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Inversion-symmetric electron gases as platforms for topological planar Josephson junctions
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Intrinsic Rashba spin-orbital coupling (SOC) can exist in centrosymmetric materials with local inversion
symmetry breaking. Here we show that such a SOC can induce topological superconductivity together with
an in-plane Zeeman field in planar Josephson junctions formed by the centrosymmetric materials. A single
Majorana mode can be created at each end of the junction. We demonstrate this result in a model respecting the
same symmetry group with the iron-based superconductors. We derive the necessary Fermi surface condition for
the topological planar junction and calculate the topological phase diagram with respect to the in-plane Zeeman
field and the phase difference between the two superconductors. We provide experimental characteristics for the
topological superconductivity, including the differential conductance and the Fano factor tomography which can
be measured in the scanning tunneling spectroscopy. Our study reveals that the centrosymmetric systems with
local-inversion-symmetry breaking can serve as new platforms for the topological planar Josephson junctions
and helps to find more experimentally feasible materials for the topological superconductors.
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I. INTRODUCTION

Majorana mode is a special kind of quasiparticle whose
antiparticle is the particle itself and it usually appears
at the topological defects or on the edges of topologi-
cal superconductors [1-6]. The search for the Majorana
modes is not only of fundamental scientific significance,
but also of great importance for the realization of fault-
tolerant quantum computing [7,8]. Over the past decades,
tremendous effort has been made in the study of the topo-
logical superconductors [9—41] and great progress has been
achieved [42-57], especially in the artificial superconduct-
ing heterostructures [43—48,56]. One famous proposal for the
topological superconductivity is the Fu-Kane proposal [9].
It is found that, in proximity with conventional super-
conductors, the superconducting surface Dirac cone of a
three-dimensional (3D) strong topological insulator becomes
a topological superconductor and a single Majorana zero-
energy mode (MZM) is expected in each vortex on the surface.
In experiments, the superconducting surface Dirac cone has
been verified in Bi,Se;/NbSe, [46], Bi,Te;/NbSe, [47], and
in some iron-based superconductors [49], and evidences for
the vortex bound MZMs have been detected [48,50-54,57].
Many other superconducting heterostructures have also been
proposed to realize the topological superconductivity and sig-
natures for the MZMs have been observed experimentally,
such as the 1D Rashba nanowires proximity to conventional
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superconductors [11,12,44], magnetic atomic chain deposited
on superconductors [17-20,45], etc.

Josephson junctions are another promising artificial het-
erostructure to realize the topological superconductivity and
the MZMs [9,58-71]. Recently, the planar Josephson junction
constructed by a 2D electron gas with strong spin-orbit cou-
pling and a conventional superconductor has been suggested
to be a platform for engineering topological superconductiv-
ity [62,63]; with an external magnetic field, the planar junction
can host topological superconductivity. Interestingly, in such
a topological junction the MZMs can be conveniently con-
trolled by the superconducting phase and in the m-junction
condition even a rather small magnetic field can drive the
system into the topologically nontrivial state. Moreover, a
setup based on the topological Josephson junctions can be
convenient to realize topological superconductor networks
implementing the non-Abelian braiding [63,64]. In recent ex-
periments, signatures for the existence of the MZMs in the
planar Josephson junctions have been observed [65,66].

However, for a long time, the construction of topological
junctions has been limited to noncentrosymmetric Rashba
electron gases and the exploration of centrosymmetric ma-
terials has been lacking, which actually hinders the pursuit
of MZMs. In this work, we validate the centrosymmetric
systems as material candidates for the topological planar
Josephson junctions. We focus on materials with local-
inversion-symmetry-breaking crystal structures [72], which
are globally centrosymmetric but allow intrinsic Rashba spin-
orbit coupling, and demonstrate that such centrosymmetric
materials can serve as new platforms for the topological planar
Josephson junctions.

©2024 American Physical Society
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FIG. 1. Setup of a topological planar Josephson junction. In the
work, we consider a 2D centrosymmetric electron gas (green) is in
proximity with two separate conventional superconductors with a
phase difference ¢. An in-plane magnetic field B is applied parallel
to the junction.

II. MODEL

We first use a simple model to demonstrate the above
assertion. We consider the planar Josephson junction sketched
in Fig. 1, which is composed with an electron gas and two
superconductor leads. Typically, we are interested in the case
in which the aspect ratio of the junction is large (L, Wse >
W). It has been shown that such Josephson junctions are
promising to realize topological superconductivity, when the
electron gas has strong Rashba spin-orbit coupling stemming
from the absence of inversion symmetry [62,63]. Different
from the previous studies, in our consideration we focus
on the inversion-symmetric electron gas. Specifically, we
consider the electron gas in materials with local-inversion-
symmetry-breaking crystal structures. One key feature for
such materials is that, though they are globally inversion
symmetric, the materials can have strong Rashba spin-orbit
coupling due to the intrinsic electric dipole arising from the
special crystal structures [72—74]. Therefore, we expect such
centrosymmetric materials share some similarities with the
noncentrosymmetric ones. In the specific model, we con-
sider an electron gas respecting similar crystal structures with
the iron-based superconductors, which is a typical structure
with local-inversion-symmetry breaking, and the Hamiltonian
reads as [74,75]

Hy(k) = 2t(cos k, + cos ky)onso + 2R sin ko35
. ky ky
+ 2R sin kyo3s1 + 4t cos 5 cos Ealso, (1)

where s, o are Pauli matrices representing the spin and
sublattice degrees of freedom, respectively. Actually, the
Hamiltonian in Eq. (1) describes a situation where an s or-
bital is put on each iron lattice site in the monolayer FeSe
respecting the space group P4/nmm. In the model, ¢ is the
nearest-neighborhood (NN) intrasublattice hopping, ¢, is the
NN intersublattice hopping, and R is the NN intrasublattice
Rashba spin-orbit coupling which maintains the inversion
symmetry. Here, we note that different from the single-band
Rashba electron gas considered in Ref. [62] which lacks the
inversion symmetry, the system in our consideration in Eq. (1)
is inversion symmetric. The inversion symmetry operator
takes the form fp = 0150, since the spin is preserved but the
two sublattices are exchanged under the inversion symmetry
in our model [74] and it can be straightforwardly checked that

the model Hamiltonian satisfies fpHy (k)1 b ' = Hy(—k). More-
over, the bands depicted by Hy(k) are doubly degenerate at
every point in the Brillouin zone due to the inversion symme-
try and the time reversal symmetry existing simultaneously. It
is worth mentioning that the symmetry group of the crystal en-
forces fourfold band degeneracy at the time reversal invariant
points except (0, 0) in the Brillouin zone, leading to the fact
that the Fermi surfaces around these points always come in
pairs [76-78]. In the following, we choose the parameters in
Eq.(l)ast = —1,#, = 0.7, and R = 0.6, and set the chemical
potential © = —2.2 to make the electron gas merely have one
twofold degenerate Fermi surface surrounding (0, 0).

The two superconductor leads provide conventional super-
conductivity for the above electron gas through the proximity
effect and the superconductivity in the two leads have a phase
difference ¢ which can be feasibly controlled by an exter-
nal magnetic flux, as illustrated in Fig. 1. Accordingly, the
superconductivity in the electron gas can be depicted by the
following Hamiltonian:

Hge =A(r)t 0050 + A*(r)t_00s0, 2

where 7 is the Pauli matrix in the Nambu space with 7, =
(11 £it)/2 and the Hamiltonian is written in the basis
(Y, iszl//jk) with Y being the basis of Hy(k) in Eq. (1). In
Eq. (2), A(r) = Ae'"02@(|y| — W/2), where sgn() is the
sign function, ®() the step function, and W the width of the
junction as shown in Fig. 1.

We also consider an in-plane magnetic field applied paral-
lel to the junction as illustrated in Fig. 1, leading to a Zeeman
splitting in the electron gas which can be described as

Hz =Ez(y)ogs;. 3

In the above equation, the Zeeman energy takes the form
Ez(y) = g(y)upB/2, with B being the strength of the mag-
netic field, g(y) the Landé factor, and g the Bohr magneton.
In general, the g factors can be different for that in the junction
and that underneath the superconductor leads. Therefore, the
Zeeman energy of the electron gas takes the form Ez(y) =
Ez10(ly| —W/2)+ Ez;6(W/2 — |y|). In the following, for
simplicity we assume a zero Zeeman energy for electron un-
derneath the leads and discuss the nonzero Ez; case in the
Supplemental Material [79].

III. TOPOLOGICAL SUPERCONDUCTIVITY

In the planar Josephson junction in Fig. 1, Andreev re-
flection occurs at the interface between the normal region
and the superconducting region and bound states develop in
the junction region, i.e., the intermediate region between the
two superconductor leads. These Andreev bound states form
a quasi-1D system along the junction and we can consider
the topological property of the system. Moreover, the in-
plane magnetic field and the phase difference between the
superconductor leads break the time reversal symmetry of the
Josephson junction. Therefore, the quasi-1D system belongs
to class D according to the Altland-Zirnbauer classification
whose topological property is characterized by a Z, topologi-
cal index [80,81] and in the topologically nontrivial condition
one single MZM exists at each end of the junction.
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FIG. 2. (a) Quasiparticle energy spectrum for the planar Joseph-
son junction in Fig. 1 with open boundary conditions in both
the x and y directions, where the red lines represent the energy of
the two Majorana end states. (b) The wave function profiles for the
zero energy modes in (a) at £z = 0.4. The parameters are chosen
ast=—1,t1, =07, R=0.6, p =, A =0.3, and the chemical
potential is 4 = —2.2. In the calculation, we set W = 2, N, = 500,
and N, = 64.

To demonstrate the topological superconductivity in the
Josephson junction, we solve the system straightforwardly in
the finite condition, i.e., open boundary conditions in both the
x and y directions in Fig. 1. By diagonalizing the whole BdG
Hamiltonian numerically, we obtain the quasiparticle energy
spectrum and find a pair of zero-energy modes with each
located at each end of the junction, as shown in Fig. 2. Obvi-
ously, the zero-energy modes are the expected MZMs, which
is a direct evidence for the topological superconductivity.

It is worth mentioning that in the calculations we find that
the topological property of the junction strongly depends on
the normal-state Fermi surface condition of the electron gas
and the topological superconductivity exists only when the
number of Fermi surfaces is odd. Here, when we count the
number of the Fermi surfaces, we do not include the double
degeneracy caused by the inversion and time reversal sym-
metries and more details are presented in the Supplemental
Material [79].

IV. PHASE DIAGRAM

We calculate the phase diagram for the topological super-
conductivity in the planar Josephson junction with respect
to the phase difference ¢ and the magnetic field B. As
mentioned, the Andreev bound states in the junction form
a quasi-1D system which belongs to class D according to
the Altland-Zirnbauer classification [80,81]. The topological
property of such a system is characterized by the Z, topo-
logical index, which takes the formula Z, = sgn(P f[M (k, =
O)Pf[M(k, = m)]), with Pf[M] standing for the Pfaffian
of the matrix M. In the expression, M(k,) is the matrix of
the BAG Hamiltonian of the whole junction in the Majorana
representation, which is antisymmetric due to the particle-hole
symmetry existing at the time reversal invariant momentum.
By calculating the Z, topological index, we achieve the phase
diagram for the topological superconductivity in Fig. 3(a).
As shown, the topological superconducting state occupies
a large region in the phase diagram and in the 7 junction
condition a rather weak in-plane magnetic field can drive the
junction into the topologically nontrivial phase. We also verify

E/A

E/A
E/A

FIG. 3. (a) Topological phase diagram of the planar Josephson
junction with respect to the phase difference ¢ and the magnetic
field B with the blue (white) region representing the topologically
nontrivial (trivial) region. The red dashed line is the phase boundary
obtained by the analytical formula in Eq. (7). (b)-(d) The supercon-
ducting energy spectrum corresponding to the three points marked
in the phase diagram in (a). In the calculations, the parameters are
chosenast=—1,t, =07, R=0.6, u = —-22, A=03, W =2,
and N, = 64.

the phase diagram by simulating the superconducting energy
spectrum straightforwardly. As presented in Figs. 3(b)-3(d),
a gap-close-reopen process is clearly shown corresponding
to the path in the parameter space in Fig. 3(a), indicating a
topological phase transition at the phase boundary.

The topological superconductivity in the junction can also
be analyzed analytically based on the scattering theory. Be-
fore carrying out the analysis, we first simplify the problem.
According to the formula of the Z, topological index, the
topological property of the junction is thoroughly determined
by the properties of the system at k, = 0 and k, = 7. More-
over, considering the Fermi surfaces of the electron gas
located near (0, 0), we can merely focus on the BAG Hamil-
tonian of the planar Josephson junction at k, = 0. Namely,
we study the gap-close-reopen process of the superconducting
energy spectrum at k, = 0. On the other hand, though the
electron gas in Eq. (1) is a two-band system (if not counting
the double degeneracy), only one band crosses the Fermi
energy with the other band far away from the Fermi energy.
Therefore, it is reasonable to discard scattering related to
the high-energy band and only consider the scattering from
the low-energy band. With the above two points taken into
consideration, the problem becomes a case similar to the
1D single-band superconductor-metal-superconductor junc-
tion, which is greatly simplified.

Such a problem can be conveniently solved in the contin-
uum limit. At the interface between the normal region and the
superconducting region, i.e., at y = £W/2 in Fig. 1, only pure
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Andreev reflection occurs with the scattering matrix being

0 e
sa(EW/2) = e eFiol2 o | @

The scattering matrix 1is written in the basis

(w‘f(ike), lp]’?(:Fkh))T, where e (h) stands for the electron
(hole) and j = 1,2 for the states from the two degenerate
Fermi surfaces. In Eq. (4), 8 = arccos(%), with E being
the energy of the Andreev bound states. By solving the
system in different regions and the boundary conditions at the
interfaces, we can get the following equation:

eik"-fWe_iﬁe_i¢/2eik”-f(_w)e_iﬂe_'wz =1. (5)

After some algebra, we arrive at a simple equation satisfied by
the Andreev bound states,

E ¢ nwEXTE;
Ty , 6
arccos(A) > + 2 E; + nm (6)
where n is an integer and Ey = (;r/2)vp/W is the corre-
sponding Thouless energy with vp = —2tkp — 2Rk

——L— and
N R+

kr being the Fermi momentum. Based on Eq. (6), we can
immediately determine the boundary between the different
topological phases by setting £ = 0, which turns out to be

¢mod2r = (1 &£ Ez/Er)m mod 2. @)

We plot the phase boundary in Fig. 3(a) based on the analytical
results in Eq. (7), which matches with the numerical results
well. More details on the analytical analysis are presented in
the Supplemental Material [79] (see also Ref. [82] therein).

In the above analysis, we assume pure Andreev reflection
at the interface between the normal region and the super-
conducting region. In fact, the topological phase diagram
maintains qualitatively unchanged with the phase boundary
slightly deformed, even if the normal reflection is consid-
ered at the interface. Compared with the previous study [62],
the topological phase diagram for the junction constructed
with centrosymmetric electron gas here is similar to that
constructed with the Rashba electron gas, indicating some
similarities between systems with local-inversion-symmetry
breaking and the noncentrosymmetric systems.

Here, it is worth pointing out that the scattering theory
provides an intuitive understanding on the correspondence
between the topological superconductivity and the number of
the Fermi surfaces of the electron gas. In the weak pairing con-
dition, the scattering within the same Fermi surface dominates
other processes and we can approximately deal with the An-
dreev bound states from different Fermi surfaces separately.
Since each Fermi surface contributes to one MZM at the end
of the junction as shown in the above analysis, MZMs from
different Fermi surfaces hybridize with each other and only in
the condition with odd-number Fermi surfaces can the topo-
logical superconductivity in the junction survive considering
its Z, classification.

V. EXPERIMENTAL CHARACTERIZATION

Finally, we present experimental evidence in scanning tun-
neling spectroscopy, including the measurements of the zero-
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FIG. 4. (a) Zero-bias conductance measured at the end of the
junction, where the black dashed line indicates the topological phase
boundary. Notice that, in the region near the phase transition bound-
ary, the zero-bias conductance exceeds 2¢*/h due to the contributions
from the nearly gapless excitations in the junction as indicated in
Fig. 3(c). (b)—(d) The spatially resolved Fano factors as the tip moves
along the x direction with n, = 0 located at the end of the junction,
with respect to different ¢ and E. In the conductance calculations,
the energy width is set to I' = 1.13 and the temperature is kg7 =
A /8000, while in the simulations of the Fano factor tomography,
we choose I' = 0.3A with a fixed bias voltage eVj;,s = 0.01A at the
same temperature. The size of the system is set to be N, = 800 and
N, = 64. The other parameters of the junction Hamiltonian are the
same as those in Fig. 3.

bias conductance and the Fano factor tomography [83,84].
In the measurements, the coupling between the tip and the
junction takes a general form,

Huunnel = Z[&C;SCJJ,X + H'C-]a (8)

i,s

where cr s (c;.i5) is the annihilation operator for the spin s
electron in the tip (junction) with i standing for lattice site in
the junction. Thus the tunneling events are characterized by
the energy width I' = 2w vy Y, 72, where vr is the density of
states in the tip. The bias voltage V between the tip and the
junction is taken into account as ur = u + eV, with ur (n)
the chemical potential for the tip (junction). For simplicity, we
assume the tunneling takes place merely between the tip and
the lattice sites nearest to the tip in the junction in the sim-
ulations. Figure 4(a) shows the zero-bias conductance in the
scanning tunneling spectroscopy measurements. Apparently,
the quantized zero-bias conductance 2¢”/h is a clear signal of
the MZMs.

The Fano factor tomography is another useful method to
distinguish the MBS from the trivial bound states. The spa-
tially resolved Fano factors are defined as

S, eV)
2e|l(i, eV)|’

where [(i, eV) is the dc tunneling current when the tip is
located above lattice site i in the junction and S(i, V') is the

F(i,eV) = 9
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corresponding shot noise. The shot noise is the zero-frequency
limit of the time-symmetrized current-current correlator,
S = fd(ll —1)S(t1, 1), where S(t1, 1) = (81(t1)81(tr)) +
(81(t2)81(ty)) and 81(t) = I(¢) — (I(¢)). These physical quan-
tities can be calculated through the standard Keldysh formal-
ism [79,83-85]. In the high voltage regime eV > I';, with
[ =T, (Jus()> + |vs(i)]*) being the energy width T
multiplied with the probability of the low lying states at site i,
the spatially resolved Fano factors represent the local particle-
hole asymmetry of the bound states wave functions [83].
For an isolated MZM which has perfect local particle-hole
symmetry, the Fano factor takes a quantized value 1, while
for a trivial bound state the spatially resolved Fano factors
oscillate between 1 and 2. We calculate the Fano factors at
different points in the parameter space (¢, Ez) and present the
results in Figs. 4(b)—4(d). As shown, in the topological region
a flat plateau F (n,) = 1 is observed in the vicinity of the end
of the junction, signaling the existence of the MZM.

VI. DISCUSSION AND CONCLUSION

Recently, the centrosymmetric materials with local-
inversion symmetry breaking have been systematically clas-
sified and a large number of such kinds of materials have been
identified [73,86,87]. As concrete examples, the iron-based
superconductors are potential candidates for the construction
of the topological planar Josephson junctions. KFe,;As, and
many 122 families of iron pnictides have three Fermi surfaces
at the Brillouin zone center and two Fermi surfaces at the

Brillouin zone corner [88—90], which satisfies the requirement
of the topological superconductivity in the planar junctions.
Besides the iron-based superconductors, the bilayer systems
studied in Ref. [91] can also serve as a suitable platform to
implement our proposal.

In summary, we show the centrosymmetric materials
with local-inversion-symmetry-breaking crystal structures can
serve as new material platforms to construct the topological
planar Josephson junctions. This result significantly extends
material candidates for topological superconductors. Exper-
imental evidence including the differential conductance and
the Fano factor tomography in the scanning tunneling spec-
troscopy measurements are provided to verify the MZMs
bound in the junction. Our study can help to find more experi-
mentally feasible materials to realize the long-pursuit MZMs.
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