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We prove the Lieb-Schultz-Mattis theorem in d-dimensional spin systems exhibiting SO(3) spin rotation and
lattice translation symmetries in the presence of k-local interactions decaying as ∼1/rα with distance r. Two
types of Hamiltonians are considered: Type I comprises long-range spin-spin couplings, while type II features
long-range couplings between SO(3) symmetric local operators. For spin- 1

2 systems, it is shown that type I cannot
have a unique symmetric ground state with a nonzero excitation gap when the interaction decays sufficiently
fast, i.e., when α > max(3d, 4d − 2). For type II, the condition becomes α > max(3d − 1, 4d − 3). In 1d , this
ingappability condition is improved to α > 2 for type I and α > 0 for type II by examining the energy of a state
with a uniform 2π twist. Notably, in 2d , a type II Hamiltonian with van der Waals interaction is subject to the
constraint of the theorem.
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I. INTRODUCTION

The spectral gap is a central quantity of a quantum
many-body system, which determines the correlation and en-
tanglement properties in the ground state [1–5]. Regarding the
spectral gap, a kinematic constraint is the Lieb-Schultz-Mattis
(LSM) theorem [6]. It states that for a translationally invariant
spin chain with SO(3) spin rotation symmetry and a spin- 1

2
moment per site, a unique gapped symmetric ground state is
forbidden. The theorem, together with its topological argu-
ment [7,8] and higher-dimensional generalizations [3,9,10],
features the fundamental role played by symmetry and topol-
ogy in quantum many-body physics.

However, most discussions of the LSM theorem in the
current literature focus on systems with only finite-range in-
teractions (with a few exceptions, see Ref. [11]). Recently,
it was realized that long-range interactions (i.e., power-law
decay of ∼1/rα in distance r), which are ubiquitous in many-
body systems, can lead to qualitatively new physics [12–18].
Thus, it is important to ask whether and to what extent the
LSM constraint holds in the presence of such interactions.
In this work, we address this issue, and the main results
are summarized in Theorems 1 and 2. We first define the
system in 1d and demonstrate the existence of a low-lying
state with vanishing energy above the ground state following
the original proof [6,19]. Then, to generalize the discussion
to higher dimensions, we utilize the powerful machinery of
quasiadiabatic evolution [2,3,20] to construct a low-energy
state with a twisted boundary condition, which is then shown
to be orthogonal to the original ground state due to the fact
that each site has a spin- 1

2 moment. In this reasoning, a crucial
ingredient is the recent development of the Lieb-Robinson
(LR) bound in power-law interacting systems [21–27].

II. SYSTEMS IN 1d

Consider a 1d chain with length L and periodic boundary
conditions. In each unit cell, there is a spin- 1

2 moment. The

Hamiltonian is invariant under lattice translation and SO(3)
global spin rotation symmetry. Throughout this work, we
consider two types of Hamiltonians. Type I consists of two-
body antiferromagnetic interactions, with strengths decaying
according to a power α in the distance,

HI =
∑
{i j}

hi j, hi j = Si · S j

(|i − j| + 1)α
, (1)

where {i j} includes all pairs of lattice sites. Type II is defined
as

HII =
∑
{i j}

hi j, hi j = OiOj

(|i − j| + 1)α
, (2)

where Oi and Oj are local operators acting near i and j,
respectively, and both are individually SO(3) symmetric, e.g.,
Oi = Si · Si+1. After the Jordan-Wigner transformation, HI

becomes a fermionic Hamiltonian with long-range particle
hopping terms, while HII has only short-range hopping but
long-range density-density couplings. Later, we will also dis-
cuss generalizations to generic k-local Hamiltonians. We are
interested in the spectrum of the Hamiltonians, particularly
whether a unique symmetric ground state with a nonzero
excitation gap � persists in the L → ∞ limit. We present the
following result.

Theorem 1. In 1d , (1) the type I Hamiltonian cannot have a
unique gapped symmetric ground state for α > 2, and (2) the
type II Hamiltonian cannot have a unique gapped symmetric
ground state for α > 0.

Proof. We follow the original proof of the LSM theorem
[6]. The idea is to consider the state after a uniform 2π

flux insertion (twist). We demonstrate that when α > 2, this
twisted state has a vanishing excitation energy relative to HI.

We define the twist operator implementing the flux inser-
tion as

U = exp

⎛
⎝−i

L−1∑
j=0

2π

L
jSz

j

⎞
⎠. (3)
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Let the ground state of H be denoted as |ψ0〉. The energy
difference �E between the twisted state U |ψ0〉 and |ψ0〉 can
be expressed as

〈ψ0|U †HU |ψ0〉 − 〈ψ0|H |ψ0〉 = 〈ψ0|U †[H,U ]|ψ0〉
� 〈ψ0|[U †, [H,U ]]|ψ0〉. (4)

We then utilize the explicit expression of U to compute the
energy difference and thus bound the excitation gap as

�E � 2
∑
{i j}

〈ψ0|
Sx

i Sx
j + Sy

i Sy
j

(|i − j| + 1)α

[
cos

2π (i − j)

L
− 1

]
|ψ0〉

�
∑
{i j}

2S2

(|i − j| + 1)α

(
2π (i − j)

L

)2

� max[O(L−1), O(L2−α )], (5)

where S is the spin quantum number of a single site and we use
0 � 1 − cos θ � θ2

2 . Here, we bound the summation at large
distances as

L∑
j=1

1

( j + 1)α−2
�

∫ L

O(1)
dx

1

xα−2
= max[O(1), O(L3−α )].

(6)
Finally, observe that

TUT †U † = e−i2πSz
0 ei 2π

L

∑L−1
j=0 Sz

j , (7)

where T represents lattice translation, i.e., T Sz
jT

† = Sz
j+1. As

|ψ0〉 is SO(3) invariant and e−i2πSz
0 = −1 for S = 1

2 , we de-
duce that U |ψ0〉 and |ψ0〉 have different lattice momenta and
therefore are orthogonal. This, along with a similar argument
for HII, establishes the proof of Theorem 1. �

Let us note that our conclusion extends to more general k-
local Hamiltonians (i.e., each term in the Hamiltonian acts on
at most k spins, although these k spins can be far apart), which
encompass many physical systems, such as van der Waals in-
teractions, ring-exchange interactions [28,29], and multibody
interactions emerging in periodically driven systems [30] and
trapped ions [31,32], provided that an appropriate condition
on convergence is imposed. Consider the k-local Hamiltonian

H =
∑

Z

HZ , (8)

where Z is a subset of sites with cardinality |Z| � k. Assum-
ing H has a unique symmetric ground state |ψ0〉, following
the same derivation that leads to Eq. (5), the excitation gap of
H can be bounded by

�E � 〈ψ0|[U †, [H,U ]]|ψ0〉
�

∑
Z

‖U †hZU + UhZU † − 2hZ‖. (9)

Given the SO(3) invariance of each term, it follows that [33]

UhZU † = exp

(
−i

2π

L
QZ

)
hZ exp

(
i
2π

L
QZ

)
, (10)

where

QZ =
∑

x

(x − xL )Sz
x, (11)

with the sum running over all sites on which hZ acts non-
trivially and xL is the coordinate of the leftmost site among
them (starting from zero). The eigenvalue μ of QZ is bounded
by −kRZ S � μ � kRZ S, where RZ is the largest distance be-
tween any two sites in Z . The operator hZ can be decomposed
as hZ = ∑

μ hμ
Z , such that [QZ , hμ

Z ] = μhμ
Z . Consequently, we

have

�E �
∑

Z

‖U †hZU + UhZU † − 2hZ‖

�
∑

Z

∑
μ

2

[
1 − cos

(
2π

L
μ

)]∥∥hμ
Z

∥∥

�
∑

Z

4π2k2R2
ZS2

L2
‖hZ‖ � const

L

∑
Z�z

‖hZ‖R2
Z , (12)

where we note that ‖hμ
Z ‖ � ‖hZ‖ and use translation symme-

try to arrive at the last line, where the sum includes all terms
that act nontrivially on a single site z. Therefore, for a generic
k-local Hamiltonian, if an ε > 0 exists such that∑

Z�z

‖hZ‖R2
Z < L1−ε, (13)

the excitation gap vanishes algebraically for large L. The type
I Hamiltonian in Eq. (1) with α > 2 is a special case that
satisfies this convergence condition.

On the other hand, for a special subclass of k-local Hamil-
tonians that involve only long-range couplings among SO(3)
singlet local operators (or solely “density-density” couplings
after the Jordan-Wigner transformation), the eigenvalue μ in
the commutator [QZ , hμ

Z ] = μhμ
Z is bounded by a constant that

does not depend on the diameter RZ . In this case, if an ε > 0
exists such that ∑

Z�z

‖hZ‖ < L1−ε, (14)

then �E would vanish algebraically as L → ∞. The type
II Hamiltonian in Eq. (2) with α > 0 is an example of such
Hamiltonians.

III. HIGHER DIMENSIONS

Now let us consider a d-dimensional lattice where one
specific dimension, referred to as the x direction, has a size
denoted by L (chosen to be even). The Hamiltonian exhibits
translational invariance and periodicity along the x direction.
All other dimensions are referred to as y. The volume of the
system, i.e., the total number of unit cells, is denoted as V .
Like in Ref. [3], it is important to assume that the system’s
width, defined as V/L, is an odd number. This assumption will
be used to prove the orthogonality of the twisted state below.
The thermodynamic limit is characterized by scaling the sizes
of all dimensions to infinity at the same rate, specifically
V 	 O(Ld ). The proof in 1d does not directly apply, even for
finite-range Hamiltonians, as the energy of U |ψ0〉 is bounded
only by O(V

L
1
L ). Nonetheless, we still have the following.

Theorem 2. In d dimensions, (1) the type I
Hamiltonian cannot have a unique gapped sym-
metric ground state for α > max(3d, 4d − 2), and
(2) the type II Hamiltonian cannot have a unique
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gapped symmetric ground state for α > max(3d − 1,

4d − 3). The theorem holds when V/L is an odd number.
Before presenting the proof, we have an additional com-

ment. Instead of the specific form in Eqs. (1) and (2), Theorem
2 actually applies to generic k-local Hamiltonians, as long as
a certain LR bound holds. Consider a Hamiltonian of the form
H = ∑

Z HZ , where each term HZ is supported on a subset of
sites denoted by Z . As discussed in Ref. [27], the LR bound
holds when (1) the long-range interaction decays sufficiently
fast, i.e., for all sites in the entire lattice �,

sup
z∈�

∑
Z�z:diam(Z )�R

‖HZ‖ � const

Rα−d
, (15)

with α > 2d and diam(Z ) denoting the largest distance be-
tween any two points in Z , and (2)

sup
z∈�

∑
y∈�

∑
Z�y,z

‖HZ‖ < ∞, (16)

which ensures that the sum of the norms of all terms acting on
any fixed site is finite.

Theorem 2 applies to generic k-local Hamiltonians that
meet these two requirements. Specifically, such a Hamilto-
nian cannot have a unique gapped symmetric ground state
when the parameter α in Eq. (15), which governs the decay
of the interaction, satisfies α > max(3d, 4d − 2) for generic
k-local interactions or α > max(3d − 1, 4d − 3) for k-local
interactions among SO(3) singlet local operators. One can
verify that Eqs. (1) and (2) are examples of such Hamiltonians.
The reason for distinguishing between type I and type II will
become clear when we construct the Hamiltonian with a twist.
Last, note that the two requirements above for the Hamiltonian
differ from the convergence condition (13) specific to 1d , as
the variational state for which the excitation energy is esti-
mated is constructed in a distinct way.

Proof of Theorem 2. We follow the approach described in
Ref. [3], which is a proof by contradiction. We start by assum-
ing the existence of a unique gapped ground state. Leveraging
the LR bound and bounding the norm of long-range couplings,
we can demonstrate the insensitivity of the energy to a twisted
boundary condition. Namely, we construct a low-lying twisted
state with energy algebraically small in L. Subsequently, we
demonstrate that for spin- 1

2 per unit cell, the 2π -twisted state
has a distinct lattice momentum compared to the initial ground
state and thus must be orthogonal to it. The presence of a
low-energy twisted state then leads to a contradiction, thereby
establishing the theorem.

We focus on a type I Hamiltonian H . To construct a state
with a twisted boundary condition, we begin by constructing
a twisted Hamiltonian. Unlike Hamiltonians with only finite-
range interactions, where a symmetry defect can be introduced
by modifying only terms in the vicinity of the twist, con-
structing a twisted Hamiltonian with long-range interactions
is more intricate. Let us introduce a partial spin rotation oper-
ator:

UR(θ ) = exp

⎡
⎣−iθ

∑
j∈R

Sz
j

⎤
⎦, (17)

FIG. 1. Plot of the system, showing only the x direction. All sites
to the right of the dashed line belong to the right half R. The lower
quarter l (the shorter interval between the two red dots) contains sites
with x coordinates in [ 7L

8 , L
8 − 1]. The upper quarter u (the interval

between the two blue dots) contains sites with x ∈ [ 3L
8 , 5L

8 − 1].
For later convenience, we define the region l ′ to be sites with x ∈
[ 13L

16 , 3L
16 − 1] (interval between the green dots) and u′ to be sites with

x ∈ [ 5L
16 , 11L

16 − 1] (interval between the purple dots).

where the summation extends over all spins on the right half
of the lattice (see Fig 1). We then denote the Hamiltonian
terms supported entirely in the lower (upper) quarter as Hl

(Hu), i.e., Hl = ∑
i, j∈l hi j . The twisted Hamiltonian is defined

as follows:

Htw
θ = Hl

θ + H − Hl , (18)

where Hl
θ = U †

R (θ )HlUR(θ ). For later convenience, we also
define a Hamiltonian Hθ = U †

R (θ )HUR(θ ). Compared to H ,
in Hθ , all terms supported simultaneously on the left and right
halves are modified. By definition, Hθ exhibits exactly the
same spectrum for all θ , assumed to have a nonzero gap �.

IV. THE TWISTED STATE

We introduce the twisted state |ψθ 〉, with its density ma-
trix denoted as ρθ , using quasiadiabatic evolution [3,20]. The
density matrix of the unique ground state of Hθ [i.e., |φθ 〉 :=
U †

R (θ )|φ0〉] is referred to as σθ . Without loss of generality, we
choose Hθσθ = E0σθ = 0. We define the twisted state ρθ as

∂θρθ =
∫ Lβ

0
dτ [A+(iτ ) − A−(−iτ ), ρθ ], (19)

with ρ0 = σ0. Here, β is a control parameter, and

A+(iτ ) = − 1

2π i
e−(�τ )2/2q

∫
t

∂θHtw
θ (t )

t + iτ
e−(�t )2/2q, (20)

where ∂θHtw
θ (t ) = eiHθ t∂θHtw

θ e−iHθ t , A−(−iτ ) = [A+(iτ )]†,
and q is another adjustable parameter. For later convenience,
we also define

B+(iτ ) = − 1

2π i
e−(�τ )2/2q

∫
t

∂θHθ (t )

t + iτ
e−(�t )2/2q, (21)

where ∂θHθ (t ) = eiHθ t∂θHθe−iHθ t and B−(−iτ ) = [B+(iτ )]†.
Hereafter, unless otherwise specified, all integration regions
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are (−∞,∞). Note that ρθ is always a pure state for all θ

since commutation with an anti-Hermitian operator generates
a unitary rotation. Our goal is to bound the energy of ρθ

relative to the Hamiltonian Htw
θ , i.e., tr(ρθHtw

θ ).
To do so, we examine the reduced density matrices in ū

(the region complementary to the upper quarter), denoted as
ρ1

θ and σ 1
θ , respectively. Specifically, ρ1

θ = tru(ρθ ). We aim to
demonstrate that

∂θρ
1
θ − ∂θσ

1
θ = eθ (22)

has a small trace norm. Physically, this implies that in region
ū, state ρθ closely approximates state σθ . We will also show
that ρ2

θ = trl (ρθ ) closely approximates σ 2
0 = trl (σ0), i.e., the

initial ground state.
To better understand why the error in Eq. (22) is small,

consider the limit q → ∞ and β → ∞ and temporarily sub-
stitute A+,− in Eq. (19) with B+,−. One can then verify that
ρθ precisely matches σθ , the ground state with two opposite
twists at x = 0 and x = L

2 , for all θ .1 It is found that by
choosing q and Lβ to be finite but large, ρθ can still approx-
imate σθ well. When the Hamiltonian Hθ has a gap � > 0,
the LR bound enables us to demonstrate that the impact of
introducing the two twists in σθ is primarily localized within l
and u.2 The motivation behind employing A+,− in Eq. (19)
is then straightforward: Rather than σθ with two opposite
twists, we aim to construct a state ρθ with a single twist at
x = 0. Consequently, the LR bound suggests that the part of
the system within u resembles the state σθ , while ρ2

θ remains
largely unaltered from σ 2

0 . The reason for considering the
reduced density matrices in two overlapping regions l and u
will become apparent when we estimate the energy tr(ρθHtw

θ ).
We now provide a more precise characterization of the

error in Eq. (22). The error can be expressed as eθ = ea + eb,
where

ea =
∫ Lβ

0
dτ tru{[A+(iτ ) − A−(−iτ ), ρθ − σθ ]},

eb =
∫ Lβ

0
dτ tru{[A+(iτ ) − A−(−iτ ), σθ ]} − ∂θσ

1
θ . (23)

Let us first analyze ea. We observe that in A+(iτ ), and simi-
larly for A−, the integral over the region |t | � Lκ contributes
with an operator norm upper bounded by∥∥∂θHtw

θ

∥∥
2π

∫
|t |>Lκ

e−(�t )2/2q

t
�

∥∥∂θHtw
θ

∥∥
2π�Lκ

√
πq

2
e−(�Lκ )2/2q.

(24)
Thus, if we choose q = La and 2κ > a, this piece will decay
superpolynomially in L. After commuting with ρθ − σθ in
Eq. (23), this piece yields a term with a small trace norm in

1This can be observed through perturbation theory, i.e., ∂θ |φθ 〉 =
1

E0−Hθ
∂θ Hθ |φθ 〉 = − ∫ ∞

0 dτ∂θ Hθ (iτ )|φθ 〉.
2The reason is that although Hθ is long range, the main contribution

to ∂θ Hθ comes from terms in close proximity to the twists. Conse-
quently, B+,−, as defined in Eq. (21), is essentially supported within
u and l due to the LR bound and the Gaussian that truncates the
integral for large t .

ea. Consequently, we can disregard the integral over t in the
region |t | � Lκ .

We show that, up to a small error, ea is only a unitary
rotation of ρ1

θ − σ 1
θ , and therefore, its trace norm does not

increase. To achieve this, we aim to demonstrate that A+,− can
be approximated by an operator acting solely within u; i.e.,

δA+(iτ ) = A+(iτ ) − tru[A+(iτ )]

tru1u
1u (25)

has a small operator norm. Here, 1u represents the identity
operator in u. The physical interpretation is that each term of
∂θHtw

θ acts solely within l and thus has a minimum distance
of L

4 from u. When α > 2d , ∂θHtw
θ (t ) can be approximated

by an operator within an algebraic light cone [22–24,27].
Consequently, within the time range |t | � Lκ (with κ chosen
to be sufficiently small), δA+,− exhibits a small operator norm.
Once we have bounded the operator norm of δA+,−, ea sim-
plifies to a unitary rotation of ρ1

θ − σ 1
θ , up to an error with a

small trace norm, given by

ea =
∫ Lβ

0
dτ

[
tru[A+(iτ ) − A−(−iτ )]

tru1u
, tru(ρθ − σθ )

]

+ const × L
a
2 (d+1)+min(β, a

2 )−(α−2d+1). (26)

We present the detailed calculation of Eqs. (25) and (26) in
the Appendix.

We now turn our attention to eb. We claim that in the first
term of eb (the commutator), substituting A+,− with B+,−
introduces only a small error. Let us evaluate the error δ

resulting from this substitution,

δ = − 1

2π i

∫ Lβ

0
dτe−(�τ )2/2q

×
∫

t

[
∂θHtw

θ − ∂θHθ

]
(t )

t + iτ
e−(�t )2/2q − H.c. (27)

A crucial observation is that ∂θHtw
θ − ∂θHθ , and therefore δ,

can be divided into two categories, δ = δ1 + δ2: (1) δ1 arises
from terms entirely within u [see Eq. (29) below] and (2) δ2

arises from all remaining terms in ∂θHtw
θ − ∂θHθ , denoted as

Hm, constituting a total of O(L2d ) terms. Notably, each term
in Hm acts on two spins separated by a distance of at least L

8 ,
thus possessing an operator norm of O( 1

Lα ). The contribution
from terms in the second category to δ is upper bounded by
Shanti’s bound [9]:

‖δ2‖ � ‖Hm‖
2

√
2πq

�2
� const × L2d−α+ a

2 . (28)

After commuting with σθ in Eq. (23), δ2 contributes a term
with a trace norm bounded by the same order as specified in
Eq. (28) for eb.

We now consider δ1. Defining Hu
θ = U †

R (θ )HuUR(θ ), one
has [∂θHu

θ (t ) := eiHθ t∂θHu
θ e−iHθ t ]

δ1 = − 1

2π i

∫ Lβ

0
dτe−(�τ )2/2q

∫
t

∂θHu
θ (t )

t + iτ
e−(�t )2/2q − H.c.

(29)
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The Appendix shows that tru[δ1, σθ ] has a trace norm bounded
by

‖tru[δ1, σθ ]‖1 � max[O(L
a
2 (d+1)+min(β, a

2 )−(α−2d+1)),

× O(L2d−α+ a
2 )]. (30)

Physically, δ1 introduces a twist at x = L
2 , whose effect is

primarily localized in u due to the LR bound. Combining
δ1 with δ2, we conclude that up to small errors [whose trace
norms are described by Eqs. (28) and (30)], we can substitute
A+,− by B+,− in eb.

In the Appendix, we demonstrate that∫ Lβ

0
dτ tru{[B+(iτ ) − B−(−iτ ), σθ ]} − ∂θσ

1
θ (31)

has a trace norm that decays superpolynomially in L, thereby
establishing that ‖eb‖1 is bounded from above by Eqs. (28)
and (30). Physically, in the presence of a nonzero gap, the
quasiadiabatic evolution continues to give a good approxima-
tion of σθ when q and Lβ are finite but large, as mentioned
earlier, with corrections that are superpolynomially small in
L.

Using the same reasoning, we can show that up to a small
error, the reduced density matrix in l̄ , ρ2

θ , can be approximated
by σ 2

0 . Namely, we have ∂θρ
2
θ = e′

θ , with

‖e′
θ‖1 � const × max[L

a
2 (d+1)+min(β, a

2 )−(α−2d+1), L2d−α+ a
2 ].

(32)

In fact, since ∂θHtw
θ is entirely within l , e′

θ receives only
contributions similar to those described in Eq. (30).

We can now determine the energy of the twisted state ρθ

with respect to Htw
θ . The first term in Eq. (18) resides entirely

within ū, leading to tr[H θ
l ρθ ] 	 trū[U †

R (θ )HlUR(θ )σ 1
θ ] =

tr(Hlσ0) up to an error of order O(‖Hl‖ · ‖eθ‖1). The second
part of Htw

θ , H − Hl , can be classified into three categories:
(1) For Hl̄ , i.e., terms entirely supported in l̄ , we obtain
tr[Hl̄ρθ ] 	 tr(Hl̄σ0) up to an error bounded by O(‖Hl̄‖ ·
‖e′

θ‖1). (2) HL
ū and HR

ū , supported in ū and acting only in the
left or right half, yield tr[(HL

ū + HR
ū )ρθ ] 	 tr[(HL

ū + HR
ū )σ0]

up to an error bounded by O[(‖HL
ū ‖ + ‖HR

ū ‖)‖eθ‖1]. (3) Fi-
nally, K = H − Hl − Hl̄ − HL

ū − HR
ū contains O(L2d ) terms,

each acting on two spins with a distance of at least L
8 . Conse-

quently, ‖K‖ � const × L2d−α . (We analyze reduced density
matrices in two overlapping regions, l and u, precisely to
suppress the contribution from terms acting simultaneously
on u and l .) Combining all results, for α > 2d we have

tr
(
Htw

θ ρθ

)
� const × Ld (‖eθ‖1 + ‖e′

θ‖1) + O(L2d−α ), (33)

where we utilized the fact that for α > d , ‖H‖ 	 O(Ld ). It
is evident that for any α > 3d , one can always choose a and
β sufficiently small that the energy of ρθ (particularly, ρ2π )
vanishes algebraically with L. This completes the construction
of a low-lying twisted state.

V. LATTICE MOMENTUM

Finally, we demonstrate that the twisted state ρ2π has a
momentum distinct from the ground state σ0, thereby being

orthogonal to it. We define the translation in the presence of
two twists [at links along the x direction with coordinates
(L − 1, 0) and ( L

2 − 1, L
2 )] as

Tθ,θ ′ = exp
[
iθS(0)

z + iθ ′S( L
2 )

z
]
T, (34)

where T represents the ordinary lattice translation along the x
direction and S(0)

z = ∑
y Sz

(0,y) denotes the summation of all
spin-z operators on sites with x coordinate 0, with similar

notation for S
( L

2 )
z . It can be verified that (1) Tθ,−θ is a symmetry

of Hθ and (2) the state φθ is an eigenstate of Tθ,−θ with
Tθ,−θφθ = φθ . Here, without loss of generality, we assume
that T φ0 = φ0.

We now demonstrate that ∂θ (Tθ,0ψθ − ψθ ) has a small
norm for 0 � θ � 2π , where ψθ is the twisted state, i.e., the
state vector for ρθ . This would imply that ψ2π is almost an
eigenvector of T2π,0 with an eigenvalue of 1. As the width of
the system is odd, we have T = −T2π,0. Hence, ψ2π exhibits
the opposite momentum compared to ψ0 = φ0. The derivative
can be computed as

∂θ (Tθ,0ψθ − ψθ ) = O1ψθ + Õ1(Tθ,0ψθ − ψθ ),

O1 = iS(0)
z +

∫ Lβ

0
dτ [Tθ,0A+(iτ )T †

θ,0

− A+(iτ ) − H.c.], (35)

where Õ1 is anti-Hermitian, inducing only a unitary rotation
without altering the norm of Tθ,0ψθ − ψθ . We then bound
the square norm of the first term in Eq. (35), specifically
tr(O†

1O1ρθ ).
We provide an overview of the argument here, leading to

the conclusion that for α > 4d − 2, ψ2π has lattice momen-
tum π , while reserving a detailed discussion for the Appendix.
Using a reasoning similar to that leading to Eq. (26), the
operator O1 can be approximated by Ol ′ , an operator sup-
ported solely in l ′ (see Fig. 1), with an error bounded by
the second line of Eq. (26). Here, Ol ′ is defined by truncat-
ing the effect of O1 in l̄ ′, akin to Eq. (25). Consequently,
we can approximate tr(O†

1O1ρθ ) by tr(O†
l ′Ol ′ρθ ), which is

further approximated by tr(O†
l ′Ol ′σθ ) since l ′ ⊂ ū. Finally,

we claim that tr(O†
l ′Ol ′σθ ) vanishes in the L → ∞ limit.

To demonstrate this, we observe that Oφθ := ∂θ (Tθ,−θφθ −
φθ ) = 0. Additionally, O can be approximated by O 	 Ol ′ +
Ou′ , where Ou′ is an operator akin to Ol ′ but supported entirely
within u′. Hence, we have 0 = tr(O†Oσθ ) = 2tr(O†

l ′Ol ′σθ ) +
tr(O†

l ′Ou′σθ ) + tr(O†
u′Ol ′σθ ). It has been established that if σθ

is a unique gapped ground state of a power-law Hamiltonian,
the correlation function tr(O†

l ′Ou′σθ ) + tr(O†
u′Ol ′σθ ) between

two operators Ol ′ and Ou′ (separated by at least a distance
L
8 ) decays algebraically in L [23]. This ultimately bounds the
norm of O1ψθ , establishing that ψ2π possesses momentum π .
This completes the proof of Theorem 2. �

We can establish the second part of Theorem 2 following
the same line of reasoning. For type II Hamiltonians [or their
generic k-local generalizations, i.e., Hamiltonians that involve
k-body couplings of SO(3) singlet local operators], the same
LR bound still applies when the two conditions (15) and (16)
are satisfied. The only distinction lies in the introduction of
a twist: in the construction of Hl

θ , Hu
θ and Hθ ,only the terms
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acting nontrivially on the twist are modified. For the simplest
example, where H = ∑

i j hi j , with hi j = OiOj

(|i− j|+1)α , the twist
affects only terms in which either Oi or Oj acts precisely
on the twist. In contrast, for a type I Hamiltonian, in Hl

θ in
Eq. (18), all terms between the left and right halves need to
be twisted. This distinction results in smaller errors for type II
cases, thereby extending the applicability of the theorem. We
present a detailed discussion in the Appendix.

VI. SUMMARY AND OUTLOOK

In this study, we established an LSM theorem appli-
cable to systems with long-range interactions. The proof
involves the construction of a low-energy twisted state
through quasiadiabatic evolution and the LR bound for power-
law Hamiltonians, which was shown to be orthogonal to the
ground state when each unit cell has spin 1

2 . Moreover, in
1d , we enhanced the theorem’s applicability by explicitly
constructing a low-lying state featuring a uniform 2π twist.

The result we obtained is weaker than that in Ref. [3]. In
that work, the excitation gap is bounded by � � const ln L

L ,
whereas here, we conclude only that a nonzero gap O(L0) is
forbidden. An interesting future direction would be to explore
a similar finer bound on � for power-law interacting Hamil-
tonians, i.e., understanding how quickly � vanishes at large
L. Moreover, whether the proof can be extended to other (e.g.,
discrete) on-site symmetries, with a projective representation
per site, remains an open question. Another interesting ques-
tion is whether the bounds given in this work are sharp, i.e.,
whether we can find counterexamples for which the theorems
do not hold when the bounds on the decaying power are
violated.

Note added. Recently, I became aware of another work that
explores the LSM theorem with long-range interactions [34].
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APPENDIX

In this Appendix, we provide technical details for several
equations in the main text.

1. Equations (25) and (26)

In the definition of ea in Eq. (23), A+,− involves an integral
over t . We showed in Eq. (24) that the contribution from |t | �
Lκ is negligible. Now we argue that A+,− can be approximated
by an operator acting only in ū, namely, Eq. (25) has a small
operator norm.

We have the following expression:

tru[A+(iτ )]

tru1u
1u =

∫
dμ(U )UA+(iτ )U †, (A1)

where U is the unitary group acting on u and μ(U ) is the Haar
measure for U [35]. As a result,

‖δA+(iτ )‖ �
∫

dμ(U )‖[U, A+(iτ )]‖. (A2)

To bound the right-hand side, we compute the norm of the
commutator ‖[∂θHtw

θ (t ),U ]‖, where U is an operator sup-
ported entirely in the upper quarter with unit norm. A crucial
observation is that ∂θHtw

θ contains only terms in the lower
quarter l , supported simultaneously in the left and right
halves. The minimum distance from each of these terms to the
upper quarter is L

4 . We then apply the LR bound to estimate
the commutator as∥∥[

∂θHtw
θ (t ),U

]∥∥ �
∑

i j

∥∥[
∂θhθ

i j (t ),U
]∥∥

� const
∑

i j

C
(
t, ru

i j

)
(|i − j| + 1)α

, (A3)

where (1) hθ
i j = U †

R (θ )hi jUR(θ ); (2) the pairs i j are such that
i, j ∈ l and one of them is in the left half; (3) C(t, r) is the LR
bound,

C(t, r) = sup
‖A‖=‖B‖=1

‖[A(t ), B]‖, (A4)

with r representing the minimal distance of A and B; and (4)
ru

i j denotes the minimal distance from the pair i j to the upper
quarter u.

Let us now estimate the magnitude of Eq. (A3). First, as
previously discussed, ru

i j is at least L
4 . It has been demon-

strated that in the presence of power-law interactions, when
α > 2d + 1, the system still exhibits a linear light cone [23],

C(t, r) � const × |A| t d+1 ln2d r

(r − vt )α−d
, (A5)

where |A| represents the number of sites acted upon by A
and v is a finite velocity. The discussion also applies to α ∈
(2d, 2d + 1], where, in this range, a nonlinear LR light cone
is present [22], given by

C(t, r) � const
t (α−d )/(α−2d )

rα−d
(A6)

for t � const × rα−2d . C(t, r) is an algebraic function of t
and r, decaying as r increases. Thus, we can replace ru

i j with
L
4 in Eq. (A3) without altering its order. Second, a direct
computation indicates that for α > d + 1, the summation in
Eq. (A3) is dominated by pairs i j where i and j are in close
proximity and therefore in the vicinity of the twist. In other
words, the summation is on the order of

∑
i∈l∩L
j∈l∩R

1

(|i − j| + 1)α
	 O(Ld−1), (A7)

which corresponds to the area of the twist.
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From the discussion in the previous paragraph, we can
bound the commutator as follows:∥∥∥∥∥

[∫ Lβ

0
dτδA+(iτ ),U

]∥∥∥∥∥
� const

∫ Lβ

0
dτe−(�τ )2/2q

∫
|t |<Lκ

dt
td+1e−(�t )2/2q

Lα−2d+1|t + iτ | .
(A8)

Here, we chose κ < 1, which will not lead to any con-
tradictions below, and ignored the logarithmic correction.
Two observations are useful for bounding the integral in
Eq. (A8): (1) For Lκ � q

1
2 = L

a
2 (i.e., κ > a

2 ), the integra-

tion over t is dominated by t 	 O(q
1
2 /�); therefore, the

right-hand side of Eq. (A8) has the same order in L as∫ Lβ

0 dτe−(�τ )2/2q q
d+2

2

Lα−2d+1|(q 1
2 /�)+iτ |

. (2) Doing the integration

over τ leads to the final result,∥∥∥∥∥
[∫ Lβ

0
dτδA+(iτ ),U

]∥∥∥∥∥ � const
L

a(d+1)
2 Lmin(β, a

2 )

Lα−2d+1
, (A9)

where the constant factor does not scale with L.3 The same
analysis can be applied to A−. We deduce that, up to an error
whose trace norm is bounded by Eq. (A9), upon commuting
with ρθ − σθ , ea is simply a unitary rotation of ρ1

θ − σ 1
θ and

thus does not increase its trace norm. Namely,

ea =
∫ Lβ

0
dτ [tru{A+(iτ ) − A−(−iτ )}, tru(ρθ − σθ )]

+ const × L
a
2 (d+1)+min(β, a

2 )−(α−2d+1). (A10)

This is precisely Eq. (26).
Finally, we note that the analysis above actually applies

to generic k-local Hamiltonians satisfying Eqs. (15) and (16).
To demonstrate this, we require an LR bound for generic
Hamiltonians satisfying the two properties mentioned above
[27],

C(t, r) � 2|A|evt−r1−σ + const
f (vt )

rσα
, (A11)

where σ can take any value within ( d+1
α+1 , 1) and f (vt ) is upper

bounded by

f (x) � const(x + x1+ d
1−σ )|A|n∗+2, (A12)

with n∗ being the smallest integer greater than or equal to
σd

σα−d . For k-local Hamiltonians, |A| is bounded by a constant
and is therefore not relevant for the discussion below. We
conjecture that all the derivations below, and consequently
Theorem 2, also apply to Hamiltonians in which the number
of spins acted on by each term is unbounded, provided, for
instance, that the norm decays superpolynomially with the
number of spins it acts on. A thorough investigation of more
general Hamiltonians is left for future work.

3Explicitly integrating the expression in Eq. (A8) results in a spe-
cial function which shares the same order in L as the expression in
Eq. (A9), accompanied by a Gamma function coefficient.

FIG. 2. The region k1 includes sites with x ∈ [ L
2 , 9L

16 − 1]. Simi-
larly, k2 consists of sites with x ∈ [ 7L

16 , L
2 − 1]; k3 comprises sites with

x ∈ [ 3L
8 , 7L

16 − 1], and k4 covers sites with x ∈ [ 9L
16 , 5L

8 − 1].

Furthermore, we can demonstrate that Eq. (A7) still holds
for generic Hamiltonians satisfying Eq. (15), i.e., ‖∂θHtw

θ ‖
is bounded by O(Ld−1). Repeating the analysis leading to
Eqs. (A9) and (A10), we find that for generic k-local Hamil-
tonians satisfying Eqs. (15) and (16), we have∥∥∥∥∥

[∫ Lβ

0
dτδA+(iτ ),U

]∥∥∥∥∥
× � const

L
a
2 ( d

1−σ
+1)Lmin(β, a

2 )+(1−σ )(α−d )

Lα−2d+1
(A13)

and

ea =
∫ Lβ

0
dτ [tru{A+(iτ ) − A−(−iτ )}, tru(ρθ − σθ )]

+ const × L
a
2 ( d

1−σ
+1)+min(β, a

2 )+(1−σ )(α−d )−(α−2d+1).

(A14)

As we will see below, although considering generic k-local
Hamiltonians complicates the calculation, it does not alter the
final results: The essential point is that for any α > 2d − 1,
one can always find σ arbitrarily close to 1 and a and β

sufficiently small that the error in Eq. (A13) vanishes in the
L → ∞ limit.

2. Equation (30)

Let us now consider the error δ1 defined in Eq. (29). In
particular, we demonstrate Eq. (30), i.e., tru[δ1, σθ ], has a
small trace norm. To show this, we consider the trace of
this operator with an operator O with unit norm. O must be
supported within ū. We have

trū(Otru[δ1, σθ ]) = tr([O, δ1]σθ ). (A15)

We now bound the operator norm of [O, δ1]. Note that ∂θHu
θ

can be further divided into two parts, ∂θHu
θ = K1 + K2: (1)

The terms in K1 act on two spins in the region, k1 and k2 (as
depicted in Fig. 2). Note that the minimal distance from each
of these terms to O is L

16 . Following exactly the same argument

104412-7



RUOCHEN MA PHYSICAL REVIEW B 110, 104412 (2024)

leading to Eq. (A9), the LR bound constrains the commutator∥∥∥∥∥
[
− 1

2π i

∫ Lβ

0
dτe−(�τ )2/2q

∫
t

K1(t )

t + iτ
e−(�t )2/2q − H.c., O

]∥∥∥∥∥
� const × L

a
2 (d+1)+min(β, a

2 )−(α−2d+1). (A16)

For a generic k-local Hamiltonian with properties (15) and
(16), this commutator is similarly bounded by Eq. (A13).

(2) K2 includes all other terms in K , namely, terms that act
on either the region (k1, k3), (k2, k4), or (k3, k4). The norm of
each term in K2 is upper bounded by ( 16

L )α , and K2 contains

3 × ( Ld

16 )2 terms in total. As a result, we have (Shanti’s bound)∥∥∥∥∥
[
− 1

2π i

∫ Lβ

0
dτe−(�τ )2/2q

∫
t

K2(t )

t + iτ
e−(�t )2/2q − H.c., O

]∥∥∥∥∥
� const × L2d−α+ a

2 . (A17)

For general k-local Hamiltonians, the property (15) ensures
that the same order holds. Combining Eqs. (A16) and (A17),
we arrive at Eq. (30). This is because we have bounded the
trace in Eq. (A15) with any arbitrary O with unit norm,
thereby bounding the trace norm of tru[δ1, σθ ].

3. Equation (31)

We now demonstrate that the expression in Eq. (31) has a
trace norm that decays superpolynomially in L. To see this, let
us examine the matrix element of the operator B+(iτ ),

[B+(iτ )]ab =
√

q

2π�2
(∂θHθ )ab

∫
ω

�[ω − (Ea − Eb)]

× e(Ea−Eb)τ−(
√ q

2�2 ω+
√

�2
2q τ )2

, (A18)

where a and b label eigenstates of Hθ and we used the convo-
lution theorem. When acting on the gapped ground state σθ ,
we need to consider only elements with |Ea − Eb| � �. For
sufficiently large q (q = La � Lβ , i.e., a > β), (1) when Ea <

Eb, the matrix element [B+(iτ )]ab becomes e(Ea−Eb)τ [∂θHθ ]ab,
and (2) for Ea > Eb, B+(iτ ) goes to zero, both with correc-
tions of order O(e− q

2�2 (Ea−Eb)2

), decaying superpolynomially
in L. The same argument applies to B−. Thus, in the presence
of a nonzero gap �, up to superpolynomial corrections, the
first term in Eq. (31) can be approximated as

−
∫ Lβ

0
dτ tru[∂θHθ (iτ )σθ + σθ∂θHθ (−iτ )]. (A19)

Subsequently, Eq. (31) transforms into an integral over the
region τ > Lβ , whose trace norm once again vanishes super-
polynomially in the presence of a nonzero �. This is evident
from a direct calculation; i.e., Eq. (31) becomes

−
∑
a �=0

tru

[
σθ

∂θHθ |a〉〈a|
E0 − Ea

eLβ (E0−Ea ) + H.c.

]
, (A20)

whose trace norm decays superpolynomially in L when
β > 0.

4. Lattice momentum

We now bound the norm square of the first term in Eq. (35),
namely, tr(O†

1O1ρθ ). If this quantity vanishes in the L → ∞
limit, we will have tr(T0,0ρ0) = tr(T2π,0ρ2π ) = −tr(T0,0ρ2π ),
indicating that the twisted state ψ2π is orthogonal to the orig-
inal ground state φ0.

As discussed in Eq. (25), the operator
∫ Lβ

0 A+(iτ ) [and

thus the translated version Tθ,0
∫ Lβ

0 A+(iτ )T †
θ,0] can be approx-

imated by an operator supported solely in ū, with an error
bounded by Eq. (A9). In fact, this argument allows us to
approximate it even further as an operator acting in a smaller
region l ′, with an error of the same order. Therefore, we
can express O1 as Ol ′ + δO1, where Ol ′ is entirely within l ′.
Consequently, we approximate tr(O†

1O1ρθ ) by tr(O†
l ′Ol ′ρθ ),

with an error bound given by

|tr[O1δO1ρθ ]| � ‖O1‖ · ‖δO1‖
� const × Ld−1+ a

2 L
a
2 (d+1)+min(β, a

2 )−(α−2d+1). (A21)

Here, we utilize the facts that (1) for α > d + 1,

‖ ∫ Lβ

0 dτA(iτ ) − H.c.‖ � const × Ld−1+ a
2 , as ‖∂θHtw

θ ‖ 	
O(Ld−1) is dominated by terms near the twist [see Eq. (A7)],
and (2) ‖δO1‖ is bounded by Eq. (A9). For α > 3d − 2,
we can choose a and β sufficiently small that this error
vanishes in the L → ∞ limit. Similarly, for general k-local
Hamiltonians, due to Eq. (A13), we have

|tr[O1δO1ρθ ]|
× Ld−1+ a

2 L
a
2 ( d

1−σ
+1)+min(β, a

2 )+(1−σ )(α−d )−(α−2d+1). (A22)

Again for α > 3d − 2, we can choose σ sufficiently close to
1 and a and β sufficiently small that this error vanishes in the
L → ∞ limit.

Additionally, we have tr(O†
l ′Ol ′ρθ ) = trū(O†

l ′Ol ′ρ
1
θ ) =

trū(O†
l ′Ol ′σ

1
θ ), with an error bounded by (Hölder’s inequality)

2π‖Ol ′ ‖2‖eθ‖1 � const‖O1‖2‖eθ‖1

� const × L4d−2−α+ 3a
2 . (A23)

For α > 4d − 2, we can always choose a and β such that this
error vanishes as L grows large.

We then claim that trū(O†
l ′Ol ′σ

1
θ ) = tr(O†

l ′Ol ′σθ ) van-
ishes in the thermodynamic limit. To see this, note that
∂θ (Tθ,−θφθ − φθ ) = Oφθ = 0, where

O = i
(
S(0)

z − S
( L

2 )
z

)
−

∫ ∞

0
dτ [Tθ,−θ ∂θHθ (iτ )T †

θ,−θ − ∂θHθ (iτ )]. (A24)

When Hθ has a unique gapped ground state, within an error
with an operator norm that decays superpolynomially in L,
we can approximate the second line in Eq. (A24) as follows:∫ Lβ

0
dτ {Tθ,−θ [B+(iτ ) − B−(−iτ )]T †

θ,−θ

− [B+(iτ ) − B−(−iτ )]}. (A25)

This approximation is justified by the same reasoning eluci-
dated below Eq. (A18). Furthermore, up to a small error, B+,−
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in Eq. (A25) can be approximated by B̃+,−, which is defined
as

B̃+(iτ ) = − 1

2π i
e−(�τ )2/2q

∫
t

∂θ H̃θ (t )

t + iτ
e−(�t )2/2q, (A26)

where H̃θ := Hl
θ + Hu

θ . This approximation is valid because
each term in ∂θHθ − ∂θ H̃θ operates on two spins separated
by a distance of at least L

8 and therefore has a small operator
norm [the error resulting from this substitution in Eq. (A25) is
of the same order as that in Eq. (28)]. Consequently, we can
express O as the sum of O′

1, O′
2, and δO, with ‖δO‖ bounded

by Eq. (28). Here, O′
1 is approximately the operator O1 defined

in Eq. (35), but with Tθ,0 replaced by Tθ,−θ :

O′
1 = iS(0)

z +
∫ Lβ

0
dτ [Tθ,−θ A+(iτ )T †

θ,−θ − A+(iτ ) − H.c.].

(A27)
Additionally,

O′
2 = −iS

( L
2 )

z + [Tθ,−θ δ1T †
θ,−θ − δ1], (A28)

where δ1 is defined in Eq. (29).
Since Oφθ = (O′

1 + O′
2 + δO)φθ = 0, we find

|tr[(O′
1 + O′

2)†(O′
1 + O′

2)σθ ]| = 2|tr[(O′
1 + O′

2)†δOσθ ]|
� const × L3d−1−α+a. (A29)

For α > 3d − 1, we can always choose a and β such that this
expression vanishes for large L. Hence,

F := 2tr(O′†
1 O′

1σθ ) + tr(O′†
1 O′

2σθ ) + tr(O′†
2 O′

1σθ ) = 0,

(A30)

where we utilize tr(O′†
1 O′

1σθ ) = tr(O′†
2 O′

2σθ ), up to a van-
ishing error again for α > 3d − 1. Due to the LR bound,∫ Lβ

0 dτA(iτ ) − H.c. and δ1 can be approximated by an op-
erator acting within l ′ and u′, respectively. Employing this
approximation gives an error of the order specified in
Eq. (A21) in the quantity F [or Eq. (A22) for generic k-local
Hamiltonians], which vanishes for large L when α > 3d − 2.
Consequently, we can substitute Tθ,−θ by Tθ,0 in O′

1 since
now the operator conjugated by Tθ,−θ acts as an identity near
coordinate x = L

2 (we can similarly substitute Tθ,−θ by T0,−θ

in O′
2). Thus, we deduce that

F = 2tr(O†
l ′Ol ′σθ ) + tr(O†

l ′Ou′σθ ) + tr(O†
u′Ol ′σθ ) = 0,

(A31)

where Ou′ is the restriction of O′
2 in u′.

Finally, let us consider the connected correlation function

Cl ′u′ = tr(O†
l ′Ou′σθ ) − tr(O†

l ′σθ )tr(Ou′σθ ). (A32)

Since O′
l and O′

u are supported within l ′ and u′, respectively,
their distance r is at least L

8 . It has been demonstrated that
if σθ is the unique gapped ground state of a power-law
Hamiltonian, the connected correlation between two opera-
tors (with unit norm) separated by r is upper bounded by
a function G(r) decaying in r at the same rate as the LR
bound in Eq. (A5) [23], i.e., G(r) 	 1

rα−d . In the expression
for G(r), the volumes of the regions u′ and l ′ do not appear

due to S(0)
z , S

( L
2 )

z , ∂θHtw
θ , and ∂θHu

θ being sums of opera-
tors acting on a finite number of sites. Specifically, up to a
vanishing error quantified by Eq. (A21), Cl ′u′ 	 〈O′†

1 O′
2〉c =

tr(O′†
1 O′

2σθ ) − tr(O′†
1 σθ )tr(O′

2σθ ). Let us consider the contri-

bution 〈∫ Lβ

0 dτ [A+(iτ ) − H.c.]δ1〉c to 〈O′†
1 O′

2〉c, while other
terms can be analyzed similarly. We have〈∫ Lβ

0
dτ [A+(iτ ) − H.c.]δ1

〉
c

= − 1

π2

∫ Lβ

0
dτ1dτ2e− �2 (τ2

1 +τ2
2 )

2q

∫
t1,t2

t1t2e− �2
(

t2
1 +t2

2

)
2q(

t2
1 + τ 2

1

)(
t2
2 + τ 2

2

)
×〈

∂θHtw
θ (t1 − t2)∂θHu

θ

〉
c
.

(A33)

As ∂θHu
θ is a sum of terms, each acting on two spins within u,

and Htw
θ (t1 − t2) can be approximated by an operator within l ′,

we thus have 〈∂θHtw
θ (t1 − t2)∂θHu

θ 〉c � const
Lα−d ‖∂θHtw

θ ‖‖∂θHu
θ ‖.

This immediately leads to Eq. (A34). We therefore conclude
that

Cl ′u′ � const × L2(d−1+ a
2 )−α+d . (A34)

Here, in the calculation we use the fact that, for α > d + 1,
the dominant contribution to

∫ Lβ

0 dτ [A+,−(iτ ) − H.c.] and δ1

again comes from spin-spin couplings in the vicinity of the
two twists, at links (L − 1, 0) and ( L

2 − 1, L
2 ), respectively,

i.e., Eq. (A7). For α > 3d − 2, we can choose a and β such
that this expression vanishes for large L.

Last, we claim that

tr(O†
l ′σθ ) = tr(Ou′σθ ) = 0. (A35)

This can be easily seen by noting that tr(O′†
1 σθ ) and tr(O′

2σθ )
vanish. This is because Sz, ∂θHu

θ |θ=0, and ∂θHl
θ |θ=0 are odd

under a spin rotation of π along the Sx direction and the as-
sumption that |φ0〉 is SO(3) symmetric. Given that Ol ′ and Ou′

are spatial truncations of O′
1 and O′

2, respectively, Eq. (A35)
holds up to an error of the order specified in Eq. (A9). Conse-
quently, we have demonstrated that tr(O†

l ′Ol ′σθ ) vanishes for
large L, thus concluding the proof of the theorem. For generic
k-local Hamiltonians, Theorem 2 holds when the parameter
α governing the decay of the interaction in Eq. (15) satisfies
α > max(3d, 4d − 2).

5. Type II Hamiltonians

We conclude by discussing type II Hamiltonians. We con-
struct the twisted Hamiltonian in a similar manner. However,
a crucial distinction arises. In a type I Hamiltonian HI =∑

i j hi j , following the conjugation Hθ = U †
R (θ )HIUR(θ ), all

terms supported simultaneously on the left and right halves
undergo modification. The number of modified terms amounts
to approximately L2d . In contrast, for a type II Hamiltonian
HII = ∑

i j
OiOj

(|i− j|+1)α , only those terms such that either Oi or
Oj acts exactly on the twist, i.e., across the links (L − 1, 0) or
( L

2 − 1, L
2 ), are modified, totaling approximately L2d−1. This

observation similarly extends to Hu
θ and Hl

θ , as well as to any
generic k-local Hamiltonians.

104412-9
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Following a similar line of reasoning, we construct a
twisted state as in Eq. (19) and examine the reduced density
matrices in ū (the region complementary to the upper quarter),
denoted as ρ1

θ . Again, we aim to demonstrate that

∂θρ
1
θ − ∂θσ

1
θ = eθ = ea + eb (A36)

has a small trace norm, where the two errors ea and eb are
defined in Eq. (23). Repeating the derivation for type I Hamil-
tonians, we can demonstrate that the magnitude of ea remains
unchanged, as indicated in Eq. (A14). This is because for all
generic k-local Hamiltonians satisfying the two requirements
in Eqs. (15) and (16), the LR bound in Eq. (A11) holds, and
this bound straightforwardly applies to type II Hamiltonians,
which are a special subclass of k-local Hamiltonians.

On the other hand, the estimation for eb is slightly different.
Repeating the derivation, we again claim that in the first term
of eb (the commutator), substituting A+,− with B+,− intro-
duces only a small error. Let us evaluate the error δ resulting
from this substitution:

δ = − 1

2π i

∫ Lβ

0
dτe−(�τ )2/2q

×
∫

t

[
∂θHtw

θ − ∂θHθ

]
(t )

t + iτ
e−(�t )2/2q − H.c. (A37)

A crucial observation is that ∂θHtw
θ − ∂θHθ , and therefore δ,

can be divided into two categories, δ = δ1 + δ2: (1) δ1 arises
from terms supported entirely within u, as defined in Eq. (29);
(2) δ2 comes from all remaining terms in ∂θHtw

θ − ∂θHθ , de-
noted as Hm. Notably, each term in Hm has a diameter of at
least L

8 . Crucially, for a generic k-local type II Hamiltonian,
Hm contains only terms acting nontrivially on the twist. Using
Eq. (15), we find that ‖Hm‖ is bounded by O( 1

Lα−2d+1 ). The
contribution from terms in the second category to δ is then
upper bounded by Shanti’s bound:

‖δ2‖ � ‖Hm‖
2

√
2πq

�2
� const × L2d−1−α+ a

2 . (A38)

Comparing Eq. (A38) with Eq. (28), we find that for the
special subclass of type II Hamiltonians, δ2 becomes smaller.
This explains why the applicability of the theorem is extended.

We now consider δ1. Following the derivation leading to
Eq. (30), we need to bound the operator norm of [O, δ1],
where O is an operator supported within ū with unit norm.
Note that ∂θHu

θ can be further divided into two parts, ∂θHu
θ =

K1 + K2: (1) The terms in K1 are supported solely in the
regions k1 ∪ k2 (as depicted in Fig. 2). Note that the minimal
distance from each of these terms to O is L

16 . Following exactly
the same argument leading to Eq. (A13), for a generic k-local
Hamiltonian with properties (15) and (16), the LR bound

constrains the commutator∥∥∥∥∥
[
− 1

2π i

∫ Lβ

0
dτe−(�τ )2/2q

∫
t

K1(t )

t + iτ
e−(�t )2/2q − H.c., O

]∥∥∥∥∥
� const × L

a
2 ( d

1−σ
+1)+min(β, a

2 )+(1−σ )(α−d )−(α−2d+1). (A39)

(2) K2 includes all other terms in K , namely, terms that
act nontrivially in region k3 or k4 or both. Note that the
diameter of each term in K2 is at least L

16 , and therefore
‖K2‖ � O(L2d−1−α ). As a result, we have (Shanti’s bound)∥∥∥∥∥

[
− 1

2π i

∫ Lβ

0
dτe−(�τ )2/2q

∫
t

K2(t )

t + iτ
e−(�t )2/2q − H.c., O

]∥∥∥∥∥
� const × L2d−1−α+ a

2 . (A40)

Compared with Eq. (A17), for the special class of type II
Hamiltonians, this error becomes smaller due to the fact that
they contain only couplings among SO(3) singlet local opera-
tors, and therefore, K2 contains only terms that act nontrivially
on the twist.

Combining Eqs. (A38), (A39), and (A40) and following
the same derivation as for a generic type I Hamiltonian, we
arrive at

‖eθ‖1 	 ‖e′
θ‖1

� O(L
a
2 ( d

1−σ
+1)+min(β, a

2 )+(1−σ )(α−d )−(α−2d+1)). (A41)

As a result, for α > 2d we have

tr
(
Htw

θ ρθ

)
� const × Ld (‖eθ‖1 + ‖e′

θ‖1) + O(L2d−α ),

(A42)

where we utilized the requirement (16), which ensures that the
energy is extensive, i.e., ‖Htw

θ ‖ 	 O(Ld ). Thus, for α > 3d −
1, it is always possible to select suitable values for σ , a, and
β such that the energy of ρ2π vanishes with L algebraically.
This completes the construction of a low-lying twisted state.

It can also be shown that the lattice momentum of the
twisted state ψ2π is π , making it orthogonal to the original
ground state φ0 when α > 4d − 3. The derivation closely
resembles that of the type I Hamiltonian scenario, with the
only distinction being the magnitude of Eq. (A23), now given
by

2π‖Ol ′ ‖2‖eθ‖1 � const‖O1‖2‖eθ‖1

� const

× L4d−3−α+min(β, a
2 )+ a

2 ( d
1−σ

+3)+(1−σ )(α−d )

(A43)

since now the magnitude of ‖eθ‖1 is given by Eq. (A41). For
any α > 4d − 3, it is possible to select σ sufficiently close to 1
and a > β > 0, both sufficiently small, ensuring the vanishing
of this error in the thermodynamic limit. We conclude that in d
spatial dimensions, a k-local type II Hamiltonian cannot have
a unique gapped ground state for α > max(3d − 1, 4d − 3).
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