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Steady illumination of a noncentrosymmetric semiconductor results in a bulk photovoltaic current, which
is contributed by real-space displacements (“shifts”) of charged quasiparticles as they transit between Bloch
states. The shift induced by interband excitation via absorption of photons has received the prevailing attention.
However, this excitation-induced shift can be far outweighed (<) by the shift induced by intraband relaxation,
or by the shift induced by radiative recombination of electron-hole pairs. This outweighing (<) is attributed
to (i) time-reversal-symmetric, intraband Berry curvature, which results in an anomalous shift of quasiparticles
as they scatter with phonons, as well as to (ii) topological singularities in the interband Berry phase (“optical
vortices”), which makes the photovoltaic current extraordinarily sensitive to the linear polarization vector of the
light source. Both (i) and (ii) potentially lead to nonlinear conductivities of order mA V™2, without fine-tuning
of the incident radiation frequency, band gap, or joint density of states. A case study of BiTel showcases the
anomalous shift and optical vorticity in a realistic material.
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I. INTRODUCTION

Light that is harvested for large-scale power transmission
needs to be rectified, i.e., converted from electromagnetic
waves at solar frequencies to a direct or low-frequency cur-
rent. Rectification in a noncentrosymmetric, nonmagnetic
semiconductor results in a bulk direct current that is propor-
tional to the radiation intensity, in the lowest-order response.
This bulk photovoltaic current has a contribution attributed
to an asymmetry in the fermionic quasiparticle distribution
[1-3] and a second contribution attributed with the real-space
displacements (or “shifts”) of quasiparticles as they transit
between Bloch states; cf. Fig. 1 [4,5].

The shift induced by interband excitation via absorption
of photons—in short, shift.cc—has received the prevailing
attention. However, the steady photovoltaic current is also
contributed by a shift induced by recombination of electron-
hole pairs, as well as a shift induced by infraband relaxation
via scattering with phonons or impurities. Both shift,..
and shift;,, have been emphasized by Belinicher-Ivchenko-
Sturman (BIS) in their kinetic theory of the shift current,
which accounts for the steady, nonequilibrium quasiparticle
distribution [5]. In contrast, shift,. and shift;,;, have been
ignored in all recent literature, which either (a) disregarded re-
laxation completely [6—12], (b) were agnostic about the nature
of the relaxation mechanism, e.g., by naive relaxation-time ap-
proximations [13-16], or (c) adopted relaxation mechanisms
that are unrealizable in experiments, e.g., by scattering with
a “fermionic bath” [17-19]." The one-sided interpretation
of shift currents as a dissipationless “hot carrier effect” [9]

!(d) Barik and Sau have considered electron-phonon scattering as
a relaxation mechanism for the shift current [20]. However, they
assumed without justification that phonon-mediated scattering does
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cannot explain the vanishing photocurrent in the low-
temperature polar phase of organic charge-transfer complexes
[21]. To recapitulate, excitation, recombination, and relax-
ation induce shifts that may counteract or synergize, and a
complete model of the kinetic processes is required to quanti-
tatively predict the steady photovoltaic current [22].

While the shiftjyy,/shift,. currents have been explored
for simplified models of piezoelectrics and pyroelectrics [5].
there has not been an attempt to relate the shiftjyy,/shiftye.
currents to notions of quantum wave-function geometry that
have revitalized the condensed-matter field. Here, we iden-
tify scenarios (unimagined by BIS) in which the shift;,, or
shift.. current dominates over the shift.y. current by an order
of magnitude. Such dominance is attributed to two quantum
geometric properties of the Bloch wave function, namely
(i) time-reversal-symmetric, infraband Berry curvature [cf.
Fig. 2(a)], which results in an anomalous shift of quasipar-
ticles as they are scattered with phonons, and (ii) topological
singularities in the inferband Berry phase known as “optical
vortices” [cf. Fig. 2(c)], which make the photovoltaic current
extraordinarily sensitive to the linear polarization vector of the
light source.

Both effects (i) and (ii) will be demonstrated in model
Hamiltonians with generic values of the joint density of states
and without assuming a semimetallic band gap. The nonlinear
conductivities in our models are of order mA V=2 without
fine-tuning of the incident radiation frequency,’ as illustrated

not result in a shift. A detailed criticism of the recent literature is
provided in Appendix C 3.

%In contrast, a number of proposals for large shift currents (at low
frequencies) have relied on small [23] or vanishing [24-26] band
gaps, which makes for a questionable application to solar cells.

©2024 American Physical Society
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FIG. 1. (a) The kinetic processes of excitation, relaxation, and recombination in a steady state of a homogeneously illuminated semicon-
ductor. (b) These kinetic processes can be recast as loops in energy-momentum space if one views a hole as an electron going backward in
time. To each transition between Bloch states we associate a shift of a wave packet in real space, as illustrated representatively by the dashed
arrows in panel (c); the net shift over all possible loops results in the steady shift current.

in Figs. 2(b) and 2(d). For comparison with a prototypical
ferroelectric, the nonlinear conductivity of PbTiO3 has a max-
imum (over frequency) of 0.05 mA V2 when only shiftey is
accounted for [8].

The paper is outlined as follows: As a preliminary step to
substantiating these results, Sec. II first reviews BIS’s kinetic
theory for the shift current [5] and several salient properties of
the nonequilibrium distribution of photoexcited carriers [27].
In addition, we will formalize an underappreciated distinction
between the transient and steady shift currents; in particular,
the transient shift current in intrinsic semiconductors will be
shown to be identical to the current calculated by Kubo-type
perturbation theories (e.g., by Kraut and Baltz [4,13] and by
Sipe and Shkrebtii [6]), which assume a weak perturbation
from thermal equilibrium. The difference between the steady
and transient shift currents will turn out to be the sum of the
shift;,2 and shift,.. currents. Section III demonstrates the rel-
evance of shift;,, in the presence of time-reversal-symmetric
intraband Berry curvature. Section IV demonstrates the rele-
vance of shift... in the presence of optical vortices. Because
Sec. III also introduces our method of calculating the shift
current via loops, we recommend that Sec. III be read before
Sec. IV. Section V showcases the importance of both shift;y,
and shift,. in the 3D polar semiconductor BiTel, which has
an appreciable Berry curvature as well as optical vorticity.
Finally, Sec. VI summarizes our results, gives directions to
finding photovoltaic material with the desired wave-function
geometry, comments on experimental discrepancies between
the transient and steady photovoltaic current, elaborates on
the notion of loop currents, and discusses the potential of
shift-current materials for solar-cell applications.

II. KINETIC THEORY OF THE SHIFT CURRENT

The BIS kinetic theory presupposes that carrier-optical-
phonon scattering (rather than carrier-carrier scattering) is
the dominant mechanism of energy relaxation for photoex-
cited carriers in the “active region.” A carrier is said to
be in the active region if its energy (defined with re-
spect to the conduction-band/valence-band extremum for

an electron/hole) exceeds the optical phonon threshold:
E > hQ,, as illustrated by the yellow energy intervals in
Fig. 3(b). The dominance of carrier-optical-phonon scattering
over carrier-carrier scattering occurs for not-too-high carrier
densities, which is typical of most continuous-wave laser ex-
periments [27,28].

The BIS formula for the shift current can be compactly
expressed as

. le|
J= v Z SZIR—B( BB — gleB’);

B,B',m

B=(bk), B =@k) m=(gp), ey
with |e| the absolute value of the electron charge, 1V the
volume of the medium, and B = (bk) a collective label for
a Bloch state in band b with wave vector k. 5 5, sums over
all possible quasiparticle transitions (B’ <— B) mediated by a
boson of mode m; m = (gp) is specified by a bosonic wave
vector ¢ and a bosonic branch/band p. S and A — &, which
appear in the summand of ) "5 5. will be explained in turn.
The shift vector S% 5 is the real-space displacement of
a Bloch quasiparticle as it transits from B to B’, by way of

absorbing/emitting a boson of mode m. For phonons,
Phonon : S% 5 = —(Vi + Vi) arg V' p + Ay — Appk
= —S5" @

B<B>

with Vg’ being the electron-phonon matrix element [cf.
Eq. (C17)], Apyk = (upk|iVepr)., the Berry connection,’
and —m = (—qp) being the momentum-reversed partner of
m = (gp).* For a photonic mode m with linear polarization

3uy denotes the cell-periodic component of the Bloch function; the
inner product (x|y)., involves an integral over the intracell coordi-
nate; cf. Eq. (C3).

“In the BIS paper, all mode indices were omitted from their

phononic shift, and their electron-phonon-matrix element was never
k' —k,p
bk' bk

cell

explicitly defined, but one may guess that S in our notation

corresponds to R,(k’, k) in their notation.
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FIG. 2. Panels (a) and (b) derive from a model Hamiltonian
with intraband Berry curvature, and (c¢) and (d) derive from a
different model Hamiltonian with optical vortices. In panel (a), a
time-reversal-symmetric distribution of intraband Berry curvature
is plotted as a color field, with yellow (blue) representing posi-
tive (negative) curvature. Panel (b) plots the nonlinear conductivity,
which is defined though j, = ail&,lz, with &, the amplitude of an
incident electric wave of frequency w, assuming that the light source
is unpolarized. The black curve represents the net conductivity o2,
while the red, green, and blue curves represent the components of
o?, contributed by interband excitation, intraband relaxation, and
interband recombination, respectively. The intraband component is
manifestly dominant. (¢) When a Bloch quasiparticle (with wave
vector k) is optically excited from the valence to the conduction
band, the quasiparticle is displaced by a k-dependent shift.,. vector
[Eq. (3)]; the circulation of this vector field has a quantized contri-
bution attributed to optical vortices. (d) The black curves represent
agw for an X-polarized light source vs ai{w for a y-polarized light
source; the blue curve represents the recombination component of

Ui-i,m’ which dominates the total current.
vector €,,,
Photon : S3, e = — Vi arg €, - Appk + Apik — Apok
. _Q—m
= Sbkeb’k' 3)

We have assumed that the photon wavelength greatly exceeds
the lattice period; within the dipole approximation, photon-
mediated transitions are vertical = k-preserving [cf. the red
and blue lines in Fig. 3(b)], and the shift vector depends
on m = (gp) only through €,,. For this reason, we often use

Wkebk = Si i Synonymously, when m is photonic. Equa-
tion (3) is henceforth referred to as the photonic shift vector,
and Eq. (2) as the phononic shift vector. In either case, the
sign of the shift vector is inverted if the Bloch labels are inter-
changed and the bosonic wave vector simultaneously inverted:

q — —q, reflecting that forward and backward transitions (be-
tween the same pair of Bloch states) result in opposite shifts.

For either type of boson, Aj _; (3'_p) is the transition
probability rate for absorbing (emitting) a boson of mode m.
As explicitly written in Egs. (A3) and (A5), both A and £
have the Golden Rule forms that are familiar from Dirac’s
perturbation theory [29]. In particular, A™ « N,, and £"
(N,, + 1), with N,, the average occupancy of the boson m. For
phonons, N,, is assumed to follow the Planck distribution with
lattice temperature 7;; for photons, N,, is a sum of thermal and
nonthermal contributions, with the latter being generated by
the light source. Additionally, both A and £ depend on the
quasiparticle distribution functions fp in a manner consistent
with Pauli’s exclusion principle: Ag _p o< (1 — fp)fp and
EF gy x (1 — fg)fp. Consequently, j = j[fp, N,] depends
on fp and N,, through A and &; however, the dependence on
N,, will subsequently be made implicit: j[ fz, M7, to simplify
notation.

Our expression for the shift current is derived in Ap-
pendix C1 and is slightly more general than the expression
presented in the BIS paper [5], in that ours allows for inter-
band, phonon-mediated transitions while theirs does not.

Let us consider three scenarios for the quasiparticle and
bosonic distributions:

(D) No source. Without photoexcitation by a source, quasi-
particles, phonons, and photons are all thermalized with an
equilibrium temperature 7y, and Eq. (1) manifestly vanishes
due to detailed balance: A}, = &' p; cf. Eq. (ALS).

(II) Transient state. This balancing is disrupted when
the light source is switched on. At the onset of radiation,
the quasiparticle distribution retains its equilibrium value (the
Fermi-Dirac function flfj), but the nonthermal photons drive
a transient current j,.,, = jl fBT"], which is purely attributed to
vertical, interband transitions throughout the excitation sur-
face, as illustrated in Fig. 3(a). The excitation surface (ES)
is defined as the surface in the Brillouin zone where the
difference in conduction- and valence-band energies equals
the source photon energy: E — Ey = hw. The meaning of
being “purely attributed” is that the sum over all quasiparticle
transitions [in Eq. (1)] is contributed nontrivially only by
vertical transitions throughout the excitation surface, i.e., the
value of j[f,’] does not change if the summation Dk 8
restricted such that k = k' lies on the excitation surface:’

jtran = J[ ;0] = j[fgo]k:k’eES’ (4)

If the nonthermal photons are well approximated by a classical
electromagnetic wave, then j[ fg"] reduces to the Kraut-Baltz-
Sipe-Shkrebtii formula [4,6,13] calculated by Kubo-type
perturbation theory, as demonstrated in Appendix C 3.

(D) Steady state. For t > T ~ 1 ns (a typical timescale
for radiative interband recombination [27,30]), the transient
current evolves to a steady current: j[fp], with the nonequi-
librium distribution f3 being the steady solution to a kinetic
equation encoding all the processes in Fig. 1(a); cf. Ap-
pendix B 2. The difference between the equilibrium fBT° and
the nonequilibrium f5 is caricatured in Fig. 3(a) versus 3(b).

>This is proven more elaborately in Appendix E.
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FIG. 3. (a) The excitation process in a transient state of a homogeneously illuminated semiconductor. White dots against a black
background represent hole carriers. The purple ellipse should be understood as a cross-section of an ellipsoidal excitation surface. Panel
(b) represents the steady state; yellow and blue energy intervals indicate the active and passive regions respectively. (c) A representative
illustration of the quasiparticle distribution f, in the conduction band, with fr being the average of f,; for all k satisfying £ = E. The inset
displays the same function fz in the active region, but with a much finer scale for the horizontal axis. The shape of this distribution is supported
by theoretical models (cf. Appendix B 2) and hot-carrier photoluminescence spectroscopy (e.g., Fig. 25 in Ref. [28]).

Henceforth, j[f] and j[f%] will be our shorthand for the
steady and transient currents, respectively.

While in principle the BIS formula [Eq. (1)] for j[f] sums
over all possible quasiparticle transitions, it is worthwhile in
practice to identify the predominant transitions that make an
outsized contribution to the summation; throughout this work,
our use of “predominant” should be understood as signifi-
cantly contributing to the steady, nonequilibrium shift current.

It is simplest to consider the predominant transitions in
an intrinsic, direct-gap semiconductor, with E — E,; mini-
mized at a single wave vector: Eq,, — Eu,, = E,. The band
gap is assumed to exceed the optical phonon energy (E, >
h<2,), such that phonon-mediated transitions are intraband;
cf. the green curves in Fig. 3(b). A typical electron—optical-
phonon scattering time is t ~ 100 fs [31,32]. The lattice
temperature is assumed to be small (kgT; K E,, hi2,), so that
the emission of optical phonons outweighs the absorption.
Supposing that carriers are optically excited into the active
region with energy FEe, then the transitions illustrated in
Fig. 3(b) predominate. Indeed, the vast difference in relax-
ation timescales—71? <K<K T [27,28]—favors fast, intraband
transitions by emission of optical phonons with energy >
h<,; carriers quickly relax into a passive region, defined as
the energy interval near a band extremum where the carrier
energy E < hiS2, [cf. the blue interval in Fig. 3(a)]; carriers in
the passive region can no longer relax via optical phonons, and
they remain in the passive region until they are annihilated in
the slower process of radiative recombination.® The majority
of photoexcited carriers are thus contained within the passive
region, with a steady distribution that depends on whether
electron-electron scattering or electron—acoustic-phonon scat-
tering is the dominant mechanism for energy relaxation in
the passive region [Fig. 3(c)]. However, fine-grained details

6 Auger recombination empirically occurs at much higher photoex-
cited carrier densities than the present consideration [27].

about the carrier distribution within the passive region do not
matter when estimating the shift current, because the optical
phonon threshold /€2, is typically a small fraction of the band
gap E,, and E, is the energy scale for significant variations
of the energy-dependent shift vectors.” For additional details
on the predominant relaxation mechanisms in a direct-gap
semiconductor, we refer the reader to Appendixes A and B.
By decomposing the BIS formula [Eq. (1)] according to
the three classes of transitions sketched in Fig. 1(a), one
obtains j[f1 = jex + Jinwa + Jrec» Which is the precise mean-
ing of the shifte, shiftiy,, and shift,. currents mentioned
colloquially in the Introduction. To clarify, the intraband
current is extracted from Eq. (1) by restricting the band
summations ), ,, by the condition b =b": j; ., = Jlflb=p;
the excitation-induced current is extracted by restricting the
wave-vector summations ) , ,» with the condition that k =
k' lies on the excitation surface: j... = j[flx_r'ces; and the
recombination-induced current j., restricts k =k' to lie
outside the excitation surface. Explicit expressions for the
threefold decomposition of j are given in Appendix A 4.

"The majority of recombination transitions occur at k points close
to key and contained within the passive region. Each recombination
transition is associated with a photonic shift S, _, [Eq. (3)], which
may as well be approximated as S5, . 4. . because the variation
of the photonic shift vector within the passive region is small. Like-
wise, the current induced by phonon-mediated transitions within the
passive region is outweighed by the current induced by phonon-
mediated transitions outside the passive region, assuming that the
active region is much bigger than the passive region. This assumption
holds for most radiation frequencies, because 72, is a tiny fraction
of the bandwidth. To formalize this discussion, one may split the line
integral in Eq. (9) to a short-line integral within the passive region
and a long-line integral within the active region; the long-line integral
dominates, because the Berry curvature typically varies on the scale
of E, > h<,.
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Let us argue that j.. in a steady state is well approxi-
mated by j.,, in a transient state. Our argument relies on
the following property of the nonequilibrium quasiparticle
distributions: for all k € ES, f4 < 1 and (1 — fix) < 1, as
illustrated by the inset in Fig. 3(c). The smallness of f; and
(1 — fux) originates from the slowness in optical excitations
compared to the fastness of inelastic collisions by carrier-
carrier and carrier-phonon scatterings. In other words, despite
the continuous generation of electron-hole pairs by photon ab-
sorption, inelastic scattering processes are so efficient that the
nonequilibrium carrier distribution (over the excitation sur-
face) never builds up to significance; this statement is derived
rigorously in Appendix E. Thus for the purpose of com-
puting the excitation-induced current (j... = j[fli—r'cgs) in
a nonequilibrium state, one may as well input the equilib-
rium distribution: j... & j[f];_xcgs, since it also holds that
f;;’ < land (1 - f) < 1, assuming kzTy < Eg. Recalling
a similar expression for the transient current in Eq. (4), we
deduce that j ., & Jexe, implying that j; ... + jc is precisely
what is missed from previous Kubo-type theories [4,6,13] that
purport to calculate a steady shift current.

III. ANOMALOUS SHIFT

In connection to ji,.,, our first main result is that the
phononic shift induced by small-angle, intraband scattering

is expressible in terms of the intraband Berry curvature:
m __ Qano 3
bk' —bk — Sb;k'(—k + 0(8k )’

Sébl?korgk = Qbk X (Sk, (5)

Phonon: S

ave

with the curvature defined as R =V X Appk; kave =
(k +k')/2 and 8k = k' — k are the average and difference in
quasiparticle wave vectors, and 8k = ||8k||. The anomalous
shift (§") is purely a geometric property of the quasiparticle
wave function, and is insensitive to the nature of the electron-
phonon coupling; such coupling affects the shift current only
through the transition rate; cf. Eq. (A3).

Our use of “anomalous” evokes a comparison with
the anomalous velocity correction in the semiclassical
equation of motion [33,34], which gives an anomalous
displacement: dr,,, = Qp X 8k for a wave packet of Bloch
states in band b. In the photovoltaic context, §k is driven
by a phonon-induced electric field rather than an externally
applied field. Indeed, phonons in noncentrosymmetric
semiconductors induce macroscopic electric fields, which
cause the electron-phonon matrix element Vb']';,’ o L0 diverge as
8k — 0 [35]. In the self-consistent-field approximation [36],
Vb’;(’,’ ok = Jsi(tp |Upk) o plus asymptotically irrelevant terms;
fsx diverges as 1/8k for “polarization scattering” [37,38]
with optical phonons, and as 1/8k'/?> for “piezoacoustic
scattering” [39] with acoustic phonons.® (With the possible

8The explicit expressions for f” can be found in equation (3.12)
of Ref. [36] in the case of “polarization scattering,” and in the sum
of (3.15) and (3.16) for the case of “piezoacoustic scattering.” In the
general case, ™ may have an anisotropic dependence on Sk, but this
does not affect the power exponent of the divergence. In the case of
optical phonons, the divergence is cut off by a minimal 8k, which is

exception of small-gap semiconductors, the polarization
and piezoacoustic scatterings typically dominate [35] over
the deformation scattering [40].) Let us substitute Ver’,bk in
Eq. (2) with its asymptotically dominant contribution. Since

the symmetrized derivative of any function of 5k vanishes, we

are led to evaluate (Vi + Vi) arg (e [upk) o = Vi, Abbk,, -
8k) + O(8k?). Subsequently applying the identities
(Vik,. X A) x 8k = (8k - Vi, )JA — Vi, (A -8k) and Ay —

Ay = (8k - Vi, )A + O(8k?), one obtains the anomalous shift
in Eq. (5).°

The anomalous shift induces a large j,,., if the excita-
tion surface encloses a time-reversal-symmetric distribution
of Berry curvature. The minimal model to demonstrate this ef-
fect is quasi-two-dimensional, meaning that the band energies
and cell-periodic wave functions |up)., are approximately
independent of one component of k, say, k,. Let us consider
a quasi-2D excitation surface that encircles a 2w-quantum
of Berry flux 27 = f f Q% dk.dky) in the positive-k, half-
plane [yellow region in Fig. 4(d)]; by time-reversal symmetry,
the same excitation surface must encircle a (—2m)-quantum
of Berry flux in the negative-k, half-plane [cyan region in
Fig. 4(d)]. In short, we simply say that the excitation surface
encloses a time-reversal-symmetric Berry flux of 27 .10

How do Jinwas Jexe» and j. compare in this minimal
model? Before getting too quantitative, one may gain some
qualitative insight from comparatively evaluating shiftiys,
shiftex, and shift.. for the representative electron-hole tra-
jectory in Fig. 4(a), which describes the photoexcitation of an
electron-hole pair at k.. on the excitation surface, the relax-
ation of the excited electron (hole) in the conduction (valence)
band, and recombination at k.y. Viewing a forward-moving
hole as a backward-moving electron, this electron-hole trajec-
tory becomes an oriented electron loop, which we denote as
loop[kexc]. This loop concatenates two interband links with
two intraband pathways, p.(kexc) and p,(kexc), which cor-
respond, respectively, to the conduction and valence band;
cf. Fig. 4(b). The net shift associated with this loop, which
we call the shift loop = Sioopik.,]» 1 the summation of shift

excl?

determined by the minimal optical phonon energy 7€2,; because /€2,
is much smaller than typical bandwidths, 8k, is much smaller than
the Brillouin-zone period. The author of Ref. [36], Vogl, dropped
the factor (uu |up )., from all their long-wavelength expressions
for the electron-phonon matrix element [including (3.12), (3.15), and
(3.16)], based on the fallacious belief that (u [up ). = 1 + O(8k?)
can be chosen as a gauge choice for the wave function. The error in
this belief is explained in Appendix J.

° Appendix I describes an alternative derivation of the anomalous
shift by identifying — Vi, (A, - 6k) + Ay — Ag as a line integral
of the Berry connection over an infinitesimally thin parallelogram
centered at k... This somewhat demystifies the appearance of the
Berry curvature. Just as the intraband anomalous shift vector is
expressible in terms of geometric quantities over an intraband loop
in momentum space, so is the excitation shift vector (generalized to
nonvertical transitions) expressible in terms of geometric quantities
over an interband loop [41,42].

10Tn the quasi-2D context, the time-reversal-symmetric Berry flux
is defined as [ Q:O(k, > 0)dk,dk,, with O(k, > 0) a projector to
positive values of k.
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FIG. 4. Viewing a closed electron-hole trajectory [panel (a)] as an electron loop [panel (b)]. (c) An electron loop with a nonunique
relaxation pathway. (d) Top-down view of the same electron loop in panel (b). The excitation surface encloses a 2 flux of Berry curvature (£23,)
in the yellow region, and a negative 27 flux in the cyan region. (e) The time-reversed counterpart to the loop in panel (d). (f) Approximating

the relaxation pathways as geodesic paths.

vectors over all one-electron transitions that make up the
loop:'!

Sfoop[k] = S;xc,k + Srec + Sintra,ks 6)
SZxc,k = Si‘k(—vk’ (7)
A Y leqp - A’ Syt ®
fd)‘@ 2127:1 |€qp 'Acvk|2 kzkm’
Sinvak = / Q, x dk + f Q, x dk. ©)
pe(k) pok)

The first line [Eq. (6)] represents the threefold decomposi-
tion of the shift loop into its excitation, recombination, and
intraband components. Assuming the light source is linearly
polarized with polarization vector €;, the shift loop depends on
€, through the excitation-induced S¢x.; cf. Eq. (7) with Eq. (3).
The recombination shift S;.. [Eq. (8)] is an average of the pho-
tonic shift vector over all possible modes of the spontaneously
emitted photon: that is to say, fixing the photon energy by
hclq| = Eck,, — Euk,,, one averages over all directions for ¢
(parametrized by the solid angle 4;) and over all transverse
polarizations ¢€,,; this average is weighted by the transition
rate, which is proportional to the square of the interband Berry
connection by the Golden Rule; cf. Eq. (A5). Finally, we have
taken the liberty of approximating the summation (over small
momentum jumps) as line integrals over p. and p,.

Let us argue for our minimal model that no symme-
try enforces Siyra = 0. Being quasi-two-dimensional implies
that only the z component of 2., is nonzero. As illus-
trated in Fig. 4(d), both relaxation pathways (p. and p,) lie
in the k-region with positive Berry curvature (2Z) for the
conduction-band states. In the two-band approximation, the
Berry curvatures of conduction- and valence-band states sum
to zero: ¢, = —QZ, [43], but this does not imply a cancel-
lation in Eq. (9), because p. and p, are oppositely oriented.
There is also no cancellation with the time-reversed loop,
which is indicated by T o p. and T o p, in Fig. 4(e): under

1A general definition of the shift loop is given in Eq. (D14), which
applies beyond direct-gap semiconductors.

time reversal, Q% — —QF, but the orientation of T o p. is
opposite to that of p.. In the absence of symmetry-enforced
cancellations, one expects that an anomalous shift current is
a generic consequence of enclosed, time-reversal-symmetric
Berry flux. This does not violate any symmetry principle,
because optical excitation creates a nonequilibrium state with
an arrow of time; this arrow manifests in the orientation of
our loops. Our argument for the anomalous shift is widely
generalizable: one may imagine a greater variety of enclosed
time-reversal-symmetric Berry flux for which the line inte-
grals in Eq. (9) are nonvanishing, and such imagination need
not be restricted to semiconductors.

Moving beyond qualitative arguments, we would like to
quantify the current for our quasi-2D semiconducting model.
However, a brief diversion is required to explain the calcula-
tional method we invented. Our method introduces the affinity
shift loop as a figure of merit for the shift current:

ASLex,w = (fvck|€s : Acuk|2sle(;op[k])w; fvck = ka - fck»
(10)

with (- --), meaning to average over all k on the excitation
surface:

Bk 8(Eug — i)
(27)}  IDOS,
Ecvk :Eck - Euk~

(E(k))w =

E(k);
(11)

JDOS,; stands for the joint density of states for quasiparticles
of one spin orientation:

3
JDOS, = & S(Evuie — ). (12)
(2m)3

What is being averaged in Eq. (10) is the shift loop
weighted by the rate of optical excitations, with €, the po-
larization vector of the light source; by Fermi’s Golden Rule,
this rate is proportional to |e; - Aok |?, which we will refer to
as the optical affinity. The shift loop is defined in Egs. (6) and
(9), with p.(kexc) [py(kexc)] chosen to be the unique oriented
path that (i) connects kexe —> kext (Kext = Kexc), and (ii) is
tangential to vy = ViEg (vyr = ViEy) at all points along
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the path. We refer to pj, (with b = c or v) as a geodesic path."”
If Ep is an isotropic function of k, then the geodesic path
is simply the Euclidean-straight path connecting Kexc t0 Kex;
cf. Fig. 4(f). The motivation for geodesic paths is that the
predominant relaxation pathways [Fig. 4(d)] do not deviate
far from being geodesic [Fig. 4(f)]: each time a quasiparticle
in the conduction band emits an optical phonon, the likeli-
est transition involves the smallest wave-number change 6k
[Fig. 4(a)], since the electron-phonon matrix element diverges
as 1/8k* [36]; minimizing 8k = ||k’ — k|| with the constraint
E. — E. = hS, is approximately equivalent to k — k" being
parallel to v, given that the optical phonon energy 7A€, is
small compared to typical bandwidths.

Defining the shift conductivity through j[f] = aehw|€w|2,
with j[f] the steady shift current given by the BIS formula
[Eq. ()], and [E(r, 1) = €,E,¢@T~) 1 complex conjugate]
being the incident electric wave, the shift conductivity relates
to our figure of merit through

ASL , 2IDOS,

Oc.o™~—1.53mAV? -,
: Ve VearV)~

13)

with 1.53 mAV ™2 = 2m|e|?/AV in SI units, and V., being
the volume of the primitive unit cell.'® Because the shift
loop is threefold decomposable according to Eq. (6), one may
likewise decompose

o> rec intra
Oewy =0yt 0c, 0., (14)

with o’ matching the Kraut-Baltz-Sipe-Shkrebtii formula
[4,6, 13] from Kubo-type perturbation theory; cf. Ap-
pendix C 3.

Our relation between the shift conductivity and the
affinity shift loop [Eq. (13)] holds at low temperature
(kpT; < h€2,, Ey) and for small optical phonon energy (com-
pared to the band gap and the largest energy of photoexcited
carriers).'"* The right-hand side of Eq. (13) should be un-
derstood as an approximation to the BIS formula [Eq. (1)];
the major error in this approximation originates from fixing
pp to be a geodesic path, hence we refer to Eq. (13) as the
geodesic approximation to the shift conductivity. In reality, an
electron excited at key. follows multiple relaxation pathways
[as caricatured in Fig. 4(c)] which deviate from being geodesic
and narrow. The geodesic approximation is therefore justi-
fied to the extent that small-angle scattering dominates over

12Construct the four-momentum (P°, P, P2, P?) =
(Eck/lvexll, Bk, hiky, fik;) and introduce the Lorentzian metric g,
with g11 = g20 = g33 = —goo = —1. Then p.(key.) can be viewed as
a path P*(A) that minimizes the action fol V=8 d;; %]dl, given
that the end points of the path are fixed to key. and key,.

13Equation (13) applies to direct-gap semiconductors in which a
single conduction and a single valence band are optically excited
in the vicinity of a single extremal wave vector k.. In direct-gap
semiconductors with multiple valleys/pockets (indexed by v), such
as transition-metal dichalcogenides, the total shift conductivity is
proportional to ) ASL,JDOS,,.

“The largest energy of photoexcited electrons is represented as
Eexe — Ec k,,, in Fig. 3(c).

Acvlzsinua)w

large-angle scattering.'> A benchmarking of the approxima-
tion will be presented.

While other groups have attempted to optimize the shift
conductivity by maximizing the JDOS [44], we adopt a
wave-function-centric approach in maximizing the afﬁnity
shift loop. Assuming a generic value for JDOS; =~ VeeV)!
[|ASLe, || ~ V.. implies a conductivity of order mA V2,

Returning to our quasi-2D model, we now demonstrate that
the intraband component [cf. Eq. (9)] of the affinity shift loop
is indeed comparable in magnitude to V,,;:

H(fuk — fer)l€s - Aok Sinra)ool| ~ Vear- (15)

We adopt two heuristic approximations for a back-of-the-
envelope calculation, namely that (i) the excitation surface
is circular with radius k, = 7 /2a (assuming V,, = a%), and
(i) in the absence of unusually small band gaps,'¢ the 27
Berry flux is roughly homogeneous over the yellow semicircle
enclosed by the excitation surface; cf. Fig. 4(d). Because
Q% =—Qf (in the two-band approximation) and p. =
—py (presuming an electron-hole symmetry Ej = —Ey),
the anomalous contribution to the shift loop simplifies to
Sintra ke, = 2 fpc(km) Q%7 x dk, with p(kex) a straight path
connecting Kexe to kexy = (0, 0, 0). Singa(kexe) = —16ay/m if
kexe = (k-,0,0) and vanishes if ke = (0, k-, 0); from this,
one deduces that the average of Singak, over all ke on
the excitation surface is comparable to —ay. Assuming that
Sokoe — fokoo = 1 (cf. Sec. II), and that the interband con-
nection is generic-valued, |€; ~Awkm|2 ~ a2, one finds (|€; -
—V.ay, leading to Eq. (15).

It is of interest to demonstrate that our crudely derived
conclusion holds true in a precise calculation for a model
Hamiltonian:!”

H(k) = ~E,(<'02) b k/o
= - z0z)-0, z2=|{-. ~ - - ,
’ ky+i(0— k2 —k2) /2
1w
E,==—. (16)
Pmyga

o = (01, 0, 03) is the vector of Pauli matrices; k =kja (for
j =x,y,7) is a dimensionless wave number, w1th a=5Aa
generic value for the lattice period; my is the free-electron
mass; P and O are dimensionless Hamiltonian parameters.
Assuming that O < 2, Eq. (16) is the Hamiltonian of a direct-
gap, quasi-2D semiconductor with band gap E, = =E,0%/2,
effective masses m, = m, = Pm /(2 — 0), m, = oo (for both
electrons and holes), and JDOS, ~ P/(8 — 4Q) in units of
V.weV)~!. We choose O = 1 and P = 4, such that JDOS, ~
1 is generic-valued.

15The BIS formula [Eq. (1)] reduces asymptotically to the geodesic
approximation [Eq. (13)] in the limit of vanishing scattering angle,
as proven in Appendix D 5.

16The Berry curvature only exhibits significant variations over a
lengthscale that is comparable to the inverse of the band gap.

7This k - p model can be extended to a tight-binding model by rec-
ognizing certain terms as Taylor-series coefficients for trigonometric
functions.
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FIG. 5. Characterization of a quasi-2D model [Eq. (16) with O = 1] with a time-reversal-symmetric Berry flux. Panel (a) plots the Berry
curvature as a colored background, with a color legend (on the right) specifying the value of €7, /(V..)*?; the black ellipses represent
excitation surfaces for two source photon energies: iw = 2.4E, and 0.8E,, with E, =~ 76 meV. Panel (b) shows the w-dependence of the
time-reversal-symmetric Berry flux enclosed by the excitation surface. The black curve in panel (c) represents the polarization-averaged affinity
shift loop [(1/2) Z( ez ASLE, ./ Vear] Vs ; the colored curves represent the threefold decomposition of the polarization-averaged affinity

shift loop: excitation (red) intraband relaxation (green), and recombination (blue). The shift conductivity a;’w

(and its threefold decomposition)

is calculated in the geodesic approximation in panel (d), and in the isoenergy symmetric approximation in panel (e).

The model Hamiltonian has been chosen because it
realizes a time-reversal-symmetric Berry flux of 27 =
I20 I Qidkedky [45-47), as illustrated in Fig. 5(a). The
time-reversal-symmetric Berry flux enclosed by the excita-
tion surface varies from roughly 0.7(27) (for hw = 2.4E)) to
0.2(27) (for hw = 0.8Ey); cf. Fig. 5(b). The case of hw =
2.4E) is not unlike the caricature we drew in Fig. 4(d).

The quasi-two-dimensionality and reflection symmetry
(x & —x) of our model imply that only the y-component
of the shift current can be nontrivial. We have numeri-
cally computed the y-component of the affinity shift loop
via Eqs. (6) and (10) for the chosen model parame-
ters.'® Figure 5(c) plots the polarization-averaged affinity
shift loop [(1/2) ). x5 ASLY, ] with respect to fiw in
the interval [0.8Ej, 2. 4E0] the threefold decomposition of
(1/2) Zﬂ_ ASLY is also illustrated. For a broad range of
frequencies (fiw > 1.3Ep) where the encircled time-reversal-
symmetric Berry flux exceeds 0.4(2x), the intraband compo-
nent not only exceeds the excitation component by an order of
magnitude, but it also carries an opposite sign. These values
for the affinity shift loop translate [via Eq. (13)] to a shift
conductivity ~4 mA V=2 for an unpolarized light source, as
illustrated in Fig. 2(b) for the same frequency range.

To benchmark the geodesic approximation that has been
used in all conductivity calculations thus far, we also com-
puted or-w via the more traditional method of numerically
simulating a steady quasiparticle distribution fj that sets the
collisional integral to zero, and then inputting fz into Eq. (1);
the detailed procedure is described in Appendix C2. Be-
cause this procedure is numerically intensive, we resorted
to approximating fp as an iso-energy-symmetric function of
k, meaning fy, is constant over isoenergy k-surfaces of Epy.
Figures 5(d) and 5(e) show the same quantity a)y?yw calculated
in the geodesic and iso-energy-symmetric approximations, re-
spectively. It is reassuring to see semiquantitative consistency
in the values of the shift conductivity and all its components,

3The computation was simplified by setting fix — fx =1 in
Eq. (10) for reasons explained at the end of Sec. II. We have also
approximated the geodesic paths as straight [cf. Fig. 4(f)], since the
energy-momentum dispersion is roughly isotropic.

especially at lower photon frequencies where the isoenergy
symmetric approximation is better justified.'”

IV. OPTICAL VORTICITY

Having demonstrated the dominance of the intraband
current j;,., in the presence of time-reversal-symmetric in-
traband Berry curvature, this section will demonstrate the
dominance of the recombination-induced current j... in the
presence of optical vortices—topological singularities in the
interband Berry phase.

Before discussing vortices properly, we first consider a
vortexless scenario in which the photon-mediated current
components cancel out: j.,. + j. ~ 0. Inunderstanding how
this cancellation happens, it will become apparent that vortic-
ity is one route to prevent such a cancellation. Let us then
hypothesize a scenario in which the photonic shift vector is
roughly independent of the light polarization, and roughly ho-
mogeneous in the k-region enclosed by the excitation surface.
This would imply that the shift vector at excitation [Eq. (7)] is
opposite to the shift vector at recombination [Eq. (8)], leading
to a cancellation of the excitation- and recombination-induced
currents; cf. Egs. (10) and (14).

The contrapositive implication of this thought experiment
is that for j .. + j.. to be significant, the photonic shift at ex-
citation must differ from the photonic shift at recombination.
With great circulation comes great differences. The circu-
lation of the photonic shift vector is defined by integrating
Eq. (3) over a loop 0X in k-space:

%e ﬁ——%Var[eA]ﬁ
s ck<—vk 27 - karg cvk o

d*x
/(Sldc Q) - et (17)

“The k-dependent transition rate for optical excitation [cf.
Eq. (AS)] becomes increasingly isoenergy-asymmetric at higher
frequencies: the standard deviation of |Ajjv|2 (over the excitation
surface at frequency w) increases from 8.6% (of (|AY,|%),,) at iw =
0.8E to 23.8% at fiw = 1.5E.
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FIG. 6. (a) Circulation of the photonic shift vector S*

ck<vk

(b) (c)

AN
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associated with the intraband Berry curvature for our model Hamiltonian in

Eq. (16), with O = 1. The curvature is represented with the color legend in Fig. 5(a). (b) The magenta line represents a singularity in the
interband Berry phase, i.e., an optical vortex. (c) Optical vortices appear as points (represented by magenta crosses) in a 2D closed k-manifold

parametrized by k; and k;.

The last term is derived by Stokes’ theorem, and it corre-
sponds to a generically nonquantized®® circulation associated
with the intraband Berry phase, as illustrated in Fig. 6(a)
for our model Hamiltonian in Eq. (16), with O = 1. Beyond
our model Hamiltonian, the possibility exists for an integer-
quantized circulation stemming from the preceding term,
which involves the interband Berry connection [48,49]. One is
led to consider an optical vortex—a line in three-dimensional
k-space where (i) € - A.x = 0, and (ii) the argument/phase of
€ - A winds nontrivially as k is varied along any infinites-
imal loop linked to the vortex line, as representatively illus-
trated by the black curve in Fig. 6(b). It is worth distinguishing
between X-vortices (where A, = 0) and y-vortices (where
A’ . = 0). Because A* , = 0 does not generally imply A” , =
0, one type of vortex may occur independently of the other.

Consider the shift current in a quasi-2D model where
y-vortices are absent [Fig. 7(b)], but the excitation surface
encircles a pair of X-vortices that are mutually related by
time reversal and mirror reflection [Fig. 7(a)].?! Figure 7
is derived from the model Hamiltonian in Eq. (16) with a
different set of parameters: Q = —1 and P = 12, but fixed
JDOS, ~ (eV V)"

Just as for the model studied in Sec. III, only the
y-component of the shift conductivity (a)y?,w) is symmetry-

allowed to be nonzero. a)y? ,, for an X-polarized light source
is calculated via Egs. (6)=(13), and is shown in Fig. 2(d)
to be dominated by its recombination component. The same
figure shows the difference between a;w and a;l’w to be of

order mA V2. This represents an extraordinary sensitivity
of the shift current to the source polarization, and motivates
(0%, — 03,,) as an experimental indicator of X-vorticity. More
generally, for a quantity B(e;) that depends on the source

20With the inclusion of crystallographic symmetry and for a sym-
metric choice of 0%, it is possible for the Berry-flux term to be
integer-quantized, which makes the circulation of the shift vector a
topological invariant [48].

2I'That optical vortices come in time-reversed pairs was proven in
Ref. [48].

Polarization =X Polarization=y

(a) (b)

12[==

k,/m
S
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e
72 172
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1/2 (e) 1/2
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e
/2 72
K 0 112 K 0 112
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FIG. 7. Characterization of a quasi-2D model with a pair of
X-vortices, whose k-locations are indicated by pink dots in panels
(a), (¢), and (e). Panels (a) and (b) depict the photonic shift vector
field S5, _ .. with €, = X and ¥, respectively. In panels (c) and (d),
the red ellipse represents the same excitation surface; the arrows
on the ellipse represent the vectors |€; 'Awklej;(Hk for k on the
excitation surface. In panels (e) and (f), the size of the red dots
indicates the magnitude of |, - A |* for k on the excitation surface;
the jagged blue line represents a predominant relaxation pathway

from the excitation surface to the extremal wave vector: ke, = 0.
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polarization, we refer to B(X) # B(¥) as a linear disparity
in B.2> The remainder of this section aims to demystify the
large linear disparity in o7 ,, and the dominance of the
recombination-induced current when €, = X.

Let us first understand the linear disparity in the excitation
component of the conductivity; cf. Eq. (14). Recall that o™
is proportional to a weighted average of the photonic shrft
vector over the excitation surface, which we have denoted

s (|e -Acvk|2ka(_vk)w, cf. Egs. (6)-(14). A major effect
of X-vorticity without y-vorticity is that the orientation of
AT, |2S)C‘<_v, viewed as a vector field over k-space, tends to be
more disordered than the vector field |A, |2S?_,.?* In particu-
lar, along the excitation surface, the orientation of |A*, ST
exhibits rotations, which are more pronounced than that of
|AY 287 _ ., as comparatively illustrated in Figs. 7(c) and
7(d). Ceteris paribus, the average of a rotational vector field
is smaller than the average of an irrotational vector field,
hence ||(|A%, ST )oll < [1{IA2,1PST_,)oll and |- 0%¢| <
|y Gexc

A different argument is needed to understand the linear
disparity of the intraband conductivity: ot in Eq. (14).
For an X-polarized source, the photon-mediated transition rate
depends anisotropically on the orientation of kex; in particu-
lar, |AT, |? is suppressed on segments of the excitation surface
that are closer to the vortex, where A}, = 0; cf. Fig. 7(e). For
a y-polarized source, the photon-mediated transition rate is
also anisotropic but in the opposite sense: |A}, |? is suppressed
near the mirror-invariant line (k, = 0), where A}, =0 by a
dipole selection rule; cf. Fig. 7(f).2* The opposite senses of
anisotropy imply that the predominant intraband relaxation
pathways are roughly parallel to the k, axis for an X-polarized
source [Fig. 7(e)], and parallel to the k, axis for a y-polarized
source [Fig 7(f)]. Ceteris paribus, this implies a larger y -

‘““a for a y-polarized source, because the y-component of the
anomalous shift [Eq. (5)] is proportional to the x-component
of the momentum transfer: j - S0, = S, Ok".

A final argument explains the dominance of the
recombination-induced current j.. over the excitation-

J

Chern-vorticity theorem: C, — C, = Vort, =

Vort, is the net circulation of the interband Berry phase
over all e-vortex points in X, and 0 vortex is an infinites-
imal loop surrounding each e-vortex point as illustrated in

22In contrast, linear birefringence results from a linear disparity
in the first-order-in-&, conductivity, which is associated with an
alternating current.

2The vector norm of |47, [2S¥_, is not singular: as k approaches
the vortex center, the quantized circulation implies §%,__, — 0o, but
this divergence is compensated by |Af,vk|2 — 0 [48].

24The conduction-band states transform in a different representa-
tion of mirror than the valence-band states, as detailed in Appendix F.

induced current j,,. for an X-polarized source. Unlike j,.,
Jrec 18 Insensitive to the vortex-induced disordering in the ori-
entation of Sf - To understand why, recall that the majority
of recombination transitions occur at k points close to the
extremal wave vector ke and contained within the passive
region; cf. Sec. II and Eq. (A32). Each recombination tran-
sition is associated with a photonic shift §% . which may
as well be approximated as SZ’,’;eX[(_C_km, because the passive
region typically occupies a tiny fraction of the Brillouin-zone
volume. For the same reason, it is presumed that the optical
vortex does not intersect the passive region. It follows that

Jrec depends on S% < ck.,, DUt not on the vortex-induced dis-
ex ext

order in §%, _ ;. To wrap up the argument, the vortex-induced
orientational disorder in §¥_, diminishes o7, but not o3’
ceteris paribus, ||o“"° [| > ||ae"°|| This explarns how * great
differences” (between the excitation and recombination shifts)
result from a “great circulation” (induced by a vortex).

To recapitulate, we have qualitatively argued that X-
vorticity leads to o3’ dominating over of'(, as well as
bringing about a linear disparity of both j, . and j,,.>> These
arguments are quantitatively supported by model calculations
detailed in Appendix F; here, we will just summarize the
salient conclusions: o3 ,, is dominated by the recombination-
induced current; o5, is dominated by the excitation-induced
and intraband currents; the signs of o}~ and G;,w dif-
fer over a broad range of frequencies the linear disparity
in the conductivity is large: |a- — ay_ | ~mAV~? [cf
Fig. 2(d)], assuming a generic value for the JDOS;
current response to unpolanzed light is slightly smaller.
|(L + ay |/2 ~ 0.1 mA V~2; all these results hold without
ﬁne -tuning of the incident rad1at1on frequency.

To find optical vortices in model Hamiltonians and realistic
materials, let us develop the close relationship between vortic-
ity and Berry curvature that has been suggested by Eq. (17):
for any closed 2D k-manifold X (which can be a two-toroidal
or two-spherical cut of the 3D Brillouin zone), we establish
a general theorem relating the Chern numbers (C,, C;) of
the valence and conduction bands to the net optical vorticity
(Vorte):

dk
> % Vi argle - Appl - —. (18)
d vortex 27

vortex

l

Fig. 6(c).?® This theorem is derived by setting X to be a
closed manifold in Eq. (17), such that the area integral of €2,
simplifies to the Chern number C, of the conduction band, and

ZVorticity also results in a linear disparity of j,.. due to the absorp-
tion coefficient being proportional to (|€, -Ae|?)w, but this is not a
large effect in our model.

26An equivalent and manifestly gauge-invariant expression is
Vorte = ) ex fa vortex Sk - dk /27, with the photonic shift vector
defined in Eq. (3). This expression differs from Eq. (18) only in
the line integral of A.. —A,, over o vortex; this integral vanishes
because 9 vortex is an infinitesimal loop and A.. — A,, is smoothly
defined at the vortex point; cf. Fig. 17 in Appendix G.
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FIG. 8. Panel (a) shows the Berry curvature vector field in the k, = 0 plane for the model Hamiltonian in Eq. (19) with Hamiltonian

parameter m’ = m — AA> = £0.044 eV. Panel (b) plots the photonic shift vector fields (S°

:_,and §*_ ) in the k+ — k, half-plane for m’ =

—0.044. The shift vectors circulate around optical Z-vortices (X-vortices), which are represented by magenta (navy) crosses. (c),(d) For m’ =
—0.044 eV, we plot the shift conductivities (7 - 0z and 7 - 63) and their threefold decomposition. Panel (e) plots the 7 - o7 and its intraband

component versus E,. Panel (f) plots 7 - g

that of €, to C,; the line integral of the shift vector over 0%
vanishes, but the line integral of the interband Berry phase
is contributed by the circulation around each vortex point,
as elaborated in Appendix G. The next section employs the
Chern-vorticity theorem to identify vortices in BiTel.

V. CASE STUDY OF BiTel

To demonstrate the effects of the anomalous shift and opti-
cal vorticity in a realistic material, we present a case study of
BiTel, a 3D polar, layered semiconductor with P3m1 space-
group symmetry [50,51]. The large atomic number of Bi
correlates with a large Rashba-type spin-orbit coupling [51]
and the proximity of BiTel to a Z, topological insulator [52].
A previous study [23] of BiTel by Tan and Rappe exhib-
ited the enhancement of Z - ¢%* for Z parallel to the polar
axis, assuming the band gap |E,| was made small (by hydro-
static pressure), and further assuming the photon frequency
was fine-tuned to be comparably small: w ~ |E,|/h. This en-
hancement of Z - 63* originates from the divergence of the
band-edge optical affinity at the phase transition (E, = 0)
between the trivial and topological insulator; across this tran-
sition, Z - 62 changes sign. Our case study demonstrates the
following:

(i) The just-mentioned topological phase transition guaran-
tees the existence of large Berry curvature [cf. Fig. 8(a)] and

optical vortices [Fig. 8(b)], as per the Chern-vorticity theorem
in Eq. (18).

T against 1/E,, with negative E, corresponding to the trivial side of the topological phase transition.

(ii) For photon frequencies such that the excitation sur-
face is close to the optical vortex, the phonon-mediated 7 -
0" dominates over the photon-mediated 7 - (01 + 0*°)
[Fig. 8(c)], due to the excitation surface enclosing a larger
volume of one-quasiparticle Bloch states with nontrivial Berry
curvature.

(iii) Conversely for smaller frequencies (w ~ |Eg|/h) such
that the excitation surface encloses a negligible amount of
Berry curvature, it is Z - (07° + %), which dominates over

-

Z- 0" The net current is nonvanishing despite 7 - 0™ and
Z- aie“”a opposing each other [Fig. 8(d)], due to an asymmetry
of the photon polarizations in the excitation and recombina-
tion processes.

(iv) The recombination shift depends strongly on the
symmetry of the Hamiltonian at the wave vectors of recombi-
nation. For BiTel, a chiral symmetry reduces |Z - S| to about
a third of the lattice period, which makes the recombination
shift current smaller than the other two components.

(v) Because the k-locations of optical vortices depend
on the light polarization [Fig. 8(b)], we find that X-vortices
suppress the anomalous shift more effectively than would z-
vortices, resulting in a linear disparity of the shift conductivity
(IZ- 0z —Z - 03| ~ 0.1 mA/V?) at higher frequencies.

(vi) If the topological phase transition is induced by tuning
the band gap |E,| to zero at a fixed photon frequency, the
discrete change in wave-function topology manifests as a sign
change of the steady shift current j[f]. The reason for this
sign change is that j[ ] is dominated by the phonon-mediated

Jinua» Which changes sign [Fig. 8(e)]; the previously calculated
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.
----- Z-vortex loop
————— X-vortex loop

kX—Z

FIG. 9. On the left: the box is a 3D Brillouin zone containing a toroidal excitation surface (outlined in red), a pair of Z-optical vortex loops
(magenta dotted lines), and a pair of X-optical vortex loops (navy dotted lines); the leftmost E-vs-k plot shows the band structure of BiTel with
the kinetic processes of excitation (red arrows), intraband relaxation (green), and recombination (blue). On the right: an O(2) rotation symmetry
allows us to focus on the k,+ — k, half-plane, which contains a massive Dirac fermion in two momentum dimensions; the cross-section of the
toroidal excitation surface is a circle (colored red) in the half-plane; the cross-section of vortex loops is vortex points (indicated by magenta
and navy crosses). The dark blue and purple arrows represent diametrically opposed geodesic paths for intraband relaxation.

sign change of j... (by Tan and Rappe [23]) is irrelevant.
The sign change of j;,., 1S concomitant with a divergence of
the band-edge intraband Berry curvature at the phase transi-
tion, which results in an approximate (1/E;) divergence of
the low-temperature 7 - o [Fig. 8(f)], with negative (positive)
E, referring to a semiconductor (with band gap |E,|) on the
topologically trivial (nontrivial) side of the phase transition.
The (1/E,) divergence of Z - o is cut off when E, becomes
comparable to the thermal energy (kz7;) or to an energy scale
representing trigonal warping; the latter scale is estimated [23]
to be about 10 meV.

It may be seen from (ii) and (iii) that the winner in the
competition (between shiftiy,, shift,., and shift..) depends
sensitively on the photon frequency, to the extent that the
net shift conductivity changes sign in the transition from
a photon-dominated shift current (at low frequency) to a
phonon-dominated shift current (at high frequency); cf. the
black curve in Figs. 8(c) and 8(d). This exemplifies a general
principle: because band wave functions can depend strongly
on energy, the shift current can depend sensitively on the pho-
ton frequency. Point (v) exemplifies a general principle that
optical vorticity makes the shift current sensitive to changes
in light polarization. Point (vi) suggests the bulk photovoltaic
effect can provide smoking-gun evidence of the topological
phase transition in BiTel. Such evidence is presently lacking:
though it has been alleged that BiTel is pressure-tunable to a
phase transition, the experimental corroborations of this alle-
gation (namely, a minimum of the resistivity [53] or variations
of the quantum oscillation frequency [54]) cannot be directly
interpreted as a change in wave-function topology.

To substantiate our results, we employ an effective Hamil-
tonian for the four low-energy, spin-split bands of BiTel:

Hgiter = hv(ATi03 — ok - 0) + M1300;
M=(m—AK"); K=k+k+k, (19

with 7123 and 07,3 being Pauli matrices for the orbital
and spin degrees of freedom, respectively; 7y and oy are

identity matrices, and A = 0.5 eVAZ, hv =0.7 eVA, A=
0.25/(hv) = 0.357 13;1 are ab initio—derived [23] parameters.

The spectrum of this model is given by

E =% /M2 + R + ke £22], k= [ + 2.

(20)

with each choice of either + determining four energy levels
E, < E; < E5 < Ey as illustrated in Fig. 9, with correspond-
ing eigenstates |ux), |uzk), |#3k), and |ugx). When m is tuned
to the critical value m. = AA? (possibly by hydrostatic pres-
sure [23]), the band gap vanishes with a concomitant energy
degeneracy (E, = E3) along a loop defined by k; = A and
k, = 0. The circular shape of this loop reflects the O(2) ro-
tational symmetry of the Hamiltonian.?’

Away from the topological phase transition (m # m.), the
Berry curvature of |uyk) is a circulating vector field illustrated
in Fig. 8(a), with the circulation flipping in orientation when
m’ = m — m, changes sign. Because this circulation is O(2)-
rotation symmetric, it may be understood by focusing on a
single 2D slice of the Brillouin zone, say, the slice withk, =0
and k, > 0, which we henceforth call the k,+ — k, half-plane
(see Fig. 9). This half-plane is intersected by the energy-
degenerate loop at kg = (%, 0, 0); by Taylor-expanding HpiTer
around k( and projecting onto bands 2 and 3, we obtain an
effective Hamiltonian for a massive Dirac fermion in two
momentum dimensions:

H' = (m' — 'q)ys + hv(goy + ¢:12);
W =24x g =k, — A, g, =k, 20

with y; 5 3 being Pauli matrices of the reduced Hilbert space.
Detailed derivations of H’ can be found in Appendix H. It is

?"The SO(2) rotational symmetry of the Hamiltonian manifests
as égHBiTeI(k)ﬁgl :HBiTeI(ng), with 1?9 = €i91003, and with ggk
obtained from k by a rotation of angle 6 around the z axis. This
SO(2) rotational symmetry is approximate; we neglect a trigo-
nal warping whose energy scale is estimated [23] to be about
10 meV. Time-reversal symmetry is represented by T = it;0,K,
with K implementing complex conjugation. The Hamiltonian term
proportional to t,0; breaks both mirror [z — —z;Mz = iT;03] and
[(x,y,2) > (—x, —y, 2P =13] parity symmetries.
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known that the massive Dirac fermion is characterized by a
large Berry curvature ), = —Q’, for k in a “hot spot” of
width (band gap)/fiv; assuming this width is small compared
to the linear dimension of the Brillouin zone, the Berry flux
through the half-plane changes by 2w when m’ changes sign:
fhalf_plane Q) dkdk, = 7 sgnm’ [55).

This jump of the Berry flux indicates the presence of
optical vorticity on at least one side of the phase transition,
meaning for either m’ > 0 or m' < 0. This is because as
m’ is tuned from 0~ (negative infinitesimal) to 0 (positive
infinitesimal), the net vorticity Vorte of the half-plane must
change discontinuously by +2 for any €, according to the
Chern-vorticity theorem in Eq. (18).% This topological ar-
gument is verified by our numerical calculations: As shown
in Fig. 8(b), for m’ < 0, two Z-vortices (¥-vortices) are ob-
served on the k+ — k, plane, as highlighted by magenta (navy)
crosses. This indicates the presence of a pair of Z-vortex (X-
vortex) loops as illustrated in Fig. 9 when m’ < 0.2° While the
locations of X-vortex loops can only be determined numeri-
cally, direct calculations reveal that the Z-vortex loops reside at

with k, = VA2 —m/A.  (22)

In contrast, there is no vorticity for m’ > 0. The circulation
of the photonic shift vectors in Fig. 8(b) implies that both Z-
vortex (X-vortex) loops have vorticity —1, which is consistent
with the theorem’s prediction that Vort, changes by +2.

The combination of Berry curvature and optical vorticity
results in the threefold decomposition of the shift current
being highly sensitive to the photon frequency and polar-
ization. Focusing first on z-polarized light, the only nonzero
component of the shift current [allowed by O(2) symmetry]
is the z component. Figure 8(e) illustrates the threefold de-
composition of the shift conductivity 7 - o; for a range of
frequencies, including low frequencies that are comparable
to |E,|/h, as well as higher frequencies where the excitation
surface approaches the pair of Z-vortex loops, as illustrated in
Fig. 9.

We focus first on the high-frequency regime, where the
optical affinity |7 - A, |? is reduced in the vicinity of the zeros
of Z- A.y. Ceteris paribus, a reduction of the affinity would
depress each of 7 - og"c, Z- agec, and Z - aizmm, according to
Eq. (10). This depression is observed in Fig. 8(e) for both
Z- ag"c andZ? - affc; in contrast, 7 - oizmm is enhanced rather than
depressed, for two reasons:

(a) The nonuniformity of the optical affinity (over the
excitation surface) favors 7 - aiz“”a. On the one hand, Fig. 9

A=ky, k =k,

2Strictly speaking, the half-plane is not a closed 2D k-manifold,
which precludes a direct application of the Chern-vorticity the-
orem. However, nearly the same logical considerations apply:
the eigenstates |u) continuously depend on m’ except for k =
ko (the band-touching point), thus when m’ is tuned from 0~
to 0F, the photonic shift vector S¢_, is invariant for k on
the boundary of the half-plane. This implies that the change in
2 fhalf,plane Q) dk.dk./(27) equals the change in Vort,, across the
topological phase transition.

2Due to the SO(2) symmetry, y-vortex loops are related to ¥-vortex
loops because |y - A, (R4k)| = |X - A, (k)|, where R, is the fourfold
rotation in momentum space.

shows that the optical affinity is more greatly reduced for
large |k, | (closer to the vortex) than it is for small |k,| (further
from the vortex), implying that the predominant relaxation
paths are proximate to the k, axis. On the other hand, only
those relaxation paths (for which dk is perpendicular to 7)
result in a large anomalous shift: 7 - 2 x dk. Bringing both
hands together, Z-vorticity preserves the horizontal relaxation
paths, which have a large anomalous shift, and deactivates the
vertical relaxation paths which nevertheless have a negligible
anomalous shift.

(b) A higher photon frequency implies that the excitation
surface encloses a larger volume of quasiparticle Bloch states
with nontrivial Berry curvature, and this results in a larger
anomalous shift. For an intuitive understanding, consider re-
formulating the intra-conduction-band*’ contribution to the
affinity shift loop [Eq. (10)]

Z(|2~Aw|2_p | viaa [ )z-szckxdk, 23)
-P P

P

with P and —P representing diametrically opposed geodesic
paths in a cross section of the torus enclosed by the excitation
surface (as representatively illustrated by arrows in the blue
and yellow semicircles of Fig. 9); |Z ~Aw|ip is the optical
affinity evaluated at the intersection of =7 with the excitation
surface, and ), integrates over all pairs of &P such as to
entirely fill the torus. From Eq. (23), one deduces that the
anomalous interband contribution (to the affinity shift loop)
increases with increasing photon frequency, because one inte-
grates the Berry curvature over increasingly wider paths.?!
Conversely, for smaller frequencies (w ~ |Eg|/#), the ex-
citation surface lies closer to the extremal wave vectors
kex, but further away from the vortex loops; then it is
the photon-mediated Z - (67°° + 6%*°) that dominates over the

phonon-mediated 7 - aiz“t“‘ [cf. the trends in Fig. 8(e)], due
to the Berry dipole moment vanishing as the volume (en-
closed by the excitation surface) shrinks [Fig. 8(g)]. Z - 02
and Z - 07 oppose each other but do not cancel out, because
the excitation shift Z-§%_
recombination shift 7 - Syec.”?

In comparing the shift conductivities for Z- versus X-

polarized light [Fig. 8(e) versus Fig. 8(f)], the starkest

is larger in magnitude than the

30The total interband contribution to the affinity shift loop is twice
of Eq. (23), due to R4 ~ —R.

3'The increase of 7-¢™™™ (with respect to frequency) saturates
when the excitation energy (measured from the conduction-band
minimum) becomes comparable to the band gap: Ee. — Ec g, ™~
|Eg|, as illustrated in Figs. 8(c) and 8(d). After all, this energy interval
contains the Berry curvature “hot spot.”

¥This is explained by S.. being a weighted average of
Sk ko, OVer all possible polarization vectors € of the sponta-
neously emitted photons [cf. Eq. (8)]. Moreover, Z -
Si Kow ko = 0 due to a chiral symmetry [t203Hgirer (ky, ky, 0)T203 =
—Hgire(k,, ky, 0)], which is elaborated in Appendix H. This ex-
emplifies a general principle that the recombination shift strongly
depends on the symmetry of the Hamiltonian at the wave vectors
of recombination. For BiTel, chiral symmetry reduces |7 - S| to
about a third of the lattice period, whereas for the two-band model in
Eq. (16), the symmetries of reflection and quasi-two-dimensionality

-

=7Z-

2
vkext < ckext

115108-13



PENGHAO ZHU AND A. ALEXANDRADINATA

PHYSICAL REVIEW B 110, 115108 (2024)

difference is that 7 - G;"“a is a nonmonotonic function that
is suppressed at higher photon frequency.** This is because,
in contrast to Z-vortices and the above-mentioned point (a),
X-vortices lie on the k, axis (cf. Fig. 9) and reduce the
optical affinity |¥ - A.,|? for small |k.|. Thus for high frequen-
cies, X-vortices deactivate the horizontal relaxation paths that
have the largest anomalous shift (7 -  x dk); this effectively
suppresses the intraband shift current and leads to a linear
disparity (|7 - 03 — Z - 02|) of order 0.1 mA V2.

Let us close this section by explaining the (1/E)-
divergence (and concomitant sign change) of 7 - aie"m‘ across
the topological phase transition, as illustrated in Figs. 8(e) and
8(f). It suffices to show that the affinity shift loop also has a
(1/E,)-divergence, according to the proportionality relation
in Eq. (13). The contribution to the affinity shift loop [cf.
Eq. (23)] by a pair of diametrically opposed geodesic paths
(£P) can be further decomposed as

Affave(/ +/>zﬂck x dk
-P P
+8Aff</ —/)2- Qo x dk, 24)
-P P

with Affye = (12 Acol2p + 17 - Ac]%)/2 and SAff = (|-
Acv|2_’p — |Z-Aw|%>)/2. The term proportional to Aff,,. is
asymptotically irrelevant as |Eg| approaches zero, due to an
emergent left-right symmetry of the massive Dirac fermion
[Eg. (21)] about the extremal wave vector.>* What remains is
to evaluate the asymptotic behavior of the term proportional
to SAff: the integral (/_,, — /) of the anomalous shift vector
diverges as 1/E,, because (i) Z - 2 x dk/|dk| diverges as
E,/ |Eg|3 at the band extremum, which is a well-known type
of divergence for massive Dirac fermions [cf. Eq. (H14)],
and (ii) the width of the Berry curvature hot spot is of order
|m’|/hv o |E,|. Combining both (i) and (ii), the second inte-
gral in Eq. (24) is estimated as (extremal value of curvature) x
(hot-spot width), which is proportional to Eg/|Eg|3 X |Eg| =
1/E,. Because this divergence applies to any pair of diamet-
rically opposed geodesic paths, the affinity shift loop must
likewise diverge as 1/E,, and thus also Z - aié“‘m 70

There are two reasons why this divergence will be cut off
in a more realistic model of BiTel, meaning that the 1/E, be-
havior breaks down in a narrow energy interval: |E,| < E ;“‘:

(i) The first reason is that not all photoexcited quasipar-
ticles will relax all the way down to the conduction-band
bottom (where the Berry curvature diverges), but instead they
will relax to a Maxwell-Boltzmann distribution with a charac-
teristic thermal energy kp7;.%

enhance |y - S| by precluding an orientational-disordered average,
as explained in Appendix F.

33 A minor difference between Figs. 8(c) and 8(d) is that 7 - 69 is
also nonmonotonic and remains small at low frequencies. This occurs
because 7 - Sikechkm =0, due to an emergent chiral symmetry at
the band edge, as elaborated in Appendix H.

34This left-right symmetry is explained in App. H 3.

35The preceding calculation of the 1/E, divergence assumed that as
|Eg| — 0, kgT; must likewise — 0; indeed, the geodesic approxima-

tion relied on kgT; < |E,|, as was explained in Sec. II.

(ii)) The second reason is that the O(2) symmetry of
our effective model of BiTel is only approximate; in real
BiTel, the topological phase transition (between two topo-
logically distinct semiconductors) is not intermediated by
an O(2)-symmetric nodal-loop band touching, but by a C3,-
symmetric Weyl-semimetallic phase; the energy scale of the
Cs,-symmetric trigonal warping is estimated to be about
10 meV [23].

Both reasons suggest the 1/E, behavior of Z- o, to be
precluded with a cutoff ES* that is comparable to either kpT;
or 10 meV, whichever is larger.

VI. DISCUSSION AND OUTLOOK
A. The threefold way

The steady shift current density in a direct-gap semi-
conductor has a threefold decomposition: j = j... + Jrec +
Jintra» cOrresponding, respectively, to current contributions by
interband excitation [cf. Eq. (7)], interband recombination
[Eq. (8)], and intraband relaxation [Eq. (9)]. While this three-
fold decomposition has been studied for simplified models
of pyroelectrics and piezoelectrics [5], it is here that j.. +
Jinwa acquires a new dimension of understanding through
the lens of wave-function geometry. Geometrical notions
(such as the Berry phase) transcend the traditional classifica-
tion of piezoelectrics versus pyroelectrics, and they provide
overarching principles to guide our interpretation of the out-
of-equilibrium, many-body dynamics of photoexcited matter.

One of our main results is that the excitation-induced cur-
rent density j.. can be outweighed by either ji ., OF Jiec-
especially in semiconductors characterized by large intraband
Berry curvature or optical vortices (topological singularities in
the interband Berry phase). Model semiconductors with large
Berry curvature exhibit a shift-current conductivity that is of
order mA V=2 without fine-tuning of the incident radiation
frequency; in the presence of optical vortices, the conductivity
can change by ~mA V™2 if the linear polarization vector
flips by 90°. These estimates of the conductivity assumed a
generic value of the joint density of states, but in principle
the joint density of states can be further optimized [44] for a
synergistic enhancement. To our knowledge, no measurement
of the short-circuit conductivity in shift-current materials has
reached the mA V2 range.

B. Wave-function approach to photovoltaic materials

Establishing the steady shift current in the broader frame-
work of wave-function geometry confers an advantage: we
acquire a Rosetta stone to translate our vast body of knowl-
edge (on topological materials) to concrete predictions of
photovoltaic materials. Here are two cases in point:

(i) Intraband relaxation due to electron-phonon scattering
results in an anomalous shift that is proportional to the in-
traband Berry curvature; cf. Eq. (5).° Let us juxtapose this

3Electron-phonon scattering is not the only mechanism for in-
traband relaxation in a direct-gap semiconductor; electron-impurity
scattering also results in a shift [5], which may substantially con-
tribute to j,,, for dirtier samples. The impurity-mediated shift is
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anomalous shift with the nonlinear Hall effect predicted by
Sodemann and Fu [57]. What matters to the anomalous shift
current is the Berry curvature of all Bloch states enclosed by
the excitation surface; this contrasts with the nonlinear Hall
effect, which depends (at low temperature) on the Berry cur-
vature of the Fermi surface. However, the two effects are not
completely divorced: a semiconductor with a large anomalous
shift current is continuously tunable (e.g., by doping) to a
metal with a large nonlinear Hall effect. This is evident from
Fig. 5(a) if one imagines the excitation surface to be a Fermi
surface.

(i1) While the topological-matter community is well-versed
in finding materials with large intraband Berry curvature, it
is presently unclear which materials have optical vorticity.
On the one hand, a high-throughput ab initio algorithm has
been proposed in Ref. [48] to search for materials with optical
vorticity. On the other hand, it would also be advantageous
to identify general, topological principles that guarantee the
existence of optical vorticity in certain classes of materials.
One such principle is the Chern-vorticity theorem in Eq. (18),
which relates the Chern number (of a 2D cross-section of a 3D
Brillouin zone, or of a 2D Brillouin zone) to the net vorticity
(of the same 2D cross-section or 2D Brillouin zone). This
theorem has broad implications for the vorticity in topological
semimetals and topological insulators, one of which is the
necessary existence of optical vorticity in BiTel.

Our case study of the linear photogalvanic effect (LPGE)
in semiconducting BiTel (Sec. V) illustrates four principles:

(a) Because the k-locations of optical vortices depend on
the light polarization, the steady shift current depends sen-
sitively on the light polarization. If the excitation surface is
proximate to an optical vortex, the photonic shift vector is
orientationally disordered over the excitation surface, which
tends to reduce the excitation shift current.

(b) The recombination shift strongly depends on the
symmetry of the Hamiltonian at the wave vectors of recombi-
nation. For BiTel, chiral symmetry reduces the recombination
shift vector to about a third of the lattice period.

(c) Because band wave functions can depend strongly on
energy, so can the steady shift current depend sensitively on
the photon frequency. A rule of thumb is that the net shift
conductivity changes sign in the transition from a photon-
mediated shift current (at low frequencies corresponding to
band-edge excitation) to a phonon-mediated anomalous shift
current (at higher frequencies).

(d) The steady shift current is sensitive to discrete changes
of the wave-function topology. In particular, the steady shift
current changes sign across the Z, topological phase transi-
tion, and the magnitude of said current is extraordinarily large
in the vicinity of the transition.

closely analogous to the “side jump” in the anomalous Hall effect
of magnetic metals [56]. In their study of the “side jump,” Sinitsyn
et al. have argued that the impurity-mediated shift reduces to the
anomalous shift [Eq. (5)] under two assumptions: (i) the small-
angle scattering is dominant, and (ii) the cell-periodic component of
the Bloch function is spatially homogeneous. The improbability of
either assumption makes for a tenuous relation between the impurity-
mediated shift and the anomalous shift.

1019 3 —1rivial Topological
Non-linear Hall:i j &< E*X(dXE) [semimetal
Carrier Photocurrent flips sign
. ™
density
0cm3
3 GPa
—_—
Pressure

FIG. 10. A photovoltaic phase diagram of BiTel. The carrier
density can be tuned by varying the growth method [59,60] or by
doping with Cu [61]. Pressure can be applied within a diamond anvil
cell [53] or by chemical substitution.

The experimental implications of (a)-(d) are summarized
in Fig. 10. The figure also illustrates the bulk photovoltaic
current in semimetallic BiTel: a previous theory [58] has
predicted a nonlinear Hall current that depends on the Berry
curvature dipole d of the Fermi surface and also changes sign
across the topological phase transition. For light sources in the
100 THz regime (and higher), the bulk photovoltaic current of
semimetallic BiTel is dominated by the circular photogalvanic
effect (CPGE),> but this is not true for semiconducting BiTel.

Our photovoltaic phase diagram of BiTel showcases the
tight correlations between wave-function geometry and the
bulk photovoltaic effect over a wide range of carrier densities
and on both sides of the topological phase transition. We
hypothesize that similar correlations hold for other topolog-
ical materials, suggesting that the bulk photovoltaic effect
is an unprecedented phenomenological framework in which
to faithfully diagnose and sensitively characterize topological
materials.

C. Transient versus steady photovoltaic current

Section II demonstrates that the steady, excitation-induced
current j.. well approximates the transient current at the
onset of radiation. By subtracting the transient current (mea-
sured at early times) from the steady current (measured at late
times), would one obtain j.. + jin,?" Not quite, because the
steady photovoltaic current includes not only the shift current
but also the ballistic current.?

¥The CPGE is larger than the LPGE by a factor wt > 1, with
® being the photon frequency and T = 100 fs being the momentum
relaxation time [57].

¥We consider an experimental geometry where the photon-
dragged current vanishes [1,2], and where the surface photovoltaic
current is separable from the bulk photovoltaic current [62].

¥The ballistic current results from a (k — —k) asymmetry in the
quasiparticle distribution [3,22,30,62]; such asymmetry can be in-
duced by electron-impurity, electron-phonon [63], and electron-hole
interactions [64]. Does a large phonon-induced ballistic current cor-
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It may be argued that the transient current is insensitive to
the temperature of a photoexcited semiconductor,*’ while the
steady current includes j;,.,, which is sensitive to the tem-
perature of the phonons. Suggestively, a substantial disparity
in the temperature dependence (of the transient versus steady
photocurrent) was observed for a ferroelectric charge-transfer
complex, though the disparity was attributed by Nakamura
et al. to the formation of a Schottky barrier at the sample-
electrode interface [21]. It would be interesting to see if this
disparity persists for a different electrode whose work func-
tion is identical to that of the sample.

Conversely, it has been reported that the Kraut-Baltz-Sipe-
Shrekbtii formula [4,6,13] for the shift current adequately
describes the photoconductivity measurements of n-GaP [65],
suggesting that j.. + Jinra 15 sSmall for this material; this
hypothesis can be tested by an ab initio study of the
intraband/interband Berry phase of GaP, which we would love
to see.

D. The loop approach to shift currents

Our analysis of the direct-gap semiconductor relied on
identifying a reduced set of quasiparticle transitions that con-
catenate into loops (cf. Fig. 4) and predominantly contribute
to the steady shift current [Eq. (1)]. Appendix D shows how
to exactly reformulate the BIS formula [Eq. (1)] as a sum over
loop currents:

. |e| m m m 7
j=-3 Z Sk (A p—Epep) = Z-IIOOP’ (25)

B,B'\m loop

with j,,, meaning the current contributed by a closed flow
line (in energy-momentum space) of one-electron probability.
The loop formulation holistically treats excitation, relax-
ation, and recombination as inextricably linked processes;
such linkage is epitomized by the shift loop in Eqgs. (6)—(13).
Using loops allows us to derive general properties of the
steady shift current that do not necessarily apply to the tran-
sient shift current; in particular, a purported relation between
the shift current and interband polarization differences [49] is
shown in Appendix D 3 to apply to the transient current but
not the steady current. A related advantage of loops is calcu-
lational: approximating the steady shift current by a reduced
family of predominant loops [e.g., via Eq. (13)] requires far
fewer computational resources than simulating a quasiparticle
distribution fp that sets the collisional integral to zero, and
then inputting fp into the BIS formula; cf. Appendix C2.
Our loop current formulation is applicable beyond direct-
gap semiconductors, with the caveat that the predominant
loops may change depending on the context. For instance, re-
combination in indirect-gap semiconductors is intermediated
by transitions between Bloch states and impurity-localized
states; such transitions also contribute to the shift current [30].

relate with a large phonon-induced j;,.,? We leave this open question
for future investigations.

40j . depends on temperature only through the photoexcitation
transition rate, which is proportional to (1 — fu)fu, With f the
Fermi-Dirac distribution. Assuming the band gap greatly exceeds
kgTo, (1 — fux) for = 11is insensitive to Tp.

In small-gap semiconductors or Dirac-Weyl semimetals, inter-
band recombination may be contributed by electron-phonon
scattering. It would be desirable to develop a theory of the
steady shift current in Dirac-Weyl semimetals, for which the
anomalous shift may potentially be large. It is hoped that
photoconductivity measurements of TaAs [66] would benefit
from a reinterpretation of what exactly is causing the shift.

E. The potential for solar-cell applications

A large short-circuit conductivity is not sufficient for
solar-cell applications; also required is a large open-circuit
photovoltage to generate sufficient electrical power. Though
shift-current materials can have open-circuit photovoltages
that greatly exceed the band gap [67—69], the product of the
short-circuit current and open-circuit photovoltage may be
limited depending on the architecture of the shift-driven solar
cell.

Let us first consider Pusch et al’s model [70] of a
shift-driven solar cell, in which a homogeneous shift-current-
carrying intrinsic semiconductor is connected via leads to an
external load; henceforth, we refer to this as the PRCE cell.
Assuming a few ideal conditions, namely that the contacts
with the leads do not introduce additional resistance, and
that temperature is sufficiently low (kg7 < Ej) to ignore the
dark conductivity, the light-to-electrical energy conversion
efficiency of a PRCE cell is calculated in Appendix K to be

off — lmrsz/ftrfrec (26)
4 hw

under monochromatic illumination with frequency w. Here,
m' =m;' +m; ! is the reduced mass of an electron-hole
pair in the parabolic-band approximation, 7 is the Drude-type
transport lifetime for photoexcited carriers, and Tty is the
recombination lifetime; cf. Sec. II. s can be interpreted as
the average shift per photoexcited electron-hole pair, and is
expressible as a normalized affinity shift loop [cf. Eq. (10)]:

ASL,_,,

= — 27
N <fvck|€s 'Acvk|2>w ( )

Our formula for the efficiency is essentially identical to
Eq. (11) in Ref. [70], except that our s replaces their
heuristically defined “average charge displacement R’ with
a precisely calculable formula; moreover, Eqs. (26) and (27)
with Egs. (6)—(10) clarify the oft-ignored roles of j ... + Jinra
in the operation of a shift-driven solar cell.

Even if s is of order the lattice period a, it may be seen that
eff « 1 at solar frequencies and with typical values for a ~
5 A, m, ~ my (free-electron mass), 7, ~ 100 fs, and 7, ~
1 ns for radiative recombination. More appreciable efficien-
cies are expected for heavy-fermion materials dominated by
faster nonradiative recombination [71], and with extraordinar-
ily large lattice periods that characterize (moiré) superlattices.
Going beyond the PRCE model, inhomogeneous doping of
the shift-current-carrying semiconductor would marry advan-
tages of both the shift mechanism and conventional barrier
layer photovoltaics; whether such a synergy is incremental or
transformative remains to be seen.
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APPENDIX

The Appendixes contains several supplementary re-
sults for the specialized audience. Most of these results
have been referenced and motivated in the main text.
An organizational structure is presented to help with
navigation:

Appendix A: This glossary collects many recurrent equa-
tions and symbols for easy reference. The equations include
the Belinicher-Ivchenko-Sturman (BIS) formula for the shift
current (Appendix A 1) and its threefold decomposition into
contributions by excitation, recombination, and intraband
transitions (Appendix A 4). The BIS formula inputs the quasi-
particle, photonic, and phononic occupancies and outputs
a current; certain assumptions about these occupancies are
recorded in Appendix A 2. All explicit calculations of the shift
current in this work have been based on a two-band, direct-gap
semiconducting model; the terminology that surrounds this
model is collected in Appendix A 3.

Appendix B: This Appendix summarizes several salient
aspects of the steady nonequilibrium distribution of photoex-
cited carriers. Included is a review of the different relaxation
mechanisms for a hot photoexcited carrier in a semiconductor
(Appendix B 1) and a derivation of the associated kinetic
model which applies in the regime of low carrier density
(Appendix B 2). Simplified versions of this kinetic model are
described if there is electron-hole symmetry (Appendix B 2 a)
and if the collisional integral is constant along isoenergy sur-
faces (Appendix B 2b).

Appendix C: The BIS formula of the shift current is ped-
agogically derived in Appendix C 1, numerically calculated
in Appendix C2, and compared to other formulas of the
shift current in Appendix C3. This comparison elucidates
what is missing from the Kraut-Baltz-Sipe-Shkrebtii formula
[4,6,13], as well as formulas derived from dissipative Floquet
methods [17,19,20]. Appendix C 1 also demonstrates that to

J

le]

_ m m m .
J= -7 SB’«B( B'«B SB%B')’

B.B'.m
with the phononic shift vector given by

Phonon:

Spop=—Vk+Vi)argVy'p +Appr — Ape = =S5 .,

describe the steady state perturbatively, the zeroth-order state
is emphatically nor the thermal equilibrium state (in the ab-
sence of the light source).

Appendix D: The steady shift current is equivalently for-
mulated in terms of loop currents. The basic ingredients of
the loop formulation are presented in Appendix D 1, namely
the loop decomposition of the probability flow network,
the shift loop, and the loop current. A theorem derived in
Appendix D2 formalizes the equivalence between the BIS
formula and a sum of loop currents. This theorem is applied
to revise a purported relation [49] between the shift current
and interband polarization differences (Appendix D 3), and to
derive the geodesic approximation of the shift conductivity
for 3D semiconductors (Appendix D4) and quasi-2D semi-
conductors (Appendix D 6). The geodesic approximation is
rigorously justified as the small-angle-scattering limit of the
BIS formula in Appendix D 5.

Appendix E: The transient shift current is shown here to
be well approximated by the excitation-induced component of
the steady shift current. This Appendix rigorously elaborates
an argument presented in Sec. 1.

Appendix F: The shift conductivity is calculated for a
model Hamiltonian with optical vortices to corroborate claims
made in Sec. IV about the vortex-induced linear disparity of
the shift conductivity.

Appendix G: A theorem relating Chern numbers to optical
vorticity [cf. Eq. (18)] is proven here.

Appendix H: A few facts that support our case study on
BiTel are presented here, including an effective Hamiltonian
of a massive Dirac fermion that holds near the topological
phase transition, as well as the vanishing of the shift current
at the band edge, for x- and y-polarized light.

Appendix I: An alternative derivation of the anomalous
shift vector is provided.

Appendix J: A misconception about the electron-phonon
scattering rate is exposed. The misconception traces back to
a fallacious belief of a universally applicable gauge for the
Bloch wave function.

Appendix K: The energy conversion efficiency is calcu-
lated for a solar cell based on an intrinsic, shift-current-
carrying semiconductor.

APPENDIX A: GLOSSARY

1. The Belinicher-Ivchenko-Sturman formula

We use “Belinicher-Ivchenko-Sturman (BIS) formula” to
refer to two sets of equations for the phonon-mediated
and photon-mediated shift current. The former current is
given by

B=(bk), B =©k) m=@p), (AD

(A2)
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and with the difference in absorption and emission transition rates given by

ZS(EB’B — how (1 — fB)fgNu — (1 — f8) fp (N + 1)}, (A3)

2
Phonon: Ap_ ,—E&F 5= 8q.k’7k7|vé78

with Egp = Ep — Ep. Actually, the above equations are more general than those presented in Ref. [5], in that the above
equations allow for interband phonon-mediated transitions, while the formula in the BIS paper does not. This being a minor
generalization, we will anyway refer to our final formula as the BIS formula.

The BIS formula for the photon-mediated shift current combines Eq. (A1) with

Photon: Si?k(—bk = —-—Vi arg €, “Apk +Appk — Appk = _S;kmeb’k; (A4)
. . 2re)’wn 5
Bep—Epep = Sk,k’T |€m - Appr| 0 (Epp — Rawy){(1 — fp) fBNm — (1 — fp) fpr (N + D)}, (AS)

in Gaussian units. In Ref. [5], A% _, — Er . appears with an additional multiplicative factor of 1/n?, with n the refractive
index; this factor should not be there, according to our derivation in Appendix C 1.%!

In the steady state, the quasiparticle distribution fp satisfies a nondetailed balance condition that represents an invariance
under simultaneous collisions with all bosons:

ForallB, 0= > (Ap_p+&f 5 — Ap_5—Ep_p). (A6)
m B

with )", summing over all photonic and phononic modes. The right-hand side of the above equality may be viewed as the
collisional integral evaluated to second order in the electron-boson coupling, i.e., the integral has a form expected from Fermi’s
golden rule. Equations (A1)—(A6) represent a closed set of equations to determine the shift current: one first determines fp from
Eq. (A6) and then inputs fp into Eq. (A1).

2. Quasiparticle, photon, and phonon occupancies

The above equations show that the BIS current is a functional of the quasiparticle, photon, and phonon occupancies:

j — j[fBa Nphol’ an;hon]’ (A7)

m

with the dependence on occupancies given solely by the transition rates A = A[fz, N2™, N2 and € = E[f3, NI, NJ™").

Throughout this work, f symbolizes the occupancy of charged, fermionic quasiparticles that are long-lived in an insulator
[72], though strictly speaking we do not account for the renormalization of the wave function [73]. When there is no T (for
temperature) superscript on fz, fp should be understood as the nonequilibrium, steady distribution determined in a kinetic model
(cf. Appendix B 2), hence f5 generically deviates from the thermal

1

eEs—)/ksT 4 1° (A8)

Fermi-Dirac distribution:  f4 =

The phonons are assumed to thermalize with a lattice temperature 7;, meaning that the phonon occupancy is a Planck
distribution:

1
Phonon: Nm = NrZ/ = m (Ag)

We will not always have the “phon” or “phot” superscript on N,,, so the meaning of m should be deduced from the local context.
The minimal frequency for optical phonons is defined to be the optical phonon threshold:

Optical phonon: min{w,,} = Q,; kgT} K 2, = anl < 1. (A10)

h<2, is typically comparable to kg times room temperature. We assume in calculations of the shift conductivity that the lattice
temperature is small compared to the optical phonon energy, hence the thermal occupancy of optical phonons is negligible.
The photon occupancy is assumed to be a sum of thermal and source-generated contributions:

Photon: N, = N + AN8pm; AN, > 1. (Al1)
We have assumed that the source is bright (AN; >> 1) and produces photons of a single, linearly polarized mode:

Source: mode =my; frequency = ws = cllq|| > E,/h; polarization vector = € € R3. (A12)

“'The 1/n? factor is absent in the Sturman-Fridkin monograph [30], which followed after the BIS paper. A factor of 1/n appears only in the
conversion of photon occupancies to the radiation intensity; cf. Appendix C 3.
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In the classical approximation to the radiation field, AN; can
be be expressed in terms of the electric-wave amplitude ac-
cording to*?

|€ul® =2

E =E,6, 4T 4 cc; (A13)

hw AN,
T —.
Vv
The vector-valued shift conductivity is defined by the nonlin-
ear current response:

J :Ge,w|5w|2» (Al14)

with j the shift current in Eq. (A1).

A basic property of the quasiparticle transition rates is that
the absorption and emission rates cancel out if the fermions
and bosons are thermalized with the same temperature:

Detailed balance:  (Ap g — &5 p)r o yr = 0. (ALS)
B g Nm

This holds for both phonons and phonons, as one may verify
by substituting the Fermi-Dirac and Planck distributions into
Eqgs. (A3)—(AY).

J

Isoenergy surface of band b and energy E = all k satisfying Ep = E.

3. Direct-gap semiconducting model

All explicit calculations of the shift conductivity in this
work are based on a model of a direct-gap intrinsic semicon-
ductor with two bands (not counting spin):

Band indices:
Bloch labels:

b = v (valence);
(A16)

b = ¢ (conduction);
C = (ck); V = (vk).

Ec — Ey is assumed to be minimized at a single wave vector,
which we call the extremal wave vector:

min{Ecvk} = Ecvkexl = Eg’ Ecvk = EC - EV~ (A17)

The band gap E, is assumed to be large compared to the lattice
temperature 7; (with source turned on) and the equilibrium
temperature 7y (with source turned off), hence the equilibrium

Fermi-Dirac occupancies are close to being binary:
keTy € Eg = fR2~0;, fP~1. (A18)

Isoenergy surfaces of a band are defined to k-surfaces in which
the band dispersion is constant:

(A19)

The source photon frequency is assumed large enough that resonant absorption can occur across the band gap, and the
excitation surface is defined as the k-surface where resonant optical absorption can occur:

ES = excitation surface = all k satisfying

Ee = hoo, > E,. (A20)

We define E), o as the energies of b-band states on the excitation surface:

Excitation energy :

Ec,exc = {EC | ke ES}’

E,exe ={Ev | k € ES}. (A21)

We will encounter symmetric models where E, . is degenerate for all conduction-band states on the excitation surface, meaning

the excitation surface is an isoenergy surface of energy E, exc.

For photonic modes that mediate resonant interband transitions, their thermal occupancy is negligible:

Resonant photon: Nn?B(ECUk — hwy) K 8(Eeok — hwy) < kpT) K E,. (A22)
The passive and active regions of either band are defined with respect to the optical phonon threshold [Eq. (A10)]:
Conduction: :  Ey — Ex,, > IS, (active); 0 < Eg — E,, < hS2, (passive);
Valence: — (Eyx — Ew,) > IS, (active); 0 < —(Ey — Ew,,) < hS2, (passive). (A23)

4. Excitation, recombination, and intraband components of the shift current

As discussed in Sec. II, the steady shift current can be decomposed into contributions by excitation, recombination, and

intraband relaxation processes:

Threefold decomposition:

j = jexc + jinlra + jrec' (A24)

Here, we present the explicit expressions for each of the three components in Egs. (A25)—(A30).
The excitation-induced current is defined to be the shift current contributed by interband, vertical transitions over the

excitation surface [Eq. (A20)]:

. . . . . e
Excitation-induced current:  j... = j[fTrewers = —2: ¢|V—| X:Ses I
k

Excitation rate: I}, = v

27e) w;
= mks 'Acuk|2fuck8(Ecuk - hws)ANs

(A25)

ck<—vk”"exck’

(A26)

#2This may be derived from the standard relation [74,75] between the classical electromagnetic vector potential and the photon number:

_loA,,
c ot

E =

) h AN;
, A, =2c,|——¢€ cos(q,-r— wg).
w; V ’
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2., = 2, with the additional subscript reminding us that this two originates from the spin degree of freedom. f, is defined to be
fok — fex- Equation (A25) has been presented for the case in which a pair of spinless bands (labeled » = v and c¢) are optically
excited; if there are more than a pair, simply sum the right-hand side of Eq. (A25) over all pairs.

Equation (A25) is derived by restricting ), in Eq. (A1) with the condition that k = k' lies on the excitation surface, and this
is the meaning of j[fl;_ycrs- In principle, Y, in j[fli—y s sums over all bosonic modes with the same frequency w,, = w;
as the source-generated photons. This ) |, may be restricted to photonic modes, because the band gap is presumed to exceed
the optical phonon energies. Photon-mediated vertical transitions over the excitation surface can be divided into five classes,
according to Eqgs. (A5) and (A11):

(i) Absorption of thermal photons with a rate O(Nrg’ oL — fo).

(i) Stimulated emission of thermal photons with a rate <N f.(1 — f,).

(iii) Absorption of source-generated photons with a rate AN f, (1 — f¢).

(iv) Stimulated emission of source-generated photons with a rate AN, f.(1 — f,).

(v) Spontaneous emission of photons with a rate ocf.(1 — f,).

In practice, only (iii) and (iv) are significant. Here is why. Since the timescale to spontaneously emit photons (~1 ns)
greatly exceeds the timescale for scattering with phonons (~100 fs), the contribution of (v) to the shift current is negligible.
By our assumptions that temperature is low and that carriers are resonantly excited, kzT; < E; < howy = ho,,, hence the Planck
occupancy NI « 1. It follows that AN, > 1 > NI’ and we then assume (i) < (iii), and (ii) < (iv). Keeping only (iii) and (iv)
leads to Eq. (A25).

The intraband current is defined to be the shift current contributed by intraband transitions:

phon
L. _ b h . _
Intraband current: Jintra = Z Jintras  Jintra = .][f]b:b’ - N V| Z Z Sbk’ <—bk bk/ bk ZIi(—bk’)? (A27)
b=v,c mokk

with A — & given in Eq. (A3). When bands do not overlap on the energy axis (as is true for our two-band semiconducting model),
intraband transitions may be restricted to phononic modes, because the typical quasiparticle band velocity is much less than the
speed of light.

It is useful to decompose the intraband current into contributions by acoustic and optical phonons: j? = ]mtm + -Ilntrd
Assuming (a) kpT; < hS2,, (b) the active region is much bigger than the passive region (|Epexc — Ep k., | > H€2,), and that (c)
small angle scattermg predominates, the effect of acoustic phonons is substantially outweighed by that of optical phonons:
[l Jlmra” < Jmtmll Here is why. Assumption (c) allows us to employ the small-angle-limit of the phononic shift in Eq. (5);
because this anomalous shift is proportional to 8k = ||k’ — k||, the net effect of transitions k' < k within the passive region
is ignorable compared to transitions within the much larger active region; cf. a similar argument made in Sec. II. Within the
active region, transitions mediated by optical phonons are predominantly that of spontaneous emission, because the thermal
occupancies of optical phonons are small; cf. Eq. (A10). Transitions mediated by spontaneous emission of optical phonons
predominantly result in a larger shift than transitions mediated by acoustic phonons; this is because the timescales for individual
collisions are comparable to 100 fs for both types of phonons [31], but for optical phonons, 5k has a lower bound given by €2,
divided by the carrier group velocity, while the only lower bound for electron—acoustic-phonon scattering is the trivial bound
8k > 0. Altogether, these considerations lead to the intraband shift current being dominated by

optical phonons

b |€| vp m
Jinwa ™ 2”7| Z Z Skt ki’ (A28)
m kK

Enieie = Sk k |V1§7

*8(Eps — hwn)(1 — f5)fs- (A29)

The recombination-induced current is defined to be the shift current contributed by vertical photon-mediated transitions
(ck <> vk) for k outside the excitation surface:

phol
Recombination-induced current:  j.. = j[fli—r¢es = 2¢ v Z ZS'L’}“_U,( ks (A30)
Recombination rate: [, = (1 — 5k,Es)(53;“_ck — Z’;“_vk), (A31)

with A — & given in Eq. (A5). We have introduced J; gs as the projector to the excitation surface, and 1 — 8 gs as the
complementary projector. Equation (A30) may be simplified on the basis of two considerations:

(a) The ), in Eq. (A30) may be further restricted to a small-k volume corresponding to the passive region, according to
arguments presented in Sec. II and Appendix B 1.

(b) Because of the projection in Eq. (A30), j.. depends on the thermal photon occupancy N but not the source-generated
occupancy ANj; since the thermal occupancies of resonant photons are small [cf. Eq. (A22)], one may as well retain only the
transitions mediated by spontaneous emission.
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Altogether, (a) and (b) imply

|€| phot pass
Jree ™ 2055 DD St il (A32)
m  k
spum Qme)wy,
El ok = Sir——— 1€ - Ack?8(Ecy — iw)(1 = f,) [
(A33)
We take ,‘;“SS to mean an integral over the passive k-volume

of either the conduction or valence band [cf. Eq. (A23)],
whichever of the two volumes is smaller.

The threefold decomposition of the shift current in
Eq. (A24) implies a threefold decomposition of the shift con-
ductivity defined in Eq. (A14):

Gew =008 + 0 4ot g = T

[t
intra __ jintra rec __ jrec (A34)
Rt R S N

APPENDIX B: THE NONEQUILIBRIUM DISTRIBUTION
OF PHOTOEXCITED CARRIERS

1. Relaxation mechanisms for photoexcited carriers

The steady shift current in a semiconductor cannot be
calculated without understanding some basic aspects of the
relaxation mechanisms and distribution of photoexcited carri-
ers, which we review here. (We use “carrier” as a shorthand
for hole and electron quasiparticles.) Much of this brief review
derives from a more comprehensive review by Esipov and
Levinson [27].

Which scattering process dominates the energy relaxation
of carriers depends on (i) the radiation intensity J generated
by a source, and (ii) the energy E of the carrier.

The dependence on J is because the rate of carrier-carrier
scattering via the instantaneous Coulomb interaction increases
with the density n of photoexcited carriers,*’ and n is roughly
proportional to J.

The dependence on the carrier energy E is because the
matrix elements for scattering depend on the initial and final
states. An especially strong dependence develops for E near
the optical phonon threshold 7€2,, which is defined as the
smallest optical phonon energy. Our convention is that E for
an electron (hole) carrier is set to zero at the conduction-
band minimum (valence-band maximum). For E < h€2, (the
passive region), a carrier is forbidden by energy conservation
against emitting optical phonons, and energy relaxation is sub-
stantially suppressed relative to E > k€2, (the active region);
cf. Eq. (A23) and Figs. 3(b) and 3(c).

We define an upper bound n; to the carrier density,
such that if n < nj, (meaning much less than or compa-
rable in magnitude), scattering by optical phonons is the
primary/dominant mechanism of energy relaxation for pho-
toexcited carriers in the active region; if n > ny, it would
be carrier-carrier scattering that dominates energy relaxation

“3If the majority of photoexcited carriers follow a Maxwellian dis-
tribution, the rate of carrier-carrier scattering is simply proportional
to n; cf. Eq. (2.3.6) in Ref. [27].

in the active region. For instance, nj, ~ 10'® cm™ for GaAs
[27]. We assume throughout this paper that optical phonons
are the primary energy relaxers in the active region. Because
the typical carrier—optical-phonon scattering time 7° ~ 100 fs
[31,32], which is far smaller than the interband recombination
time (7. ~ 1 ns) [27,30], the majority of carriers would relax
into the passive region where they await recombination.**
In other words, the steady electron (hole) distribution in the
passive region accounts for most of the electrons in the con-
duction band (holes in the valence band), as illustrated in
Fig. 3(c).

It is also useful to identify the secondary/subdominant
mechanism for energy relaxation in the active region; the
two candidates are carrier-carrier scattering and carrier—
acoustic-phonon scattering. We assume that the subdominant
mechanism in the active region is also the dominant mech-
anism for energy relaxation in the passive region, where
carrier—optical-phonon scattering “switches of” discontinu-
ously. Let us define a second density n; < n;, such that in
the intermediate density range: n; < n < ny, (e.g., 10° «
n < 10" cm™ for GaAs), carrier-carrier scattering is the sub-
dominant relaxer in the active region; and in the low-density
regime: n < ny, carrier—acoustic-phonon scattering is the sub-
dominant relaxer in the active region.

For at least a number of semiconductors, steady-state mea-
surements of hot-carrier photoluminescence spectra® support
the hypothesis that photoexcited electrons in the passive re-
gion largely follow a nondegenerate Maxwellian distribution
with a source-dependent chemical potential u, and electron
temperature T,; likewise, the majority of photoexcited holes
in the passive region are Maxwellian with parameters 1, and
Tj,. e and T, are distinct from the equilibrium chemical po-
tential and temperature: 7, simply equals the nonequilibrium
lattice temperature 7; if electron—acoustic-phonon scattering
is the dominant energy relaxer in the passive region (n < n;);
however, T, may exceed T; if electron-electron scattering is the
dominant energy relaxer in the passive region (n; < n < ny).
Typically, both kgT, and kgT;, < hS2,, so most of the photoex-
cited carriers occupy only a smaller fraction of the passive
region, and recombination transitions predominantly occur
between electrons (with energy < kgT,) and holes (with en-
ergy < kgTy). In large part, the theory that is presented in the
main text is agnostic about fine-grained details of the carrier
distribution within the passive region, meaning the theory is
generally applicable whether or not a Maxwellian distribution
develops in the passive region. However, if it does develop,
then explicit kinetic models can be constructed that are based
on the diffusive approximation for energy relaxation; cf. Ap-
pendixes B2b and E.

2. The kinetic model in the low-density regime

We will introduce a kinetic model that holds in
the low-density regime (n <« n;) and forms the basis

4“Because /2, ~ 30 meV, and a typical bandwidth ~1 eV, it takes
at most 30 emissions of optical phonons for a hot carrier to relax into
the active region. 30 x 100 fs is still much less than 7.

“For instance, see Refs. [76,77]; more experiments are reviewed in
Refs. [27,28].
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for numerical simulations of the BIS formula in
Appendix C 2.

The collisional integral for a quasiparticle in a two-
band semiconductor may decomposed into vertical photon-
mediated transitions and intraband phonon-mediated transi-
tions:

hot hon hot hon
L =L + 10", L= - + 15"

(B1)
The photon-mediated component can be further decomposed
into an excitation rate [Eq. (A26)] and recombination rate
[Eq. (A31)], depending on whether k lies on the excitation
surface or not:

phot

" = S sy — (1 — Ses) Z reck- (B2)
m

The phonon-mediated component can be decomposed into
incoming transitions that increase the quasiparticle occupancy
and outgoing transitions that decrease the quasiparticle occu-

pancy:

phon
Iphon _

Ex

5”’1.

m m
bk’ T Epkepie’ -

'" )
bk’ < bk bk' bk )

(B3)

with A and £ defined in Eq. (A3). Each of Iy, Iec, A, and £
depends on the quasiparticle distribution fp; this distribution
is is defined to be steady if it sets the collisional integral to
Zero:

Steady distribution: I x[fz] = Lk[fg] =0 forall k.

(B4)

Let us first address the contribution to [5'" by carrier—
optical-phonon scattering, which is assumed to be the
dominant energy relaxation mechanism in the active region;
cf. Appendix B 1. As justified in Appendix A4, one may
neglect the absorption and stimulated emission of optical
phonons, retaining only the transition rate for spontaneous
emission: A} o — &L — —Ep Sp.rm " With E¥ defined in
Eq. (A29). We assume that small- angle polarization scattering
predominates over deformation scattering [35]. For simplicity
in modeling, we focus on polarization scattering by a single
branch of longitudinal optical phonons, in which case the
phonon mode m is fully specified by a phonon wave vector
q; for small ¢, the phonon frequency is assumed to be approx-
imately a constant equal to €2,. The asymptotic expression for
the collisional integral is then given by*

Optical phonon: [} = Z Ent =&t ., (B
gk’
2 2
et = 8k’—k,q7|vb3(fbk| S(Epr — H20)(1 — foi) fon's
(B6)
‘Vk’ k|2 = vk k/’ ~ h Ca |t 1 cen | B7)

bk' bk bkbk'

TV K=k

4For general expressions, see Eq. (3.12) in Ref. [36] and the
discussion in Sec. III. For the specific case of longitudinal optical
phonons, Sec 1.3.E in Ref. [78] contains a concise derivation.

¢ is a coupling parameter with dimensions of energy over
time. The inner product of cell-periodic Bloch functions is
related to the quantum metric tensor [79,80] as

(e |ttpi )] = 1 — Skibk g3, + OSK™);
g = Re <V;iub|vzi”b)c¢u - ;;bkAibk;

Sk =k' —k,

(B8)

with Ay the intraband Berry connection.*” Below room
temperature (kg1; < h€2,), spontaneous emission of optical
phonons dominates over stimulated emission and absorption,
meaning we drop all terms in Eq. (B7) that are proportional to
the Planck occupancy: Nqu < 1.

Next we attend to the contribution to I}f’,i“’” by carrier—
acoustic-phonon scattering, which has been assumed to be the
subdominant energy relaxation mechanism in the active re-
gion; cf. Appendix B 1. Deformation scattering with acoustic
phonons is typically outweighed by piezoacoustic scattering
[35]. The precise expression of the transition rate/matrix el-
ement for piezoacoustic scattering will not be required, and
because we will eventually employ a diffusive Fokker-Planck
approximation to the collisional integral. For now, it is worth
knowing that the matrix element depends on the quasiparticle
band index only through*®

(B9)

k' —k, 2 2
Ve~ o e k)|

bk' bk
just as for polarization scattering with optical phonons in
Eq. (B7).

a. Electron-hole symmetric kinetic model

Because it is numerically intensive to simulate a steady
distribution that satisfies Ix[fz] = Lx[fz] = O for all k, we
will resort to two model assumptions. The first is that band
energies and electron-phonon-scattering matrix elements are

Electron-hole symmetric: E4 = — Ey,
| kck| _|Vvk”11;k/ g (B10)

with —m being the momentum-inverted counterpart of m. This
symmetry condition ensures for the phononic transition rates
that

Z;u—ck’[l —fol=fl= ;]Zlevk[fcv Jol,
leu—ck'[l - fv’ 1 - fC] vk’gvk fca fv

as may be verified by inspecting Eq. (A3); the meaning
of A[l — f,, 1 — f.] is to replace fix — 1 — fux and fix —
1 — f for all terms in A, and for all k. The photonic tran-
sition rate satisfies I,fhm[l —f,1=-fl= I,fhm[ﬁ.,fv], even
without assuming electron-hole symmetry; cf. Eq. (B10).

(B11)

“TRecently, the electron-phonon coupling has been related to an
orbital-projected analog of the Fubini-Study metric [81].

“8See Egs. (3.15) and (3.16) in Ref. [36], bearing in mind a remark
made in Sec. III about a missing factor.
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Altogether,
Ick[l - fus I - fc]
phon
phot —m
I f“ fv + Z Z vk/<—vk vk/<—vk
'Av_k<—vk 51)_k<—vk’)f f Ivk[fc’ fv] (B12)

Thus the steady-state condition I = I = 0 is solved
by an electron-hole-symmetric distribution: f = 1 — fi. In
particular, if f,4 is found such that I;[f., 1 — f.] = 0, then it
is guaranteed that Ix[f., 1 — f.] = 0.

Let us check that our model for the quasiparticle Hamil-
tonian [H(k) in Eq. (16)] and carrier-phonon scattering
[Eqs. (B3)-(B7)] is electron-hole-symmetric in the sense
of Eq. (B10). Suppose that the conduction- and valence-
band wave functions are related by an antiunitary operation:
|tek)een = Cluyk), which implies (ue|ug) = (U |Uok). Be-
cause the electron-phonon matrix element (for both polariza-
tion and piezoacoustic scatterings) only depends on the band
index through |<ubk|ubk >|2 [Cf Eq (Bg)] | ck,ck' |2 | vk, vk’ |2
Applying a general property of electron- phonon matrix ele-

ments: ka w = ka,mbk [cf. Eq. (C21)], one obtains the second

equation in Eq. (B10). For the specific model Hamiltonian in
Eq. (16), the antiunitary operation is simply € = o,K, with
o, the second Pauli matrix and K implementing complex
conjugation. More generally, any H (k) that is a sum of Pauli
matrices satisfies

oH (K)o, = —H (k),

Eg = —Eu. (B13)

The last condition further implies that the excitation surface is
an isoenergy surface:

0 = Eook — fiwy = 2Ex — liws (B14)

for any source radiation frequency ws. In other words, the
set of excitation energies E. . defined in Eq. (A21) is just
a single energy.

b. Isoenergy symmetric kinetic model

To recapitulate, we want to numerically simulate an
electron-hole-symmetric distribution f such that Ix[f., 1
f:]1 = 0. Having reduced the problem to a single band by
electron-hole symmetry, one may as well drop the band in-
dex on fur = fx, Eck = Ex, and E_ cxc = Eexc. We further
redefine £ = 0 to be the minimal energy for the conduction
band.

To simplify the simulation of f;, we further assume that fj
is approximately isoenergy-symmetric, meaning that f; is ap-
proximately constant under variation of k within an isoenergy
surface for Ej:

S feo fo = (i
(UM = ) dr Brr S =

k

8(Ex — E)

,  (B15)
Ve

with gz meaning the density of conduction-band states per
unit volume (V) and per spin orientation. We refer to ((- - - ))xg
as isoenergy-averaging, and fr as the isoenergy-averaged
distribution. For the purpose of computing the shift current,

Jfx & fE is justified to the extent that the collisional integral
in Eq. (B1) is isoenergy-symmetric: I ~ Iz = ({Ix))xg, which
constrains the model Hamiltonians that we allow ourselves to
numerically simulate.*

By averaging the kinetic equation It[f;, 1 — f.] = 0 over
an isoenergy surface, one obtains®
8EJfE
E > Ecut: gEIE[f] = GT[f] S(E Eexc)
5
n gE+()JCE+ _ 8eJe o jt =0,
TEJr Trec
Ey =FE + hQ,. (B16)

We will explain the terms on the right-hand side in turn:

(1) Recalling the excitation energy Eex. [Eq. (A21)] to be
the energy of conduction-band states on the excitation surface,
G, 6(E — Ee) is the rate of increase in the quasiparticle num-
ber density gz fr due to the absorption of source-generated
photons.®! In other words, G,[f] is the rate at which source-
generated photons are absorbed per unit volume and per spin
orientation;

oy [f 1Zraa
hw

Gilf]l= (B17)

can be expressed as a product of the single-spin absorption
coefficient and the radiation intensity, divided by the source
photon energy.

(i) —gf /7% (+&f/7°|g,) in Eq. (B16) represents an out-
flow (inflow) of electrons due to spontaneous emission of
optical phonons. 7 is the average time for a quasiparticle
with energy E to spontaneously emit an optical phonon; in the
passive region (E < fi€2,), spontaneous emission is forbidden
by energy conservation, hence we set tg = 0o. One may relate

72 to the collisional integral I}fhon by

ge. Je.  8efE
Tz, 2

cut u |u > |

S(E, — E k' Uk ] cen

Z (5 — gy Wl TamyE

Kk
X {fud(Ey — Ey) — fud(Ey —E_)}. (B18)
The right-hand side is obtained by applying ", §(Ex — E)/V
phon . .

to the component of /" corresponding to spontaneous emis-

sion of optical phonons [cf. Eq. (B7)] and dropping all terms

“1In general, it should be expected that the nonequilibrium distri-
bution is isoenergy-asymmetric with respect to inverting k: fi # f_4.
This is possible because the continuous absorption of photons creates
a nonequilibrium state with a direction for time. Consequently, the
asymmetry (f.x — f..—«) is proportional to the light intensity [30] and
contributes to a “ballistic current” [3] but not the shift current.

0The following kinetic equation is very similar to one studied in
Ref. [82]; however, we would rather not presume they adopted the
same premises as we have adopted.

S1G, 8(E — Eeyc) is derived by applying Y 8(Ex — Eexe)/V to IP™
[Eq. (B2)] and retaining terms that are proportional to the source
photon number AN;; cf. Eq. (A11).
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that are nonlinear in the quasiparticle distribution: fi fir < fx
and fi; bear in mind that nondegenerate fermion statistics
(fi < 1) apply to a wide range of continuous-wave laser
experiments [27]. Because we are employing an asymptotic
expression that is valid for small-angle scattering, we have
introduced a cutoff in Y ', so that 8k = |k — k| is much less
than the linear dimension of the Brillouin zone.

(iii) —gg fe / Trec represents the quasiparticle loss rate due to
interband recombination by spontaneous emission of photons.
The effects of absorption and stimulated emission of thermal
photons are negligible, as was explained in Appendix A 4. In
numerical simulations, we just take 7, ~ 1 ns to be a typ-
ical, energy-averaged timescale for interband recombination
[27,30]. In principle, one could refine the model by replacing
Trec — T, With 7 depending on E through the energy de-
pendences of the dipole matrix element and f;.>? In practice,
what matters to the shift current is the order-of-magnitude
difference: t;7° »>>>> t2, which guarantees that recombination
transitions predominantly occur in the passive region, inde-
pendent of the precise energy dependence of 77¢; cf. Sec. II
and Eq. (A32).

(iv) —0gjy is the rate of change of ggfr induced by
electron—acoustic-phonon scattering. A negative jj, represents
a scattering-induced relaxation of the number density gg fz to-
ward decreasing energies, so we refer to j; as the energy-axis
current. In principle, this current should be an integral of fg;
however, the smallness of acoustic-phonon energies relative
to typical electron energies allows us to employ the diffusive
Fokker-Planck approximation [35,83]:

i = =S50 kT (B19)
E
E/t} is the dynamic friction coefficient [35], which is
interpretable as minus the “drift speed” of a number-density-
valued wave packet on the energy axis. The form of (1 +
kpT;0g) encodes an Einstein relation between the dynamic
friction coefficient and the diffusion coefficient.>?

Our previous assumption that energy relaxation is dom-
inated by optical phonons can now be expressed as a
mathematical inequality, namely that the dynamic friction
coefficient is much less than the energy relaxation rate due
to spontaneous emission of optical phonons:

E 17
TR, T
The diffusive approximation is valid on the condition
that the density of states is analytic and the collisions are
quasielastic. The former condition rules out van Hove sin-

gularities [84]. The latter condition means precisely that the
change in a quasiparticle’s energy (due to a collision) is much

E>HQ: n < 1. (B20)

Pepfr/TEC =Y 4 8(Er — Eexc)ERT" /Y, with the spontaneous
emission rate defined in Eq. (A33).

33For electron—acoustic-phonon scattering, the Einstein relation is
derived most directly from simplified expressions in Sec. 4.5 of
Ref. [35], assuming that kg7; > the acoustic phonon energy. In a
subsequent discussion in Appendix E, we will also need an analogous
Einstein relation for electron-electron scattering, which has been

derived in Ref. [27].

less than the quasiparticle’s initial energy [35]. This holds for
most quasiparticle energies, since acoustic-phonon energies
are a very small fraction of the quasiparticle bandwidth. We
introduce a cutoff energy E. that is comparable to the typical
acoustic phonon energy, such that the diffusive approximation
holds for E > E.

For energies less than the cutoff, we adopt the following
kinetic equation:

SEfE JEa

ge, fE,
o
E, Trec Ecy

0<E <Eq: gelelf]l=

(B21)

—JE,, represents a (downward = energy-relaxing) current
of the number density ggfr across the cutoff energy [cf.
Eq. (B19)]; any density that relaxes across the cutoff is equally
distributed between all conduction-band states below the cut-
off.3* This crude modeling of scattering below the cutoff can
in principle be improved upon, but we remind the reader that
the steady shift current is insensitive to fine details of the
quasiparticle distribution within the passive region, due to
arguments explained in Sec. II. Despite the crudeness of the
model, it ensures that all phonon-mediated collisions conserve
the total number of quasiparticles within the conduction band.
In other words, if all the collisional terms in Eqs. (B16)—
(B21), with the exception of terms involving G, and T, are
collectively denoted as gz /"™, then [;° g IM™dE = 0.

APPENDIX C: BELINICHER-IVCHENKO-STURMAN
FORMULA FOR THE SHIFT CURRENT

1. Derivation of the Belinicher-Ivchenko-Sturman formula

It has been expressed to the authors that the Belinicher-
Ivchenko-Sturman theory [5] is difficult to penetrate. To our
knowledge, no explicit derivation of the BIS formula yet exists
in the literature. We will therefore derive their main formulas
for pedagogy. More precisely, we mean to derive the form
of the phonon-mediated (photon-mediated) shift current to be
Eq. (A1), with the phononic (photonic) shift vector given in
Eq. (A2) [Eq. (A4)], and with the difference in absorption and
emission transition rates given by Eq. (A3) [Eq. (AS)].

Since the BIS formula encodes the spontaneous emis-
sion of photons, the derivation requires us to quantize the
radiation field. If one were to quantize the radiation field
but retain a first-quantized electron description, one would
derive an analog of the BIS formula that is only applica-
ble to nondegenerate Fermi statistics, i.e., one would miss a
spontaneous-emission term that is nonlinear in the distribu-
tion function [cf. Eq. (AS5) below]. To properly account for
the Pauli exclusion principle in the presence of spontaneous
emission, it is necessary to apply second quantization to the
electron. It is fortuitous but misleading that terms that are

*The —jj. /Ecy term can be viewed as a collisional term gz} [ ]
due to the secondary scattering mechanism. The crudeness in our
approximation lies in assuming gzI;[f] is independent of E for E
below the cutoff. This amounts to assuming that /; is independent of
E, because the density of states is energy-independent for a quasi-2D
parabolic band.
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nonlinear in the distribution function cancel out if one consid-
ers only photon absorption and stimulated emission [Eq. (A5)
with N,, + 1 = N,,]; thus it has been possible for theories
(based on first quantization of the electron and a classical
theory of radiation) to neglect the exclusion principle and yet
derive correct formulas for the transient shift current, as will
be elaborated in Appendix C 3.

Our derivation also manifests how a perturbation theory
of the steady state differs dramatically from a perturbation
theory of the transient state. Most practitioners who calcu-
late nonlinear optical responses are calculating the transient
response, and their zeroth-order state is the thermal equilib-
rium state in the absence of the light source. In steady-state
perturbation theory, the zeroth-order state is emphatically not
a thermal state; instead, Appendix C 1 e proves rigorously that
if the state is steady, the zeroth-order quasiparticle distribu-
tion satisfies a nondetailed balance condition that represents
an invariance under simultaneous collisions with all bosons.
Moreover, we have no reason to believe that the zeroth-order
state in steady perturbation theory is perturbatively connected
to the thermal equilibrium state (in the absence of the light
source).

The outline of the derivation is as follows:

(i) Appendix C 1 a sets up the problem and establishes the
notation. We review salient properties of the independent-
electron Hamiltonian, the crystal momentum representation,
the independent-boson Hamiltonian, Fock space, and the
electron-boson interaction. Finally, we express the shift cur-
rent in terms of stationary density matrices, and we derive a
perturbative expression for the stationary density matrix in the
Lippmann-Schwinger scattering formalism.

(i1) The Lippmann-Schwinger formula for the stationary
density matrix is expressed in terms of second-quantized ma-
trix elements; these elements will be reduced to first-quantized
matrix elements in Appendix C 1 b. The result of this reduc-
tion is an intermediate formula for the photonic and phononic
shift current in Egs. (C48) and (C57), respectively. These
intermediate formulas are more formal than optimal: they are
expressed in terms of an infinite number of band-off-diagonal
matrix elements of the position operator.

(ii1) Appendix C 1 ¢ derives an optimal expression for the
photonic shift current, with help from a sum rule derived from
the first-quantized commutation relation between position and
canonical momentum.

(iv) Appendix C 1 d derives an optimal expression for the
phononic shift current, with help from a sum rule derived from
the first-quantized commutation relation between position and
the phonon-induced potential-energy field.

(v) Appendix Cle demonstrates that the zeroth-order
density matrix is not thermal; instead, the zeroth-order quasi-
particle distribution satisfies a nondetailed balance condition
that represents an invariance under simultaneous collisions
with all bosons.

a. Preliminaries

We decompose our Hamiltonian into two independent-
particle terms and an electron-boson interaction:

H=Hy+U, Hy=H+H". (C1)

We will first explain the independent-particle terms:

Independent-electron Hamiltonian and the crystal momen-
tum representation. HS® is a mean-field Hamiltonian for
independent electrons in a crystalline medium:

1
ng — ZEBCECB, [cg, c;,] =g p,
B

B = (b, k),

where [x, y] = xy — yx (the commutator) and B is a collec-
tive index for both the band label and crystal wave vector.
We assume throughout this work that spin-orbit coupling is
negligible; to simplify notation, b should be understood as a
spinless band label, and H as a Hamiltonian in one spin sector;
only in the final steps will the current be multiplied by 2 to
account for the spin degeneracy of bands.

cp annihilates an electronic state with a wave function of
the Bloch form: e® 7 (r) / \/]_/, with upr (r) = upr(r + R) be-
ing periodic in Bravais-lattice translations, and V' the volume
of the medium. These cell-periodic functions are normalized
as

B = (b, k), (2)

dt — —
(up|upi)en = Sy (XY )ean =/—TX(T)Y(T), (C3)

cell
with 7 the intracell coordinate, &5y a Kronecker delta function
for the band labels, and V., the real-space volume of the
primitive unit cell. The orthonormality and completeness of
our basis of Bloch waves reads

(BIB')1 =8p5 =Sy T =Y IB)Bl.  (C4)
B

I is the identity operator, and the superscript 1 in Eq. (C4)
reminds us that we are dealing with a first-quantized, one-
particle Hilbert space.

Our notation for k suggests misleadingly that k is a discrete
wave vector: y =, > and 8pp = & 8y ,. However,
for the position operator to have a well-defined action on pe-
riodic Bloch states, one must take ) to be infinite [85], hence
S = (27)38(k — k')/V should be understood as a shorthand
for a Dirac § function, and we will be applying certain iden-
tities that apply to Dirac § functions but not Kronecker §
functions:

Vil = —Viedw s Ji Vi — Jie Vi = e Vi Jie-

(C5)

> should also be understood as an integral over the Bril-
louin zone: V fBZ d3k/(2m)3. With these caveats in mind, we
present the first-quantized position, canonical momentum, and
velocity operators in the crystal momentum representation
[85]:

rpp = (B|i‘|B/>1 = iShb/Vk6kkf + 8kk/Ahb/ka
Appr = (k| IVt ) cen (Co)

Psp = (BIPIB')1 = 8Pk,

Py = (k| Plutpic)een = My Vi, (C7)

vgg = (BID|B')1 = S Viwks  Viwk = (p|D|upic)een. (C8)

We have assumed in the absence of spin-orbit coupling that
b = p/my, with m; the free-electron mass. It is also worth
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defining the band-off-diagonal position operator as

For = ) 1o |B)(B']1,
B’

o = S A (€9

AN = A (1 — ),

which is related to the band-off-diagonal elements of the ve-
locity operator [85]:

off .
Ve _ L goff
bk

— Ewyx = Epk — Ep.
Bk 7 bb/k bk bk

(C10)

Independent-boson Hamiltonian. HY® is the independent-
boson Hamiltonian absent the zero-point energy:

E ho,aa,

m:(q’p)a

bos
H 0

a,al, +a ,a, =8, (C11)
where the index m = (gp) runs over both photonic and
phononic modes.

We follow Fermi’s prescription [86] in quantizing the
transverse/solenoidal component of the electromagnetic vec-
tor potential in the Coulomb gauge [74,75]. For photons, g
is a wave vector in R® with a cutoff: /icg < Ey; the cutoff
energy may be taken as the largest energy difference between
the Bloch bands, which are excited by the light source.’
p € {1, 2} specifies one of the two possible transverse polar-
izations for a given ¢; we adopt a linearly polarized basis,

meaning the polarization vector is real-valued: €, = e(p )

e(_”;; € R. The photon frequency is polarlzatlon—mdependent.
wn = cq wWith g = ||q||.

For phonons, ¢ is a wave vector in the BZ, and p =
3,4,...,3Nyy +2 is a label for a nondegenerate phonon
band, with N, being the number of nuclei per primitive
unit cell. w,y, = w_g, is the renormalized phonon dispersion
[87,88].

Altogether, >, =3 > with p running over 3Ny + 2
values, Zq =V [ d®q/(27)? with the integration domain de-
pending on p, and §,, ,» should be understood as 4,45, -

Fock space. Eigenstates of the independent-particle Hamil-
tonian are labeled by electronic occupancies ng € {0, 1} and

J

x7qp 7ap (p)
U — Sk Wo: Wik =4/ 3, v € - Vovk
bkbK a» ap
ka K = Skw +qub’k’

We will describe each matrix element in turn.

RL qp iG -
Vbqbl’)k =y Z PEq+G ubk|elGr|ub’k—q>cen

bosonic occupancies N,,, € {0, 1,2, ...}:

(Ho—Elp) =0, p=({ng}, (N1} ).
w = ZEBng —+ Z ha)mernL
B m

Throughout this Appendix, Greek symbols (like p) are used
as a collective index for all electronic and bosonic occupan-
cies. {ng}p means a set of occupancies for all Bloch states,
but we will often use the shorthand {ng}g — {n}. Likewise
for {N,}m — {N}. We will refer to |u) as an independent-
particle state. The set of independent-particle states forms an
orthonormal basis ({«|v) = §,,,) for the combined-electron-
boson Fock space. The resolution of identity is given by

1= Z (el =D D HnHN ()Y,

{n} {N}

ZHZZHZ

B np=0 m N,=0

(C12)

(C13)

Any operator O° with an e superscript should be under-
stood as acting only in the electronic Fock space, which
is spanned by independent-electron states denoted as |{n})..
(The existence or absence of subscripts distinguishes kets in
different Hilbert spaces.) We will focus on bilinear electronic
operators

= E 0373/C£CB/,

BB

= ({n"}O°l{n"})e,  (C14)

with matrix elements denoted as O¢_ ; the commutator of two

>
bilinear operators is expressible as
[G°,01=)_[G, Olgpcey, G =) Gppchey.
BB BB

(C15)

Electron-boson interaction. We decompose U into a tensor
product of operators acting in the electronic and photonic
Fock spaces:

U= ZU"(am —i—a_m ZU;;”B/CBCB, = Ue ) ,

BB’

(C16)

with —m = (—¢q, p) the momentum-reversed partner of m =
(gp). U5 = (U¢,,)" ensures that U is self-adjoint. For m that

is photomc (phononic), Ug', is defined as the electron-photon
(electron-phonon) matrix element:

(electron-photon),
(C17)
(electron-phonon).

35This cutoff is imposed for self-consistency: our use of the dipole approximation requires that ¢ is much less than the linear dimension of

the BZ.
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The electron-photon matrix element is derived from the
first-order term in the nonrelativistic minimal coupling:
lelAL - v/c, with v the second-quantized electron velocity
operator and A the quantized electromagnetic vector poten-
tial satisfying V - A, = 0 [74]. The photonic expression in
Eq. (C17) is valid in the dipole approximation. Within this
approximation, U% = U¢, = (U¢)" is self-adjoint. Minimal
coupling also results in an electron-photon interaction propor-
tional to ¢, but such a coupling does not contribute to the shift
current because it cannot induce interband transitions within
the dipole approximation [cf. Eq. (C23) below].

We adopt a simplified electron-phonon matrix element
Vbﬁ’k which is derived in the adiabatic approximation (where
phonons are frozen from the electron’s perspective) and by
applying the Hartree approximation to electron-electron inter-
actions [36,87]. In the expression for V.2 | ZRL sums over all
reciprocal-lattice vectors, g is a wave vector in the Brﬂloum
zone (BZ), and g + G = Q is a wave vector in R>. PEQ =

[gs € @TPE!"dr is a Fourier transform of the one-electron
potential energy PE]" induced by annihilating a phonon of
mode m. PE" is self-consistently [87] screened in a crystalline
medi(}lm, and is linearly related to the bare potential energy
PE":

RL

554p:0 14
PE,"; = Z 671646 PEr = PELg G, (C18)

with &‘Q o= S_IQ , the static, inverse dielectric function in
the Hartree approximation.’® The bare potential energy is ex-
pressible in terms of ¥g = 4re?/||Q||%, the Fourier transform

of the Coulomb interaction:

nuclei 2
~ ap AN Z: o
PEQ[’,?; — if)q-&-G J (q + G) € e—tG.r,-
q+ Xj: Qa)qp Mj qpr
—qp;0
—PE e (C19)

with the caveat that U5 = 0 to account for the electrical neu-
trality of the entire medium [89]. N, = V/V.,, is the number
of primitive unit cells; j labels the nuclei in one primitive unit
cell; a nucleus labeled j has a charge Z;|e|, mass M;, and

real-spatial coordinate r;; e,’,; = e’; -
of the jth nucleus.”’

It is worth defining a first-quantized operator whose matrix
elements (with respect to Bloch waves) are identical to the
electron-phonon matrix element [Eq. (C17)]:

is the polarization vector

RL
yar = p-! Z ffl:;gi ;€O
G

(BIV™|B'y, = V. (C20)

Because PE!" is the one-body potential induced by a complex-
valued wave (rather than a standing wave), the potential is not

real-valued but satisfies PE” = PE_"™; moreover, V" is not

3 An explicit expression can be found in Eq. (12.16) of Ref. [87].
S7The above expressions are obtained from equations (2.9)—(2.11)
in Ref. [36].

self-adjoint:

VM =V =1vrT V=V, (C21)
with 7' being the first-quantized, time-reversal operator.

Shift current in terms of density matrices. We adopt
the Schrodinger representation in which a,,, afn, U, and H
are all time-independent, i.e., a, is not accompanied with
the multiplicative factor e~ , This allows us to solve for the

stationary density matrix

,OZ,O(O)-I—,OU)-I—,O(Z)-’-"'
(C22)

i
oo = —%[H, pl =0,

in time-independent perturbation theory, with o™ propor-
tional to the nth power of the perturbation U.

Because p is stationary, —|e|Tr[vp] represents a direct cur-
rent. —|e|Tr[vp?] represents the direct current in the absence
of the light source, and vanishes by time-reversal symmetry.
We will see in Appendix C 1b that p(" does not contribute
to the direct current, but p® does. The shift current is the
second-order direct current contributed by band-off-diagonal
elements of the velocity matrix vpyy:

. el
j= —VTr[voﬂpm]

Vot = Y UphkChiChe (C23)
bb' k
Uik = V(1 = 8p10).
Band-diagonal elements contribute to the “ballistic current”
[3], which we do not touch upon in this work.

Stationary density matrix from the Lippmann-Schwinger
formalism. We will derive p™ based on the Lippmann-
Schwinger scattering formalism [90,91], which we briefly
review.

For any independent-particle state |u) with energy E,,, one
can construct an “in” state |, ) that is an eigenstate of the full
Hamiltonian with the same energy:

(H — Elpy) =0,

[g) = |u) +G£,U|u>, (C24)
1
Gt= — |
E™ E—H+i0t+

with G* the retarded Green’s function and 0% a positive
infinitesimal. An “in” state has the same normalization as
its independent-particle counterpart [91]. Since the set of
independent-particle states forms an orthonormal basis, so
then does the set of all “in” states: (f44|v) = 8,

Let us motivate the imaginary infinitesimal by a wave-
packet interpretation proposed in Ref. [91]. The above cor-
respondence between |u) and | ) allows us to parametrize
|/t+) by the one-particle wave vectors (ky, ko, ..., q;, 45, ...)
of electrons and bosons that make up | ). Thus it is possible to
form a wave packet by smoothly linearly combining | ) with
slightly different values for the one-particle wave vectors. The
i0" guarantees that such a wave packet behaves essentially
as a superposition of independent particles in the far past:
t — —00.% The use of “in” states thus simulates a scattering
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process in which localized wave packets of electrons and
bosons are initially separated (in real space) but subsequently
approach each other, and in so doing they evolve into an en-
tangled, polaritonic/polaronic state with a nontrivial current.

Let us construct a density matrix by summing over outer
products of “in” states weighted by probability coefficients
F,:

p =D Fulwa)luel,

“w

(C25)

1= "F.
"

Because the “in” state is an eigenstate of H, p satisfies the
stationary condition in Eq. (C22). By iteratively expanding the
Green’s function in a perturbative series

G*' =Gy +GJUG) + GJUG{UG{ + -+,
1

E—Hy+i0" (20

+
GO;E -
one obtains a perturbative series for the density matrix:

p=> Fulu) il =p®+p0+p? 4.

"
P =Y Fulm(ul. (€27)
"

Because the zeroth-order component p© is stationary with
respect to the noninteracting Hamiltonian Hj, one may as well

J

take F), to be a product of one-particle probabilities p,, and
PN .

m

Fy=pumPsys Py =[P Pvy =[] Pu.e (C28)
B m

The sense in which p and P are one-particle probabilities is
that

1 ()
IZZPnB= ZPN,,,,

I’lB=O Nm=0
1
(ng) = pugns= Yy _ Funly. (C29)
np=0 0
(Nw) =" Py,Nu=>_ F.N,
Nn=0 "

with (ng) and (N,) being the average number of electrons
and bosons with the one-particle labels B and m, respectively.
In a generic, nonequilibrium state, p,, does not have the
Fermi-Dirac form, and instead satisfies a nondetailed balance
condition that represents an invariance under simultaneous
collisions with all bosons, as detailed in Appendix C 1 e.

It is convenient to introduce the shorthand
Fn=F,—-F, E,=E,—E, (C30)

and express p'" and p® in terms of their matrix elements in
the independent-particle basis:

FuowUpy

p“,v -

1 _ My — C31
Ly = (ulpv) B —i07 (C3D
F F F,
> %"y, UV[ 2 -+ ; + ) }
; WL By 4 07 )(Ery — i07) T (Byyy + 07) (s + 107) (B, — i07)(Eyyy — i07)
(C32)

— Z U/,LAUAU Fp_k + Fv)\
— Eyy — 07 | Eyy —i0F B, —i0F ||

b. From second-quantized matrix elements to first-quantized matrix elements

We need only concern ourselves with matrix elements pl(L”U) with |) and |v) having identical occupations numbers for all
bosonic modes. After all, for any operator O = O° ® (identity) that acts trivially in the bosonic Fock space,

Tr[Op] = Z Oy Ppvdiney (Nvy-

“y

(C33)

In particular, Eq. (C33) holds for O being the electronic velocity operator v. An immediate implication is that p" does not
contribute to the direct current: Tr[vp"'] = 0, because p(}) oc U, [cf. Eq. (C31)] and U necessarily changes the boson number;
cf. Eq. (C16).

Let us apply Eq. (C33) to the shift current [Eq. (C23)] with p® =Y, U3 Us, ... given in Eq. (C32). If U,, represents the
creation (annihilation) of a boson of mode m, then U,,;, must represent the annihilation (creation) of a boson of the same mode.
Thus,

D8y ) = Z (1lUSan|2) (MU, af [v) + (nlU°,al [2) (MU an|v) Fpui Fyy
VoI, E,, — i0* E,; —i0% ' Ey —i0F

i|6(Nu],{Nv}. (C34)

A,m

80ne can construct “out” states by flipping the sign of 0", such that the wave packet becomes essentially noninteracting in the far future.
This wave-packet interpretation is elaborated in Chap. 3 of Ref. [91]. In other derivations of the conductivity [15,92], i0" appears as a result of
an adiabatic turn-on process in accordance with Kubo tradition [93], yet no such adiabatic process exists in the typical experiment, e.g., with
lasers.
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In particular, Eq. (C33) implies there are no “cross terms” proportional to (---Ug---)(---U¢, ---) with m photonic and m’
phononic.

Equation (C34) manifests two classes of intermediate states |A)—one with {N*} differing from {N*} only in that N} =
N* 41, and another with {N*} differing from {N*} only in that N> = N* — 1. We distinguish the two classes by the notation
{N*} ={...,N/* £ 1, ...}, which allows us to express

U P _ P ” n P, - P, "
p,(E\J)B[N” Z Z {M(ani + 1) |:p{nﬂ} {I\ZM} Pinr} {,....I\ji,-&-l,.__} Pinv} {]\/:} Py {--.--N+m+1,...}:|
(n*} m - EM)L - hwm —i0 Ekv + hwm —i0
(Ufm)p.)» (Ue) m p{n#}P{Nﬂ} - A}P GNE—1,..) p{nv}P{Nu} — p{"k}P{...,Nﬁfl,...} 5 (C35)
E¢, —i0" m E, + ha)m 0+ E{, — hay, — i0F {NE), NV}

The above expression utilizes the definition of O° in Eq. (C14) and a new definition for the electronic component of the total
energy:

= nhEs, Ej, =E;—E. (C36)
B

The factors of N/ and N!' + 1 in Eq. (C35) are obtained from the standard matrix elements for bosonic creation and annihilation.
In evaluating Tr[vo;p®], we first perform a partial trace by summing over the bosonic occupancies. In this manner, one
converts expressions involving N,’,j to expressions involving average occupancies:

ott p{n#}<Nm +1) - p{,,x}(Nm) [){nV}<Nm +1 - p{”)”}(Nm>
Tr{vorp>] = Z Z E¢, l0+{ )ux(Uem)m[ i + ]

i) E,i)\ — hw,, — 0t Ef + hw,, — i0F

+ (Us,,

i (Now) = Pt (N + 1 1 (Now) = Pogy (N + 1
)/J,A(Ue)ku[p{ J{Nm) = Py ) Py (Nm) — Py )“ (C37)

E¢, + liw, — i0* ES, — iy, — i0*

Let us apply the relation between band-off-diagonal elements of the velocity operator and band-off-diagonal elements of the
position operator [Eq. (C10)], which translates to the following identity in second quantization:

(v(e)ff) v i

i
—0r =7 DAY e en in e = — =+ (A%),, (C38)

kbb'

In dropping the i0", we have assumed that E v = Eppi (for some b # I') is nonzero for the bands and wave vectors of interest;
it is worth recalling that b does not include the spin label, hence one should not expect an energy degeneracy due to spin. By
plugging Eq. (C38) into Eq. (C37) and recognizing that two of the four terms are complex conjugates of the other two,

o) J— ey Pt (N + 1) — piay (Npy)
Tl'[voffp = Z Z Off U“I: (U ) w Efm Ey— 0r

{n*,n".n*}y m

p{"”}<NWl) - p{n’\}<Nm +1)
UZn)a \Un <. 39
+( 7m);/.)h( )Av E)fv _ h(l)m — 0t tc.c ( )

Let us interchange variables {n*} <> {n"} for the first term and {n*} <> {n"} for the second, and then apply the resolution of
identity within the electronic Fock space: > ey AN ({0} =1,

m v o ’U—m v
Tr{vorp®] = — Z Z i hwff lo]f (N) (Pl = i) + Py + c.C., (C40)
Py

with [AS, US ], meaning a matrix element of the commutator of two electronic operators, as defined in Eqs (C14) and (C15).
By splitting ), = Z,‘;homn + Zﬁlhom’“ in Eq. (C40), one decomposes Tr[v,p?] = Tr[voff,ophm] + Tf[vottpphon] which we tackle
separately.

Evaluating Tr[voﬁcpphot] Recalling the definitions of U ,A,‘sz, and A{; in Egs. (C17), (C10), and (C38), and that U;, = U¢,,
within the dipole approximation,

(U, [A% US4, = Lm0 ], (e Dl Y el e lin™ e (C4D)

k'k aa'bb’

with a, @, b, and b’ being band labels, and [AOff €, - V] being a commutator of two matrices in the band indices.
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The product (¢, ¢, )e <CZk’ Con

)e 18 given by
(1) 8AA/5332nan;k/8{nu}’ n*} (11) ( nB)n§2nB(1 — I’lgz)8A328,4/35{,1»}’{"»\}_324'_3, (C42)

with B = (bk), B, = (b'k), A = (ak’), and A’ = (¢'k’), and {n*} — B, + B labels an electronic Fock basis state that differs from
{n*} only in having one-particle state B, be unoccupied and B be occupied. Equation (C42) implies two additive contributions to
Us)uilAge, US,, 1 = (i)+(i"), namely

he?
ff
% iz e v""ank} DA € v {0
bk

VK

() =

(ii') =

Em l)k]b/ (] — n;})ngzng(l — n;z)a{nu}y{nxl_gz_‘_B, (C43)
b/

where we replace the dummy index a by &' in (i'). Plugging (i') + (ii’) into Eq. (C40) leads to two additive contributions to

Tr{vorog] = (") + (i").

It should be seen that (i”) is at least fourth order in the electron charge and therefore does not contribute to the second-order
Tr[voff,ophot] This follows from

Pin_yim = — (np) (myye) (C44)
—hw,, hw,,

Z (Nm>(p{11"} - p[n*}) + p{n"}nv w8 =
e _ —_ 0+ bk pk' Ofn} {n*} —
o E/u\ hw,, — 10

and

(npk) — (np,—k) 4
= 2 xet.

5 (C45)

(") o€ € Vo) = €Y €n - Vi
k k

Due to time-reversal symmetry, vy is odd under k — —k. The same symmetry would constrain (n) to be an even function if

the average were taken in a state of thermal equilibrium. However, optical excitation creates a nonequilibrium state that breaks

time-reversal symmetry, which is reflected in a nonzero ({n) — (np,—x)) that is proportional to the source intensity, i.e., to &2
What remains of Tr[voffp]glzllt] is (ii”). To evaluate (ii”), we point out that the energy denominator in Eq. (C40) reduces to

(1 — )i, nig (1 = n, )8t ivy-povs (1= mg)mig,mi(1 = mg, )4y, o) o8

= . C46
ES)\ — hwm —i0t Ebb’k — ha)m — 0t ( )
We need two more identities that follow from py,, being a probability function for independent particles [cf. Eq. (C28)]:
Y P (1 =), (1 =m0y oy -mres = (1= ng)ns, D puny D puy (1= 1) = (ns)(1 = ng,),
{n",n*} n},,n},z ng Mg,
> iy (1= n) s,y (1= 1) 8 y-,8 = (n5,)(1 = 15). (C47)
{n”,n*}
Altogether, the photonic shift current is expressible as
. hoton ff
2JTZ|€|3 P €mn vb’bk[A](; > €m * vk]bb’
= - —— N fowk — for(1 — c.c., e = fok — fok- C48
J phot o V2 ; ;{ Jok = foie(1 — for)} Eor + hon 107 T Jovk = fo — Jok (C43)

In this last step, we interchanged b <> b’ and simplified our notation as (N,,) — N,, and (ng) — f5, to be consistent with the
rest of the paper.

To go from Eq. (C48) to the final expression for the photonic shift current [Eqs. (A1), (A4), and (AS5)] involves a sum rule
derived from the first-quantized commutation relation: [7", p P = ihd, v, with n and n’ denoting the components of three-vectors.
We follow this through 1n Appendix C 1 c.

Evaluating Tr[v(,ﬁrpph(m] Recalling the definitions of U, ym, A,‘;ff, and A{; in Egs. (C17), (C10), and (C38),
(Us) A5 UL = D0 D7 Vi AV, = VAt ) nt ey gl Detin e e, 1 e, (C49)
kk' aa'bb’

with m = (q, p), where a, d’, b, and b’ are band labels, and A,‘z,fka,_’" is a product of two matrices indexed by band labels.

The “ballistic current” is essentially —|e|/2V Dok Vorke (i) — (mp —ie)) [3].
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Imitating Eqgs. (C42) and (C43), we find two additive contributions to (U¢),:[A%, U°,1xv = (i) + (ii’), the first of which is
nontrivial only if the phonon wave vector vanishes:

. ~ ff ~
{) = aq,o{nggkn;k} Z [AZT, V™, § 8y,
bk

24

(i) = Z D Vi (ART Vi = VI ART), (1= ) n (1= 1 )8 gy —Ba (C50)
bb

with B = (bk) and B3 = (b',k — q). The contribution to (i’) is only by zero-wave-vector optical phonons, since zero-wave-
vector acoustlc phonons do not admit quantization.’ Plugging (i') + (ii’) into Eq. (C40) leads to two additive contributions to
Tr[vofrptpn,] = () + Gi").

It should be seen that (i”) is at least fourth order in the electron-boson coupling and therefore does not contribute to the second-
order Tr[vop hon] To appreciate this, apply Eq. (C44) once again, noting that the 1/w,, factor in Eq. (C44) is well-defined for
optical phonons as q — 0. Then,

(") o (Z v ) > (A v, ) (Z vm. ) > [4agm V,;"’]MM. (C51)
bk

bk

Because ({(np) — (np,—r)) is proportional to &2 , altogether (i) is quadratic in both the electron-photon and electron-phonon
couplings.

To arrive at the last line in Eq. (C51), we had applied that [AOff Ak lp.» 1s odd under k-inversion, due to time-reversal
symmetry. Indeed, the antiunitary nature of time reversal,

A . A oy
T | ub, 7k>ce]l = el¢bk |ubk)cell7 (uB | TMB/ >cell = (MB’ |T uB)cell ) (Csz)
results in a transposition of the band labels for matrix elements:

AZ,ff,’ = PUCTS ) AOfik» ‘7917 = ei<¢b/kf¢wc>‘7b(;17 (A°f£V°p) ( vor Aoff)

b'b, (C53)

b,b*

To elaborate on the middle equality, we utilize our general expression for the self-consistently-screened electron-phonon matrix
element [Eq. (C17)] and massage the matrix element as

(upy 1€ up i) = (k| T e C7T up i) = (Tuy _ile 67| Tup, ) = P % (up |7 Juyye), (C54)

omitting the cell superscrlpt 1n the above equation.

What remains of Tr[voff,ophon] is (ii”). To evaluate (ii"), we follow steps closely analogous to Egs. (C46) and (C47), replacing

the Bloch label B, — Bj. This leads to the following expression for the phononic shift current:

phonon off m 7 —m g off 7m

) l|€| (A% qVk Al i ¥ )y Vi
= E E .C., C55
Joton e i = o) = full = fn)} Ep — Ep + oy 1007 € (€35)

with m = (q, p), B = (bk), and B; = (V/, k — q). Utilizing our definition of the band-off-diagonal position operator [Eq. (C9)]
and the first-quantized electron-phonon operator [Eq. (C20)],

[Potr, V"8 = (B'[Forr, V"11B)1, Z[roﬂ, MesViy = (A Vi — VA, Vi, (C56)

with B’ = (V'k’). This identity can be inserted into Eq. (C55) to obtain an equivalent expression for the phononic shift current:

l| | phonon [i' ’\—m] ym
] = ]vm 4 - 1-— Ofﬁ BB BB .C. C57
Tphon ; %{ Ui = f) = fo( = fi) g p e e (C57)

To go from Eq. (C57) to the final expression for the phononic shift current [Eqs. (A1)—(A3)] involves a sum rule derived from
[7, V~"] = 0. The zero is because V =" is defined in terms of the position operator but not the momentum operator [Eq. (C20)].
We follow this through in Appendix C 1 d.

%Qne way to see this is that in the quantization of the displacement field, the prefactor in front of a,, is inversely proportional to ,/@,, [35].
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c. Sum rule for the photonic shift current

The first-quantized commutation relation

i, Sm = (B[P, p 1B = Y (rgp Phs — g i) (C58)
=
will be used to prove
(AT P Ny = il8Sb1 + [—iVy + (A — Ali) [Py (C59)

with all k-dependent quantities evaluated at the same k. By inserting Eqs. (C6) and (C7) into the right-hand side of Eq. (C58)
and carrying out ) .,
i78,,0 885 = iPlw Vidiw — iPpyk Vs + S [A", P" oy (C60)
By applying the second Dirac-§ identity [Eq. (C5)] and separating diagonal and off-diagonal components of A", one derives
Eq. (C59).
Let us plug Eq. (C59) into our expression for the shift current [Eq. (C48)]. It should be remarked that the i%3,, ,v8p y term in

Eq. (C59) does not contribute to the current because the band-diagonal velocity v, is an odd function of k and the rest of the
integrand may be taken as even.®' What remains is

€n - Vyik[—iVi + (Appr — Avvi)€m - Yok
Eppr + ho,, + i0+

. 4rlel?
oot =Im Y D N ok = for (1 = fi)} : (C61)

2

OV bbk
with all k subscripts omitted for simplicity. By applying the Sokhotski-Plemelj theorem: 1/(x + i0") = CPV[1/x] — im§(x),
with CPV meaning Cauchy’s principal value, one can decompose j = (a) 4 (b), with

Im €, - vyu[—iVi + (Appr — Appk )€ - Vopi
Epyk + hoy,

)

@) o< Y (Nufiwk — for(1 = fue)}CPV
k

4% fe|® .
(b) ==} — D N fork = fion(1 = fu}6Epe — o )Re € vkl =iV + (Aprk = Apsi)lem - vk (C62)
m m bb/k

(a) vanishes by time-reversal symmetry, which imposes that
Im €, - vyl —iVi + (Apyk — Appr)1€m - Vork = —|€m - Vok| Vicl€n - Vppril (C63)

is an odd function of k. To appreciate this, apply that €, is real, the velocity operator inverts sign under time reversal, and the
time-reversal symmetry of cell-periodic wave functions [Eq. (C52)]

€m - Vppy i = —€ PTG T (Co4)
(b) is related to the photonic shift vector [Eq. (A4)] by the following identity:
Re €, - Vi —iVi + (Apk — Appk)€m - ok = 1€ - Vi |* S - (C65)

Plugging the above equation and Eq. (C10) into Eq. (C62), one finally derives Eq. (A1) with Eqgs. (A4) and (AS).

d. Sum rule for the phononic shift current
Substituting Egs. (C6) and (C7) into the right-hand side of
0= (BIF,V™IBY =Y (resVey — Vapiss). (C66)
B//

applying the standard identity f(x, x")98,8(x — x') = §(x — x")dy f (x, x), and separating the band-diagonal and band-off-diagonal
matrix elements of the position operator, one obtains

0=V + iV + Ay — A)Vip' + S i—g (AR Vil — Vi mAR") - (C67)
Plugging this into our expression for the phononic shift current [Eq. (C57)],
honon
. 2le| © Vin iV + iV + Ay — AV
= — I _— Nm 4 - 1 - / ’ C68
J phon Y, ; %{ Jfos — f5(1— fp)} Epp + oy 4 107 (C63)

6! An argument can be constructed that is analogous to the one used in Eq. (C45).
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with B = (bk), B' = (bk'), fpp = fz — f3, and Egp = Ep — Eg. By applying the Sokhotski-Plemelj theorem, one can decom-
pose jpnon = () + (b), with

Im ng‘g,(ika + iV +Appr — A/,;,k)VB_,;;

o'e Nufpp — f5(1 — fp)}CPV , C69
@) 0c D {Nnfivs = f5(01 = fi) o T (C69)
kk'q
27‘[|€| phonon
(b) == D0 D Nufiwn = f(l = f3)}6(Epy — homRe Vi (Vi + iVi + Ay = Api) Vg - (C70)
m BB
To simplify the above expressions, it is worth recalling V%, = V' from Eq. (C21).
(a) vanishes by time-reversal symmetry, which imposes that
Im Vi (iVie + iVi + Appk — A0 V' = | Vi | (Ve + Vi | Vi | (C71)

is odd under simultaneously inverting (k, k', ¢) — (—k, —k’, —q), and the rest of the integrand in Eq. (C69) is even. (Certainly
all energies are even functions, and we have argued for fp &~ f_p; we suppose further that N,, &~ N_,,, i.e., that any time-reversal
breaking of the phonon occupations is proportional to the light intensity, and does not affect the second-order shift current.) To
prove oddness of Eq. (C71), it suffices to show that [V | is even, i.e., Vi | = |V_’é’f_ » | with the minus signs denoting a reversal
in wave vectors. Recalling how time reversal acts on V" [Eq. (C21)] and on Bloch waves [Eq. (C52)],
|2

i(br— _ 2 _ —
Vi =V S VI T =V VT = Ve Vi = Vi (C72)

Plugging
m . . —m m 2 m
Re Vi (iViy + iVie + Appk — AV = —| Vi | {— (Ve + Vi) arg Vg + Ape — Ak} (C73)

into Eq. (C70) and interchanging B <> B’, one finally derives Egs. (A1)—(A3).

It is worth justifying our interpretation of Eq. (A3) as a difference between absorption and emission rates:

(i) Suppose a Bloch state transits from B — B’ while absorbing a phonon of mode m; this is implemented by the electron-
phonon interaction Uy, (a,, + aim) [cf. Eq. (C16)], or more specifically by nggcg,cBa,,, [cf. Eq. (C17)]. Thus one expects the
associated shift vector for this process to be —ViargVy's + Ay — Awk = Sp g [cf. Eq. (A2)]. By the Golden Rule, one
expects a transition probability that is proportional to |Vl;’,1B|2 and given by the first term in Eq. (A3), namely A} _ 5. The
associated contribution to the current is then —(le|/V) 8§ _ 5z A% ., Which is the first term in Eq. (Al).

(ii) Suppose a Bloch state transits from B’ — B while emitting a phonon of mode m; this is implemented by the electron-
phonon interaction U¢, (a_,, + afn) [cf. Eq. (C16)], or more specifically by VB_B’,”chB,aL [cf. Eq. (C17)]. Thus one expects the
associated shift vector for this process to be —Vyarg V' + Ak — Ay = Sz p [cf. Eq. (A2)]. By the Golden Rule, one
expects a transition probability that is proportional to |V, |> = |V} |? [cf. Eq. (C21)] and given by (the negative of) the second
term in Eq. (A3), namely & . Why the minus sign in Eq. (A3); equivalently, why the minus sign in Eq. (A1)? The reason is
that the current contributed by this transition is

le] le|

—VSEZB,SZ’(_B, = _V( - S%eB)ggz—B” (C74)

which is the second term in Eq. (A1). Note that S, ,, = —S§,_, follows from % =V [cf. Eq. (C21)].

e. The zeroth-order quasiparticle distribution is not thermal
Let us define the nonperturbative quasiparticle distribution as
S =Tr[ngp], n§ = ches. (C75)

In the Schrodinger representation (indicated by 5 below), density matrices can be time-dependent, but operators (such as n%) are
time-independent:

O[3 L Tr[nGo,p]. (C76)
Because p is stationary, the nonperturbative quasiparticle distribution is steady:
0=0,p=—2H p] = 0= 3,f;". (C77)

In the Heisenberg representation, density matrices are generally time-independent, but operators (like ng) satisfy Heisenberg’s
equation of motion:

3, gtut — Tr[(aznf;)H,OH] = %Tr{[UH, (ng)H],OH}, (C78)
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with Oy denoting an operator O in the Heisenberg 1representati0n;62 here, it should be recalled that H = Hy = (Hy)y + Uy and
[Ho, ng] =0 = [(Ho)n, (n§)u] = 0. Since traces are independent of the representation,

Te{[Un. (15), Jow ) = Te{[U.m5 o). ©9)

and we may insert the perturbative expansion for p in Eq. (C25). A term in this perturbative expansion that is even in powers of U
has a vanishing contribution to Tr{[U, ng]p}, because one traces over an odd multiple of the bosonic creation/annihilation oper-
ator. In particular, Tr{[U, nB]p(O)} = 0 because p© = Z F ) {u] [cf. Eq. (C25)] and {u|a,, + a_mm) (am + a_m)w =0.
Let us therefore evaluate Tr{[U, nj] o1}, using our expression for p" in Eq. (C31):
+ F,U
stat __ e e i uy ™ pv 4
_lhat Z {[Um, nB](am + a,m)}wm + O(U ) (CSO)

muy
Each photon/phonon that is created must be subsequently annihilated, and vice versa:

FuUy
—ind, 3 =Y [Us ], (Uf,,,)WE”—“{(am)W(a Duv + @ )o@ }- (C81)

muv
Switching m — —m in the second term, and applying the standard matrix elements for bosonic operators,

F, F,
—lhB, stat — Z [U;l, I’l;]v (Ufm)lwWNmaNﬂ NY+m + Z e)MV—lO(NM + 1)8Nlt+m,N”- (C82)

mpv mpv /w

Sne nv+m 18 @ Kronecker delta function enforcing Nn’j = N, forall m’, except for N, + 1 = N%; for Syuym v, itisNE + 1 =N,
which is the exception. We use this § function to kill the summation over N":

— iR, fy = Z [nyw”f;]m(Ue )anuPNu — PPy N

v - E¢, + hw, — 0t "
e pn*‘PN“ - pn"P.4.N'2+1... "
+ 2 V) U T e e ) (C83)
mntn’ NH* nv

E* is the electronic component of E. Carrying out the sum over N*,

e _e e P ANm) — ppr (N + 1 Ue Pt ANy + 1) — puv (Niy)
=i 5" = 3 (U 5] (U)o ™ e e — 107 2[00, ), Es, —fom—ior Y
v

mn#n¥ nv

mn*n¥
Interchanging summation variables n* <> n" for the second term,

_ haz stat __ Z <_ [ng, U"eq]vﬂ(UEm)uv i [Ufm’ ]uu(Ue)

Eljv—i—ha),,,—iOJr Ef, + hw,, + i0*

)( wANm) = P (N + 1)). (C85)

mntn®

By applying that nj is self-adjoint and Uy, = (U¢,, )T [cf. Eq. (C16)], one recognizes one fraction to be the complex conjugate of

the other:
[U¢n5],,,(U5),,
_ stat __ . \ ) )
ino, fg E (211 Ee 7+ o £ i0° )( i (Nm) — Py (N + 1)) (C86)

mntnY nv

At this point we split the photonic and phononic contributions:

03" = (05" + @)™ (C87)

by splitting the sum over the bosonic modes: 3, = Y"P" 4 "P"" Eocusing first on the photonic contribution, we evaluate the

numerator in Eq. (C86) with help from Eq. (C15), Eq. (C17), and €,, = €_,, € R,

h 2
[V, n5] = Z fem - (Wl o — (b < B)); 4= ﬁ (C88)

[U nB Z |tte,,, vg;fk ng,)ng(l — ng)ng,&,u,nv,gw/ — (b« b/)}. (C89)

2This may be verified by substituting p = e=/% p,; !/ and ng = e™'/"(n%)ye~"M!/" into Eq. (C76).
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Since the numerator in Eq. (C86) is manifestly real, it suffices to evaluate the imaginary part of the denominator:

1

Spe v —prpIm W = —n&nu,nv,Bw/(S(EZV + ha)m) = —7 8 pw_p+p0(epp + fiwy), (C90)
with ep being a one-electron energy. Summing over electron occupancies,
D7 (U= np)ng(1 = ng)ngduw—piw = (1= fo o, fo = (np). (©91)
Combining it all, we arrive at a steady-state condition on the quasiparticle occupancies:
0= =0 B (N + (™ + 0w,
(3 3 Z‘jﬁf = Z |t - Vil (1 = f3) firliNu)S(enm — iwn) + (Now + 1) + o)), (C92)
(B fyype = 2 Z |tem - vl (1 = ) fal (Nw)S(ems — o) + (N + 1) + o))

mb'

It may be seen that the gain and loss rates are of the form
expected from Dirac’s time-dependent perturbation theory,
i.e., Fermi’s Golden Rule. The phononic contribution may be
evaluated analogously and also has the form expected from
Dirac’s time-dependent perturbation theory.

In conclusion, for the nonperturbative quasiparticle dis—
tribution f5 to be steady (up to U* corrections),
zeroth-order quasiparticle distribution f5 is the steady solutlon
of I.onl f] = 0, where I, is the collisional integral (evaluated
by Fermi’s Golden Rule) in the presence of the light source.
In particular, fp is not the thermal quasiparticle distribution
in the absence of the light source, contrary to the way in
which most authors approach perturbation theory in nonlinear
optical response.

2. Numerical implementation of the BIS shift-current formula

This section explains how to simulate an isoenergy-
averaged quasiparticle distribution fg that is a steady solution
to the kinetic equation derived in Appendix B 2, and how fg is
subsequently input to the BIS formula [Eq. (A1)] to determine
the shift conductivity and its threefold decomposition. The
conductivity will be determined for the model Hamiltonian
[Eq. (16) with O = 1 and P = 4] that is characterized by large
time-reversal-symmetric Berry curvature; in particular, we
would like the reader to be able to reproduce the conductivity
plot in Fig. 5(e).

In Appendix B, we have motivated the momentum-
resolved collisional integral in Eqs. (B1)-(B7), and we
derived the corresponding isoenergy-averaged collisional
integral in Eqs. (B16)—(B21), having assumed that the quasi-
particle distribution is isoenergy-symmetric: fi &~ fg; cf.
Eq. (B15). This assumption is justified to the extent that
the collisional integral is isoenergy-symmetric, meaning that
Egs. (B1)—~(B7) are well-approximated by Egs. (B16)—-(B21).
Whether this is a good approximation depends on the pa-
rameters chosen in our model Hamiltonian [Eq. (16)] as well
as the source radiation frequency w,;. We have checked that
the e-isotropy condition approximately holds with our cho-
sen parameters (O = 1 and P = 4) in the frequency range

(

liw/E, € [0.8,1.5].° The isoenergy-symmetric assumption
was made to save computational simulation time, but one may
do without this assumption if one is numerically sophisticated.

There remains some work in fixing the parameters in both
sets of collisional integrals, chief among them being the
electron—optical-phonon coupling constant ¢ in Eq. (B7), as
well as the timescale 77 for spontaneous emission of optical
phonons in Eq. (B16). The two parameters are related through
Eq. (B18), which can be simplified as

a o it ug) el 1
k' cell

S(Ex — E)Yo(Egw — h2,) = —.

Cvng kEk/ k — K2 (Eck — E)S(Ecik ) o

(C93)

The summation is restricted by the condition §k = |k — k'| <
“4/10, with ¢ = 27 /a being the reciprocal-lattice period. A
typical scale for t is 0.1 ps [31,32] hence we set 7g. = 0.1 ps
for a reference energy E* = 0.41375E) in the active region;
this fixes ¢ = 6. 32901 55 and causes 7z to vary from 33.3
to 165.2 fs in the actlve region, as illustrated in Fig. 11(a).
To be clear, all plotted energies are defined to equal zero in
the middle of the gap, in contrast to the carrier energies de-
fined with respect to the band extrema. The other parameters
in the kinetic model are fixed to be 1. = 1 ns (a typical
interband recombination time [30]); t; =1 ns for all £ (a
typical energy relaxation time due to spontaneous emission
of acoustic phonons [28]):%* and @ = 5 A (a typical lattice
period). All calculation in this Appendix are presented for a
linearly polarized source: €, = X.

Our first step is to simulate fg, which sets the isoenergy-
averaged collisional integral [Eqgs. (B16)—(B21)] to zero. We
begin by discretizing the energy: ..., E;, E;j11, Ej 2, ... such
that adjacent energy levels are separated by AE = E; | — E;.
Conduction-band Bloch states are binned according to the
following rule: if E; — AE/2 < E < Ej + AE /2, then the

%The dipole matrix element becomes isoenergy-asymmetric at
higher frequencies, as explained in Sec. IV.

475 > 72 and the optical phonon scattering explicitly dominates
in the active region.
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FIG. 11. Part (a) shows the plot of 72 vs E in the active region. Part (b) shows the plot of ||gzI[f™]|| vs the evolution step n. Part
(c) compares f.(1 — f,) and f,(1 — f.). Part (d) compares (|Af,v|2)a, and (|Af§v|2)w in the passive region, i.e., fiw € [E,, E, + 2i,].

Bloch state (ck) belongs in the jth bin. By choosing fiw =
n,AE and K2, = ngAE to be integer multiples of AE,
one can translate Dirac § functions to Kronecker § func-
tions: S(Eckkf — hQO) — 5Eckkfﬁfzu/AE and (S(ECU]( — ha)) —
OE. i/ AE . For instance, g, no, = 1 if and only if Ey —
Ejand Ey — E;_,, for some bin index j. Then the photon-
absorption term is discretized as

GT[f] S(E — Ec,exc) — 8E ZI:;EZ,E’

Nin

2E (1 —=2fE)

m 2
Lo g = 27 agsC

82E i
AE

with o = |e]? /(hic) being the fine-structure constant, and
I  being the isoenergy average of I3, ; cf. Eq. (A26).
In practice, we have chosen AE = E;/1600 and A2, =
20AE. To avoid certain artifacts of our energy discretiza-
tion scheme, we introduced a small frequency bandwidth
(4AE/h) for the source-generated photons; this means that
the source produces an equal number of photons in each
of four modes (m; = 1, 2, 3, 4), with differing frequencies
ws —2AE/h, ws — AE/h, ws, ws + AE /K but identical po-
larization €.

We initialize the distribution as a Boltzmann-Maxwell dis-
tribution: £ = fI o = exp (— (E — 1.)/ksT), which is
the steady distribution favored by the Fokker-Planck term:
(1 4+ kT 3g)ff = 0.5, is generically not the chemical po-
tential in thermal equilibrium; instead, it is determined by
balancing recombination and excitation rates for the conduc-
tion band as a whole: Y, g ff AE /trec = G, with )", E(E)
our shorthand for ) ; B(E)).

Beginning from our ansatz Maxwellian distribution, we
evolve the system over a discrete time interval §¢ to obtain
a new distribution:

D = £ 4 I8t (C95)

forn=0,1, 2, ..., with the collisional integral Ir[ f] defined
in Egs. (B16)—(B21). This is a numerical procedure to obtain
a steady state, and in no way reflects the actual time evolution

X (|€m - Acok] Do, : (C94)

%5 Hot-carrier photoluminescence spectra support the hypothesis
that most photoexcited carriers are distributed in the manner of
Maxwell-Boltzmann; cf. Appendix B 1.

of quasiparticle distribution in an experiment. We stop this
iterative process when the norm

gl Lf ™| = \/Z @eIlf™EN?  (C96)
E

decays below a certain threshold, i.e., 0.05% of 3 ;. , grliy..
Supposing the threshold is crossed when n = ny, then we say
£ is a numerically steady solution of the kinetic equation.
For illustration, Fig. 3(c) represents a numerically
steady distribution calculated using the above scheme, with

AN, /V = (1 ns)"% ~ 10" ¢cm™3 for each of the
four source modes, Eexe = 5hS2,, ng = 5000 steps, and a time
step 8t = 1 fs. Figure 11(b) illustrates a decay of ||gg I[f,|
below our threshold of (5 x 107*) Y, grlexe ~ 1.08 x 1077,

To calculate the shift current, we input the numerically
steady fé"‘)) to the threefold-decomposed current formulas in
Egs. (A25), (A28), and (A32). The discrete analogs of these

formulas are

. |€| €5 m
Jexe = — ZTiv Z Z Sckevklexc,Ek’ (C97)
my Kk
. lel e~ ¢a 1
intr. =2 20 o 5 J 1— ¢
Jinra =24y UV%;V'k,_k'sz( Sei)
OE,, hQ, ,
X IZE 9c,(k+k’)/2 X (k — k), (C98)
. le] P Jek
Jree =200 55 D Sikcuka (C99)
V Trec

kepass

We will explain each equation in turn:

(1) Excitation. IZ, . was defined in Eq. (C94) and va sums
over the aforementioned source modes. ’

(1) Intra. Equation (C98) is derived by substituting the
electron-phonon matrix element [Eq. (B7)] and the anomalous
shift vector [Eq. (5)] into Eq. (A28), and then summing over
both conduction and valence bands. In this sum, each band
contributes equally due to the presumed electron-hole sym-
metry (fax = 1 — fur; cf. Appendix B2a), hence the factor
of 2., =2 in Eq. (C98). To see why, note for any two-
band model that 2, = —,%, hence S?E}S(_k = —Si‘?,?(_k and
Jaw (1= faSee o = (L= fur) fue (=S ;). Recognizing
from Eq. (5) that Sf}“,‘(’ = —Si’_"l‘(’(_k,, we find that Eq. (A28)
is identical for valence and conduction bands.
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(iii) Recombination. ) ... in Eq. (C99) integrates over
the passive k-volume, based on a previous argument (cf.
Sec. II) that the majority of photoexcited carriers are steadily
distributed within the passive region; this argument is corrob-
orated by our numerical simulation in Fig. 3(c), bearing in
mind that gg is constant in our quasi-2D model. Because a
dipole selection rule fixes AY , = 0 for k, = 0, and A} , can-
not vary substantially in the small passive region (assuming
the band gap is not anomalously small), it may be deduced
that |Aiu’k|2 < |Afu,k|2 everywhere in the passive region; cf.
Fig. 11(d). Therefore, one may as well approximate all recom-
bination transitions as being mediated by x-polarized photons,
with the spontaneous emission rate Eji’f_ck = fux/Trec. The
corresponding photonic shift vector S}, ., is also approxi-
mated as Sf}km ks because the variation of the photonic shift
vector within the passive region is small.

The threefold-decomposed conductivities are obtained by
diving each of j.,., Jinras a0d jee bY |€0 %5 cf. Eq. (A34). Ttis
advantageous to express the squared electric amplitude |&,|?
in terms of the discrete I . [Eq. (C94)]:

exc

/[2ncafs(1 —2f%)
E . my

Eul® = | D s AELS

x {|ém, - Acuk|’), TDOS, ], (C100)

in accordance with Zm AN, hog )V = |E,12/(2); cf.
Eq. (A13). For the conductivity plot in Fig. 5(e), we had
chosen )~ AN, /V 2 10'” cm™>. For comparison, in a typ-
ical argon-ion-laser experiment with a radiation intensity of
40 Wcm™2 [94], the number density of source photons is
approximately 1/3 x 10'© cm™3.

3. Comparison with the Kraut-Baltz-Sipe-Shkrebtii formula
and dissipative Floquet methods

The Kraut-Baltz-Sipe-Shkrebtii formula (KBSS) for the
shift current is [4,6,13]

. KBSS 2
JKBSS = Ue,w |5w| >
3 3
KBSS le| Z/ &k p 2
g = 27— Py /1. | € 'Ab’bk Sbfk bk

bb'

x 8(Eype — hw), (C101)

with Eyp = Eyx — Epc and ], = f1 — f,. One can con-
vert Eq. (C101) to a proportionality relation with the
radiation intensity (within the dielectric medium) by Z.,q =
(c/2m)n,|E,|?, assuming the medium is nonmagnetic with
a frequency-dependent refractive index n, that is spatially
uniform and isotropic.%®

%The time-averaged Poynting vector (within the dielectric
medium) has the form Z.,4q, with Z.q = (¢/27)n,|E,|* having di-
mensions of energy per unit area per unit time, and ¢ being the
unit directional vector of the electromagnetic wave propagation. We
adopt the same, real-valued definition of the refractive index as in
Ref. [95]. In an absorptive medium, Z,,4 should be multiplied by
a coordinate-dependent, exponential damping factor [95]; however,

The KBSS formula has been derived in a variety of models
and methods [4,6,7,12,13,15,17,19,20,96], which may have
created an impression that it is universally truthful. The actual
reason for the universality is a largely unjustifiable and often
implicit assumption shared by all these models, namely that
the electronic quasiparticle distribution retains its equilibrium
value under continuous-wave irradiation. It is an experimental
fact that this assumption does not hold, as is most vividly
demonstrated by hot-carrier photoluminescence spectroscopy
[27,28].

This formula was originally derived by Kraut and Baltz
[4,13] and subsequently rederived by Sipe and Shkrebtii [6]
using more-or-less standard perturbation theory. In the Kraut-
Baltz derivation, relaxation was accounted for in a crude
relaxation-time approximation, with the relaxation time even-
tually taken to be arbitrarily small compared to the Rabi
oscillation period at resonance; in other words, relaxation
to equilibrium is assumed to be such a strong effect (rela-
tive to the optical excitation) that the electronic quasiparticle
distribution never deviates from the equilibrium value. (Simi-
lar perturbative derivations [12,15,96] have proposed without
rigorous justification to view the imaginary infinitesimals in
the energy denominator as an inverse relaxation time.) In the
Sipe-Shkrebtii derivation [6] (and similar diagrammatic meth-
ods [7]), relaxation was omitted entirely; because their method
is based on perturbing an equilibrium state in the lowest or-
ders for the electric field, it is not surprising that their final
formula is expressed in terms of the equilibrium quasiparticle
distribution. The KBSS formula has been alternatively derived
from dissipative Floquet methods [17,19,20] in the regime of
strong dissipation: relaxation rate 3> Rabi frequency. This is
another model where relaxation to equilibrium is assumed to
be overwhelmingly strong.

The rest of this Appendix will be used to demonstrate
that the BIS formula also reduces to the KBSS formula if
the electronic quasiparticle distribution is thermal. On the
one hand, this planned demonstration can be viewed as a
consistency check of the BIS formula. On the other hand,
the BIS-to-KBSS reduction crystallizes what is missing from
the KBSS formula: namely, the missed photocurrent can be
precisely attributed to the deviation of the steady quasiparticle
distribution from its equilibrium value, given a realistic model
of relaxation in which relaxation also causes shifts.

Without further ado, the KBSS formula in Eq. (C101) is
related to the BIS formula in Eq. (A1) by

Jxsss = J[f5 s NLP + AN;S . NEPRO].

m

(C102)

That the BIS formula is a functional of the quasiparticle,
photon, and phonon occupancies has been explained in Ap-
pendix A 2. The KBSS formula is thus the BIS formula with a
very specific input for occupancies: f; is a Fermi-Dirac distri-
bution [Eq. (A8)], N,;*™" is a Planck distribution [Eq. (A9)]
with the same temperature, and the photon occupancy is a
sum of thermal and nonthermal contributions; the nonthermal
photons are generated by a monomodal source with mode
index my.

this factor is negligible if the attenuation length greatly exceeds the
thickness of the medium.
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FIG. 12. (a) Caricature of a probability flow network. Panels (b) and (c) illustrate two distinct loop decompositions of the network in
panel (a). Panel (d) illustrates a geodesic approximation of the network in (a). Part of the approximation amounts to neglecting the radiative
recombination transition between the two Bloch states labeled B, and B3, as justified in Sec. III.

All bosonic modes with a thermal occupancy cannot
contribute to the shift current, due to detailed balance; cf.
Eq. (A15). For the source mode my, the net transition rate
[Eqg. (AS)] can be decomposed as

(A’C"LV - ‘%n sec) SfE.NE +AN

mg
_ m __om
= (Aty — &' c) fE.NE

(2me)ws ) T
T |€s 'Acvk| 5(Ecvk - hwx)fuckANV’

(C103)

with C = (ck) and V = (vk). The first term on the right-hand
side of Eq. (C103) vanishes by detailed balance [Eq. (A15)],
hence the right-hand side of Eq. (C102) reduces to Eq. (C101).

We will say a few words about what is missed from the
KBSS formula, how the BIS formula does better, and why
dissipative Floquet models (in their present formulation) do
not. As explained in Sec. II and elaborated on in Appendix E,
the KBSS current is approximately the transient photocur-
rent, or equivalently the excitation component of the steady
photocurrent:

KBSS o .exc
P P

(C104)

As defined through the BIS formula, the shift conductivity
0c» [Eq. (Al4)] has a threefold decomposition explained in

J

____exc intra rec
g af,w - ae,w + ae,(u + ae,w'

e
Loop current theorem: j = — |_V|

with j,., being the current contributed by a closed flow line
(in energy-momentum space) of one-electron probability, as
illustrated in Figs. 12(b) and 12(c). The precise definition of
Jioop 18 given in Eq. (D15) after some preliminary prepara-
tions.

As a first step to reformulating the shift current in terms of
loop currents, Appendix D 1 shows how to interpret the flow
of one-electron probabilities in energy-momentum space as
an oriented graph with nodes corresponding to Bloch states,
as illustrated in Fig. 12(a); it will be shown that this graph can
be decomposed into loops, and for each loop one can associate
a net shift vector [Eq. (D14)] and a current [Eq. (D15)]. We

Z Spp(Ap—p — Exp) = Zjloow

B,B',m

Eq. (14); apparently, the KBSS formula misses out on current
contributions by intraband relaxation and interband recombi-
nation.

Because the KBSS formula is derived by dissipative Flo-
quet methods in the strongly dissipative regime [17,19,20], it
is evident that these methods also miss out on the effects of in-
traband relaxation and interband recombination. The present
formulation of Floquet methods is inadequate for the follow-
ing reasons: (a) The premise of time-periodic Hamiltonians
relies on a classical approximation of the radiation field, and
precludes the quantum effect of radiative recombination by
spontaneous emission. (b) In Refs. [17] and [19], the use of
experimentally unrealizable “fermionic baths” as a relaxation
mechanism precludes the phonon-induced shift [Eq. (5)] re-
sponsible for ai;jga. (c) In Ref. [20], Barik and Sau considered
electron-phonon scattering as a relaxation mechanism; how-
ever, they also missed the phonon-induced shift [Eq. (A2)]
due to an unjustifiable assumption that the electron-phonon
matrix element is momentum-independent.

APPENDIX D: LOOP FORMULATION OF THE STEADY
SHIFT CURRENT

We present an equivalent formulation of the steady shift
current, namely that the BIS formula in Eq. (A1) is equivalent
to a sum of loop currents:

(DD
loop

(

will then prove the loop current theorem in Appendix D 2, and
subsequently discuss two applications:

(i) The loop-current formula manifests that the intraband-
Berry connection terms (Ap,p — Apsr) in the shift vector
[Egs. (2) and (3)] always cancel out when all transitions in the
steady state are accounted for. From this follows a revision of
a purported relation between the shift current and interband
polarization differences [49], as discussed in Appendix D 3.

(i) The loop formulation naturally leads to equitable ap-
proximations of the shift current, which treat excitation,
relaxation, and recombination on an equal footing. The ap-
proximation lies in identifying a reduced family of loops
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that contribute most substantially to the shift current. Once
a reduced family of loops is identified, calculating the shift
current via Eq. (D1) requires far fewer computational re-
sources than a direct calculation of the BIS formula (cf.
Appendix C2). This work focuses on the geodesic loops
[Fig. 12(d)] that predominate the shift current in direct-gap
semiconductors. For 3D semiconductors, the geodesic ap-
proximation to the shift conductivity [Eq. (13)] is derived
from the loop-current formula [Eq. (D1)] in Appendix D4,
and as a small-angle-scattering limit of the BIS formula
[Eq. (A1)] in Appendix D 5. Finally, the geodesic approxima-
tion is extended to quasi-2D semiconductors in Appendix D 6.

1. The shift loop and the loop current

Let us define a link as a pair of Bloch labels. A link is said
to be ordered if the band energy of the first label is larger than
the band energy of the second:

ordered link = (B'>B), Epp=Ep —Ez>0. (D2)

J

A general link written as (B’, B) admits any possible ordering
of Ep and Ep. For instance, given the three Bloch labels in
Fig. 12(a), one may write (B; > B,) and (B3, B>) but not
(B3 > Bz).

For every ordered link, we define the ordered transition
rate as the sum of one-electron transition rates over all possi-
ble bosonic modes indexed by m:

ordered transition rate = Rp~p) = Z ( Bep— 51';”%3/),
m

(D3)

and the ordered shift vector as a weighted average of the shift
vector [cf. Egs. (A2)—(A4)] over all bosonic modes:
.Am/ - gm /
ordered shift vector Sp~p) = Z Sy BB BB
- R ~p)

(D4)

As a reminder, A is the absorption rate and £ is the emission
rate defined in Egs. (A3)—(A5). Because A}, , — EF p
8(Epp — hwy,) with a bosonic energy fiw,, that is strictly pos-
itive, we wrote (B'>B) in Eq. (D4) rather than (B > B’). Let
us discuss two classes of ordered shift vectors:

Ex. 1: Phononic ordered shift vector

can restrict ), in Eqs. (D3) and (D4) to phononic modes.

If B’ and B differ in electronic wave vectors, then, within the dipole approximation for the electron-photon coupling, one

(a) If the difference in wave vectors (k and k') is small and the transition is intraband (b = &), S% 5 in Eq. (D4) is
well-approximated by the anomalous shift SZ}C",HC [Eq. (5)], which does not depend on the phonon branch p. It should also
be recalled from Eq. (A3) that A}, _, — E'_p o 8, p_x. Altogether, these imply that Eq. (D4) reduces to S - p) = S350

(b) If the difference in wave vectors (k and k) is not necessarily small, but the phonon energy /iw,, = Ep is nondegenerate,
then ), in Eqs. (D3) and (D4) is restricted to one phonon branch (say m), and S -5y = Sp _p as defined in Eq. (A2).

B~

bk’ <k*

Ex. 2: Photonic ordered shift vector

If B’ and B are identical in electron wave vectors (k = k'), with Ey = Eyy — Epy exceeding the optical phonon energies,
than one may restrict ), in Egs. (D3) and (D4) to photonic modes.

(a) If k does not lie on the excitation surface, ), in Eqs. (D3) and (D4) is restricted (by energy conservation) to photonic
modes whose occupations are thermal, i.e., N, = an’ has the Planck form and does not depend on the orientation § of the
photon wave vector. In fact, the only quantities in Eq. (D4) that depend on ¢ are the photonic shift vector [Eq. (A4)] and the
square of the interband Berry connection [Eq. (AS)]. Thus Eq. (D4) simplifies to

2 2 Q4P
-[.d)\'q Zp:] |€qp 'Ab/bk| Sb’k(—bk

N

Jdrg Yo gy Avil?

where we integrate over ¢ (parametrized by solid angle ;) and sum over both transverse polarizations.

(b) If k lies on the excitation surface, ), in Egs. (D3) and (D4) sum over all photonic modes with the same frequency w;
as the source-generated photons. For a bright source, an argument in Appendix A 4 conveys that > in Egs. (D3) and (D4)
may as well be restricted to the single source mode 1, so that Eq. (D4) simplifies to Sx=pk) = Sy . [EqQ. (A4)].

(D5)

It would also be useful to discuss the net transition rate for B* <— B, with Ep not necessarily greater than Eg. For this purpose,

we define

oriented transition rate Rp « g = sgn[Ep R~y = —Rpp,

(Do)

%7 As remarked earlier in Appendix C 1b, quantized phonons/photons are not well-defined for zero w,,.
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such that Rg g > 0 represents a net probability flow from B
to B, independent of the ordering of band energies.

We may draw a cartoon to visualize the flow of probabil-
ity in energy-momentum space. In Fig. 12(a), we represent
every link by an arrow; the thickness of the arrow shaft is
proportional to |Rz-p)|; the arrowhead points from B’ <— B
if Rip~p) > 0, and vice versa. Our cartoon is thus an oriented
graph/network, with each node/vertex corresponding to a
Bloch state, and with each link/edge oriented according to
the direction of the probability flow. We will use node=B
interchangeably.

By comparing the BIS formula [Eq. (A1)] with the defini-
tions of Rz~ p) and Sz~ p) in Eqs. (D3) and (D4), one deduces
that the shift current is essentially the sum of Rp~p)S>5)
over all ordered links in the probability-flow network:

le]
= - = Z Sw-Rw>Bb). (D7)

(B'>B)

In the steady state, the time independence of the occu-
pancy of each Bloch state implies that for each node (say, B)
in the graph, incoming transition rates must exactly balance
outgoing transition rates: Y  Rp.p = 0. The probability-
flow network can therefore be viewed as a discrete analog
of a divergence-free/solenoidal vector field. This discrete
solenoidal condition allows us to decompose the probability-
flow network into loops, as illustrated in Fig. 12(b).°® Each
loop represents the closed flow line of an electron’s proba-
bility in energy-momentum space, with the perspective that
forward-moving holes are backward-moving electrons.

More precisely, here are three defining properties of a loop:

(a) The first property of a loop is that it is a closed concate-
nation of general links:

100p with N links = (BN’ BN—l )(BN_] s BN_2) s

(B2, B1)(B1, By). (D8)
If (B', B) is one of the N links appearing above, then we say
the link is contained in the loop: (B’, B) € loop; if Egp > 0
(<0), we would further say that (B" > B) € loop [(B > B') €
loop].

(b) To each loop, we associate a positive-valued loop rate
[8R100p|, Which is the magnitude of the probability flow rate
along the loop.

(c) Each loop has a Z,-valued orientation (Oriep) that
determines the direction of probability flow:

Orioep=+1: By — By — -+ — By — By, (DY)

Orloop=_1: By < By < --- < By < B;. (D10)

It follows from (a)—(c) that one can assign an oriented loop
rate to each link in the loop:

loop _ loop
Bup1<-By T 5RBn <Byy

= OFioop|8R100p| With By | = By.
(D11)

The sense in which the probability-flow network is decom-
posed to loops is that for each link in the network,

2

loop>(B’,B)

S Rloop

o (D12)

Rpp=

where the summation is over all loops that contain the link
(B', B); Rp p is given by Fermi’s Golden Rule [cf. Egs. (A3)
and (A5)] and depends on the carrier distribution. Equiva-
lently, for every ordered link in the network,

2

loop>(B'>B)

loop
SR 4.

Rp-p) = (D13)

Consider the cartoon of Fig. 12(b) for illustration: (B3, B) is
contained in two loops colored red and blue, hence Rp,p,
is given by a sum of two 6R’s. The loop decomposition is
not unique, meaning that a different set of loops may satisfy
Eq. (D13) for the same network, as illustrated in Fig. 12(c).
For each loop, the shift loop is defined by summing the or-
dered shift vector over all ordered links in the loop, weighted
by a sign that encodes the direction of probability flow in that

loop:
2

(B'>B)€loop

Shift 100p  Sioop = sgn[SRy " ;] Sw-p). (D14)

Because the summation is over ordered links, Epp > 0, and
sgn[8R}§f£B] = +1 (—1) if the loop-decomposed probability
flow is toward increasing band energies (decreasing band

energies).

To motivate this sign factor, consider an example that elaborates on case (b) of Ex. I [cf. the box under Eq. (D4)]. For
the conduction-band link (B; > B,) illustrated in Fig. 12(c), the probability flow is toward decreasing band energies,
which reflects the predominance of phonon emission over absorption. Then the link’s contribution to Sjoep is simply
sgn[(SRg’l"(p_ 5,1 88,8, = —SE _p,, which equals S, by the inversion symmetry of the phonon shift vector [Eq. (A2)]. As
explained at the end of Appendix C 1d, Sp". 5 is precisely the shift vector associated with emitting a phonon of mode m.

With Sjo0p and |8Rjop| in hand, we can now define the loop current

le]

s

J loop = V

loop |8Rloop [, (D15)

% Analogously, a divergence-free vector field can be approximated by a superposition of elementary solenoids, which includes the case of

finite-length loops [97].
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which enters our loop current theorem in Eq. (D1). It may be
seen that the loop current depends implicitly on the carrier
population through |§Ris0pl, as per Eq. (D12) and with identi-
fying Rp g as the Golden-Rule transition rates in Eqs. (A3)
and (AS).

2. Derivation of loop current theorem

Beginning from the right-hand side of Eq. (D1), we input
the definitions of the loop current in Eq. (D15) and the shift
loop in Eq. (D14),

. le|
ZJloop =- v Z S100p |8 R1o0p|
loop loop
le]

=-5 Z Z sgn[sRy™ 3 ]18Ri0op| Siz=5)-

loop (B'>B)eloop

(D16)
Utilizing the definition of the oriented loop rate in Eq. (D11),

Zj]oopz_%z Z

loop loop (B'>B)eloop

-3 X X

(B'>B) loop>(B'>B)

1
SRy™ 5 Sw>5)

SRY™ . Sw-p). (D17)

In the last step, we have applied that summing over all ordered
links in a given loop and subsequently summing over all loops
is equivalent to summing over all loops that contain a given
ordered link and subsequently summing over all ordered links.
Carrying out the restricted summation over loops on the right-
hand side of Eq. (D17) and utilizing the rate decomposition
condition in Eq. (D13), we obtain the BIS formula [Eq. (A1)],
which completes the proof.

3. Gauge invariance of the reduced shift loop

The theorem allows us to simply derive general properties
of the steady shift current. We focus on one such property,
namely that the (A, — Appx) terms in both phononic and
photonic shift vectors [Eqgs. (A2)-(A4)] cancel out when all
transitions are accounted for. This cancellation was pointed
out by BIS without an explicit demonstration [5], but it is a
simple consequence of the loop current theorem.

Recall that the shift vector (in either the photonic or
phononic case) may be decomposed into a term that depends
on the bosonic mode and terms that do not:

5791'&3 = 8S’B”’<—B +Ap — Ap, Ap = Appk.

(D18)

Ap =Aypr,

The mode-dependent term is the negative gradient of an argu-
ment of a certain transition matrix element [Eqgs. (A2)-(A4)];
we will refer to 8S%,__ as the reduced shift vector. It follows
that the ordered shift vector [Eq. (D4)] decomposes similarly
as

m m
B'<B gB<—B’

(D19)
Rp-p)

Sw-p =Ap —Ap+ Z LAY

One may verify that the intraband connection terms cancel out
in the shift loop Sioep for any loop. Indeed, in the case of the

first orientation in Eq. (D9), the shift loop decomposes as

Sloop = 85100p + (A32 _ABl) + (A33 - ABz) +oe
—+ (ABN _ABN—I) + (ABI _ABN) = Ssloop' (D20)

8S100p> the reduced shift loop, is defined by replacing all shift
vectors by reduced shift vectors [cf. Eq. (D18)] in Eq. (D14).
Thus it follows that each loop current, being proportional
t0 Sioop, 1s invariant if the intraband connection terms are
dropped. Finally, the steady shift current, being a sum of loop
currents, also satisfies the same invariance property.

Equation (D20) implies that the reduced shift loop is a
well-defined, gauge-invariant quantity, despite the fact that
the reduced shift vector [Eq. (D18)] of a single transition is
not gauge-invariant. By “gauge-invariance,” we mean being
invariant under redefining one-electron Bloch wave functions
by a Bloch-label-dependent phase ¢p that is differentiable
with respect to k: |up) ey —> € |p) .

The cancellation in Eq. (D20) calls into question a claim
made by Fregoso-Morimoto-Moore [49], namely that large
polarization differences [—|e| fBZ(ACCk —Ay)d’k/(2m)3]
between the conduction and valence bands imply a large shift
current in the absence of optical vortices. At best, the Fregoso-
Morimoto-Moore claim holds for the frequency-integrated
transient shift conductivity (Appendix E), but not the steady
shift conductivity.

4. Geodesic approximation of loop currents
for 3D semiconductors

The steady shift current is well approximated by keeping
the most relevant loops in Eq. (D1). This section focuses on
the reduced family of geodesic loops, which predominate the
shift current in an intrinsic, direct-gap semiconductor with
a single minimum for E — E, namely Ey,  — E,, = Eg,
and conditioned on (i) carrier—optical-phonon scattering being
the dominant mechanism for energy relaxation in the active
region, (ii) small optical phonon energies (relative to E, and
the largest energy of a photoexcited carrier), and (iii) low tem-
perature kgT; < E,, iS2, (€2, is the optical phonon threshold
frequency). The goal of this section is to derive the geodesic
approximation to the shift conductivity [Eq. (13)] from the
loop-current formula [Eq. (D1)].

To motivate the geodesic loop, let us first consider a pair
of Bloch states with Bloch labels V = (v, ko) and C =
(¢, kexe); kexe lies on the optical surface, v denotes the valence
band, and c is the conduction band. The oriented transition
rate Rey [cf. Eq. (D6)] is assumed to be dominated by
the absorption of nonthermal, source-created photons. The
probability-flow subgraph that includes the link (C, V') is car-
icatured in Fig. 13. We will not repeat the arguments (detailed
in Secs. II and III) that explain why such a subgraph is
predominant; our goal here is to explain how such a subgraph
can be approximated by a geodesic loop.

Granted some poetic license, one may view the subgraph as
a cyclic probability river that rises in elevation, then splits into
tributaries that eventually merge into a waterfall. The splitting
reflects the multiple possible intraband relaxation pathways
in the conduction band; the merging reflects the existence of
a band-energy extremum that causes relaxation pathways to
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(C7kewc)

(Cakewt)

(Vakewt)

)

(Vykewc)

FIG. 13. Loop decomposition of a probability flow subgraph. A similar subgraph was considered in Fig. 4(c).

converge toward the extremal wave vector k.. The cyclic
river may be decomposed into N cyclic streams, such that
for each stream, the flow rate is constant along the stream.
(N = 4 for our caricature in Fig. 13.) This constant flow rate
is identified with [§Rjoep, |, With {loopn}fq\’=1 being labels for the
N streams. All streams merge at (C, V), such that the sum of
the stream flow rates [Eq. (D11)] equals the river flow rate:
N
Z |8R100p”| =Rcev, C=(ckex), V = (vkexc)
n=1
(D21)
We have chosen a stream decomposition such that all the
streams flow with the same orientation as the river, and
this is always possible to choose. In principle, one may
choose a stream decomposition in which some of the streams
flow against the river along (C, V); then for those counter-
flowing streams, one would replace [6Rjoop, | —> —|8Rio0p, | in
Eq. (D21).
We proceed without further use of metaphors. The contri-
bution of the above subgraph to the shift current® is a sum of
N loop currents:

8Rioop, |- (D22)

N
e
jsubgraph[kexc] = |_| Z Sloopn
v n=1
As argued in Sec. III, the predominant intraband-relaxation
pathways do not deviate far from geodesic paths connecting
kexc t0 kex; we remind the reader that the geodesic path is or-
thogonal to all isoenergy contours. Let us define the geodesic
loop as combining an excitation transition at ke, geodesic-
path relaxation to k.y through the conduction band, recom-
bination at k., and geodesic-path relaxation back to Kexc
through the valence band, as caricatured in Fig. 12(d). We de-
note the geodesic, oriented k-paths by p. and p,, respectively,
and the geodesic loop by loop[kex.]; the associated shift loop
is denoted Sioopik...1» With Sioop generally defined in Eq. (D14).
It is of interest to show how Sioopik,.] Simplifies to an
expression for the shift loop [Egs. (6)—(8)] that we have used
in the main text:
(i) For the recombination transition associated with
(B'>B) = (ckexy > vkey) (leftmost link in Fig. 13), one ap-

plies Eq. (D5) to show that sgn[éRg)flEB] SB>B) = Srec, as

%Bear in mind that “current” has nothing to do with the metaphor-
ical river current.

defined in Eq. (8). sgn[SR?ffB] being —1 accounts for the

reversed orientation in a recombination transition, but this

. . m _Qm
minus sign can be absorbed by —S7; _x = Svrck-

(ii) For the excitation transition associated with(B'>B) =

1 ) .
(ckexe > Vkexe), sgn[SRp™" 21 Sw=p) = Sk k., assuming
that the source is monomodal and bright (cf. argument in

Appendix A 4).

(iii) For an intraband transition associated with (B'>B) =
(ck’ > ck), it is assumed small-angle scattering predom-
inates (||’ — k|| < Brillouin-zone dimension), such that
sgn[c‘SR}_;),‘iEB] S@w~p) reduces to the asymptotic expression
—,,. X 6k [cf. case (a) in Ex. I of Appendix D1]. By
approximating a discrete sum over intraband links as a line
integral, one obtains the first line integral in Eq. (6). The
second line integral is obtained in an analogous manner.

Because loop, does not deviate far from loop[kexc], we
approximate Sioop, ~ Slooplke,] fOr all loops that make up the
subgraph; this is the geodesic approximation. The approxi-
mation is justified to the extent that small-angle scattering
predominates over large-angle scattering, as elaborated on
in Appendix D5. Applying the geodesic approximation to
Eqgs. (D21) and (D22),

le]

jsubgraph[kexc] ~ v SlOOp[kexc]RCEV . (D23)

The shift current is a sum of loop currents over loops that
constitute the full probability-flow network, and not just the
subgraph containing (C, V). [For the one-dimensional cari-
cature in Fig. 12(d), the full network is composed of two

subgraphs.] In other words, one should sum jyeraphik...] OVer
all k.. on the excitation surface:

e

el (D24)

J = _ZNV > StooptiiRicky vk
k

with the understanding that Rck)—k) X §(Ecpr — fiw)
[Eq. (AS)] constrains Zk to the excitation surface; we have
also included a factor of 2 to account for spin. Assuming a
bright, monomodal light source, we may follow the argument
in Appendix A4 to derive that Ry wk) = L5y, With Lo
defined in Eq. (A26). Converting the source mode occupancy
AN; to an electric-field amplitude &, through Eq. (A13), one
obtains

. le[?
J~ === (fukle - Aok *Sioopi) )0 (2IDOS)[E, 12,

(D25)
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with f,. = fux — fux a difference in the steady-state quasipar-
ticle distribution functions, and (- - - ),, and JDOS, defined in
Eq. (11). When expressed in terms of a nonlinear conductivity,
J = 0c0l&0l?, Eq. (D25) is equivalent to Eq. (13).

5. Geodesic approximation as a small-angle-scattering
limit of the BIS formula

Because the geodesic approximation of the shift conduc-
tivity [Eq. (13)] has been used in all model calculations, it
is of interest to clarify the regime of validity of the approx-
imation. Here, we will demonstrate that Eq. (13) derives as
a small-angle-scattering limit of the BIS formula Eq. (Al):
lim,_, o, OBIS = O geo, With s a parameter that controls the an-
gle of scattering. The choice of s is not unique. One possible
choice is to increase the power in the square of the electron-

phonon matrix element: |Vb']'c’,,bk|2 o 1/]|k" — k||* [Eq. (C17)],
|

BIS-geodesic reduction:
§— 00

with €2, the optical phonon threshold [Eq. (A10)] and Egy
the excitation energy measured from the conduction-band
minimum [Eq. (A21)]; the meaning of O, is relative error,
i.e., a+ O,(b, c) means O,(b, c) has a magnitude less than
or comparable to maximum{|ba|, |cal}, assuming b and ¢ are
dimensionless. The BIS-geodesic reduction for the valence
band [Eq. (D26) with ¢ — v] also holds true, but is a straight-
forward extension requiring no further substantiation.

To clarify, aicrjgjo is given by Egs. (6)—(13) with the shift
loop reduced to the line integral over the geodesic path p
connecting k to key:

intra | |3
ac,:geo == Sockl€ - A¢vk| Q. x dk 2,,JDOS;,
Pck w
(D27)
while o3 is taken from Eqgs. (A28)—(A34):

intra

e
0. BIS = _zﬂm % ck<ck’' 2o ck<ck'" (D28)

We have omitted the phonon mode m = (gp) superscript on
the phononic shift 7, , = =S " . z.lnd the spgntaneous
emission rate £, with the understanding that p is fixed to

a single branch of optical phonons, and ¢ =k — k' is fully

" As described in Sec. II and elaborated here, o reduces to Ogeo
if the photonic shift vector S7;_,, [in Eq. (A32), with k in the
passive k-volume] is approximated to be S ., . This approxi-
mation leads to a relative error of order /€2,/E,, assuming that the
band gap E, is the energy scale for significant variation of the shift
vector. If the photoexcited carriers within the passive region follow a
Maxwellian distribution, with electron temperature kT, < h€2, and
hole temperature k37, < hi€2, (cf. Appendix B 1), then the relative
error is reducible to opg = ogrg(‘; + O,(kgT /E,), with T being the
smaller of {7, T,}.

lim o

s = Umtra Or( @ th)
c,ge0 Eexc Eg

bearing in mind that this is a theoretical exercise to elucidate
the essence of the geodesic approximation; the physical value
of s is 2 for polarization scattering with optical phonons; cf.
Sec. 111

Implementing the threefold decomposition of both 6ge,
[Eq. (14)] and opis (Appendix A4), one can straightfor-
wardly verify that the excitation components match exactly,
while the recombination components match to a good ap-
proximation, bearing in mind that recombination transitions
predominantly occur at k near the extremal wave vector.”
This section will demonstrate for the intraband components
that lim, . o, o = o,

Assuming only two bands are optically excited, the
intraband conductivity decomposes into contributions by in-
dividual bands: oM™ = ¢i"" 4 ¢i"™and we will prove for
the conduction band that

(D26)

(

determined by momentum conservation; cf. Eq. (A3). Hence-
forth, we will simplify the notation by omitting the ¢ subscript
on all quantities, except in instances where such an omission
may lead to confusion.

In addition to certain assumptions that justify the predom-
inance of geodesic loops (summarized in the beginning of
Appendix D 4), we will make additional model assumptions
that simplify the demonstration of the BIS-geodesic reduc-
tion [Eq. (D26)], though we do not believe these additional
assumptions are ultimately necessary for the reduction:

(i) The optical phonon frequency is roughly a constant
equal to €2, for the small phonon wave vectors we consider.

(i1) Both conduction and valence bands have isotropic dis-
persions, i.e., E4 and E,; depend on k through ||k||, as may
be expected near band extrema with cubic symmetry.

(iii) In the active region, electron—optical-phonon scat-
tering overwhelmingly dominates over electron—acoustic-
phonon scattering as the primary mechanism for energy
relaxation. One way to formalize this is to take ng defined
in Eq. (B20) to zero.

Some implications of (i)—(iii) will hereby be elucidated in
preparation to prove the BIS-geodesic reduction [Eq. (D26)].

Excitation rate. (1) and (ii) imply that the excitation energy
Eex. [cf. Eq. (A21)] of conduction-band states is degenerate,
i.e., the excitation rate [Eq. (A26)] is nonzero only if E; =
Eexc:

Iexck = Iexckak Eexe®

. 271|e|2

|VkE,|
Texck = fvck| cvkl2 - V 8E, |5 |2-

|VkEcv | e

(D29)

We collect here a few useful properties of surface projectors:

Sk = S(Ek ZSkE—ZfskE—l

SkEOkE = OkEs  OkEOkE, = SkE;0jjs (D30)
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which encode their completeness (with ) . meaning
[ VgrdE), idempotence, and orthogonality.”! Integrating a
surface-projected test function is equivalent to averaging the
test function over a two-sphere parametrized by the solid
angle A:

’

k=(kg,1)

— _ = — d_)L =
{BU)) ke = ijak,E 2(k) = / 1, 50

cutoff szdk
Z:/ — /d)\,
—~ )y @

with kg being the inverse of the isotropic band dispersion Ej.
((E(k)))rE is referred to as the isoenergy average of E(k).

Quasiparticle distribution. (1)—(iii) imply that the nonequi-
librium quasiparticle distribution within the active region is
singularly peaked at periodic intervals [27,82]:

(D32)

Jmax

fk = Zﬁc,j‘sk,E,w Ej = Eexe — ]hQa
=0

(D33)

fx thus has a ladderlike structure, with the top rung of the
ladder corresponding to the excitation energy (Ey = Ecxc),
and the lowest rung E;  lying just above the passive re-
gion. The singular nature of f; originates from the source
being monochromatic and the predominant phonons being
dispersionless. One may verify that the regular function fg
in Eq. (E9) becomes proportional to a Dirac § function as

Spontaneous emission rate. A related implication of (i)—
(iii) is that the spontaneous emission rate is a sum of terms
that connect adjacent rungs of the ladder:

Jmax—1 :SP
EP =Y K ik S, (D34)
S flk—KP

We have extracted 1/||k — k'||* and the singular & functions
such that £ , is regular as k approaches k’. To derive
the surface projector 8y p, in Eq. (D34), apply that &
[Eq. (A29)] is proportional to the singular distribution fy
[Eq. (D33)]; the second surface projector & ,,, in Eq. (D34)
originates from energy conservation: Ey, = <2, [Eq. (A29)].
The ladder structure in Eq. (D34) implies that the operator
Z'J’.'“:a(x)_' 8k, acts trivially on the emission rate:

jmax -1

> el =6 (©35)
j=0

due to the idempotence of surface projectors; cf. Eq. (D30).

"UIf the reader is bothered by (8 z)* being a product of two Dirac
4 functions, one may regularize the surface projector as

1
5,}{,5={0

multiply two regularized projectors, and then subsequently take V —
00.

|Ex — E| < 1/2Vge,

otherwise, (D3D)

Kinetic equation. The kinetic equation for the steady quasi-
particle distribution [Egs. (B1)-(B7)] simplifies to

Lo = Y &P v+ Y &P =0
k

K

(D36)

for k' in the active region [Eq. (A23)]; Iy, is given in
Eq. (D29) and & ,, in Eq. (D34). We have dropped the
recombination component [Eq. (B2)] of the kinetic equa-
tion because the loss rate due to spontaneous emission of
optical phonons greatly outweighs the loss rate due to inter-
band recombination; cf. the discussion under Eq. (ES).

The last preparation for the BIS-geodesic reduction
[Eq. (D26)] will be to relate the excitation and spontaneous
emission rates as

__ &SP : s\Jj+l1
Iexc,(ko,k) _S(k/+w\><—(kw\>slggo (1/(] )j )

; dx 1
1 S ]'+] = /
(1/q"); Ik —KF

kj is short for kg;, meaning it is the radius of the spherical
isoenergy surface with energy E;. The term on the right-hand
side of I, can be interpreted as the rate at which a quasiparti-
cle on the jth isoenergy surface drops to the (j 4 1)th surface
by spontaneously emitting an optical phonon.

Equation (D37) is ultimately a consequence of the con-
servation of probability flow in energy-momentum space.
Proving Eq. (D37) takes three steps: (A) we first relate the
excitation rate to the rate of phonon-mediated transitions
between the zeroth/excitation surface to the first isoenergy
surface. (B) We then relate the rate of phonon-mediated tran-
sitions between the (j — 1)th and jth surfaces to the rate of
phonon-mediated transitions between the jth and (j 4 1)th
surfaces. (C) Combining our relations from (A) and (B) and
taking the small-angle-scattering limit gives us Eq. (D37).

Step (A): Projecting the kinetic equation [Eq. (D36)] onto
the excitation surface tells us

(D37)

k=(kj 1 1) =(k;. )

— E Sp § Sp
0 —_ (Sk/.E() Iexc,k' — gk(—k’ + gk’ek”
k k//

= Ik = k5 Y (D38)
k

with the last term dropping out because there are no quasi-
particles with energies exceeding E.x. that can drop to the
excitation surface by emitting a phonon; cf. Eq. (D34). Let us
substitute the ladder formula for the emission rate [Eq. (D34)]
into Eq. (D38) and apply the orthogonality of surface projec-
tors [Eq. (D30)] to reduce Y jto the j = 0 term. We then
convert Y, Sig, to a solid-angular integral via Eq. (D32) to
obtain

Zop
di gk <~k

A 2 (D39)
47 ||k — K'||*

Sk/,EUIexc,k/ = 8k/,E0/.
k=(k1,A)

Step (B): If we project the kinetic equation [Eq. (D36)] to
the jth isoenergy surface with j # 0 and # jn.x, then it is the
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excitation term that drops out:

25 <k Zglipek’ =0.

Like how we derived the right-hand side of Eq. (D39),
Eq. (D40) can be massaged to the form

/d_x” & ew /dx Eicw
A (K =K g, 47 ||k —K||*

for any k’ on the jth isoenergy surface. With k' as a reference
point, Eq. (D41) encodes that the incoming probability flow
from the (j — 1)th surface matches the outgoing probability
flow to the (j 4 1)th surface.

Step (C): Both Egs. (D39) and (D41) involve solid-angular
integrals that simplify in the small-angle-scattering limit: fix-
ingk' = (k;, 1),

dn EY,
lim/— —kk
o) 4 (e —Kp

=& ,
(kjg1, )<k

(D40)

k=(kj+1.4)
(D41)

k=(kjs1.4)

lim (1/4°)] yirt (D42)

with (1/ qs) defined in Eq. (D37). The crucial step taken here is
to replace 5 - In the integral by its value when [k —K'||~i

maximized, or equivalently when ||k — k|| is minimized. Th1s
replacement is justified asymptotically as s — 00, and it may
be seen as an application of Laplace’s method [98]. To man-
ifest the usual form of the integral seen in Laplace’s method,
we momentarily adopt spherical-angular coordinates A =
(cos@, ¢) such that k = (ksinO cos ¢, ksinf sin¢, k cos9)
andk’ = (0, 0, k'); then for any smooth function f; = f(k, A),

/‘d/\ Fk, )
L= |2 =2
Az ||k — k||’

1 2w
_ / esR(x)[ Md(ﬁ]dx,
1 0 4

1
R(x)= — Eln [k + k> — 2kK'x], (D43)
with x = cos 6. R(x) has a unique global maximum at x = 1,
which is an end point of the interval of integration. Applying

a standard formula from asymptotic analysis [98],

_ [k, 1,9) D
SR/(1)

lim L, = +0,(s7hH

§—00 2

+0,(s7h),

= fo,0.x (D44)

1
2skk' |k — k'|5—2
with R = dR/dx. In our application, fy ¢ corresponds to
55/54,1,)\')«(@,1') in Eq. (D42).

Substituting Eq. (D42) into Eq. (D41), we relate the tran-

sition rates between two adjacent pairs of isoenergy surfaces
as

cp i+
onetsan _ g 0 (D45)
Ssp . -1

(kjy1,2)<—(kj,A) e (]/qs>j

Combining Eqgs. (D39) and (D45), we relate the excitation rate
to the transition rate between a pair of isoenergy surfaces:

B /C] H—l
Toxethon) = 5(;”, ety Jim (1/¢° 0]_[— (D46)
- 1 (/)
The solid-angular integral in Eq. (D37) is evaluated to be
; 1
1 s ]-+1 —
a0 = kon
1
X — , (D47)
|:|kj =kl ki + kj+1)‘v_2j|

which manifests that (1/ qs)j.‘H is symmetric under in-
terchanging j and j+ 1, hence Eq. (D46) simplifies to
Eq. (D37), as desired.

Proof of BIS-geodesic reduction [Eq. (D26)]. Let us begin
the proof by demonstrating that the ratio between Eqgs. (D27)
and (D28) reduces to

ope  esex [, @ x dk))
TR me : ((2k Skek’gi:ik'»k’E,f .

Beginning with the geodesic expression in Eq. (D27), we
insert the integral expression of (---), from Eq. (11) and
decompose the excitation rate I« according to Eq. (D29):

V|6 |2 lnrd
geto = ng Emlexck/ Q x dk.

The right-hand side of the above equation is simply the numer-
ator of Eq. (D48), per our definition of isoenergy averaging in
Eq. (D32). Working now on the BIS formula [Eq. (D28)], we
insert the trivial operator Z"“” v £, [Eq. (D35)] and apply
again the definition of isoaveraging in Eq. (D32):

VIES e _ " "
T2 el OBls = Z Zsh—k/gla—k' - (D50)
N k k,E/-

(D48)

(D49)

j=0

Taking the ratio of Egs. (D49) and (D50) gives Eq. (D48), as
desired.

Focusing on a summand of fixed j and taking the small-
angle-scattering limit,

SEj = lim <<Z Skekf,iik,>>
k KE;

]
i .
— : P
= [ G TSewn im &
k

We then apply Laplace’s method [Eqs. (D43) and (D44)] and
replace Sk &," . by its value when ||k — k'|| is minimized:

(D51

§—>00

di j+1
SE; = / o= Sk 1) (k;.0) E(k”, ety im (1/q°);]

di
Z/ Slk, X (Sk Iexc (ko,2)» (D52)

47-[ ave
w1th ki.= & +Kk7)/2,8k' =k’ — k' k7 = (kj41, »), and
= (kj, A). In the last step, we substituted the spontaneous

emission rate with the excitation rate in accordance with
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Eq. (D37), and we replaced the phonon-mediated shift vector
with its asymptotic small-angle limit [Eq. (5)]. The sum of
S&; over j may be regarded as a Riemann sum, which ap-
proximates a line integral over the geodesic path:

>, x@kf:/ Slxdk—i—O,(\/—,\/ )
F ave . ECXC Eg

(D53)

Indeed, it may be seen that the discrete transitions between
isoenergy surfaces,

(Kjparr A) <= (k A) <= (ki b)) < (koo M) =k,

(D54)

Jmax—1s

concatenate into a straight path pj of fixed solid-angular ori-
entation; the geodesic path py similarly connects key < k in
a straight path. One caveat is that (k;_ , 1) is not ke and
lies just outside the passive k-volume [Eq. (A23)], thus |p]|
is shorter than |pg| by about kpgq,. In the parabolic-band ap-
proximation, kg, /kg... = (5S20/Eex:)'/?, which is the reason
for the relative error in Eq. (D53). This estimate presumes
the band gap E, is comparable to E... For semiconductors
with anomalously small band gaps, the Berry curvature may
be concentrated in an energy interval comparable to E,, hence
the relative error is modified to (/i2/E,)"/?. Altogether,

jmmx_l
. sp
j=0 k KE
- <<1k / @ x dk>>
Pk kE,
4o < he2, hQ,,)
r Eexc ’ Eg ’

which combines with Eq. (D48) to give the BIS-geodesic
reduction [Eq. (D26)].

For finite s = 2, which is appropriate to polarization scat-
tering, one should expect the ratio aig‘gf)a /o to deviate from
unity. In practice, we find this deviation to be small: for the
model calculation in Sec. III, the ratio turns out to be 1.08 for

a source photon energy of /12 = 0.8Ej; cf. Fig. 5(e).

J

(D55)

6. Geodesic approximation for quasi-2D semiconductors

Having formulated the geodesic approximation for 3D
direct-gap semiconductors, we would like to extend the notion
to quasi-2D direct-gap semiconductors, as exemplified by the
model Hamiltonian in Eq. (16).

By quasi-2D, we mean that the electronic band energies
Ep and cell-periodic wave functions |up)., are approxi-
mately independent of one wave-vector coordinate, say, k.
The former condition implies that the band gap is minimized
not at a single k-point but along a k-line. In our model
[Eq. (16)], this k-line is parametrized by k = (0,0, k,), as
illustrated by the purple line in Fig. 14. The latter condition on
the wave function implies that the intraband Berry curvature
vector is collinear with the z unit directional vector: 2, =
Q},7Z, and that the shift current vanishes in the z direction.
Indeed, a nonzero z-component of the photonic/phononic

FIG. 14. Quasi-two-dimensional conduction band plotted over
(E, ky, k), with E parametrizing an implicit vertical axis.

shift vector requires that |up )., depends nontrivially on k.,
as deducible from Eqgs. (A2)—(A4) and Eq. (C17).

Let us then consider the shift current j, orthogonal to Z.
We would like to demonstrate that j, is well approximated
by Eq. (D25), with loop[k] reinterpreted as a planar geodesic
loop: a geodesic loop confined to the k.-k, plane that contains
k. Precisely, we mean that all nodes in loop[k] have identical
values for k,, and k is connected by a geodesic path to the
extremal wave vector that lies closest to k, as illustrated by the
green trajectory in Fig. 14. A consequence of loop[k] being
planar is that the affinity shift loop in Eq. (D25) simplifies to
a planar integral:

<fvck|€ : Acvklzsloop[k|>w
_ dkdk, §(Ecpx — hw)
) (2m)%a, IDOS,

fvck|€ 'Acvk|2sloop[k]« (D56)

We have introduced a lattice constant a, such that [ dk, =
27 /a,. The z component of k in the integrand can be arbitrar-
ily chosen, and the integrand only depends on band energies
and wave functions within the arbitrarily chosen k,-k, plane.
This justifies our use of the planar model Hamiltonian in
Eq. (16), which explicitly depends on k, and k, but not &;.

To recapitulate, being quasi-two-dimensional allows us to
simplify the loop analysis to planar loops, as if the problem
were strictly two-dimensional. Such a simplification is not a
priori obvious, since a hot photoexcited electron with initial
wave vector ke (on the excitation surface) may relax to any
point along the conduction-band minimum, including points
that differ from k.. in the z component (cf. the pink trajectory
in Fig. 14). If subgraph[k.s.], the probability-flow subgraph
that includes the link (ckexe > vkexc) (cf. Fig. 13), is decom-
posed into loops, one expects to find loops that are extended
in the k, direction.

Let us denote the pink-colored trajectory by p.; the lower-
energy boundary point of p. corresponds to the wave vector
k... of recombination; it is assumed that the electron traces a
path p, from Bloch label (v, kexe) to (v, kre), Which is not
illustrated in Fig. 14. Altogether, p., p, and the vertical links
at kexe and k.. combine to form loop(Kexc, Krec ); its associated
shift 100D Sioop(kese.kr) 18 defined through Eq. (D14). We define
P o loop(kexc, krec) as the projection of loop(kexe, krec) ONto
the k,-k, plane containing key.. If k&%, . = 0, then this projection
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amounts to setting k, = 0 for all nodes along the loop, such
that the pink trajectory collapses to the green trajectory in
Fig. 14.

We would prove that the shift loop is invariant under such
a Projection: Sioopkee kue) = S Poloop(kexe kree)- £0INLS (1)—(iil) in
Appendix D4 can be used to show that Sioop(k,,. k..) has the
same form as the right-hand side of Eq. (6), with S, defined
as in Eq. (8) but with ke replaced by k... Because the
photonic shift vector [Eq. (A4)] and the interband Berry con-
nection are purely a function of |uy ), which is k,-independent,
the two photonic terms in Eq. (6) are invariant under changing
the z component of k... What remains is to demonstrate a
similar invariance for the anomalous component of the shift
loop, which is given by a sum of the two line integrals in
Eq. (6). p. differs from P o p. only in that the k-path of inte-
gration is extended in the &, direction (Fig. 14). Since R =
Q2,7 is k;-independent, it follows that 4 x dk = Q. pox X
P o dk, meaning fpc Q. x dk is invariant under projecting
pe = P o p.. The same argument and conclusion hold for
v — c. This completes our proof of invariance for the shift
loop.

It is a straightforward generalization to demonstrate that
the invariance property Sioop = Spoloop holds for any loop,
not just the simple loop we considered above. Thus for
the purpose of evaluating the loop current contribution by
subgraph[kex.] [Eq. (D22)], one may as well project the entire
subgraph to the k,-k, plane containing Kexc.

At this point, one may apply essentially the same argu-
ments that led to approximating Eq. (D22) by Eq. (D25), with
the only modification being that all loops are now planar, and
in particular, loop(k) in Egs. (D23) and (D24) is a planar
geodesic loop. This completes the proof of Eq. (D56).

APPENDIX E: THE TRANSIENT CURRENT
APPROXIMATES THE EXCITATION-INDUCED CURRENT

Appendix B establishes concepts and notations that are
prerequisite to understanding this Appendix.

We focus on the photoexcited carrier density regime: n <
ny, where energy relaxation in the active region is domi-
nated by optical phonons. Assuming that the excitation energy
[Eq. (A21)] of photoexcited carriers lies in the active region,
we would demonstrate that the transient current j,,, is well
approximated by the excitation-induced component j,. [cf.
Eq. (A25)] of the steady current.

Before tackling the transient and nonequilibrium currents,
let us take a step back to consider an equilibrated mix of
electrons, photons, and phonons in the absence of the light
source. The quasiparticle occupancy then follows the Fermi-
Dirac distribution: f,;? [Eq. (A8)], while the occupancy of
photons and phonons follows the Planck distribution: N0
[Eq. (A9)] with the same equilibrium temperature. The shift
current, viewed as a functional of the quasiparticle, photon,
and phonon occupancies [Eq. (A7)], vanishes:

Equilibrium:  j[ f5 Yo NTowhot | pTo: phon] — 0, (E1)

due to detailed balance; cf. Eq. (A15).

At the onset of turning on a light source (with frequency ws,
mode my, polarization €), the quasiparticles and phonons re-
tain their equilibrium distributions, but the photon occupancy

is modified to N2 4+ AN;S,,,,. We define the transient
current as the current at the onset of radiation:

onset:  Jjiyan = J[f5's NP+ AN;Sym . NP, (E2)

All bosonic modes with a thermal occupancy cannot con-
tribute to the shift current, due to detailed balance; cf.
Eq. (A15). For the source mode my, the net transition rate
[Eq. (A5)] can be decomposed just as in Eq. (C103), with T
replaced by 7j. Because the first term on the right-hand side of
Eq. (C103) vanishes by detailed balance [Eq. (A15)], the tran-
sient current is simply proportional to the source-generated
photon occupancy:

. |e| (271e) Wy
Jran = ZSCeV l€s 'Acvk|2

X 8(Ecok — hw) £, AN;. (E3)

The formula here assumes a two-band semiconducting model
(Appendix A 3), but more generally one would just sum over
contributions from all resonant interband transitions. It should
be borne in mind that fg“ is exponentially suppressed with
exponent Eg/kpT, >> 1 for an intrinsic semiconductor:

<l and 1-f° < 1. (E4)

Equation (E3) manifests that j,,, 7 O must originate solely
from the disruption of detailed balance between pairs of Bloch
states that are resonantly coupled by the light source, i.e., pairs
labeled (ck) and (vk), with k on the excitation surface ES;
cf. Eq. (A20). It follows that in evaluating j ., = jLf%, ...],
one may as well restrict the wave-vector summations ) . in
Eq. (A1) with the condition k = k" € ES:

Juan = J[f50, NP ANS,, , , NJPROM] (E5)

k=Kk'€ES"
As derived in Appendix A 4, the excitation-induced com-
ponent of the steady shlft current [cf. Eq. (A25)] differs from
Eq. (E3) only in that fwk is replaced by the nonequilibrium
fewk = fc — fv. If one accepts that the nonequilibrium quasi-
particle distribution over the excitation surface satisfies

VkeES: fe<1 and 1—f <1, (E6)

then f.,r ~ chfk (on the excitation surface), and therefore the
excitation-induced current approximates the transient current:

Jiean = JU ™ Miewces ~ JU ke ces = Jexes (E7)

in accordance with Egs. (E3)—(ES).

For n <« n;,, we believe the inequalities in Eq. (E6) hold
generally, due to an argument presented in the main text and
reproduced here: the smallness of f¢ and (1 — fy) originates
from the slowness in optical excitations compared to the fast-
ness of energy relaxation by carrier-carrier and carrier-phonon
scatterings.

We will flesh out this argument by deriving an explicit
expression of f¢ for the kinetic model set up in Appendix B 2.
This model encodes certain assumptions that caricature re-
ality, as detailed in Appendixes B2a and B2b. Thus our
explicit expression for f¢ should be understood as an order-
of-magnitude estimate for more realistic distributions; this is
fine because the advertised inequality [Eq. (E6)] is a statement
about orders of magnitude.
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With this caveat in mind, let us reproduce from Eq. (B16)
the kinetic equation for the isoenergy-averaged quasiparticle
distribution fz in the conduction band:

8EfE

o o
E TE,

8e, JE,

E > th . GTS(E - Ec,exc) -

geE
+ og T(l + kT, 0p)fe | =0,
E

E, =E + I, (E8)

We assume the reader has read the discussion leading to
Eq. (B16), and we will not repeat the definitions and de-
scriptions of each term in the kinetic equation. However, we
will mention two slight differences between the above equa-
tion and Eq. (B16):

(i) We have dropped the interband recombination term
(—8E fe/Trec) that was present in Eq. (B16). This is alright
for £ > 72, (the active region), because electron—optical-
phonon scattering results in a substantially larger loss rate:
—gE fE/Tg, given that 7. ~ 1 ns and 77 ~ 100 fs [30-32].

(i) The diffusive Fokker-Planck term in Eq. (E8) car-
ries a more general meaning than the corresponding term in
Eq. (B16):

(ii-a) For n <« n;, the diffusive term encodes electron—
acoustic-phonon scattering, and t° = t, is the energy relax-
ation time due to spontaneous emission of acoustic phonons;
a typical value is 74 ~ 1 ns [27,28].

(ii-b) For nj, > n > n;, the diffusive term encodes
electron-electron scattering, and t° = t,, is the time taken for
a hot “test electron” (with initial energy > kgT,) to cool down
to an energy comparable to kg7, [27]. By assumption for this
density regime, electron-electron scattering is more efficient
in relaxing an electron’s energy than electron—acoustic-
phonon scattering, meaning ¢ < t ~ 1 ns. It is also pos-
sible for electron-electron collisions to establish an electron
temperature 7, that exceeds the lattice temperature 7; [27].

The solution to the differential equation [Eq. (E8)] has been
derived in Refs. [82] and [27]. Here, we extract a few salient
facts from these references that help to prove Eq. (E6): In
the absence of the secondary scattering process (17 — ©0),
the distribution is a sum of Dirac-§ functions centered at
Ey := E.cxc — khS2,. The effects of the secondary scatterers
are that each peak shifts as Ex — Ey — ng, (k + 1)i€2,, as well
as broadens to a regular function. Assuming 7i$2,/kgT, 2 1
and k ~ 1, the width of each peak remains small compared to
h<2,. The highest peak (k = 0) has the functional form

G,t° o—
fE= 2 m exp[—x — «/§|x|]|x=(EfEuexc)/2kBTw
Ble
kgT,
o=1+ 4%:7“, (E9)

with g, 7, and 7 evaluated at Ec;e,(c.72 In particular,

o S+0
foo = 9T memra 1G] TT

=1 ke — . (El10)
gthn\/E 2 8 EC;exckBTe

72The solution presented in Ref. [27] is missing a factor of 1/kzT,,
which we presume is a minor typographical oversight.

Let us estimate G,/g under realistic experimental con-
ditions. Recalling G, = «;Zsq/hw from Eq. (B17), and
assuming typical values for the lattice period a ~ 5 A, density
of states g ~ eV/a’, absorption coefficient o, ~ 10° cm™!
[99], and continuous-wave laser intensity Zq ~ 40 W cem 2
[69], one finds a modest value for G,/g ~ 10 eV/s.

JE .. 1s the product of G,/g with a quantity that has
dimensions of time over energy. This quantity encodes the mi-
croscopic energy relaxation processes, which occur at much
shorter timescales than 1 s: as a reminder, 7° ~ 100 fs and
0 <1 ns [27,28,31,32]. Thus, fg.. < 1 even at the low
temperature of 7, ~ 1 K. Given that fr < 1 for k € ES,
1 — fv = fc < 1 immediately follows from the electron-hole
symmetry of our model; cf. Appendix B 2 a. This completes
our demonstration of Eq. (E6).

APPENDIX F: MODEL CALCULATIONS
WITH OPTICAL VORTICES

This Appendix details the model calculations that support
certain claims stated in Sec. IV, which we reproduce here for
easy reference:

(I) 03z, is dominated by the recombination-induced cur-
rent.

(ID) oy, is dominated by the excitation-induced and intra-
band currents.

(IIT) The signs of o?w and O’;w differ over a broad range of
frequencies. '

(IV) The linear disparity in the conductivity is large:
o}, — 0%, | ~mAV~

(V) The current response to unpolarized light is given by
o}, +0%,1/2~0.1mAV™,

Some aspects of the following demonstration will be a
more quantitative elaboration of qualitative arguments made
in Sec. IV.

The form of our model Hamiltonian is identical to the one
studied in the context of the anomalous shift; cf. Eq. (16).
Having studied the case of Q = 1, we now tune Q from
positive to negative values. The conduction and valence bands
touch (at k = 0) when Q0 = 0 and subsequently untouch for
negative Q. This untouching is accompanied by the nucle-
ation of two time-reversal-related X-vortex lines at (lzx, l%,) ~
(£v/-0/1 - Q/Z), 0), as illustrated in Fig. 15(a); there are
no y-vortices in this model [Fig. 15(b)]. Henceforth, we fix
0=-1

First, let us consider the case of an X-polarized light source
and make the case that the excitation-induced current is out-
weighed by the recombination-induced current: ||j . [X]|] <
[1Jec[X1l], due to the vortex-induced orientational disorder of
the photonic shift vector field. This inequality simplifies to
65| < [l6% 27| for the y-component of the shift conduc-
tivify [Egs. (6)-(14)], because a mirror symmetry (x — —x)
of the model Hamiltonian’? constrains the x component of the
shift current to vanish, while the z component vanishes due to
the quasi-two-dimensionality of the model; cf. Appendix D 6.
Because the shift conductivity is essentially the product of the

BMHKM ' = H(—k,, k) with M, = o3.
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FIG. 15. Characterization of the model Hamiltonian in Eq. (16)
with O = —1. Panels (a), (c), and (e) are characterizations for a light
source with linear polarization vector €, = X, and (b), (d), and (f) for
€; = ¥. The pink dots in (a), (c), and (e) represent the k-locations
of X-vortices. Panels (a) and (b) depict the photonic shift vector
field S& . ., with €, =X and ¥, respectively. For panels (c) and
(d), the red ellipse represents the excitation surface for a photon
frequency hiw = 4.5Ey; arrows on the ellipse represent the vectors
€ ~Acvk|2S§;'“_Uk for k on the excitation surface; the central arrow
represents the recombination component of the affinity shift loop:
ASLE, s £y’ cf. Eq. (F1). For panels (e) and (f), the size of the red dots
indicates the magnitude of |, - A |* for k on the excitation surface;
the colored background represents the Berry curvature scalar field

Q7 in units of a* = (V,.)**, with a color legend on the right.

joint density of states (JDOS,) [cf. Eq. (12)] with the affinity
shift loop [cf. Egs. (10)—(13)], one may as well compare the
excitation and recombination components of the affinity shift
loop:

_ 2
ASLES = (le - Ak PSS i) VS

ASLEZ} = <|6 . Acvk|2)wsy,rec (Fl)

for e = X, and (- - - ),, denoting an average over the excitation
surface; cf. Eq. (11). Sy means the y component of S, and
S;‘c,w_vk is the photonic shift vector defined in Eq. (A4). The
recombination shift S, js defined in Eq. (8) but simplifies in

the present context to S, . 4 , due to a mirror-symmetry-

imposed dipole selection rule.”* A numerical calculation of
Eq. (F1) reveals for a wide range of photon frequencies that
ASLZ* and ASL:™ have opposite signs, and that [ASLY| «
|ASL:| by a multiplicative factor ranging from 1/5 to 1/8,
as illustrated in Fig. 16(a).

To rationalize this multiplicative factor, we illustrate
|A* I?S%, _,x as arrows in Fig. 15(c) for k along a represen-
tative excitation surface encircling the X-vortices. The central
arrow in Fig. 15(c) represents (|A7 . 1*)e ikm(_ oy - All arrows
are drawn with a common scale to allow for mutual compar-
ison. It is evident that proximity to the X-vortex causes the
direction of |A* ,|2S%, _x to rotate along the excitation sur-

face; the average of |A* ,|*S%, _,, over the excitation surface

is therefore diminished; this average just equals ASL';; cf.
Eq. (F1). In contrast, recombination occurs in the vicinity of
the extremal wave vector K.y, where the photonic shift vector
is roughly constant. Thus follows a general principle: ceteris
paribus, the orientational disorder induced by X-vorticity re-
duces j.,.[X] relative to j..[X], for an X-polarized source.

Ceteris paribus, the same orientational disorder reduces
Jexc[X1 relative to j.,.[¥], for reasons explained in Sec. IV.
This implies a linear disparity of the excitation-induced
current j..., which applies to a broad range of photon fre-
quencies; compare red curves of Figs. 16(a) and 16(b).

To understand the linear disparity of the intraband current
Jina» We have indicated the k-dependent magnitude of |A*, |2
(|A%,|?) by the size of dots imprinted over the excitation sur-
face in Fig. 15(e) [Fig. 15(f)]; in both figures, the same Berry
curvature scalar field (£2%,) is represented by a color plot. It
may be seen that |A7, |2 and |A},|? are both anisotropic over the
excitation surface, but each favors a different segment of the
excitation surface for reasons explained in Sec. IV. We deduce
for the y-polarized source that the predominant relaxation
pathways are roughly parallel to k, [cf. Fig. 7(f)] and intersect
the Berry-curvature hot spots, leading to a larger anomalous
shift than the case of the X-polarized source. Once again, this
effect is not limited to a fine-tuned photon frequency; compare
green curves of Figs. 16(a) and 16(b).

Altogether, the linear disparity of j.. and j;,,, results
in the net shift current being dominated by j... + Jinwa fOr
a y-polarized source [cf. the black curve in Fig. 16(b) and
claim (II)], and by j,.. for a X-polarized source [black curve
in Fig. 16(a) and claim (I)]; the net current changes sign if
the polarization is flipped [claim (IIT)]. The linear disparity
of the affinity shift loop [i.e., the difference of the two black
curves in Fig. 16(a) vs 16(b)] is comparable to —1 (in units
of V.., the real-space volume of the primitive unit cell) over
a broad range of frequencies; this corresponds to a linear
disparity of the conductivity: o7 — agfhw ~2 mAV~? [cf.
Eq. (13), Fig. 2(d), and claim (IV)], assuming a generic value
for IDOS, ~ (V,,eV)~1.7

74Conduction- and valence-band states with k, = 0 transform under
different representations of mirror symmetry M,, hence A’ oy =
Ak, = 0. This implies for any € that is not orthogonal to X that
_ € QX

vk arg € AL'Ukexl — Vk argA?vkcm and Svkext <chkext — % vkext<ckext®

>We choose Q0 = —1 and P = 12 such that JDOS, ~ (V.yeV)™'.
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(a) x-polarized

(b) y-polarized

(c) Unpolarized

! Excitation 1 Excitation = 1 Excitation

3 Intraband = Intraband >8 Intraband
= 112 3 Total >
> ~ %
o - ie]
b= 0 & ©
= = e
n % %

C\l_ 2]

SRV =8 2
<" ¥

~ Total = > Total

1 Recombination 1 Recombination < 1 Recombination

2 3 4 5 2 4 5 2 3 4 5
hw/Eg hw/Eo hw/Eo

FIG. 16. The black curves in panels (a) and (b) represent the affinity shift loop (|, - A¢,|*S*

)o (in units of V,,;) vs the photon frequency

y.loop/ @

w, for polarization €; = X and y, respectively. Nonblack curves represent the three components of the affinity shift loop: excitation (red
curve), intraband relaxation (green curve), and recombination (blue curve). Panel (c) averages the affinity shift loop over two orthogonal

light polarizations.

The response to an unpolarized light source is given by
(or- + on »)/2, which =0.2 mA V=2 over a broad range of
frequen01es [cf. the black curve in Fig. 16(c) and claim (V)].

We end this Appendix with a caveat: the calculated val-
ues of o should be taken with a grain of salt. A reliable
calculation of o should also account for the dependence of
Bloch wave functions over continuous space [48], but such a
dependence is discarded when the Hilbert space is reduced
to a two-dimensional vector space at each k point, as was
done for all model Hamiltonians in this work. A more realistic
model would incorporate ab initio—derived wave functions
as additional model parameters [11,100]. Reassuringly, our
qualitative arguments for vortex-induced shifts do not rely
on the two-band approximation and are equally applicable to
realistic, continuous-space Hamiltonians.

APPENDIX G: CHERN-VORTICITY THEOREM

The Chern-vorticity theorem in Eq. (18) relates the Chern
numbers (C,, C.) of the valence and conduction states (over
any closed 2D k-manifold X) to the net optical vorticity (Vort)
within X.

To prove the theorem, we first recall that if C, (C,) # 0,
the wave function cannot be made continuous and periodic
over X, i.e., A,k (A o) must be singular somewhere on X. To
be concrete, supposing X were a two-torus; Fig. 17 illustrates
how X is decomposed into two patches, such that the wave

Branch cut

FIG. 17. Illustration of the two-patch decomposition of X, as
well as the paths for the line integrals in Eqs. (G1) and (G3). The
magenta crosses represent the optical vortices.

function in the interior of each patch is analytic in k, but
Ay (Acer) 1s singular at the patch boundary:

hm—</ / )Abbk dk =C, with b=v,c.
5—0 271 £, Lo
(GD)

Here, C,, is the Chern number of the band labeled by b, and §
is an infinitesimal parameter illustrated in Fig. 17.

Performing the same line integral with the Berry connec-
tion replaced by the photonic shift vector gives zero for any
linear polarization vector e:

lim — -dk =0,
81—I>r(1)27'[</;] Lz) ck<vk

because the shift vector is gauge-invariant and smoothly de-
fined except at optical vortices, and one can always choose
the patch boundary to avoid those vortex points.

Comparing the last two equations with the definition of the
photonic shift vector in Eq. (3), one infers that there must
be nonzero circulations in arg[e - A %] to compensate for the
singularity of A ,,x (Accx). Specifically,

1
lim—</ —|—/ >Vkarg[e.Acvk].dk=Cc—Cv, (G3)
802w \Jp, Lo

which means that the net phase vorticity of € - A, over X
is C, — C,. The line integral over £ (L,) equals the wind-
ing number of arg[e - A.x] in patch 1 (patch 2), and is thus
topologically invariant upon contracting the £, (£;) to in-
finitesimally encircle any optical vortex in patch 1 (patch
2); this contraction is illustrated in Fig. 17. This invariance
implies that Eq. (G3) is equivalent to Eq. (18).

(G2)

APPENDIX H: SUPPORTING OUR CASE STUDY OF BiTel

Our case study of BiTel is based on a four-band Hamilto-
nian Hpiter(k) [cf. Eq. (19)] with energies ordered as E; <
E, < E5 < E4. We focus on photon frequencies that reso-
nantly excite quasiparticles from the highest-energy valence
band to the lowest-energy conduction band: &' = 3 and b = 2.
Minimizing E3;, with respect to k defines a circular ring con-
tained in the zero-k, plane; maximizing Ep;, with respect to
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k also defines a circular ring contained in the zero-k, plane;
actually, the two rings coincide, as suggested pictorially in
Fig. 9. This coincidence may be rationalized: the O(2) sym-
metry about the z axis, combined with time-reversal symmetry
(T), imply the existence of a C,,T symmetry (twofold rotation
composed with time reversal) which maps k — (ky, k,, —k;);
thus if E3; is minimized on a single O(2)-symmetric ring, this
ring must lie on the C,, T -symmetric plane with k, = 0. Within
this plane, the Hamiltonian has a chiral symmetry that relates
positive to negative energies:

1203 Hpiter (kx, ky, 0)1203 = —Hpirer (ky, ky, 0), (H1)

which implies that Ey 0 is maximized wherever Ez 0 is
minimized. We will refer to this ring as the band-edge ring.

1. Effective description by a massive Dirac fermion

Near the topological phase transition between a trivial
insulator and a Z, topological insulator, the two bands that
touch are effectively described by a massive Dirac fermion
in two momentum dimensions. Here, we provide a detailed
derivation of the massive Dirac Hamiltonian in the k.~ — k,
half-plane [cf. Eq. (21)].

We start by restricting Hgire1 [Eq. (19)] to the k,+ — k; half-
plane and Taylor-expanding the Hamiltonian around ko =
(2,0,0):

Hpiter = Hy + Hi;

H(] = hl))\.('[] o3 — TZU]), (H2)

Hi = (m' — 2A%q:)1300 — fiw(¢: 1201 + ¢, 1203) + O(g).
We have introduced wave numbers g, and ¢g,, which are the
deviations from k¢ in the k.+ — k; half-plane; 7,0, is the
Kronecker product of 7; and o}, i.e., 7; ® 0; [101]. Kq is a
point where the bands touch during the topological phase
transition; by construction, H; vanishes at k, when m’ = 0,

J

. R - 2 .
On the band-edge ring:  Z- 8}, g |X-Acke,| =78,

and the touching bands correspond to the two zero-energy
eigenstates of Hj, which we label as |1) = (i, 1,0, O)T/ﬁ
and 2) = (0,0, —i, 1)T /+/2.

In the low-energy subspace spanned by |1) and |2), the
effective Hamiltonian is given by degenerate perturbation the-
ory as

H ;= (ilHlj), i,j=1,2. (H3)
Given that

(iltzo0l) = (¥3)ijs

({lo1lj) = =(n)ij» (H4)

(ilnoslj) = —(2)ij i, j = 1,2,

with y 5 3 being Pauli matrices of the Hilbert space spanned
by |1) and |2), Eq. (H4) directly gives Eq. (21) in the main
text.

2. Vanishing shift at the band edge, for x- and y-polarized light

This section aims to explain why Z - j... dominates over
7+ Jiec in the low-frequency regime of Fig. 8(c). This re-
duces to explaining the smallness of the recombination shift
vector 7 - Siec [Eq. (8)] relative to the excitation shift vec-
tor [Eq. (7)], according to the average-shift-loop formula
in Egs. (6)—(13). Given that 7 - S, is an affinity-weighted
average of 785, _ 4 over all polarization vectors of the
spontaneously emitted photon [Eq. (8)], it may be argued that
Z - Stec 1s small because of the vanishing of the band-edge shift
vectors,
=z-8 =0.

Vkex <—Chext

(H5)

On the band-edge ring: 7 - 7,

ext < Chext

This is equivalent to the vanishing of the band-edge shift
connections,

N 2
V-Acky| =0, (H6)

ext < Ckext

because the optical affinity is nonvanishing throughout the band-edge ring; after all, there are no optical vortex loops intersecting

the band-edge ring, as illustrated in Fig. 9.

For any tight-binding Hamiltonian H (k), the photonic shift connection can be expressed as [44]

, vy
> o 2 b/
28y pl%-Appl” =Im (14|02 0 H |y} —

Z X X z
Uiy Ay & Uy Ay

(wp )?

Here, 8Z = 3kz, Uib, = (ubk|%3ZH|ubrk), AZb’ = 8ZEb — azEb',
wpy = (Ep — Ey)/h, and Zb/,#’h, means to sum over all band
indices b that are neither b nor b'.

Let us show that Eq. (H7) vanishes for H = Hp;re| through-
out the band-edge ring:

(i) The first term in the square brackets of Eq. (H7) van-
ishes, because Hpite; depends quadratically on k as kf + kg +
k2.

) (i) The second term in the square brackets vanishes, be-
cause band energy functions are extremized at the band edge:
d0,E3 = 9,E, = 0.

V4 X X Z

Vi, v vl v

S Uy Uk Vi
+ E ( - ) (H7)

Wpiy by N b Wy

(iii) The third term also vanishes, but the argument is
longer: first, observe from Eq. (19) that 9, Hpiter|r.—o = 7203
is simply the chirality operator in Eq. (H1), meaning that
0, Hgiter maps between energy eigenstate with inverted en-
ergies. This implies hv},, = (upk |0 Hpirer |Upic) |1.=0 is only
nonzero if E = —Ej, but E,» = —E;, cannot be satisfied
because of the constraint ), £b b in Eq. (H7). A similar
argument proves that v;,,, = 0, hence altogether the third term
in the square bracket vanishes.

The above demonstration holds if one replaces x — y,
meaning that the z-component of the shift connection also
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kexc,'P

kexc,f'P

FIG. 18. Representative pair of diametrically opposite geodesic
paths, with —P in red and P in blue. The precise meaning of “di-
ametrically opposite” is that both paths approach the band-extremal
wave vector (k. ») along the same tangent line, which we illustrate
as a gray dashed line with tangent vector P.

vanishes for y-polarized light, throughout the band-edge ring.
This completes the proof of Eq. (H6).

3. Asymptotic behavior of anomalous-shift integrals

One resultin Sec. V was the (1/Eg)-divergence of the intra-
band shift conductivity across the topological phase transition,
with |E,| the band gap and sgn(E,) = —1 on the trivial side of
the transition. This divergence relied on an inequality between
two anomalous-shift integrals:

(o sl (f, - manad

(H8)

which is asymptotically valid as |E,| approaches zero; &P are
any pair of diametrically opposite geodesic paths, as represen-
tatively illustrated in Fig. 18.

We have demonstrated in Sec. V that the right-hand side of
Eq. (H8) diverges as 1/E,, thus to prove Eq. (HS8) it suffices
to show that the magnitude of the left integral is decreasing as
|Eg| — 0. This is the main result of this subsection.

To begin, consider the Berry curvature within one cross-
section of the torus enclosed by the excitation surface, as
exemplified by the k}f-k, half-plane. As |[Eg| — 0, Z- Qe X
dk/\dk| = Qﬁk becomes localized to a “hot spot” centered
at the band-extremal wave vector ke p, With a spot width
comparable to |m'|/hv  |E,|. Indeed, writing the massive
Dirac Hamiltonian as a dot product of three-vectors:

H =d vy,
Yy =Wy, Y3

d = (dy, do, d3) = (hgy, vg,, m — 2ALg,),
(H9)

the conduction-band Berry curvature can be expressed as

1 m
2D
(H10)

1
Qb = - @ehud Vid x Vid = Q) =

D=(d)* + (d)' + (d3)?, d=+D.

The k-location of the Berry-curvature maximum can be iden-
tified by

3 0D

— y
0= BSQCk = Zm W’

(H11)
with (9,)" being the mth-order derivative in the direction that
is tangential to P at the band extremum. The Berry-curvature
maximum (of the hot spot) coincides (in k-location) with the
band-extremal wave vector kex p; this is because the energy
spectrum of H' has an E — —F symmetry at each k, which
implies that extremizing the k-dependent energy gap (Eq —
E\) is equivalent to extremizing the conduction-band energy:

asD
\/5 kex. '

The band gap is defined as the extremal value of (Ex — Ey):

Eck = v Dk =0= asEc|kcxl_7: = (le)

m' 2AM
= —, u = -,
ext, P /—1 +M2 hU

and the extremal value of the Berry curvature can be expressed
in terms of the signed band gap (E, = sgn[m']|E,]|) as

1 E
Q@ =2 a1y

|Egl*

|Eg| = 2d i (H13)

(H14)

That the width of the Berry-curvature hot spot is of or-
der |m'|/hv can be deduced from dimensional analysis of
Eq. (H10), assuming that |A)| is less than or comparable to
|Av].

The localization of Berry curvature in momentum space
allows us to express the anomalous-shift integral as

A
</ +/ )Z- Qi x dk = / Q©@,ds + correction,
—p Jp —A

(H15)

with a cutoff A > O for the integration variable s along the
gray dashed tangent line in Fig. 18; we have introduced Q) =

) _, with P being the unit-norm vector parallel to the
ckext, p+sP

tangent line. ®; is the symmetric step function that equals —1
for positive s, and +1 for negative s. This step function arises
because £P are oriented paths beginning on diametrically
opposed points on the excitation surface and ending at the
same point: kex p. For fixed A, it is evident that the magnitude
of the correction in Eq. (H15) decreases as E, — 0, due to
the increasing localization of the hot spot (which has a width
| /v o | Eg ).

To prove the main result of this section, what remains is
to show that ff\A Q§0)®Sds is also decreasing; actually, we
will prove a stronger statement that this integral just vanishes.
Indeed, so long as the massive-Dirac Hamiltonian has an
energy gap (i.e., m’ # 0), R, is an analytic function of k
and hence Q? is an analytic function of s, meaning it admits
a convergent Taylor expansion Q¥ = > Qg’)s” /n!, with
the nth-order derivative SZB") to be (3,)"Q evaluated at the
band extremum (s = 0). Only the odd-order derivatives con-
tribute to Eq. (H15), due to the symmetric step function ©;
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being an odd function of s, hence

Q(()") A
+/)Z~526kxdk%2 E —/ s'ds.
</—73 P n! Jo

ne2N+1
(H16)

The following discussion proves that Qg’) vanishes for any
odd n. It follows from a dimensional analysis of Eq. (H10)
that the nth-order derivative can be expanded as

. 1 2 2 "

m;=0 m,=0

my+---my,=n

(3,,)"" Dy, - - - Dy, , (H17)

S/—)S

with linear coefficients c,,....,,, that depend on m;. The mean-
ing of the subscript s; — s is that after performing all the
differentiations [(d;,)™ - - - (95, )™ ], the resultant function of
(s1,...,8,) is to be replaced by a function of (s, ..., s). The
summations over m; are restricted such that m; +my + - - - +
m, = n, and each Zijzo is capped at two, because D is a
second-order polynomial of momenta variables, which fol-
lows from the linearization of the massive-Dirac Hamiltonian.
If Qg”) is evaluated at the band extremum (s = 0), then one
can further drop m; =1 (in each of the summations over
m;) because d,D|;_, = 0 [cf. Eq. (H12)]. It becomes apparent
that the condition m; + - - - m,, = n cannot be satisfied for odd
n and m; € {0, 2}, implying that Q{" = 0 for odd n. This
completes the proof.

APPENDIX I: ALTERNATIVE DERIVATION
OF THE ANOMALOUS SHIFT

We provide an alternative derivation of the anomalous shift
vector [Eq. (5)] that aims to demystify the appearance of
the Berry curvature. Beginning from an expression for the
intraband phononic shift that was derived in Sec. III and is
valid for small momentum transfer:

Phonon: S\, ~ —Vi,.(Ax,. - 6k) + Ay —Ax, (1D

with Ay the intraband Berry connection, k. = (k +k)/2,
and 8k = k' — k. We have omitted the band index to simplify
notation. We consider the y-component of the above shift
vector, and we express the derivative as the limiting value of a
difference:

V- Vi (Ak . Sk) — lim (Akave+ey/2 _Akave—ey/z) .5k

e—0 €
12)

such that the shift vector component can be expressed as a line
integral of the connection:

) 1 ,
(S o)~ & = f Ag - dle ~ (R, < 8k)" (13)

along an infinitesimally thin parallelogram drawn in Fig. 19.
Finally, one converts the line integral to an area integral of the
curvature by Stokes’ theorem. This proof is easily generalized
for the x and z components.

kl

ok
e

FIG. 19. Infinitesimally thin parallelogram.

APPENDIX J: DIFFICULTIES OF THE
PARALLEL-TRANSPORT GAUGE

It has been claimed in the literature that (upp,|upk)., =
1 + O(8k?) can be chosen as a gauge choice for the wave
function [36,102]. This gauge corresponds to a parallel trans-
port condition [8k - Ay = 0] in the direction of 8k = k' — k
[103,104]. It is not uncommon to find textbooks that ignore
the wave-function dependence of the electron-phonon scat-
tering rate [31]. All Berry-curvature effects (including the
anomalous shift [Eq. (5)]) are missed if one blithely adopts
the parallel-transport gauge.

It is therefore of interest to expose the fallacies inherent
in (e |upe) .y = 1+ O(8k),7® of which there are two related
kinds:

(i) For fixed 8k, it is generically impossible to set 8k -
Appr = 0 for all k in the Brillouin zone; this is tantamount
to assuming that the single-band Berry phase vanishes for all
momentum loops parallel to §k. This assumption may hold if
8k is orthogonal to a mirror plane, in which case the Berry
phase of a single spinless band (in the absence of spin-orbit
coupling) is indeed quantized to O or m, but one cannot rule
out the case of 7 a priori.

(ii) For fixed &k, it is possible to impose 8k - Appy = 0
for all k in a ball-shaped subregion of the Brillouin zone.
However, it is generically impossible to simultaneously im-
pose 8k’ - Ay = 0 within the same ball for k' that is not
collinear with k. The simultaneous imposition is equivalent
to assuming a vanishing Berry phase for an infinitesimal
loop encircling k, i.e., that the Berry curvature 8§k x 8k - 2,
vanishes at k. Certainly, one must allow for phonons of
all possible wave vectors (8k, 8k’ € BZ) to completely de-
scribe the electron-phonon interaction. Without fine-tuning,
the Berry curvature €2, vanishes at a generic k-point only in
PT -symmetric materials with negligible spin-orbit coupling
[105]. PT is certainly not a symmetry in the present case
study of noncentric (meaning no P), nonmagnetic (meaning
T -symmetric) materials.

APPENDIX K: ENERGY CONVERSION EFFICIENCY

We will derive an ideal expression for the energy conver-
sion efficiency for Pusch et al.’s model [70] of a shift-current

7There is, of course, no controversy in the claim that
g ltse) | = 1+ O(8K); cf. Eq. (BS).
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photovoltaic cell. Our derivation closely follows that in Sec. II
of Ref. [70], which we recommend as prerequisite reading.
However, our final expression for the efficiency [Eq. (K9)] is
less heuristic than Eq. (11) of Ref. [70] in that ours is wholly
expressed in terms of kinetic and band-structure parameters,
which can be extracted from ab initio calculations.

We adopt the same device geometry that is illustrated in
Fig. 1 of Ref. [70]: light falls onto a semiconductor facet with
illuminated area Ajjjym = dw; d is the separation between two
electrodes, and w is the width of each electrode. For concrete-
ness, we will fix the facet’s normal vector to be parallel to
the unit directional vector Z; the photovoltaic current flows
between the electrodes in the x direction, and w is the linear
dimension of the electrode in the y direction. Assuming that
the radiation falls onto the facet with normal incidence, the
Poynting vector within the semiconductor decays exponen-
tially as

Trad(2) = Tpaa(0)e™ %%,
(K1)

Poynting vector = Z,4(z)Z,

with an attenuation length given by the inverse of the absorp-
tion coefficient:

472 ho
_<fvck|€s 'Acuk|2)wJDOSN'
Afs Ny

(K2)

Qabs =

Here, o, ~ 137 is the fine structure, n, is the refractive in-
dex, fuer = fv — fc is a difference of the steady quasiparticle
distributions, and JDOS,, is the spin-doubled joint density of
states. Our semiclassical expression for the absorption coef-
ficient presumes that oz;); greatly exceeds the lattice period;
the same type of semiclassical approximation implies that the
shift current density has the same exponential decay due to
being proportional to Z,,q(2):

o absIrad (Z)

Jx(z) = —|e|s Abs(z),
how

Abs(z) = (K3)

s, the average shift per photoexcited electron-hole pair, has
been defined in Eq. (27); Abs(z) is understood as the photon
absorption rate per unit volume, at a distance z from the illu-
minated facet. Equation (K3) is equivalent to j, = cre“_,w|5w|2,
with o, the geodesic-approximated shift conductivity in
Eq. (13); to derive the equivalence, revert to Gaussian units

and replace |, (2)|*> = 2n Laa(2)/che, (cf. footnote 66 in Ap-
pendix C 3) and e?/hic ~ 1/137.

Assuming ideally that the contacts with the electrodes do
not introduce additional resistance, the energy conversion ef-
ficiency is given by

(K4)

with V. the open-circuit photovoltage and I, the short-
circuit shift current. The latter quantity is obtained by
integrating
1
I = w/ Jx(@)dz ~ w j(0)/ctaps, (K5)
0
with ¢ the thickness of the semiconductor in the z direction.
In the last step of Eq. (K5), we assumed ¢ > a;)i. The open-
circuit photovoltage is determined by the condition that the
shift and drift currents cancel out at each z:
) %
Ji(@) =om@)— (K6)
Assuming ideally that the temperature is sufficiently low
(kgT < E,) for the dark conductivity to be negligible,”’ the
drift current is simply proportional to the linear conductivity

of photoexcited carriers; this conductivity is assumed to have
the Drude form

opn(2) =e2ttr<n(Z) + I&>

ne my,

K7)

with 7, the transport lifetime, n (p) the photoexcited electron
density (hole density), and m, (m;,) the effective mass for elec-
trons (holes). Assuming that the semiconductor is intrinsic,

2
€ T Trec

n(z) = p(z) = TrecAbs(z),

Abs(z),
(K8)

Oph ()=

with 7. the recombination time [cf. Eq. (B16)] and mr’1 =
m; '+ m,:l. Combining all the above equations,
_1.511 MeV m, 8% /Ty Trec

eff = s
4 ho my 3

(K9)

which is equivalent to Eq. (26).

77See Sec. V of Ref. [70].
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