
PHYSICAL REVIEW B 110, 104416 (2024)

Magnon-mediated quantum gates for superconducting qubits

Martijn Dols ,1,2,* Sanchar Sharma ,3 Lenos Bechara ,1 Yaroslav M. Blanter ,2

Marios Kounalakis ,1,2,4,† and Silvia Viola Kusminskiy 1,5,‡

1Institute for Theoretical Solid State Physics, RWTH Aachen University, 52074 Aachen, Germany
2Kavli Institute of Nanoscience, Delft University of Technology, 2628 CJ Delft, The Netherlands

3Laboratoire de Physique de l’École Normale Supérieure, ENS, Université PSL, CNRS,
Sorbonne Université, Université de Paris, F-75005 Paris, France

4Luxembourg Institute of Science & Technology, 4422 Belvaux, Luxembourg
5Max Planck Institute for the Science of Light, Staudtstraße 2, 91058 Erlangen, Germany

(Received 21 June 2024; accepted 1 August 2024; published 9 September 2024)

We propose a hybrid quantum system consisting of a magnetic particle inductively coupled to two supercon-
ducting transmon qubits, where qubit-qubit interactions are mediated via magnons. We show that the system
can be tuned into three different regimes of effective qubit-qubit interactions, namely, a transverse (XX + YY ),
a longitudinal (ZZ), and a nontrivial ZX interaction. In addition, we show that an enhanced coupling can be
achieved by employing an ellipsoidal magnet, carrying anisotropic magnetic fluctuations. We propose a scheme
for realizing two-qubit gates, and simulate their performance under realistic experimental conditions. We find
that iSWAP and CZ gates can be performed in this setup with an average fidelity �99%, while an iCNOT gate
can be applied with an average fidelity �88%. Our proposed hybrid circuit architecture offers an alternative
platform for realizing two-qubit gates between superconducting qubits and could be employed for constructing
qubit networks using magnons as mediators.
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I. INTRODUCTION

Hybrid quantum systems provide a promising route to-
wards practical applications by combining the advantages
of different platforms for quantum information tasks [1,2].
For example, superconducting (SC) qubits make excellent
processors for quantum computing [3–5]. Quantum gates
for SC qubits can be performed within several nanoseconds
[6–8], with fidelities exceeding 99%, as required for the error
correction schemes of surface codes [9–11]. However, the
dissipation rates of SC qubits make them impractical for long-
term data storage, imposing the need for integration with more
appropriate physical systems in order to construct quantum
memories [1,2]. Furthermore, SC circuits do not couple di-
rectly to optical photons, which is an important requirement
for building quantum networks [1,2]. Therefore, there is a
practical need for bridging systems of diverse nature and
functionality.

Magnons, the collective excitations of ordered spin sys-
tems, have shown promising properties to operate as such
mediators [12–14] owing to their capability of coupling co-
herently to various excitations, e.g., optical photons [15–19],
microwaves [20–24], phonons [25–30], and spins [31–33].
These couplings can be further enhanced using magneti-
zation squeezing [34], which can be implemented using
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anisotropically shaped magnetic structures [35]. Moreover,
by considering insulating magnetic materials, such as the
paradigmatic yttrium iron garnet (YIG), magnon dissipation
channels can be minimized [36]. These properties suggest
that magnons can be useful for mediating the coupling be-
tween different types of qubits, e.g., in spin- or SC-based
platforms. The coupling of magnons to SC transmon qubits
has been indeed experimentally demonstrated via mediating
microwave cavities [37–40]. Furthermore, it has been pro-
posed that coherent coupling between a transmon qubit and
a YIG sphere can also be achieved by the dipolar fields in free
space, resulting in an interaction that can be tuned between a
radiation-pressure and an exchange type [41]. This interaction
can, for example, be employed in order to control and entangle
magnons in distant YIG spheres, using the qubit as a mediator
and bypassing the need for microwave cavities [42].

In this work, we extend this framework by exploring the
possibility of using magnons as mediators to couple SC qubits
in free space. Various methods have been demonstrated to
couple qubits to each other directly, including capacitive
[7,43–45] and inductive [46–50] coupling. Alternatively, a
cavity bus or other qubits can be employed to mediate the
coupling [51–54]. These schemes focus on either direct cou-
pling via circuit elements or indirect coupling via other circuit
modes. Adding magnons to the list of possible mediators
can open up new directions in qubit-qubit coupling schemes,
e.g., by harnessing chiral coupling [55,56]. We show that,
using magnons as virtual mediators of a tunable qubit-qubit
interaction, a set of quantum gates can be realized with dif-
ferent degrees of fidelity which we characterize and optimize.
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FIG. 1. Proposed setup consisting of two transmon qubits induc-
tively coupled via their SQUID loop to a YIG ellipsoid. The ground
state of the magnetization is along the z axis due to the external mag-
netic field Hex = H0ez. The magnetic quantum fluctuations �Mx of
the YIG ellipsoid in the x direction induce a flux in each SQUID loop,
thereby modulating the inductance of both qubits and resulting in an
effective qubit-qubit coupling mediated by magnons. Two dedicated
flux bias lines, carrying DC and AC current, are used to control the
flux in each loop.

Specifically, we propose a hybrid quantum system consisting
of two flux-tunable transmon qubits coupled via a magnet.
We consider a magnet with an anisotropic shape, which can
enhance the coupling strength. We find that, by appropriately
choosing the SC qubit parameters, three different types of
effective qubit-qubit interactions can be realized: XX + YY ,
ZZ , and ZX . We use these to simulate three two-qubit gates,
namely, an iSWAP gate, a controlled-Z (CZ) gate, and an iCNOT

gate, respectively. Using experimentally realistic parameters
for the setup, we obtain average gate fidelity values �99%
for the iSWAP and CZ gate, and �88% for the iCNOT gate. The
combination of any of these two-qubit gates with single-qubit
rotations forms a universal gate set [57,58].

The remainder of this paper is structured as follows: In
Sec. II we review the theory of flux-tunable transmon qubits
coupled to an anisotropic magnet leading to squeezing of
the relevant quadrature of the magnetization fluctuations. In
Sec. III we derive the different regimes of magnon-mediated
qubit-qubit interaction giving rise to the corresponding gates
and compare the performance of the dissipative system against
the ideal case by defining a gate-fidelity measure. In Sec. IV
we present the conclusions and discuss possibilities for im-
proving the average gate fidelity values. Some details of the
calculations have been relegated to the Appendix.

II. MODEL AND COUPLING

We consider two flux-tunable SC transmon qubits coupled
to a magnet of an anisotropic shape as depicted in Fig. 1.
A flux-tunable transmon qubit [59] consists of a supercon-
ducting quantum interference device (SQUID) made of an SC
loop with two Josephson junctions with Josephson energies
E1

J and E2
J , shunted by a capacitor C with charging energy

EC = e2/(2C). An important parameter is the SQUID asym-
metry, given by aJ = |E1

J − E2
J |/E�

J , where E�
J = E1

J + E2
J .

Applying current through a nearby external bias line induces
a flux �b into the SQUID loop. We define the reduced flux

as ϕb = π�b/�0, where �0 = h/(2e) is the magnetic flux
quantum. The transmon Hamiltonian reads [59]

ĤQ = 4ECn̂2 − E�
J S(ϕb) cos (ϕ̂), (1)

where n̂ corresponds to the number of Cooper pairs partici-
pating in tunneling, S(ϕb) = [cos2(ϕb) + a2

J sin2(ϕb)]1/2, and
ϕ̂ = δ̂ − arctan[aJ tan(ϕb)] is the SC phase difference. We
consider the transmon regime E�

J S(ϕb) � EC , in which the
qubit becomes insensitive to charge noise [59]. Expanding the
cosine and introducing the annihilation and creation operators
ĉ and ĉ†,

n̂ = i
ε

2
(ĉ† − ĉ), ϕ̂ = 1

ε
(ĉ† + ĉ), (2)

with ε4 = E�
J S(ϕb)/(2EC ), one obtains [59]

ĤT = h̄ωqĉ†ĉ − EC

2
ĉ†ĉ†ĉĉ, (3)

where we defined the transmon frequency ωq =
{[8ECE�

J S(ϕb)]1/2 − EC}/h̄. The nonlinearity of the second
term in Eq. (3) results in anharmonic energy levels, which is
a necessary condition for the construction of a qubit [60].

For the magnet we consider an ellipsoidal shape of dimen-
sions Lx � Ly = Lz, where Li is the length of the semi-axis
of the magnet in the ith direction (see Fig. 1) and Vm =
4πLxL2

z /3 is its volume. An external homogeneous magnetic
field is applied along the z axis, Hex = H0ez. This field fulfills
H0 > Ms/2 such that the classical ground state of the mag-
net is M = Msez, where Ms is the saturation magnetization.
The shape anisotropy favors fluctuations of the magnetization
along the x direction, implying that the quantum fluctuations
of the ground state |0〉m, denominated a squeezed vacuum,
are anisotropic [61]. In what follows we consider only the
magnon excitations associated with the uniform precession of
the spins, called Kittel magnons. Within the linear spin wave
approximation they are described by

ĤM = h̄ωmm̂†m̂, (4)

where m̂(†) are the magnon annihilation (creation) operators
operating on the squeezed vacuum such that m̂|0〉m = 0, and
the frequency is given by [35]

ωm = μ0γ0H0

√
1 − Ms

H0
(3NT − 1). (5)

Here, γ0 is the modulus of the gyromagnetic ratio and NT is
a dimensionless factor of the demagnetization tensor which
depends on the shape of the magnet [62,63]. For Lx � Lz

as considered in this work we have NT ≈ 1/2 [63]. In the
isotropic case NT = 1/3 the Kittel mode frequency for a
spherical magnet, independent of demagnetization factors, is
recovered.

Fluctuations of the magnetization, which are proportional
to 1/

√
Vm [35], give rise to fluctuations of the magnetic dipole

moment �μ̂,

�μ̂x = μzpfe
r (m̂ + m̂†), �μ̂y = iμzpfe

−r (m̂ − m̂†). (6)

Here, μzpf = h̄γ0
√

Ns/2 is the value of the isotropic zero
point fluctuations with Ns = ρsVm the total number of spins,
and ρs the spin density. Magnets with volumes greater than
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100 nm3 and typical YIG spin densities [37] obey Ns � 1.
Since �μ̂z/μzpf ∝ 1/Ns, we can neglect the z fluctuations
of the magnetic moment [64]. The factor r is the squeezing
parameter and satisfies [35]

er =
(

1 − Ms

H0
(3NT − 1)

)− 1
4

. (7)

In the limit H0 → (3NT − 1)Ms, the magnon frequency ωm

vanishes, see Eq. (5), and the squeezing parameter r diverges.
In this case, �μ̂x exponentially diverges with r, whereas �μ̂y

is suppressed. In practice, however, achievable cryogenic tem-
peratures and the stability of the magnetically ordered ground
state for these values of H0 impose a lower bound on ωm, and
therefore an upper bound on squeezing [35].

We consider the magnet positioned between the qubits as
shown in Fig. 1. The magnetic field due to the fluctuations �μ̂

induces a flux through the SQUID loop

�(�μ̂) = μ0

4π

∑
i=x,y

Ii�μ̂i, (8)

where μ0 is the magnetic constant and Ii are geometrical
factors which have the dimension of 1/length. Due to the
symmetry of the chosen setup one finds Iy = 0. The geo-
metrical factor Ix is the largest for SQUID loops which are
positioned at the x = 0 plane and increases as d (the minimal
distance between the center of the magnet and the SQUID
loop) decreases. A lower bound on d is imposed by the critical
field that the SC wire can support [64]. To determine Ix, we use
the field of an ellipsoid [65]; see details in Appendix A. We
find Ix = −0.1/ µm for Lx/Lz ≈ 4. The stray magnetic field
of the magnet is about two orders of magnitude lower than the
critical field of typical superconductors [66], as we elaborate
in Appendix A.

The flux bias ϕb can be controlled by the magnetic field
generated by the wires carrying electric currents as shown in
Fig. 1. The reduced flux caused by �μ̂ is given by

ϕ(�μ̂) = μ0Ixμzpfer

4�0
(m̂† + m̂). (9)

Replacing ϕb → ϕb + ϕ(�μ̂) in Eq. (1) and considering
flux fluctuations much smaller than ϕb gives the interaction
Hamiltonian Ĥint = ĤJ + Ĥg [41]. The first term is a coherent
exchange interaction between a qubit and the magnons

ĤJ = h̄J
(
ĉ†m̂ + ĉm̂†),

with the coupling constant

J = −μ0IxμzpfaJer

4�0

(
2EC

(
E�

J

)3

S(ϕb)5

) 1
4

, (10)

while the second term is given by

Ĥg = h̄gĉ†ĉ(m̂† + m̂),

with the coupling strength

g = −μ0Ixμzpfer

8�0

(
2ECE�

J

S(ϕb)3

) 1
2

sin (2ϕb)
(
1 − a2

J

)
. (11)

This second interaction term resembles an optical photon-
magnon coupling [17] or radiation pressure in optomechanical

systems [67]. Note that, because of the enhanced fluctuations
of the magnetic moment �μ̂x due to squeezing, the coupling
strengths J and g are enhanced by er .

The total Hamiltonian of the system with two SC qubits
therefore reads

Ĥtot = Ĥ0 + Ĥint, (12)

where

Ĥ0 = ĤM +
∑
i=1,2

Ĥ i
T , (13)

where ĤM is the magnon Hamiltonian given by Eq. (4), and

Ĥ i
T = h̄ωqi ĉ

†
i ĉi − EC

2
ĉ†

i ĉ†
i ĉiĉi (14)

is the Hamiltonian for each SC qubit labeled by i ∈ {1, 2}. The
interaction term between the SC qubits and the magnon mode
is given by

Ĥint =
∑
i=1,2

Ĥ i
J + Ĥ i

g, (15)

with

Ĥ i
J = h̄Ji(ĉ

†
i m̂ + ĉim̂

†), (16)

and

Ĥ i
g = h̄giĉ

†
i ĉi(m̂

† + m̂), (17)

where the coupling constants of the magnons to each qubit can
be tuned independently and are given by Eqs. (10) and (11).

III. QUANTUM GATES

The Hamiltonian Ĥtot can be brought into the form of an
effective qubit-qubit interaction up to second order in the
coupling constants Ji and gi by performing a Schrieffer-Wolff
(SW) transformation, as we show in Appendix C. The effec-
tive interaction allows us to identify the coupling parameters
that are required in order to realize different gates by appro-
priately tuning the coupling constants. These can be tuned
by controlling the SQUID asymmetry aJ (which is a design
parameter) for each qubit, and the reduced flux ϕb. We identify
two limiting cases: (i) for symmetric SQUIDs, aJ = 0, where
the coupling strength J = 0, following Eq. (10), and (ii) for
a highly asymmetric SQUID with aJ → 1 and a value of
the reduced flux ϕb = π/2, where the coupling constant g
vanishes according to Eq. (11). In Appendix C we show that
combinations of these limiting cases give rise to the three
gates studied in this section: iSWAP, CZ, and iCNOT. In what
follows we characterize the performance of the gate generated
by the Hamiltonian Ĥtot of Eq. (12) for the parameter regime
of each gate (which we denote by Ĥgate) and in the presence of
dissipation, compared with the ideal gate associated with the
corresponding effective qubit-qubit Hamiltonian.

To take into account the dissipative evolution of the sys-
tem we use a Liouvillian description. Depending on the gate,
we apply a specific Hamiltonian Ĥgate and hence a specific
Liouvillian Lgate. The time evolution of the density matrix
of the composite system ρ̂c, describing both qubits and the
magnon field, can be found by solving the Lindblad master
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equation d
dt ρ̂c(t ) = Lgate[ρ̂c(t )], where

Lgate[ρ̂c] = − i

h̄
[Ĥgate, ρ̂c]

+
6∑

n=1

(
L̂nρ̂cL̂†

n − 1

2
{L̂†

nL̂n, ρ̂c}
)

. (18)

Here, L̂n are the Lindblad operators. Magnon damping is
taken into account by L̂1 = √

κ (1 + nth )m̂, where κ is the
magnon linewidth and the bosonic expectation number nth =
{exp[h̄ωm/(kBT )] − 1}−1, with kB as the Boltzmann factor
and T as the temperature. The linewidth is known from ex-
periments to have the form κ = αGωm + κ̃ [68–70], where αG

is the Gilbert damping and κ̃ is the inhomogeneous damping.
The thermal excitation of magnons is given by L̂2 = √

κnthm̂†.
For the qubits we include the decay of the transmons with
L̂3 = √

1/T1ĉ1 and L̂4 = √
1/T1ĉ2, where T1 is the qubit life-

time, and pure dephasing terms L̂5 = √
1/Tφ ĉ†

1ĉ1 and L̂6 =√
1/Tφ ĉ†

2ĉ2, where Tφ is the dephasing time.
We assume for simplicity that initially the magnons are

prepared in the vacuum state, and we describe the two-qubit
space by the density matrix ρ̂. This assumption does not
affect significantly our results as long as the initial thermal
occupation is low, as we discuss in Sec. III B. We propagate
the initial state until an appropriately chosen gate time Tgate at
which the desired gate is applied. After the time propagation,
the magnons are traced-out, since we are solely interested in
the qubit dynamics. In summary, we consider the following
quantum channel:

Egate[ρ̂] = Trm[eLgateTgate [ρ̂ ⊗ |0〉 〈0|m]]. (19)

To quantify how well Egate simulates a given gate Ûgate, we
determine the average gate fidelity given by F̄ (Egate, Ûgate ),
where F̄ is defined as [71]

F̄ (E, Û ) =
∫

dψ 〈ψ | Û †E[|ψ〉 〈ψ |]Û |ψ〉 . (20)

Here, one integrates over the uniform measure dψ , which is
normalized such that

∫
dψ = 1. This integral can be simpli-

fied to a finite summation over a unitary basis [71], as we
elaborate in Appendix B.

One can find the SW transformed Hamiltonian with gen-
eral qubit levels in Appendix C. To find the gate times which
come from the effective qubit-qubit coupling and to identify
the frame in which the gate is performed, we limit the qubits
of these effective Hamiltonians to their energetically lowest
two levels in the next sections. One can recognize Hamil-
tonians in the two-level approximation by the usage of the
Pauli operators: σ̂+ = |1〉 〈0|, σ̂− = |0〉 〈1|, and σ̂ z = |1〉 〈1|.
In simulations we use Hamiltonians which do not involve
truncated qubit levels and are written in terms of the ladder
operators ĉi and ĉ†

i . We summarize the strategy applied to
evaluate the different gates in Fig. 2.

A. iSWAP

For highly asymmetric SQUIDs with aJ1 , aJ2 → 1 and re-
duced flux ϕb1 , ϕb2 = π/2 we have g1, g2 → 0. We obtain the

FIG. 2. Visual summary of the method used to obtain the quan-
tum channel Egate[ρ̂]. A given set of coupling constants J1, J2, g1, and
g2 yields the total Hamiltonian for a particular gate, Ĥ gate. With a SW
transformation we obtain an approximate qubit-qubit Hamiltonian
Ĥ gate

SW , where the effective coupling strength dictates the gate time
Tgate. We cancel single-qubit rotations with a unitary transformation
ÛSQ(t ) to obtain the effective Hamiltonian Ĥ gate

eff . We apply this uni-
tary transformation to the initial Hamiltonian as well to find Ĥ gate

tot . We
use this final Hamiltonian to construct the quantum channel, which
we use in our simulations. For the system Hamiltonians indicated by
blue boxes, all quantum levels are included in the analysis, whereas
green boxes indicate that the two-level approximation is applied.

effective qubit-qubit interaction for these parameters from Ĥtot

as detailed in Appendix C 1. We find

Ĥ iSWAP
SW = h̄

⎛
⎝ωm −

∑
i=1,2

J2
i

ωqi − ωm

⎞
⎠m̂†m̂

+
∑
i=1,2

h̄

(
ωqi + J2

i

ωqi − ωm

)
σ̂ z

i

+ h̄gS (σ̂+
1 σ̂−

2 + σ̂−
1 σ̂+

2 ), (21)

with the effective qubit-qubit coupling constant

gS = J1J2

2

(
1

ωq1 − ωm
+ 1

ωq2 − ωm

)
. (22)

We note that, besides the exchange-like induced qubit-qubit
coupling term, the interaction induces a Stark shift of the
frequencies ωm and ωqi . This transformation is valid for Ji �
ωqi − ωm, i.e., in the dispersive regime.

Time propagation of the coupling term of the Hamiltonian
of Eq. (21) for a time TS = π/(2|gS|) gives an iSWAP gate:
exp[−igSTS (σ̂+

1 σ̂−
2 + σ̂−

1 σ̂+
2 )] = ÛiSWAP, where we defined

ÛiSWAP = 1
2 (Î ⊗ Î ∓ iσ̂x ⊗ σ̂x ∓ iσ̂y ⊗ σ̂y + σ̂z ⊗ σ̂z ). (23)

Here, σ̂x, σ̂y, and σ̂z are the Pauli matrices. This gate swaps
|01〉 ↔ |10〉 while adding a phase ∓i and leaves the symmet-
rical states |00〉 and |11〉 untouched. The sign of the phase ∓i
corresponds to gS ≷ 0.

The second term of Eq. (21) causes the qubits to undergo
rotations on top of the interaction. We assume for simplicity
identical qubits, so that J = J1 = J2 and ωq = ωq1 = ωq2 . A
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FIG. 3. (a) Average fidelity F̄ (blue, solid) and gate time TS (green dashed) for the iSWAP gate as a function of the magnon frequency ωm in
units of the SC qubit frequencies ωq = ωq1 = ωq2 . TS drops at low frequencies due to the squeezing enhancement of the qubit-qubit coupling
strength gS , and approaches 0 for ωm/ωq → 1 due to the resonant enhancement of gS . Undesired magnonic excitations near resonance and
thermal excitations at low frequencies cause the average fidelity to drop. The maximum fidelity is F̄ = 99.00% at ωm/ωq = 0.94 (vertical
dashed line). (b) Qubit and magnon dynamics following the evolution with the Hamiltonian of Eq. (26) in the presence of dissipation at the
optimal magnon frequency ωm = 0.94ωq. The input state is |ψ〉 = |10〉. The occupation of both qubits (blue dash-dotted and red dashed)
and magnons (green, solid) as a function of time t are shown. In this regime, the magnon occupation remains ≈0 at all times. The gate time
TS = 0.5 µs is indicated with a vertical dashed line, at which the target state equals ÛiSWAP |ψ〉 = −i |01〉. Parameters: Lx = 16 µm, Lz = 3.9 µm,
R = 25 µm, d − Lz = 10 nm, αG = 10−4, κ̃/(2π ) = 0.1 MHz [68–70] and T = 10 mK, T1 = 100 µs, and Tφ = 100 µs [72–74].

unitary transformation with

ÛSQ(t ) = exp

⎡
⎣it

(
ωq + J2

ωq − ωm

)⎛⎝m̂†m̂ +
∑
i=1,2

σ̂ z
i

⎞
⎠
⎤
⎦
(24)

cancels these phase rotations, yielding

Ĥ iSWAP
eff = ÛSQĤ iSWAP

SW Û †
SQ + ih̄

dÛSQ

dt
Û †

SQ

= h̄

(
ωm − ωq − 3J2

ωq − ωm

)
m̂†m̂

+ h̄gS (σ̂+
1 σ̂−

2 + σ̂−
1 σ̂+

2 ). (25)

To cancel the single-qubit rotations at the level of the origi-
nal Hamiltonian, we apply this transformation to Ĥtot , which
yields

Ĥ iSWAP
tot = h̄

(
ωm − ωq − J2

ωq − ωm

)
m̂†m̂

−
∑
i=1,2

(
h̄J2

ωq − ωm
ĉ†

i ĉi + EC

2
ĉ†

i ĉ†
i ĉiĉi

)

+
∑
i=1,2

h̄J (ĉ†
i m̂ + ĉim̂

†). (26)

We use this Hamiltonian to obtain the channel EiSWAP[ρ̂] and
compare it to the ideal iSWAP gate given by Eq. (23), by com-
puting the average gate fidelity as a function of the magnon
frequency, see Eq. (20). The result is shown in Fig. 3(a).

We see that the average fidelity is a nonmonotonic function
of the magnon frequency, which is a consequence of two
competing factors affecting the effective coupling strength gS

and therefore the gate time TS . Minimizing the gate time is

important in order to minimize the effect of dissipation and
hence to improve the gate fidelity. On the one hand, Eq. (22)
shows that gS is enhanced as the magnon frequency ap-
proaches the resonance condition ωm = ωq. This is reflected
in Fig. 3(a), where the gate time TS goes to zero when ap-
proaching ωm/ωq = 1. Note however that, as this resonance
is approached, the SW transformation used to obtain the ideal
gate breaks down (signaled by a diverging coupling gS) so that
the effective, ideal-gate Hamiltonian is not a good approxi-
mation to the total one at this point. Physically, a resonant
magnon-qubit coupling causes real magnonic excitations (as
opposed to the virtual ones in the off-resonant case) which ad-
versely affect the gate fidelity. This causes the rapid decrease
of the average gate fidelity as the resonance is approached.
On the other hand, the coupling strength is enhanced by
magnon squeezing. As Eq. (22) shows, the coupling is pro-
portional to J1J2 and hence gS ∝ e2r . To have er � 1 the
magnon frequencies are required to be small ωm � γ0μ0Ms,
which corresponds to the far left side of Fig. 3(a). At such
low frequencies, however, magnonic thermal excitations are
important, decreasing the gate fidelity. The effect of squeez-
ing around the qubit frequency region is generally negligible
due to er ≈ 1. This competition of effects gives rise to the
maximum of the average gate fidelity at low frequencies.

For the results shown in Fig. 3 we set aJ = 0.9 for both
qubits, considering fabrication constraints [75] and in order
to maintain the frequency tunability [41]. The reduced flux of
both qubits is set to ϕb = π/2 such that g1 = g2 = 0, in agree-
ment with the considered iSWAP regime. We assume typical
transmon energies EC/h = 150 MHz and E�

J /h = 35 GHz,
such that the qubit frequency is ωq/(2π ) = 6.0 GHz [76].
In the simulations we use Fock spaces with size 3 for the
qubits and 4 for the magnons [77]. A maximal fidelity of
F̄ = 99.00% is obtained at ωm/ωq = 0.94. For this magnon
frequency the effective qubit-qubit coupling is gS/ωq = 8.2 ×
10−5 corresponding to gS/(2π ) = 0.49 MHz for the parame-
ters used.
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In Fig. 3(b) we show the dynamics of the system including
dissipation for a given input state, |10〉 and for a magnon
frequency tuned to the optimal average fidelity. From t = 0 to
t = TS , which corresponds to the dashed line, the swap takes
place. We see that the excitation of the first qubit is transferred
to the second qubit, as we expect from ÛiSWAP |10〉 = −i |01〉,
whereas the magnon occupation remains close to zero as
expected for virtual transitions.

To turn off the qubit-qubit coupling once the gate has been
realized at the gate time TS , the interaction term in Eq. (21)
can be made off resonant by detuning the qubits. This can
be achieved by varying the reduced flux bias ϕb. Simulations
show that changing the reduced flux of one qubit to ϕb = π/3
while keeping the other at ϕb = π/2 is sufficient.

The configuration described above can also be used to
construct a

√
iSWAP gate by choosing a gate time TS/2. This

gate can be used to create Bell-like states, such as |01〉 − i |10〉
[78]. In our setup, using the same parameters as in Fig. 3, we
find that such a state can be prepared with an average gate
fidelity F̄ = 99.54%.

B. CZ

In the case of symmetric SQUIDs with aJ1 , aJ2 → 0, we
have J1, J2 → 0. In this case we obtain the following effective
interaction Hamiltonian (see Appendix C 2)

Ĥ CZ
SW = h̄ωmm̂†m̂ +

∑
i=1,2

h̄

(
ωqi − g2

i

ωm

)
σ̂ z

i − h̄gZ σ̂ z
1 σ̂ z

2 , (27)

where the effective coupling strength is given by

gZ = 2g1g2

ωm
. (28)

This transformation is valid for gi � ωm. At TZ = π/gZ ,
the coupling term in Eq. (27) results in a CZ gate, since
exp(igZTZ σ̂ z

1 σ̂ z
2 ) = ÛCZ, where we defined

ÛCZ = |0〉 〈0| ⊗ Î + |1〉 〈1| ⊗ σ̂z. (29)

If either of the qubits is excited, a Pauli gate σ̂z is applied on
the target qubit.

The second term of the transformed Hamiltonian (27)
causes qubit rotations regardless of the state of the control
qubit. We cancel these with the unitary transformation

ÛSQ(t ) = exp

⎧⎨
⎩it

⎡
⎣∑

i=1,2

(
ωqi − g2

i

ωm

)
σ̂ z

i

⎤
⎦
⎫⎬
⎭. (30)

This yields

Ĥ CZ
eff = h̄ωmm̂†m̂ − h̄gZ σ̂ z

1 σ̂ z
2 (31)

for the effective Hamiltonian, and

Ĥ CZ
tot = h̄ωmm̂†m̂ +

∑
i=1,2

h̄g2
i

ωm
ĉ†

i ĉi − EC

2
ĉ†

i ĉ†
i ĉiĉi

+
∑
i=1,2

h̄giĉ
†
i ĉi(m̂

† + m̂) (32)

when applied to Ĥtot with J1 = J2 = 0. We substitute the total
Hamiltonian of Eq. (32) into the quantum channel ECZ[ρ̂],
which we use in the optimization of the average gate fidelity
and which we compare with the CZ gate in Eq. (29), as dis-
played in Fig. 4(a).

As discussed before, we aim to minimize the gate time in
order to limit the effect of dissipation on the gate performance.
Unlike the iSWAP gate, the coupling constant does not depend
on the qubit frequency. Both squeezing and the 1/ωm propor-
tionality of the coupling constant benefit from low magnon
frequencies, so that the gate time improves as the magnon
frequency decreases as Fig. 4(a) shows. Thermal occupation
at low frequencies, in turn, leads to a decrease of the average
fidelity as for the iSWAP gate (see Fig. 3(a) for comparison),
leading to a maximum of the average gate fidelity. As the
magnon frequency is decreased, the parametric interaction
term between magnons and qubits is resonantly enhanced [see
Eq. (32)], causing a small oscillating magnon occupation as
seen in Fig. 4(b). The amplitude of these oscillations depends
on the magnon frequency, resulting in the oscillations of the
average fidelity as a function of frequency in Fig. 4(a), with
increasing amplitude for lower frequencies.

To obtain the results depicted in Fig. 4 we set aJ = 0
and ϕb = π/4 for both qubits corresponding in this case to
ωq/(2π ) = 5.3 GHz. We increased the Fock space size of
the magnons to six. We find an optimal average gate fi-
delity of F̄ = 99.43% for ωm/ωq = 0.027. This corresponds
to gZ/ωq = 4.0 × 10−4 [gZ/(2π ) = 2.1 MHz], a thermal ex-
pectation number nth = 1 and a squeezing enhancement of
er = 4.2.

The time dynamics of the proposed gate is illustrated in
Fig. 4(b) for the input state |1+〉 = |1〉 ⊗ (|0〉 + |1〉)/

√
2. For

simplicity we take the first qubit to be the control qubit. Since
this qubit is in the excited state, σ̂z is applied to the target qubit
according to Eq. (29). This gives σ̂z |+〉 = (|0〉 − |1〉)/

√
2 =

|−〉. Due to σ̂x |+〉 = |+〉 and σ̂x |−〉 = − |−〉, we find that the
expectation value of the second qubit changes from 1 at t = 0
to −1 at t = TZ , as Fig. 4(b) confirms.

The proposed gate of Eq. (19) assumes vacuum as the
initial state for the magnons. Since the thermal expectation
number is nth ≈ 1 for the optimal magnon frequency we
found, a protocol for magnon cooling would need to be intro-
duced in order to prepare the initial state into the ground state.
To circumvent this necessity, we checked the performance
of a gate using instead an initial magnon thermal state with
nth = 0.99. Taking a magnon Fock space size of 12 in order
to implement this thermal state in the simulations, we find an
average gate fidelity F̄ = 99.36%.

We note that by flux-driving both qubits, a concept we
introduce in the next section, we can effectively turn off the
gate when required. In this case, the coupling constant gZ
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FIG. 4. (a) Average fidelity F̄ (blue, solid) and gate time TZ (green dashed) of the CZ gate as a function of the magnon frequency ωm in
units of the qubit frequencies ωq. A competition between squeezing enhancement of the coupling gZ and thermal occupation at low frequencies
results in a maximum fidelity F̄ = 99.43% at ωm/ωq = 0.027 (vertical dashed line). The oscillatory behavior for low magnon frequencies is
due to a resonant enhancement of the parametric interaction between magnons and qubits, causing an oscillating magnon occupation, see
also green solid line in panel (b). (b) Demonstration of the proposed CZ gate for a given input state (|1+〉) at the optimal magnon frequency
ωm = 0.027ωq. We plot the occupation of qubit 1 (blue, dash-dotted) and of the magnons (green, solid) as a function of time. In addition, we
plot the evolution of the expectation value of the Pauli σ̂x operator for the second qubit (red dashed). The target state, achieved at TZ = 0.23 µs
(vertical dashed line), equals ÛCZ |1+〉 = |1−〉. Parameters as in Fig. 3.

is proportional to 1/(ωm − ωac), where ωac is the driving
frequency. Flux-driving at frequencies much larger than the
magnon frequency can therefore be used to increase the de-
tuning ωm − ωac such that the coupling is negligible, allowing
to realize the gate efficiently by turning off the coupling in this
manner after the gate time.1

C. iCNOT

We consider the limit aJ1 → 0 for one qubit, let it be qubit
1. For qubit 2 we set aJ2 → 1 and ϕb2 = π/2. This gives
J1, g2 → 0. To make the interaction term leading to the iCNOT

gate energetically allowed, in this case we need to consider a
weak external ac bias �b = �ac cos(ωact ) with amplitude �ac

and frequency ωac applied to the first qubit. This changes the
flux ϕb → ϕac cos(ωact ), where ϕac = π�ac/�0. For ϕac � 1
we find g(ϕb) → g̃cos(ωact ), with [41]

g̃ = −μ0Ixμzpfer

8�0d

√
8ECE�

J ϕac. (33)

In the rotating frame of the drive we obtain

Ĥ iCNOT
RF = h̄δmm̂†m̂ +

∑
i=1,2

h̄δqi ĉ
†
i ĉi − EC

2
ĉ†

i ĉ†
i ĉiĉi

+ h̄g̃1

2
ĉ†

1ĉ1(m̂† + m̂) + h̄J2(ĉ†
2m̂ + ĉ2m̂†), (34)

where we defined δm = ωm − ωac and δqi = ωqi − ωac and
used the rotating wave approximation, which is valid for

1One could attempt to use flux-driving in order to increase the
effective coupling strength, choosing ωac close to the magnon fre-
quency. However, flux-driving also changes the coupling strengths
g1 and g2, as will be shown in the next section. These new coupling
strengths are typically lower than their nondriven equivalents. Ulti-
mately, the fidelity values including driving turned out to be lower
than without driving.

g̃1 � 4ωac. Performing an SW transformation as detailed in
Appendix C 3 and choosing ωac = ωq2 + J2

2 /(ωq2 − ωm)
yields

Ĥ iCNOT
SW = h̄

(
δm − J2

2

δq2 − δm

)
m̂†m̂

+ h̄

(
δq1 − g̃2

1

4δm

)
σ̂ z

1 + h̄g̃NOTσ̂
z
1 (σ̂+

2 + σ̂−
2 ), (35)

with the coupling strength

g̃NOT = g̃1J2

4

(
1

δq2 − δm
− 1

δm

)
. (36)

The frequency of the flux drive ωac is chosen by matching the
Stark-shifted frequency of the second qubit in order to make
the interaction term resonant. The SW transformation is valid
for J2 � ωq2 − ωm and g̃1 � 2δm. Time propagation of the
coupling term of the effective Hamiltonian of Eq. (39) up to
TNOT = π/(2|g̃NOT|) gives an iCNOT gate

ÛiCNOT = |0〉 〈0| ⊗ Î ∓ i |1〉 〈1| ⊗ σ̂x, (37)

since exp[−ig̃NOTTNOTσ̂
z
1 (σ̂+

2 + σ̂−
2 )] = ÛiCNOT. This gate re-

sembles a CNOT gate but adds a phase ∓i if the control qubit,
i.e., the first qubit, is excited. Thus, we denominate it an iCNOT

gate. The sign of the phase ∓i corresponds to g̃NOT ≷ 0.
Similarly as performed for the previous gates, in order to

compensate for single qubit rotations we cancel the diagonal
term of the control qubit of Eq. (35) by performing the unitary
rotation

ÛSQ(t ) = exp

[
it

(
δq1 − g̃2

1

4δm

)
σ̂ z

1

]
. (38)

For Eq. (35) we find

Ĥ iCNOT
eff = h̄

(
δm − J2

2

δq2 − δm

)
m̂†m̂ + h̄g̃NOTσ̂

z
1 (σ̂+

2 + σ̂−
2 ).

(39)
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FIG. 5. (a) Average fidelity F̄ (blue, solid) and gate time TNOT (green dashed) of the iCNOT gate as a function of the magnon frequency ωm.
The competition of magnon squeezing versus magnon-qubit resonance to optimize the gate fidelity is similar to the iSWAP gate of Fig. 3. The
maximum fidelity, F̄ = 88.66%, is found at ωm/ωq2 = 0.97 (vertical dashed line). (b) Qubit and magnon dynamics following the evolution with
the Hamiltonian of Eq. (40) including dissipation. We use the magnon frequency ωm = 0.97ωq2 found in panel (a). The occupations of both
qubits (blue dash-dotted and red dashed) and magnons (green solid) as a function of time are shown. The target state is ÛiCNOT |10〉 = −i |11〉
at the gate time TNOT = 5.5 µs (vertical dashed line). Parameters are as in Fig. 3.

Rotating the Hamiltonian before the SW transformation of
Eq. (34) with the same unitary transformation yields

Ĥ iCNOT
tot = h̄δmm̂†m̂ + h̄g̃2

1

4δm
ĉ†

1ĉ1 + h̄δq2 ĉ†
2ĉ2 −

∑
i=1,2

EC

2
ĉ†

i ĉ†
i ĉiĉi

+ h̄g̃1

2
ĉ†

1ĉ1(m̂† + m̂) + h̄J2(ĉ†
2m̂ + ĉ2m̂†). (40)

For the channel EiCNOT[ρ̂] we use the total Hamiltonian of
Eq. (40). We compute the average fidelity of the proposed gate
EiCNOT[ρ̂] with the ideal gate ÛiCNOT, which can be found in
Eq. (37). The result is shown in Fig. 5(a). The dependence
of the average gate fidelity on the magnon frequency is akin
to the iSWAP gate. The coupling constant g̃NOT reminds us of
a combination of gS and gZ of Eqs. (22) and (28), respec-
tively. Since δq2 − δm = ωq2 − ωm, magnon frequencies close
to the frequency of the target qubit give rise to large coupling
strengths, but approach the breakdown of the SW transforma-
tion, as signalled by a vanishing gate time in Fig. 5(a). Also,
the factor δm is small for these magnon frequencies due to
ωac ≈ ωq2 . Similarly to the iSWAP gate, magnon frequencies
in this regime lead to little increase of the coupling constant
due to squeezing: g̃NOT ∝ e2r ≈ 1. To increase the cou-
pling constant through squeezing one needs ωm � γ0μ0Ms.
Thus, the competition to maximize the coupling constant
and hence to restrict dissipative processes is similar to the
iSWAP gate.

For the results displayed in Fig. 5 we set the asymmetry pa-
rameter and reduced flux of the first (second) qubit to aJ1 = 0
and ϕac1 = π/10 (aJ2 = 0.9 and ϕb2 = π/2), corresponding to
ωq1 = 6.2 GHz (ωq2 = 6.0 GHz). We find a maximum average
fidelity of F̄ = 88.66% for ωm/ωq2 = 0.97, at an effective
coupling strength of g̃NOT/ωq2 = 7.6 × 10−6 corresponding to
g̃NOT/(2π ) = 46 kHz.

Figure 5(b) displays the dynamics of the system for the
magnon frequency which maximizes the average fidelity and
|10〉 as our input state. At t = TNOT we should find the state
ÛiCNOT |10〉 = −i |11〉. However, due to a relatively large gate
time TNOT = 5.5 µs compared with decay T1 and dephasing Tφ ,

dissipation has a relatively large influence. Therefore, we see
that the control qubit, i.e., the first qubit, has lost some of its
initial excitation. The target qubit does not reach 〈ĉ†

2ĉ2〉 = 1
either. Turning off the coupling after the gate time TNOT can be
simply achieved by switching off the ac driving of the control
qubit.

Although the iSWAP and iCNOT gate have some resem-
blances regarding the effective coupling strength g̃NOT, the
iCNOT gate does not achieve a similar fidelity. The reason is
that g̃NOT is proportional to g̃1, which is a factor ten smaller
than its iSWAP equivalent J1, leading to a more detrimental
effect of dissipation.

IV. CONCLUSIONS

We have demonstrated theoretically that magnons can be
used to mediate strong qubit-qubit coupling, where for feasi-
ble experimental parameters we obtained coupling strengths
surpassing the qubit dissipation. The coherent magnon-qubit
exchange interaction and radiation-pressure interaction can
be adopted to engineer two-qubit quantum gates. With the
exchange interaction an iSWAP gate is realized by using highly
asymmetric SQUIDs. The nonlinear interaction generated by
symmetric SQUIDs realizes a CZ gate. By combining the
exchange interaction on a highly asymmetric SQUID and
the radiation-pressure on a symmetric SQUID an iCNOT gate
is implemented. We numerically tested these proposed gates
under realistic experimental conditions and find an average
gate fidelity which equals 99.00% for the iSWAP gate, 99.43%
for the CZ gate and 88.66% for the iCNOT gate. The cou-
pling strengths with respect to the qubit dissipation equal
T1gS/(2π ) = 49 for the iSWAP, T1gZ/(2π ) = 214 for the CZ

and T1g̃NOT/(2π ) = 4.6 for the iCNOT gate. Furthermore, we
found no leakage out of the computational space for both
qubits.

In all of our simulations, we assumed the initial magnonic
state to be vacuum instead of a thermal state for computational
simplicity. We found that the optimal magnon frequency for
the iSWAP and iCNOT gate is in the GigaHertz regime, and
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thus vacuum state assumption can be achieved passively by
cooling the system down to temperatures <50 mK. However,
the optimal magnon frequency we found for the CZ gate is
in the MegaHertz regime, leading to a sizable thermal popu-
lation of magnons for the temperature used in the simulations
(10 mK). To verify the validity of our results, we simulated the
CZ gate further with an initial magnon thermal state dictated
by the optimal magnon frequency at the given temperature,
and found a similar average fidelity F̄ = 99.36%.

While the average gate fidelities for the iSWAP and CZ gates
are above the error correction threshold [10,11], this is not
the case for the iCNOT, for which the gate time is not small
with respect to the qubit relaxation timescales. One could
improve this by introducing waveguides that transport the
electromagnetic wave emitted by the magnet to the SQUID
loop [56], thereby increasing the total flux through the loop
and, as a result, the coupling. Moreover, we have shown that
the qubit-magnon coupling strength can be enhanced with
magnetization squeezing for magnon frequencies much lower
than γ0μ0Ms, and using qubit frequencies close to this regime.
However, transmons typically operate at higher frequencies
in the 4–8 GHz regime [78]. Therefore, the performance
of the iSWAP and iCNOT gates could be further improved in
qubit-magnon hybrid systems involving low-frequency qubits
[79,80]. For lower operating frequencies the impact of thermal
occupation should be evaluated.
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APPENDIX A: GEOMETRICAL FACTOR

With the scalar potential P(r) caused by the magnetization
and which obeys B = −μ0∇P(r), we describe the magnetic
stray field B. We decompose the potential in terms which
are given rise to by the magnetic moment of each Cartesian
component, such that

P(r) =
∑

i=x,y,z

μi pi(r). (A1)

We use the magnetic field which is caused by μz to obtain
Fig. 6, where we plotted the z component of this field and
used μz = MsVm. We set the magnetic moment of the x and
y component equal to the magnetic moment fluctuations of
Eq. (6) and treat them as operators, so μx = �μ̂x and μy =
�μ̂y. We determine the flux through the SQUID loop caused
by these fluctuations with

�(�μ̂) = −μ0

∑
i=x,y

�μ̂i

∫
SQUID

∇pi(r) · dA. (A2)

FIG. 6. Magnetic field in z direction in units of the critical field
Bc for an ellipsoidal and spherical magnet as a function of the dis-
tance z in units of Lz.

By comparing this relation with Eq. (8), we find

Ii = −4π

∫
SQUID

∇pi(r) · dA. (A3)

Due to the symmetry of the setup we find Iy = 0.
As described in the main text, a limiting factor of Ix is the

superconducting critical field Bc. The amplitude of the stray
magnetic field in the z direction, Bz, at z = d should be smaller
than Bc. For the magnet with an ellipsoidal shape, the field
Bz(z = Lz ) is about two orders of magnitude lower than the
critical field of typical superconductors [66], as one can see in
Fig. 6. Thus, the SQUID loop can be positioned at touching
distance from the magnet and hence we set d − Lz = 10 nm.
Furthermore, Lx and Lz should be chosen such that NT ≈ 1/2.
However, Lx � Lz resembles a magnet infinitely stretched
along x axis, which is known to have less magnetic field in
its direct vicinity in the x = 0 plane than a spherical magnet.
Therefore, we set NT = 0.45, which fixes the ratio of Lx and
Lz. Increasing the loop radius R leads to an increase in the
coupling strength, yet gives rise to more qubit noise. We
put R = 25 µm. By varying Lx we find an optimal effective
coupling constant for Lx = 16 µm and Lz = 3.9 µm−1. This
corresponds to Ix = −0.12 µm. Note that coherent magnon
quantum states have been demonstrated in magnets of sizes
up to 1 mm [40], significantly larger than the sizes considered
here.

Considering a sphere with the same volume and with radius
r̃ such that r̃3 = LxL2

z , while fixing d − r̃ = 10 nm, gives an
effective coupling constant which is a factor 2.8 higher than
the coupling constant for an ellipsoidal magnet excluding the
squeezing enhancement.

APPENDIX B: AVERAGE GATE FIDELITY

To determine the average gate fidelity efficiently we use the
following relation [71]:

F̄ (E, Û ) =
∑

j tr[Û †
j Û †E[Ûj]Û ] + d2

d2(d + 1)
, (B1)

where the unitary operators Ûj form an orthogonal basis
and d = 4 is the dimension of the two-qubit space. We
choose Ûj = σ̂k ⊗ σ̂l , where σ̂m is identity or a Pauli ma-
trix, so σ̂m ∈ {Î, σ̂x, σ̂y, σ̂z}. The input of E[ρ̂] is restricted
to density matrices. Since the Pauli matrices have zero

104416-9



MARTIJN DOLS et al. PHYSICAL REVIEW B 110, 104416 (2024)

trace, we write these in terms of the density matrices. We
find Î = ρ̂0 + ρ̂1, σ̂x = 2ρ̂+ − ρ̂0 − ρ̂1, σ̂y = 2ρ̂i− − ρ̂0 − ρ̂1,
and σ̂z = ρ̂0 − ρ̂1. Here, ρ̂i = |i〉 〈i|, |+〉 = 1√

2
(|0〉 + |1〉), and

|i−〉 = 1√
2
(|0〉 − i |1〉). We use the linearity of E[ρ̂] to rewrite

the expressions. For example, one finds

E[Î ⊗ σ̂x] = 2E[ρ̂0 ⊗ ρ̂+] − E[ρ̂0 ⊗ ρ̂0] − E[ρ̂0 ⊗ ρ̂1]

+ 2E[ρ̂1 ⊗ ρ̂+] − E[ρ̂1 ⊗ ρ̂0] − E[ρ̂1 ⊗ ρ̂1].

(B2)

APPENDIX C: SCHRIEFFER-WOLFF TRANSFORMATION

With a SW transformation one transforms a Hamiltonian Ĥ
according to ĤSW = e−ŜĤeŜ with an anti-Hermitian generator
Ŝ = −Ŝ†. We write Ĥ = Ĥ0 + Ĥint, where Ĥ0 is already diag-
onalized with respect to the tensor product of the number basis
for qubits and magnon, on the contrary to Ĥint. We assume that
both Ŝ and Ĥint are proportional to a coupling constant (e.g., J
or g). We approximate to second order in this constant. Using
the Baker-Campbell-Hausdorff formula to second order gives

ĤSW ≈ Ĥ0 + Ĥint + [Ŝ, Ĥ0] + [Ŝ, Ĥint] + 1
2 [Ŝ, [Ŝ, Ĥ0]].

By imposing [Ŝ, Ĥ0] = −Ĥint one gets

ĤSW = Ĥ0 + 1
2 [Ŝ, Ĥint].

This approximation is valid for |Ŝ| � 1.
The diagonalized Hamiltonian can be found in Eq. (13) and

the interaction Hamiltonian in Eq. (15). We use the generator
Ŝ = ŜJ + Ŝg, where

ŜJ =
∑
i=1,2

Ji[χi(ĉ
†
i ĉi )ĉ

†
i m̂ − ĉim̂

†χi(ĉ
†
i ĉi )], (C1)

with transmon susceptibility

χi(ĉ
†
i ĉi ) = 1

ωm − ωqi + EC
h̄ (ĉ†

i ĉi − 1)
, (C2)

and

Ŝg =
∑
i=1,2

gi

ωm
ĉ†

i ĉi
(
m̂† − m̂

)
. (C3)

We compute

[ŜJ , Ĥ0] =
∑
i=1,2

{
Ji[χi(ĉ

†
i ĉi )ĉ

†
i m̂ − ĉim̂

†χi(ĉ
†
i ĉi )], h̄ωqi ĉ

†
i ĉi − EC

2
ĉ†

i ĉ†
i ĉiĉi

}
+
∑
i=1,2

{Ji[χi(ĉ
†
i ĉi )ĉ

†
i m̂ − ĉim̂

†χi(ĉ
†
i ĉi )], h̄ωmm̂†m̂}

= −
∑
i=1,2

h̄Ji(ĉim̂
† + ĉ†

i m̂) = −
∑
i=1,2

Ĥ i
J (C4)

and

[Ŝg, Ĥ0] =
∑
i=1,2

h̄giĉ
†
i ĉi[m̂

† − m̂, m̂†m̂] = −
∑
i=1,2

h̄giĉ
†
i ĉi
(
m̂† + m̂

) = −
∑
i=1,2

Ĥ i
g. (C5)

Thus, we verify

[Ŝ, Ĥ0] = [ŜJ , Ĥ0] + [Ŝg, Ĥ0] = −
∑
i=1,2

Ĥ i
J + Ĥ i

g = −Ĥint. (C6)

This leaves us to determine

[Ŝ, Ĥint] = ĤJ,J + ĤJ,g + Ĥg,J + Ĥg,g, (C7)

with ĤJ,J = [ŜJ ,
∑

i=1,2 Ĥ i
J ], ĤJ,g = [ŜJ ,

∑
i=1,2 Ĥ i

g], Ĥg,J = [Ŝg,
∑

i=1,2 Ĥ i
J ], and Ĥg,g = [Ŝg,

∑
i=1,2 Ĥ i

g]. We find

ĤJ,J =
∑
i=1,2

h̄J2
i

{
2χi(ĉ

†
i ĉi )ĉ

†
i ĉi − [2χi(ĉ

†
i ĉi + 1)(1 − ĉ†

i ĉi ) + 2χi(ĉ
†
i ĉi )ĉ

†
i ĉi]m̂

†m̂

+ [χi(ĉ
†
i ĉi ) − χi(ĉ

†
i ĉi − 1)](ĉ†

i )2m̂2 + [χi(ĉ
†
i ĉi + 2) − χi(ĉ

†
i ĉi + 1)]ĉ2

i (m̂†)2
}

+ h̄J1J2[χ1(ĉ†
1ĉ1)ĉ†

1ĉ2 + ĉ1χ1(ĉ†
1ĉ1)ĉ†

2] + h̄J1J2[χ2(ĉ†
2ĉ2)ĉ†

2ĉ1 + ĉ2χ2(ĉ†
2ĉ2)ĉ†

1], (C8)

ĤJ,g =
∑
i=1,2

h̄Jigi{χi(ĉ
†
i ĉi )ĉ

†
i [ĉ†

i ĉi − (m̂ + m̂†)m̂] + χi(ĉ
†
i ĉi + 1)ĉi[ĉ

†
i ĉi − (m̂ + m̂†)m̂†]}

+ h̄J1g2ĉ†
2ĉ2[χ1(ĉ†

1ĉ1)ĉ†
1 + ĉ1χ1(ĉ†

1ĉ1)] + h̄g1J2ĉ†
1ĉ1[χ2(ĉ†

2ĉ2)ĉ†
2 + ĉ2χ2(ĉ†

2ĉ2)], (C9)

Ĥg,J =
∑
i=1,2

h̄Jigi

ωm
[(ĉ†

i + ĉi )(m̂
†m̂ + 1) − ĉi(m̂

†)2 − ĉ†
i m̂2 − ĉ†

i ĉiĉ
†
i − ĉiĉ

†
i ĉi] − h̄g1J2

ωm
ĉ†

1ĉ1(ĉ†
2 + ĉ2) − h̄J1g2

ωm
(ĉ†

1 + ĉ1)ĉ†
2ĉ2,

(C10)

and, finally,

Ĥg,g = −
∑
i=1,2

2h̄g2
i

ωm
(ĉ†

i ĉi )
2 − 4h̄g1g2

ωm
ĉ†

1ĉ1ĉ†
2ĉ2. (C11)

104416-10



MAGNON-MEDIATED QUANTUM GATES FOR … PHYSICAL REVIEW B 110, 104416 (2024)

Thus, the transformed Hamiltonian we obtain is

ĤSW = Ĥ0 + 1
2 (ĤJ,J + ĤJ,g + Ĥg,J + Ĥg,g). (C12)

We note that Eq. (C8) contains a SWAP-like qubit-qubit
term, Eqs. (C9) and (C10) show a controlled-SWAP form and
Eq. (C11) a controlled-phase term. By choosing different
combinations of coupling constants J and g, we can tune
between these interactions.

1. iSWAP

For g1 = g2 = 0 we find ĤJ,g = Ĥg,J = Ĥg,g = 0. There-
fore, we find

Ĥ iSWAP
SW = Ĥ0 + 1

2 ĤJ,J . (C13)

Truncating the higher qubit levels, such that only the ground
and first excited states remain, gives

ĤJ,J =
∑
i=1,2

2h̄J2
i χi(1)

(
σ̂ z

i − m̂†m̂
)

+ h̄J1J2[χ1(1) + χ2(1)](σ̂+
1 σ̂−

2 + σ̂−
1 σ̂+

2 ). (C14)

This leads to Eq. (21).

2. CZ

For J1 = J2 = 0 we have ĤJ,J = ĤJ,g = Ĥg,J = 0. This
gives

Ĥ iSWAP
SW = Ĥ0 + 1

2 Ĥg,g. (C15)

Taking only the ground and first state of the qubit gives

Ĥg,g = −
∑
i=1,2

2h̄g2
i

ωm
σ z

i − 4h̄g1g2

ωm
σ̂ z

1 σ̂ z
2 , (C16)

since (σ̂ z
i )2 = σ̂ z

i . This yields Eq. (27).

3. iCNOT

We set J1 = g2 = 0. Since ĤJ,J , ĤJ,g, Ĥg,J , and Ĥg,g do not
vanish, the transformed Hamiltonian is given by Eq. (C12).
From now on, we limit the qubit to its lowest two lev-
els. Equation (34) shows that we can use the results of the
SW transformation if we implement following substitutions:
ωm → δm, ωqi → δqi , and g1 → g̃1/2. We find

ĤJ,J = 2h̄J2
2

δm − δqi

(
σ̂ z

2 − m̂†m̂
)
, (C17)

ĤJ,g = h̄g̃1J2

2(δq2 − δm)
σ̂ z

1 (σ̂+
2 + σ̂−

2 ), (C18)

Ĥg,J = − h̄g̃1J2

2δm
σ̂ z

1 (σ̂+
2 + σ̂−

2 ), (C19)

and

Ĥg,g = − h̄g̃2
1

2δm
σ̂ z

1 . (C20)

With Eq. (C12) we find

Ĥ iCNOT
SW = h̄

(
δm − J2

2

δq2 − δm

)
m̂†m̂ + h̄

(
δq1 − g̃2

1

4δm

)
σ̂ z

1

+ h̄

(
δq2 + J2

2

δq2 − δm

)
σ̂ z

2

+ h̄g̃1J2

4

(
1

δq2 − δm
− 1

δm

)
σ̂ z

1 (σ̂+
2 + σ̂−

2 ). (C21)

We cancel the frequency of the target qubit by setting ωac =
ωq2 + J2

2 /(ωq2 − ωm). This gives Eq. (35).
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