)
becomes dominant, corresponding to holes in a weak periodic
potential. The resulting band structure naturally resembles
backfolded free-particle bands with small gaps. Even though
the adiabatic picture breaks down upon the increasing twist
angle [66–68], we still find good agreement with a parabolic
band for the topmost band of WSe2 at θ = 1.67◦. For MoTe2 ,
fast oscillations in the effective Zeeman field direction n̂(r)
render the adiabatic approximation inapplicable, yet the two
topmost bands at the point of net zero flux (� = −1) are
nearly parabolic.

Our manuscript is structured as follows. In Sec. II, we
introduce the continuum TMD model and outline its solution
in the presence of an external magnetic field. In Sec. III, we
analyze the model for WSe2 in the small twist-angle regime,
which is well approximated within a tight-binding approach.
Larger twist angles are considered in Sec. IV. Section V in-
vestigates a corresponding model for MoTe2 , featuring Chern
bands that are akin to the first Landau level. We conclude
with a discussion, highlighting the general applicability and
experimental relevance of our findings.

II. BAND STRUCTURES IN A MAGNETIC FIELD

A. TMD continuum model

The band structure of twisted homobilayer TMDs in valley
K can be described by the continuum Hamiltonian [24,25],

HK
sp =

(
− h̄2(k−Kb)2

2m∗ + Vb(r) T (r)

T †(r) − h̄2(k−Kt )2

2m∗ + Vt (r)

)
, (4)

where m∗ is the effective mass of the valence band, Kt/b =
[0,±4π sin(θ/2)/(3a0)] are the momenta of the band extrema
of the top and bottom layers with a0 the TMD lattice constant,
Vt/b(r) are the potentials in the top/bottom layers, and T (r)
describes interlayer tunneling. In the first harmonic approxi-
mation, these take the form

Vb(r) = Veiψ (eig1·r + eig3·r + eig5·r ) + H.c., (5)

Vt (r) = Vb(−r), (6)

T (r) = w(1 + e−ig2·r + e−ig3·r ), (7)

with tunneling strength w, potential strength V , the phase
ψ , and the six reciprocal vectors g j defined as the j − 1
counterclockwise C6z rotations of g1 = [4πθ/(

√
3a0), 0]. The

moiré lattice constant aM = a0
2 sin(θ/2) is much larger than the

bare TMD lattice constant a0.
The form of the Hamiltonian is fixed by the C3z, C2y,

and time-reversal (T ) symmetries of a twisted TMD ho-
mobilayer. In the first harmonic approximation, there is an
additional three-dimensional (3D) inversion symmetry act-
ing as σxHK

sp (r)σx = HK
sp (−r), which, however, is broken by

higher harmonic terms [41,69,70]. Note that C2yT remains
a good symmetry in the presence of an externally applied
magnetic field, even though C2y and T are both broken
individually.

Many different parameter choices have been pro-
posed in the literature for relevant twisted TMDs
[24,25,48]. For most of this work, we consider a
minimal model of twisted WSe2 in the first harmonic
approximation from Ref. [25] as an illustrative example.
The parameters of this model are (a0, m∗,V, ψ,w) =
(0.332 nm, 0.43 me, 9 meV,−128◦, 18 meV), with me the
bare electron mass. The band structure of twisted WSe2

depends sensitively on twist angle. At small twist angles,
it has two low-energy Chern bands of opposite Chern
number separated from other bands by a large gap, as
shown for θ ≈ 1◦ in Fig. 1(c). In this regime, the two bands
are accurately described by a Haldane model [24,71]. As
the twist angle is increased, the lower of the two bands
approaches the remote bands, while the upper band flattens,
reaching the magic angle at θ ≈ 1.43◦ [25]. After a band
crossing at θ ≈ 1.5◦, the Chern number of the lower band
switches sign so that the two topmost bands have equal Chern
number. We illustrate the band structure in this regime in
Fig. 1(d) for θ = 1.67◦.

In Sec. V, we extend our discussion to a realistic
model of MoTe2 at θ = 2.1◦, which includes higher
harmonics for the tunneling and layer potential terms [53,57].
Specifically, we add the second harmonic potential V (2)

b (r) =
V (2)

t (r) = V2[ei(g1+g2 )·r + ei(g3+g4 )·r + ei(g5+g6 )·r] + H.c.
to Vb(r) and Vt (r), as well as the second harmonic
tunneling T (2)(r) = w2[eig1·r + eig4·r + ei(g3+g2 )·r] to
T (r). We use parameters (a0, m∗,V, ψ,w,V2,w2) =
(0.3472 nm, 0.62 me, 20.51 meV,−61.49◦,−7.01 meV,

−9.08 meV, 11.08 meV) [53], which fit the band structure
obtained from ab initio calculations [57].

B. Gauge-independent calculation of magnetic Bloch bands

We introduce an external magnetic field B into the con-
tinuum model in Eq. (4) by substituting momentum with
kinetic momentum, k → � = k − eA/h̄. The kinetic mo-
mentum obeys

[�x,�y] = ieB/h̄ = i

l2
B

, (8)

where lB = √
h̄/eB is the magnetic length satisfying 2π l2

BB =
�0. Working at a rational flux � = p

q per moiré unit cell

(measured in units of �0), we have 1
l2
B

= 2π
p
q

1
AUC

, where
AUC = |a1 × a2| is the area of the moiré unit cell with el-
ementary lattice vectors ai. We denote the basis vectors of
the corresponding reciprocal lattice as G1 and G2, which
satisfy ai · G j = 2πδi j . (In our numerics, we use G1 = g5 and
G2 = g1.) We express the Hamiltonian in the Landau-level
basis [20,21], working in a gauge-independent formalism. We
recall the magnetic translation operators,

Ta = exp

[
ia ·

(
� + 1

l2
B

ẑ × r
)]

(9)
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(ẑ is the unit vector in the z direction), which satisfy

TaTa′ = exp

(
i
a × a′

l2
B

)
Ta′Ta, (10)

where a × a′ stands for the (oriented) area spanned by the
two in-plane vectors. The operators Ta and Ta′ commute if this
area is threaded by an integer number of flux quanta. We now
choose translations by qa1 and 1

pa2, which enclose precisely
one flux quantum, to define our basis. Specifically, we choose
a Landau-level basis of simultaneous eigenstates of �2, Tqa1 ,
and Ta2/p [72]. The basis states |n, k〉 are characterized by a
Landau-level index n and momentum k, defined through(

�2
x + �2

y

)|n, k〉 =
(

n + 1

2

)
1

l2
B

|n, k〉, (11)

Tqa1 |n, k〉 = exp (iqa1 · k)|n, k〉, (12)

Ta2/p|n, k〉 = exp

(
i
1

p
a2 · k

)
|n, k〉. (13)

We expand the momentum k in the basis vectors G1 and G2

of the reciprocal lattice as

k = k1
1

q
G1 + k2 pG2, (14)

with coefficients k1, k2 ∈ [0, 1) defining the Landau-level
Brillouin zone. (Note that as defined, the Landau-level Bril-
louin zone is p times larger than the conventional magnetic
Brillouin zone).

We now construct this basis starting from the state invariant
under magnetic translations, |n, 0〉. To that end, we use that the
exponential of the guiding center operator R = r − l2

B(ẑ × �)
implements a momentum boost [59], and is related to mag-
netic translations through

Tl2
B (ẑ×q) = eiq·R. (15)

We use these operators acting on |n, 0〉 to explicitly construct
states for any k in the Landau-level Brillouin zone,

|n, k〉 = eik2 pG2·Reik1
1
q G1·R|n, 0〉, (16)

where Eqs. (12) and (13) follow using Eqs. (15) and (10). We
define states with k outside the Landau-level Brillouin zone by
the periodic extension |n, k〉 = |n, k + pG2〉 = |n, k + 1

q G1〉.
With this convention, the states at the Landau-level Brillouin-
zone boundaries are not continuous. This reflects the topology
of Landau levels as states translated across the entire Landau-
level Brillouin zone are related by an irremovable U(1) phase.

The solution now proceeds by expressing the Hamiltonian
in the above basis. The kinetic term only acts on the Landau-
level index and is independent of momentum k. On the other
hand, the moiré potential and tunneling terms depend on the
momentum, requiring us to evaluate the matrix element of
exp(ig · r),

〈n′k′| exp (ig · r)|nk〉 = 〈n′| exp

(
i
� × g

B

)
|n〉

× 〈k′| exp (ig · R)|k〉, (17)

where we separated the position operator into its kinetic
momentum and guiding center components. The vector g is

an element of the moiré reciprocal lattice. The first term in
Eq. (17) is given in terms of Laguerre polynomials in Ap-
pendix A, Eq. (A1). The vector g can be expanded using a
basis of the reciprocal lattice, g = m1G1 + m2G2, with in-
tegers m1, m2. The second term in Eq. (17) is then readily
derived using the basis of Eq. (16),

〈k′| exp (ig · R)|k〉 = δk′,k+m2G2 exp

(
−iπm1m2

q

p

)

× exp(−i2πk1�k2 + m2/p)

× exp

{
i2π (k2 p + m2)

q

p
m1

}
, (18)

as shown in Appendix A. This states that the Brillouin-zone
momentum of the Landau level is conserved up to multiples
of G2, The orbit consists of p momenta k, k + G2, . . . , k +
(p − 1)G2, which have to be included in the calculation. We
emphasize that our approach is completely independent of
the chosen electromagnetic gauge. Going beyond Ref. [73],
which also works in a gauge-free manner, we obtain the matrix
element [Eq. (18)] in closed form in a much simpler fashion,
owing to the advantageous basis construction of Eq. (16). We
note that for small fluxes, as well as for fluxes close to simple
fractions, the hybrid Wannier function approach of [43,74] can
be used to improve performance [75].

III. TWISTED WSe2 IN A MAGNETIC FIELD:
TIGHT-BINDING REGIME

The first main result of this work, i.e., the magnetic-field-
dependent energy spectrum for the continuum model of WSe2

at a twist angle θ = 1◦, is shown in Fig. 2(a), focusing on
the two topmost detached bands. It has been argued that the
spectrum at zero flux is well reproduced by the Haldane model
[24,25].

Figure 2(a) shows that the point of net zero flux (� = −1)
plays a special role. First, the net effective magnetic field
vanishes, on average, at � = −1. This is reflected in the fact
that the spectrum attains its global maximum at this point.
Second, due to the absence of an average magnetic field, the
spectrum at this point can be modeled by a Haldane model
in its originally envisaged form [51]. The Haldane model
emerges in the adiabatic approximation from orbitals forming
a hexagonal lattice localized in the AB and BA regions of
the unit cell [Fig. 1(b)], with hopping phases arising due to
the remnant inhomogeneous part of the effective magnetic
field. By fitting the two topmost bands with Chern number
sequence (1,−1), we obtain a Haldane model with nearest-
neighbor hopping t1 = 0.75 meV and next-nearest-neighbor
hopping |t2| = 0.045 meV with phase φT B ≈ −40◦, where
t2 = −eiφT B |t2|. Longer-range hoppings decay quickly and
have little effect on the band structure at this twist angle.

In the Haldane model, Peierls substitution implies that the
next-nearest-neighbor hopping phase φT B changes as φT B →
φT B − 2π/6 as an additional flux quantum is threaded, � →
� + 1. Topological phase transitions occur at φT B = 0, π .
For our � = −1 fit, this line of reasoning would suggest the
Chern number sequence to remain (1,−1) for � = −1, 0, 1
and switch to (−1, 1) for � = −3,−2, 2, which agrees with
the full continuum-model calculation. We caution, however,
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FIG. 2. (a) Energy level diagram for twisted bilayer WSe2 vs applied magnetic field at twist angle θ = 1◦. The topmost C = 1 band is
highlighted in red and the second topmost C = −1 band in blue. (b) Energy level diagram for the topological Haldane model with next-nearest
hopping phase, φT B = −π/6, at � = −1.

that while the topology agrees with the prediction of the
Peierls substitution, the actual best-fit tight-binding phases do
not follow the predictions of the Peierls substitution, except
between � = −1 and � = −2. This breakdown of the Peierls
substitution was highlighted in Ref. [76] in the context of
cold atoms. Nevertheless, we find that the magnetic-field-
dependent energy spectrum of a tight-binding Haldane model
[52], shown in Fig. 2(b), exhibits a striking qualitative resem-
blance to Fig. 2(a).

The behavior between integer fluxes can be understood
using the Středa formula [77],

dν

d�
= C, (19)

which relates Chern number C to the change in the number
of states per unit cell ν inside a band upon varying flux �.
We illustrate the Středa formula by tracking the two bands at
zero flux, highlighting the C = 1 band in red and the second
highest C = −1 band in blue in Fig. 2(a). At � = 1, the top
C = 1 band expands to ν = 2, whereas the bottom C = −1
band goes extinct, necessitating a gap closing since the two
bands are detached [78]. The situation is reversed at � = −1,
where the C = −1 band expands to ν = 2, while the C = 1
band disappears, forcing a gap closing. The energy level di-
agram also shows that the Chern bands at zero flux in fact
emerge as lowest Landau levels from parabolic band edges,
as can be clearly seen near flux � = 1 for the C = −1 band
(blue) and near flux � = −1 for the C = 1 band (red).

Another interesting region is between fluxes � = −1 and
� = −2 since the Chern number sequence is opposite at these
two fluxes. This leads to tension at flux � = −3/2 at which
the bottom C = 1 band emerging from � = −2 collides with

the C = −1 band emerging from � = −1. More precisely, the
Středa formula predicts the bottom bands at both � = −2 and
� = −1, with opposite Chern numbers, to expand to ν = 3/2
states per unit cell. This necessitates a gap closing. In the
continuum model, the gap emerging from � = −1 is closing
at � = −3/2. In the Haldane model, we used a symmetric
value of φT B = −π/6 at � = −1, leading to the simultaneous
closing of the gaps arising from both � = −2 and � = −1;
cf. Fig. 2(b).

Remarkably, while at small twist angles, a Haldane de-
scription is possible at any applied flux, at the point of net
zero flux (� = −1), this description remains valid for an ex-
tended range of twist angles. Longer-range hoppings become
necessary to fit the two topmost bands of the adiabatic band
structures, but the character of a hexagonal lattice remains as
does the topological character of the Haldane model. In con-
trast, at zero flux � = 0, the emergent magnetic field induces
a topological phase transition after which the bands develop a
topology incompatible with a two-band model [71], resulting
in two bands of equal Chern number.

To illustrate this point, we fit the band structure at net
zero flux (� = −1) using a hexagonal tight-binding model,
illustrated in Fig. 3(a), retaining up to fifth-nearest-neighbor
hoppings. We present the fit at θ = 1◦ in Fig. 3(b), with the
full continuum bands shown in red and the tight-binding fit
depicted in dashed green. We also show the adiabatic band
structure in blue, confirming that at this twist angle, the adi-
abatic approximation is well within its regime of validity. In
Fig. 3(c), we plot the hoppings obtained by fitting the bands
to the tight-binding model, showing the increase in hopping
integrals with twist angle. Nevertheless, the model remains
relatively short range. In contrast, at zero flux, � = 0, the two-
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FIG. 3. (a) Scheme of the hexagonal lattice model used to fit the two topmost bands of twisted bilayer WSe2 at the point of net zero flux
(� = −1), showing the hoppings t1, t2, t3, t4, t5 (top); moiré Brillouin zone with the path (red) used to plot band structures (bottom). (b) Two
topmost bands of twisted bilayer WSe2 at twist angle θ = 1◦ and flux � = −1. The full band structure is shown in red, adiabatic approximation
in blue, and a tight-binding fit to the full band structure in dashed green. (c) Left axis: Twist angle dependence of the hoppings obtained from the
tight-binding fit to the topmost two bands at flux � = −1. Right axis: Phase of next-nearest hopping φT B = arg(−t2). (d) χ = 1

2π

∫
dkTr(g),

the integrated trace of the quantum metric of the topmost two bands at flux � = −1 (blue) and � = 0 (red).

band tight-binding description becomes invalid at θ ≈ 1.5◦
[25,71]. This sharp difference in locality between � = −1
and � = 0 is further brought out by looking at the integrated
trace of the quantum metric, χ = 1

2π

∫
dkTr(g), of the two

topmost bands, shown in Fig. 3(d). The average quantum
metric measures the localization of wave functions [79] and
shows that for larger twist angles, the two topmost bands are
more localized at net zero flux (� = −1) than at � = 0. In
fact, at � = 0, upon crossing the topological phase transition,
χ diverges logarithmically [80,81].

IV. LARGER TWIST ANGLES: TOWARDS NEARLY
FREE ELECTRONS

The Hofstadter spectrum at a larger twist angle of θ =
1.67◦ [see Fig. 4(a)] differs dramatically from the one at
θ = 1◦ in Fig. 2(a). The two topmost bands at zero flux now
have the same Chern number, C = 1 [cf. Fig. 1(d)], so that
the Středa formula, given by Eq. (19), predicts their filling ν

to vary in the same way. Both disappear at � = −1 and the
topmost band (shown in red) expands to two states per unit
cell at flux � = 1 without any enforced gap closing as in the
tight-binding regime discussed above.

We now focus on net zero flux (� = −1), from which the
zero-flux Chern bands emerge. We plot the band structure
(red) in Fig. 4(b), together with the adiabatic approximation
bands (blue). The adiabatic approximation becomes less accu-
rate for increasing twist angle [67]. However, it still captures
the essential features of the full band structure at θ = 1.67◦.
For increasing twist angle, the electrons can escape the po-
tential traps formed by the adiabatic potential Ṽ (r) and the
kinetic energy term in Eq. (1) becomes the dominant energy
scale. As a result, the adiabatic band structure becomes de-
scribable in the nearly-free-electron (weak periodic potential)
approach. Indeed, the adiabatic bands (blue) are close to
the backfolded bare kinetic energy − h̄2k2

2m∗ [dashed green in
Fig. 4(b)], with degeneracies lifted by the periodic potential
and the remnant effective magnetic field.

Like in the tight-binding regime, the Chern bands at � = 0
emerge as Landau levels from the parabolic band maximum
at � = −1. However, as understood above, at � = −1, the

band structure, in fact, resembles backfolded free-electron
bands, valid up to a filling of ν = 1 electron per unit cell. This
provides enough states for the zeroth Landau level to persist
to zero flux, � = 0, and create a band suitable for fractional
quantum Hall liquids. For the second Chern band, on the other
hand, the deviations of the � = −1 band structure from pure
parabolic lead to a notable dispersion at � = 0.

To connect the present discussion to that of Sec. III, we use
the nearly-free-electron picture to confirm that the Haldane-
like topology of the two topmost bands at flux � = −1

FIG. 4. (a) Energy level diagram as a function of an applied
magnetic field for twisted bilayer WSe2 at twist angle θ = 1.67◦,
showing the topmost C = 1 band in red and second topmost C = 1
band in orange. (b) Band structure at θ = 1.67◦ and flux � = −1.
The full band structure is shown in red, adiabatic in blue, and a
backfolded free-electron dispersion in dashed green. Note that the
topmost branch of the backfolded free-electron bands is doubly de-
generate along the KM ′ − KM − M line in the Brillouin zone; cf. the
discussion in Appendix B. (c) Same as (b), but at θ = 2.2◦.
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FIG. 5. (a) Zero-field band structure for a realistic model of twisted bilayer MoTe2 at twist angle θ = 2.1◦. We include second harmonic
terms following [53,57]. (b) Energy spectra as a function of magnetic field for the same system, highlighting the topmost C = 1 band in red
and second topmost C = 1 band in orange. (c) Band structure at � = −1 (red) and backfolded free parabolic bands of the underlying MoTe2

(dotted green), shifted by a constant in energy. Note that the topmost branch of the backfolded free-electron bands is doubly degenerate along
the KM ′ − KM − M line in the Brillouin zone; cf. the discussion in Appendix B.

remains stable up to large twist angles. In Appendix D, we
obtain the topology of the topmost bands using symmetry in-
dicators [82] in the adiabatic picture. We find that the Haldane
sequence of Chern numbers (+1,−1) is remarkably robust,
persisting up to θ ≈ 1.96◦. At this twist angle, there is a band
crossing of the second and third bands at the KM and KM ′

points, which changes the Chern number of the second band to
C = −3. We find that in the full continuum model, this topo-
logical phase transition occurs at θ ≈ 2.02◦, in surprisingly
good agreement given the worsening of the adiabatic approx-
imation for increasing twist angles. We show the bands in the
(+1,−3) regime in Fig. 4(c) for a twist angle of θ = 2.2◦,
exhibiting strong deviations between the full (red) and the
adiabatic (blue) bands.

V. TWISTED MoTe2 at θ = 2.1◦: EMERGENT NEARLY
FREE ELECTRONS AT FLUX � = −1

Very recently, twisted bilayer MoTe2 has been argued to
host the first Landau-level analogs with non-Abelian states
[37,53–57]. At θ = 2.1◦, density functional theory [53,57]
predicts the three topmost bands to have the same Chern num-
ber, with the two top bands well detached from the remainder
of the spectrum; see Fig. 5(a) for a continuum band structure.
In order to fit the ab initio band structure, second-harmonic
terms need to be included [53,56,57]; see Sec. II for details.
The energy level diagram as a function of magnetic field,
shown in Fig. 5(b), is qualitatively similar to that of WSe2 at
larger twist angles [cf. Fig. 4(a)], with the two topmost Chern
bands (highlighted in red and orange) clearly emerging from
flux � = −1. Importantly, the second Chern band (shown in
orange) is clearly detached for MoTe2 .

As for WSe2, we can obtain insight into the origin of these
topological bands by studying the � = −1 band structure. As
shown in red in Fig. 5(c), the band structure exhibits a dis-
tinct nondegenerate parabolic band maximum. Remarkably, a
comparison to the bare TMD dispersion − h̄2k2

2m∗ (dashed green
lines) reveals a striking similarity with the full band structure
for the two topmost bands. Note that the double degeneracy
of the topmost branch of the free-electron bands along the
KM ′ − KM − M path in the Brillouin zone is lifted in the full
band structure.

Since the bands at flux � = −1 are almost parabolic up
to a filling of ν = 2, we expect at least two Landau-level-like
bands when adding one flux quantum per unit cell. This is
in agreement with recent arguments for the band structure
at zero applied flux [53]. We note that due to the rapidly
varying potential profile, the adiabatic approximation breaks
down for this model. Nevertheless, the bands at net zero flux
(� = −1) remain describable within the nearly-free-electron
model, similar to Eq. (1). It is this feature of the � = −1
band structure that implies that the two topmost bands at zero
flux (� = 0) can be understood as the two lowest Landau
levels of a nearly-free-electron system. As a consequence,
many remarkable phenomena associated with the fractional
quantum Hall effect are likely to carry over.

The most important difference from the fractional quantum
Hall effect is the presence of a time-reversed partner in the K ′
valley. This allows the possibility of time-reversal-symmetry
preserving topological order, which has recently been
proposed [37].

We comment on Ref. [55], which used the adiabatic ap-
proximation bands for a model without higher harmonics, to
argue for first-Landau-level physics. As we have seen, the adi-
abatic approximation for larger twist angles naturally predicts
Landau levels, as the � = −1 band structure becomes nearly
free. However, the approximation itself breaks down for these
large twist angles. We have shown, however, without invoking
the adiabatic approximation, that a realistic model of MoTe2

leads to nearly free bands at � = −1.

VI. DISCUSSION

In summary, we studied twisted transition metal dichalco-
genide bilayers in an out-of-plane magnetic field. We first
studied a minimal model of twisted WSe2 in the localized,
Haldane regime, in which the magnetic field spectra qualita-
tively match those of the Haldane model in a magnetic field.
We showed that compared to the zero-flux case, the bands
at the point of net zero flux (� = −1) admit a Haldane de-
scription for an extended range of twist angles. The zero-flux
C = 1 bands emerge as Landau levels from the bands at nega-
tive unit flux quantum per unit cell (� = −1). At larger twist
angles, the bands at � = −1 resemble electrons in a weak
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periodic potential, a fact naturally explained in the adiabatic
approximation.

For a realistic model of MoTe2 , we found that the bands at
� = −1 are essentially obtained by backfolding a parabolic
dispersion, giving a clear physical picture for the second
topmost band at zero flux as the first Landau level of this dis-
persion. This finding is of immediate relevance for the study
of fractionalized states, as it provides a simple picture for the
zeroth- and first-Landau-level nature of the bands at � = 0.
This allows the phenomenology from the fractional quantum
Hall effect to be translated into the present context, with the
crucial enrichment that in TMDs, there are two time-reversed
copies, rendering the fractional quantum spin Hall effect a
possibility [37].

For half-filled TMD bands, experiment suggests an inter-
pretation in terms of a composite Fermi liquid [33]. In fact,
to lowest order, the mean-field band structure of composite
fermions at half filling is precisely the � = −1 band structure.
Thus, our results imply that they have a strongly dispersive
nature, which is a necessary condition for a composite fermion
liquid to occur [83–87].

We now comment on the experimental relevance of our
findings. In actual samples, both the K and K ′ valleys co-
exist and doped holes distribute among them by optimizing
the single-particle and interaction energies. At finite applied
flux, the single-particle spectra of the two valleys differ
drastically—the energy levels in the K ′ valley at flux � are the
same as the energy levels in the K valley at flux −�. While
immaterial for and hence not included in our single-valley
calculations, Zeeman splitting is significant when consider-
ing both valleys of TMDs [88], giving an additional energy
splitting between the valleys at finite magnetic field. Thus,
the precise way holes distribute among the two valleys is a
subtle interplay of orbital, Zeeman, and interaction effects
[43]. In the small twist-angle regime with valley polarization,
the Haldane-like Hofstadter spectrum should be observable
in magnetotransport, with Landau fans emerging from in-
teger applied fluxes. A tantalizing possibility would be the
observation of the topological phase transition between fluxes
� = −1 and � = −2 per unit cell, at which two Landau fans
collide. For larger twist angle WSe2 and MoTe2 at θ = 2.1◦,
we recover a parabolic dispersion in the K valley at flux
� = −1 coexisting with a flat detached C = 1 band in valley
K ′. The reentrant free-electron band of valley K should be
observable when the chemical potential is inside a gap for
valley K ′.

Our study paves the way to analyze arbitrary Chern bands
and establish their connection to Landau levels by studying
the Hofstadter spectra. For C = ±1 bands, one has to trace
their evolution between � = −1 and � = 0. Provided the
band of interest can be traced all the way to � = −1, the
way it emerges from the band structure at � = −1 allows it
to be identified as a Landau level. The ideality of this level
at � = 0 can be obtained from the similarity of the � = −1
band structure with an elementary band structure, such as a
Dirac cone or parabolic free-electron band. This provides a
powerful complement to analytical approaches [59,60,62,63].

As an interesting application, let us compare TMD band
structures with twisted bilayer graphene in the chiral limit.
For a given spin and valley flavor, there are two sublattice

polarized zero-energy bands with opposite Chern numbers,
i.e., a C = 1 band on the A sublattice and a C = −1 band on
the B sublattice. Thus, at � = 1, the A-sublattice band gains
one state per unit cell, while the B-sublattice band disappears.
Particle-hole symmetry necessitates this vanishing of the C =
−1 band to be accompanied by a gap closing with the remote
bands [23,89,90]. This enforces a Dirac cone in the band
structure at � = 1. For fluxes � < 1, the B-sublattice band
emerges as the zeroth Landau level of this Dirac cone. For
� > 1, there is a Chern number C = 1, A-sublattice polarized
zeroth Landau level, so that the zero-energy bands have a
total Chern number of C = 2 with ν = 2� states per unit
cell, similar to the Landau-level spectrum in the absence of
a moiré tunneling term. The particle-hole symmetry and the
ensuing emergence of the low-lying Chern bands from a Dirac
cone explain why no analogs of higher Landau levels for a
quadratic dispersion are present in twisted bilayer graphene.
In contrast, for twisted TMDs, particle-hole symmetry is ab-
sent, allowing for a parabolic band extremum and enabling
higher Landau levels to emanate from it.

The data sets used to generate the figures of this article are
available from Zenodo [91].
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APPENDIX A: FORMULAS FOR THE LANDAU-LEVEL
BASIS

The first term in the product in Eq. (17) is a standard
expectation value in Landau levels, and is given in terms of
Laguerre polynomials [92]. For n′ � n,

〈n′| exp

(
i
� × g

B

)
|n〉

= (z∗)n′−n

√
n′!
n!

Ln−n′
n′ (|z|2) exp(−|z|2/2), (A1)

with z = [(g)x + i(g)y] lB√
2

and Ln−n′
n′ (|z|2) is the associated

Laguerre polynomial. For n′ > n, we use 〈n′| exp(i �×g
B )|n〉 =

[〈n| exp(−i �×g
B )|n′〉]∗.

For the second term in Eq. (17), we write g = m1G1 +
m2G2 to separate the exponential,

exp (ig · R) = c1 exp (im1G1 · R) exp (im2G2 · R), (A2)

where c1 = exp(−π im1m2
q
p ) is the commutator from the

Baker-Campbell-Hausdorff formula, which states that eX+Y =
eX eY e− 1

2 [X,Y ] for operators X and Y whose commutator [X,Y ]
is a number. At this point, our basis definition given by
Eq. (16) facilitates the evaluation. For one, exp(im2G2 · R)
changes k → k + m2G2. If this momentum lies outside the
Landau-level Brillouin zone, compared to the basis definition
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of Eq. (16), there is an extra factor exp(i�k2 + m2/ppG2 · R),
where �x denotes the integer part of number x. This operator
is, in fact, proportional to a translation by −qa1 [using the
relation of Eq. (15)] and can be easily evaluated using the
translation properties of our basis states, given by Eq. (12).
We have

eim2G2·R|k〉 = ei�k2+m2/ppG2·R|k + m2G2〉
= (T−qa1 )�k2+m2/p|k + m2G2〉
= e−i2πk1�k2+m2/p|k + m2G2〉. (A3)

Next, we apply exp(im1G1 · R), leading to

eim1G1·R|k + m2G2〉 = Tq
p m1a2

|k + m2G2〉
= ei2π (k2 p+m2 ) q

p m1 |k + m2G2〉, (A4)

where we used Eq. (15) in the first line. Putting everything
together,

〈k′| exp (ig · R)|k〉 = δk′,k+m2G2 exp

(
− iπm1m2

q

p

)

× exp(−i2πk1�k2 + m2/p)

× exp

{
i2π (k2 p + m2)

q

p
m1

}
, (A5)

so that momentum is conserved up to multiples of G2. The
orbit consists of p momenta k, k + G2, . . . , k + (p − 1)G2,
which need to be kept in the calculation.

In total, therefore, at flux p/q per unit cell, at a given
momentum keeping NLL Landau levels, we obtain a matrix
of dimension 2 · NLL · p, where 2 is the number of layers.

APPENDIX B: DEGENERACIES OF BACKFOLDED
PARABOLIC BANDS

The degeneracies of backfolded parabolic bands [Fig. 6(a)]
in the moiré Brillouin zone are best understood by examining
copies of the parabolic dispersion shifted by reciprocal lattice
vectors g. The value of that copy at a given point k in the Bril-
louin zone is proportional to the square of the distance from
the shift vector g. For example, around the KM ′ point, the three
points , g1, and g2, shown in Fig. 6(b), are relevant for the
topmost backfolded bands. There is a threefold degeneracy at
k = KM ′ . The distance of KM ′ from , g1, and g2 is equal, be-
ing related by C3 rotation around KM ′ . As pictured in Fig. 6(c),
for a point k along the KM ′ − KM high-symmetry line, the
distances to  and  + g1 remain equal and decrease, while
the distance to  + g2 increases. As a result, the threefold
degeneracy at the KM ′ point is lifted into a 2+1 degeneracy
from top to bottom [see Fig. 6(a)] along KM ′ − KM . The same
lifting occurs along KM − M. At a generic point k away from
high-symmetry lines [Fig. 6(d)], there is no degeneracy—the
distances from , g1, and g2 are all different.

APPENDIX C: DETAILS ON THE ADIABATIC MODEL

For small twist angles, an adiabatic approximation for
twisted TMDs was proposed in Ref. [66]. To derive this pic-
ture, the full TMD model of Eq. (4) is first rewritten in the
convention where momentum in each layer is measured with

FIG. 6. (a) Illustration of the backfolding of a free-electron dis-
persion into the Brillouin zone. (b) For a point k = KM ′ at the moiré
Brillouin-zone corner, there is a threefold degeneracy of the topmost
branch of the backfolded bands, as the distances of k to , g1 and g2,
shown in purple, are all equal. (c) For a point k along the KM − KM ′

line, the degeneracy is partially lifted. The distances to  and g1

(purple) are equal, while the distance to g2 (blue) is different. (d) For
a generic point k in the Brillouin zone, there is no degeneracy, as the
distances are all different.

respect to its band maximum,

HK = − (h̄k)2

2m∗ σ0 + �(r) · σ + �0(r)σ0, (C1)

with the Pauli σ0,x,y,z matrices acting in layer space. In terms
of the layer potentials and interlayer tunneling from Eq. (4),
we have

�0 = 1
2 [Vt (r) + Vb(r)], (C2)

�x = Re[ei(Kt −Kb)·rT (r)], (C3)

�y = −Im[ei(Kt −Kb)·rT (r)], (C4)

�z = 1
2 [Vb(r) − Vt (r)], (C5)

where the factor ei(Kt −Kb)·r is due to measuring momenta in
each layer with respect to their respective band maximum.

The effective Zeeman field in this model is given by �(r)
with direction n̂(r) = �(r)

|�(r)| , and indeed the model is closely
analogous to a model of electrons in a spatially varying spin
texture [93]. Projecting onto the spinor tracking, this Zeeman
field at every point gives the adiabatic model,

HK
Adiabatic = − [h̄k − eÃ(r)]2

2m∗ + Ṽ (r), (C6)

where Ã(r) is an emergent vector potential corresponding to
an emergent inhomogeneous periodic magnetic field B̃ given
in Eq. (2) and Ṽ (r) is an effective potential, which has both
terms due to the effective Zeeman field and due to the quantum
metric of the adiabatic transformation,

Ṽ (r) = −D(r) + |�(r)| + �0(r), (C7)

with D(r) = h̄2

8m∗
∑

i=x,y[∂in̂(r)]2. In this adiabatic approx-
imation, the 3D inversion symmetry translates into a C2z
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symmetry, which together with C3z combine to a C6z symme-
try. C2yT is inherited from the original model.

APPENDIX D: NEARLY FREE ELECTRONS AT � = −1

We now turn to the nearly-free-electron approach for the
adiabatic model of Eq. (1) in an externally applied flux � =
−1, where the dominant term is the kinetic energy, and the
potential Ṽ (r) and vector potential Ã(r) act as perturbations.

1. Definition of natural units and Fourier expansion

We define a natural energy unit for terms arising from the
kinetic term, evaluating for WSe2,

E0 = h̄2|KM |2
2m∗ = (θ [◦])24.3 meV, (D1)

where |KM | = 8π sin(θ/2)/(3a0) is the magnitude of the
moiré KM point in the Brillouin zone, which we use to define
a dimensionless derivative ∂̃i = 1

|KM |∂i, such that |KM |∂̃i = ∂i,
with the advantage that dimensionless derivatives of n̂ are
twist-angle independent. The effective potential is given in
Eq. (C7), and we separate it into two parts. First, the kinetic
potential term D(r) is written as

D(r) = E0
1

4

∑
i=x,y

(∂̃in̂)2

= E0

∑
g

δgeig·r, (D2)

where δg are twist-angle-independent numbers depending
only on model parameters. Second, the Zeeman potentials can
also be expanded,

|�(r)| + �0(r) =
∑

g

�geig·r, (D3)

where �g has no twist-angle dependence. In total, the poten-
tial term can be written as a Fourier series as

Ṽ (r) =
∑

g

(−E0δg + �g)eig·r. (D4)

Note that in this way, the kinetic potential term D(r) has the
twist-angle dependence explicitly pulled out in the form of a
factor of E0. The effective magnetic field is written as

∇ × Ã(r) = B̃ = −|KM |2 h̄

e

1

2
n̂ · (∂̃xn̂ × ∂̃yn̂), (D5)

where the minus sign compared to [67] is because, in our
convention, B > 0 gives C = 1 for electrons. Writing as a
Fourier series, we obtain

1

2
n̂ · (∂̃xn̂ × ∂̃yn̂) =

∑
g

βgeig·r. (D6)

At � = −1, the effective magnetic field is, on average, can-
celed by the external one, meaning we need to remove the
g = 0 term in the sum to obtain the total magnetic field expe-
rienced by the electrons,

Btot(r) = −|KM |2 h̄

e

∑
g �=0

βgeig·r, (D7)

TABLE I. Coefficients β, δ, and � of the adiabatic model of WSe2.

i �i δi βi

1 −2.61 meV −0.12 −0.11
2 1.34 meV −0.06 −0.05
3 −1.13 meV 0.14 0.14

where βg is twist-angle independent. This leads to the vector
potential at � = −1,

Ã(r) = −|KM |2 h̄

e

∑
g �=0

ig × ẑ

|g|2 βgeig·r. (D8)

We now need to evaluate the vector potential terms in Eq. (1).
As |βg| � 1, we neglect the diamagnetic term which contains
factors of β2, obtaining, for the paramagnetic [linear in Ã(r)]
matrix element,

〈k2|Hpara|k1〉 = eh̄

2m∗ 〈k2|Ã(r) · k + k · Ã(r)|k1〉

= −iE0
(k1 + k2) × (k2 − k1)

|k2 − k1|2 βk2−k1

= −iE0
2k1 × k2

|k2 − k1|2 βk2−k1 . (D9)

We use the symmetry indicators of band topology [82],
which for a C6z-symmetric system give the Chern number Ci

of a band i as

eiπCi/3 = ηi()θi(KM )ζi(M ), (D10)

where ηi(k), θi(k), and ζi(k) are the C6z, C3z, and C2z eigenval-
ues of band i at momentum k. In what follows, we evaluate the
eigenvalues by considering the effective Hamiltonians inside
the highest-energy degenerate subspaces at high-symmetry
momenta. We list the parameters �i, δi, and βi for WSe2 in
Table I, where the index i labels the reciprocal shell. In par-
ticular, i = 1 corresponds to the shell having magnitude |g| =√

3|KM |, i = 2 to |g| = 3|KM |, and i = 3 to |g| = 2
√

3|KM |.

2. Hamiltonian at the M point

At a given M point, there are only two relevant states,
denoted M (1) and M (2) in Fig. 7(a). They are connected by
a lowest magnitude reciprocal vector, giving a hopping

t = �1 − δ1E0, (D11)

which is necessarily real due to C2z. This gives energies

ε± = ±(�1 − δ1E0), (D12)

with C2z eigenvalues ±1. Above, we omitted a constant en-
ergy shift as it does not affect the ordering of the states.
For small twist angles (small E0), the topmost band has C2z

eigenvalue −1 (note that both �1 and δ1 are negative) and
the second band +1. As the twist angle increases, at the point
�1 − δ1E0 = 0, which happens at θ ≈ 2.25◦, the eigenvalues
swap places. Summarizing, for θ � 2.25◦,

ζ1(M ) = −1, (D13)

ζ2(M ) = 1, (D14)
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FIG. 7. (a) Moiré Brillouin zone, showing two degenerate M
points M (1) and M (2), coupled by a hopping t , and three degener-
ate |KM | points, coupled by hopping tK

1 . (b) Six relevant momenta
for the second-highest state at the  point. They are coupled by
nearest-neighbor hopping t1, next-nearest-neighbor hopping t2, and
third-nearest-neighbor hopping t3.

while for larger angles,

ζ1(M ) = 1, (D15)

ζ2(M ) = −1. (D16)

3. Hamiltonian at the KM point: A three-site model

At the KM point are only three relevant momenta, denoted
K (1), K (2), and K (3) in Fig. 7(a). They are connected by a
hopping tK

1 , and the Hamiltonian is

HKM = −E0 +

⎛
⎜⎝ 0

(
tK
1

)∗
tK
1

tK
1 0

(
tK
1

)∗(
tK
1

)∗
tK
1 0

⎞
⎟⎠, (D17)

where tK
1 is given as

tK
1 = �1 + E0

(
− δ1 − i

1√
3
β1

)
. (D18)

The eigenstates are labeled by their C3z eigenvalues, 1, ω =
e2π i/3, ω∗ = e4π i/3, and have energies (omitting an overall
constant)

ε1 = 2[�1 − δ1E0], (D19)

εω = −�1 + E0(δ1 + β1), (D20)

εω∗ = −�1 + E0(δ1 − β1), (D21)

that are equal to

ε1[ meV] = −5.22 + 0.24E0, (D22)

εω[ meV] = 2.61 − 0.23E0, (D23)

εω∗[ meV] = 2.61 − 0.01E0. (D24)

Therefore, for small twist angle ω∗ and ω, states are
the highest and second-highest energy states, respectively.
The second-highest state of eigenvalue ω crosses with the

eigenvalue 1 state at θ ≈ 1.96◦ Summarizing, for θ � 1.96◦,

θ1(KM ) = e4π i/3, (D25)

θ2(KM ) = e2π i/3, (D26)

while for larger angles,

θ1(KM ) = e4π i/3, (D27)

θ2(KM ) = 1. (D28)

4. Hamiltonian at the moiré � point: A six-site model

The  point extremum itself, which is part of the topmost
band trivial representation of C6z, gives η1 = 1 for all twist
angles. For the second topmost state at the moiré  point,
six momenta are relevant, given by g1, . . . , g6, with |gi| =√

3|KM | for i = 1, . . . , 6. We plot them in Fig. 7(b), together
with the nearest-, next-nearest-, and third-nearest-neighbor
hoppings t1, t2, and t3. The Hamiltonian at this point is

H|KM | = −
√

3E0 +

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 t∗
1 t∗

2 t3 t2 t1

t1 0 t∗
1 t∗

2 t3 t2

t2 t1 0 t∗
1 t∗

2 t3

t3 t2 t1 0 t∗
1 t∗

2

t∗
2 t3 t2 t1 0 t∗

1

t∗
1 t∗

2 t3 t2 t1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (D29)

where t1 is given by

t1 = �1 + E0(−δ1 − i
√

3β1), (D30)

with the only difference to tK
1 in Eq. (D18) being the geometric

factor
√

3 multiplying β1. The other hoppings are

t2 = �2 + E0

(
− δ2 − i

1√
3
β2

)
, (D31)

t3 = �3 + E0(−δ3), (D32)

where we note that t3 is real due to C2z symmetry.
To solve, we use the C6z symmetry, so that solutions can

be labeled by C6z eigenvalues ei π
3 m, where m is the angular

momentum. First, t3 causes a large splitting between different
C2z sectors, caused by the dip of Ṽ (r) at the midpoint between
the AB and BA sites of the unit cell, and the magnitude of this
splitting increases with twist angle. Since t3 is negative, the
upper branch has C2z eigenvalue −1, corresponding to angular
momenta m = 1, 3, 5. The energies of these states are (up to
an overall constant)

εm=1 = −t3 + 2Re[(t1 − t∗
2 )eiπ/3], (D33)

εm=3 = −t3 + 2Re[−t1 + t2], (D34)

εm=5 = −t3 + 2Re[(t1 − t∗
2 )e−iπ/3], (D35)
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which we can numerically evaluate for WSe2 to be

εm=1[ meV] ≈ −t3 + 2 · [−1.97 − 0.15E0], (D36)

εm=3[ meV] ≈ −t3 + 2 · [3.95 − 0.06E0], (D37)

εm=5[ meV] ≈ −t3 + 2 · [−1.97 + 0.2E0], (D38)

where we do not evaluate t3 as it is the same for all states. We
see that the m = 3 state is, by far, the highest in energy up to
θ = 2.5◦. Therefore, we have, for realistic angles,

η1() = 1, (D39)

η2() = −1. (D40)

5. Topology

Putting the results together, we have, for θ � 1.96◦, the
Chern number sequence,

C1 = 1 mod 6, (D41)

C2 = −1 mod 6. (D42)

For θ � 1.96◦, we have

C1 = 1 mod 6, (D43)

C2 = −3 mod 6, (D44)

predicting the correct phase transition and obtaining the twist
angle of the transition to reasonable accuracy compared with
the full model, in which it happens at θ ≈ 2.02◦. From the
symmetry-indicator analysis, we also infer that the gap closing
at θ ≈ 2.02◦ between the second and the third band occurs
through two Dirac cones at KM and KM ′ .
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