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Oscillating-mode gap: An indicator of phase transitions in open quantum many-body systems
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It presents a significant challenge to elucidate the relationship between the phases of open quantum many-body
systems and the spectral structure of their governing Liouvillian, which determines how the density matrix
evolves. Previous studies have focused on the Liouvillian gap, defined as the decay rate of the most slowly
decaying mode, as a key indicator of dissipative phase transition, noting its closure in symmetry-broken phases
and opening in disordered phases. In this work, we propose an additional spectral gap, termed the oscillating-
mode gap, defined as the decay rate of the most slowly decaying oscillating mode. Through the analysis of a
prototype dissipative boson system, we demonstrate the necessity of both the Liouvillian gap and the oscillating-
mode gap for the comprehensive characterization of the system’s phases and the transitions between them.
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I. INTRODUCTION

In quantum many-body physics, the spectral gap plays
a pivotal role in defining the physical properties and phase
behavior of the system. Here the spectral gap refers to the en-
ergy difference between the ground state and the first excited
state of a quantum system. It serves as a critical indicator of
stability and quantum correlations within the system [1–4]. In
particular, the closing of spectral gap signals quantum phase
transitions (QPTs), marking points where the system under-
goes dramatic changes in its ground-state properties [5]. The
behavior of spectral gap near the QPT point reflects universal
properties characteristic of critical phenomena.

Recent research in open quantum many-body systems
interacting with an environment has seen significant ad-
vancements, driven by breakthroughs made in realizing these
systems experimentally, such as cold atoms [6–10], trapped
ions [11–13], and optical cavities [14–17]. In general, the
nonunitary evolution of the system’s density matrix ρ is de-
scribed by the quantum master equation [18–21]:

dρ

dt
= L(ρ) := −i[H, ρ] +

∑
ν

(
LνρL†

ν − 1

2
{L†

νLν, ρ}
)

,

(1)
where H is the system’s Hamiltonian and Lν is a jump op-
erator for dissipation. The superoperator L is referred to
as the Liouvillian. A deeper understanding of coherent and
incoherent processes modeled by the Liouvillian not only
enhances our fundamental understanding of quantum many-
body physics but also paves the way for practical applications
in quantum computing and information processing [11–13].

The concept of spectral gap extends into open quantum
systems through the Liouvillian spectrum, which refers to
the set of its eigenvalues. These eigenvalues possess complex
values, with the real parts corresponding to the decay rates of
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the respective eigenmodes, and the imaginary parts signifying
their oscillation frequencies. The Liouvillian gap, defined as
the smallest absolute value of the real part among the nonzero
eigenvalues, serves as a direct analog to the energy gap in
closed quantum systems. It has been established that the
closing of the Liouvillian gap signals a dissipative quantum
phase transition (DQPT) within the steady state of the system
[22–47], thereby influencing its relaxation dynamics.

An open question in the study of open quantum many-body
systems pertains to the adequacy of the Liouvillian gap for
the comprehensive characterization of phases and transitions
therein. Notably, the spectrum of the Liouvillian exhibits a
two-dimensional structure within the complex plane, in stark
contrast to the Hermitian systems, where the eigenvalues
are real and thus the spectrum possesses a one-dimensional
structure. This fundamental distinction can necessitate a con-
sideration of additional spectral gaps beyond the traditional
Liouvillian gap to fully capture the dynamics and phase be-
haviors of open quantum many-body systems. In fact, we
will present a particular example of DQPTs occurring be-
tween phases characterized by a vanishing Liouvillian gap,
illustrating the need of a paradigm that extends beyond the
conventional framework for spectral characterization of phase
transitions.

In the present study, we proposes an additional spectral gap
for the Liouvillian, termed the oscillating-mode (OM) gap.
This gap is defined as the smallest absolute value of the real
part among eigenvalues that possess a nonzero imaginary part.
Note that the OM gap is a feature unique to non-Hermitian
systems which accommodate complex eigenvalues. Leverag-
ing the interplay between the Liouvillian gap and the OM gap,
we propose a classification of the spectra for open quantum
many-body systems into four distinct types, as illustrated in
Fig. 1. Employing a mean-field approximation and exact di-
agonalization, our examination of prototype dissipative boson
systems reveals the manifestation of such spectral types and
elucidates the transitions occurring among them. Our findings
suggest a profound correlation between the spectral type of
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FIG. 1. Classification of spectral types for (a) closed quantum
many-body systems and (b) open quantum many-body systems. In
closed systems (a), spectra of the Hamiltonian are categorized into
two types: gapped and gapless, with the red point indicating the
ground state. Transitions between these states manifest as QPTs.
In open systems (b), Liouvillian spectra are divided into four dis-
tinct categories: (1) �OM > �L > 0, (2) �OM = �L > 0, (3) �OM >

�L = 0, and (4) �OM = �L = 0, with the red point indicating the
steady state. The diagram highlights six possible types of DQPTs
connecting these categories, indicated by double arrows.

a system and its inherent symmetries. Furthermore, we also
discuss the impact of the OM gap’s closure on the system’s
relaxation dynamics toward its steady state.

II. OSCILLATING-MODE GAP

Initially, we review the characteristics of the Liouvillian
gap and its implications for phase transitions within open
quantum many-body systems. The eigenmodes, denoted as
ρα , and the corresponding eigenvalues λα of the Liouvillian
L satisfy the relation

L(ρα ) = λαρα (α = 0, 1, . . . , D2 − 1), (2)

where D denotes the dimension of the system’s Hilbert space.
Among these, the eigenvalue zero is associated with the sys-
tem’s steady states ρ0 = ρss, and the negative real parts of
all other nonzero eigenvalues guarantee the decay of any

perturbations to the steady state. The general properties of
the Liouvillian eigenmodes and eigenvalues are summarized
in Appendix A. The time evolution of the system’s density
matrix ρ(t ) can be written as

ρ(t ) = ρss +
∑
λα �=0

cαeλαtρα, (3)

where cα denotes the coefficients of the eigenmode expansion
of the initial density matrix ρ(0).

The Liouvillian gap �L is formally defined by

�L = min
λα �=0

|Re[λα]|, (4)

with minλα �=0 indicating minimization across all nonzero
eigenvalues. Consequently, �L represents the decay rate of
the most slowly decaying mode. In numerous examples, the
inverse of �L is identical to the relaxation timescale of the
system (however, exceptions to this observation have been
documented in Refs. [48–51]).

A DQPT is characterized by a singular behavior in the
steady state ρss as a function of a control parameter [22–47].
The Liouvillian gap �L serves as a critical indicator for
identifying DQPTs [22–32]. Specifically, in scenarios of first-
order DQPTs, where ρss exhibits discontinuous changes, �L

becomes zero exclusively at the transition point, maintaining
nonzero values in the distinct phases on either side of the tran-
sition [29]. Conversely, during second-order DQPTs, marked
by a cuspy behavior of ρss with respect to the control param-
eter, �L vanishes across the entire parameter range within
the symmetry-broken phase [29]. Our study concentrates on
second-order DQPTs, particularly those involving the sponta-
neous breaking of a continuous symmetry, such as the U (1)
symmetry in bosonic systems.

We define the OM gap as follows:

�OM = min
Im[λα]�=0

|Re[λα]|, (5)

with minIm[λα ]�=0 indicating minimization across all eigenval-
ues possessing a nonzero imaginary part. This gap represents
the decay rate of the most slowly decaying oscillating mode.
According to this definition, it holds that �L � �OM. Note
that the concept of OM gap is inapplicable to Hermitian sys-
tems, which are characterized by a purely real spectrum.

Let us consider the generic structure of Liouvillian spectra
for open quantum many-body systems, where the eigenvalues
are anticipated to form a continuous spectrum in the ther-
modynamic limit. Utilizing the Liouvillian gap �L and the
OM gap �OM, we categorize the spectra into four distinct
scenarios, as illustrated in Fig. 1(b):

(1) �OM > �L > 0: The spectrum includes a continuum
of complex eigenvalues and a line of real eigenvalues, dis-
tanced from zero by the Liouvillian gap.

(2) �OM = �L > 0: The spectrum is comprised solely of
a continuum of complex eigenvalues, detached from zero.

(3) �OM > �L = 0: The spectrum includes a continuum
of complex eigenvalues and a line of real eigenvalues extend-
ing to zero.

(4) �OM = �L = 0: The spectrum is comprised solely of
a continuum of complex eigenvalues that reach zero.

Spectra Types 1 and 2 are characterized by an open Liou-
villian gap, whereas Types 3 and 4 exhibit a closed gap. This
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framework allows for the identification of six possible types of
DQPTs that link these spectra. In the following sections, we
demonstrate that dissipative lattice boson models can display
all of these spectra types and undergo transitions among them.

The rest of this paper is organized as follows. In Sec. III,
we introduce the dissipative lattice boson models under in-
vestigation, focusing on two models distinguished by their
unique symmetries. These models incorporate dissipation
mechanisms that drive the system towards a Bose-Einstein
condensed state, augmented with additional dephasing, as
well as particle gain and loss mechanisms. In Sec. IV, we
discuss the Liouvillian spectral structure of these models us-
ing a mean-field approximation, which enables the analysis of
larger system spectra despite neglecting entanglement across
different lattice sites. We demonstrate that our models display
the all spectral types introduced in Sec. II and investigate
DQPTs among them. In Sec. V, we examine the exact Liou-
villian spectra through numerical diagonalization, a method
limited by small system size but insightful for observing
unique behaviors of the OM gap associated with DQPTs. In
Sec. VI, we discuss how the closing of the OM gap alters the
system’s relaxation dynamics toward its steady state. Finally,
Sec. VII provides conclusions and perspectives on future re-
search directions.

III. MODEL

We consider a system of interacting bosons on a lattice. For
the one-dimensional case, the Hamiltonian is given by

H =
L∑

j=1

[
−J

(
b†

jb j+1 + b†
j+1b j

) + U

2
b†

jb
†
jb jb j − μb†

jb j

]
,

(6)

where b j denotes the boson annihilation operator at site j.
Here J represents the hopping amplitude facilitating boson
movement between adjacent sites, U quantifies the on-site
interaction strength, and μ is the chemical potential. We im-
plement periodic boundary conditions, thereby setting bL+ j =
b j . In all numerical calculations, the hopping amplitude J is
set to unity.

We consider various dissipation mechanisms, character-
ized by the following jump operators:

(1) Bond dissipation is modeled by the operator

Lb, j = √
κ (b†

j + b†
j+1)(b j − b j+1), (7)

facilitating the development of phase coherence [52].
(2) Dephasing is modeled by the operator

Ld, j = √
γ b†

jb j, (8)

accounting for the loss of coherence without energy dissipa-
tion.

(3) One-particle pumping is modeled by the operator

Lp, j = √
rpb†

j, (9)

facilitating the addition of particles to the system.
(4) One-particle loss is modeled by the operator

Ll, j = √
rlb j, (10)

corresponding to the removal of particles.

(5) Two-particle loss is modeled by the operator

Lt, j = √
rt b jb j, (11)

describing the simultaneous removal of two particles.
In particular, we focus on two distinct scenarios:
(1) Model 1: rp = rl = rt = 0. The Liouvillian reads

L1(ρ) = − i[H, ρ] +
L∑

j=1

(
Lb, jρL†

b, j − 1

2
{L†

b, jLb, j, ρ}
)

+
L∑

j=1

(
Ld, jρL†

d, j − 1

2
{L†

d, jLd, j, ρ}
)

. (12)

(2) Model 2: γ = 0, rt > 0. The Liouvillian reads

L2(ρ) = − i[H, ρ] +
L∑

j=1

(
Lb, jρL†

b, j − 1

2
{L†

b, jLb, j, ρ}
)

+
L∑

j=1

(
Lp, jρL†

p, j − 1

2
{L†

p, jLp, j, ρ}
)

+
L∑

j=1

(
Ll, jρL†

l, j − 1

2
{L†

l, jLl, j, ρ}
)

+
L∑

j=1

(
Lt, jρL†

t, j − 1

2
{L†

t, jLt, j, ρ}
)

. (13)

Model 1 is relevant to ultracold atoms on an optical lat-
tice. The bond dissipation mechanism Lb, j , aimed at driving
the system toward a Bose-Einstein Condensate (BEC) state,
can be implemented by immersing ultracold atoms in a BEC
bath [33,52–55]. Additionally, the dephasing mechanism Ld, j ,
which results in heating the system to higher temperatures,
can be introduced by intensity fluctuations of the lasers form-
ing the lattice [56–58]. Model 2 represents a discretized
version of exciton-polariton systems, which are open inter-
acting bosonic systems maintained by a balance between
incoherent pumping and losses of quasiparticles [59–61]. In
this context, the bond dissipation mechanism Lb, j serves as an
effective diffusion term, generated upon integrating out short-
scale fluctuations [39,40,44]. The microscopic Hamiltonians
leading to the dissipation mechanisms given by Eqs. (7)–(11)
are discussed in Appendix B.

The basic properties of Model 1 are summarized as fol-
lows:

(i) The particle number N = ∑
j b†

jb j is conserved, which
follows from [H, N] = [Lb, j, N] = [Ld, j, N] = 0. In other
words, Model 1 has the strong U (1) symmetry [62].

(ii) For U = 0 and γ = 0, the steady state ρss is given by
the BEC state [52]: ρss = |	BEC〉 〈	BEC| with

|	BEC〉 = 1√
N!

(b̃†
k=0)N |v〉 , (14)

where |v〉 is a vacuum state, and b̃k is the annihilation operator
for a wave number k = 2πn/L (n = −L/2 + 1, . . . , L/2),

b̃k = 1√
L

L∑
j=1

eik jb j . (15)
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The equation L(|	BEC〉 〈	BEC|) = 0 follows from the fact
that |	BEC〉 is an eigenstate of H with U = 0 and

(b j − b j+1) |	BEC〉 = 1√
L

∑
k

(1 − e−ik )e−ik j b̃k |	BEC〉 = 0.

(16)

(iii) As discussed in Sec. IV A, within the mean-field ap-
proximation, the steady state exhibits off-diagonal long-range
order, “superfluid,” for small values of U and γ . When U or
γ is increased, a second-order phase transition to a disordered
phase, “normal fluid,” occurs.

(iv) As discussed in Sec. IV A, for both ordered and
disordered phases, the Liouvillian gap �L vanishes in the ther-
modynamic limit. Specifically, �L scales as L−2 with respect
to the system size L.

The basic properties of Model 2 are summarized as fol-
lows:

(i) The particle number N = ∑
j b†

jb j is not conserved
due to the presence of both pumping and loss mechanisms.
However, the Liouvillian (13) is invariant with respect to
the transformation b j → eiθ b j , b†

j → e−iθ b†
j . In other words,

Model 2 has the weak U (1) symmetry [62].
(ii) The particle density is determined by the balance

between the pumping rate rp and the loss rate rl . The two-
particle loss is included to preclude the unbounded increase
of the particle number.

(iii) As discussed in Sec. IV B, within the mean-field ap-
proximation, the steady state exhibits off-diagonal long-range
order, “superfluid,” for sufficiently large rp. An increase in the
interaction strength U triggers a second-order phase transi-
tion, leading to a disordered phase, or “normal fluid.”

(iv) As discussed in Sec. IV B, the Liouvillian gap �L di-
minishes to zero within the ordered phase, whereas it becomes
finite in the disordered phase, highlighting distinct dynamical
properties across these phases.

While both models facilitate the emergence of a U (1)
symmetry-broken phase within their steady states, their
spectral structures exhibit qualitatively distinctive character-
istics, reflecting different symmetries. In subsequent sections,
we will discuss the classification of the spectral structures
of these models according to the categories illustrated in
Fig. 1.

IV. MEAN-FIELD SPECTRA

To elucidate the connection between phase structure
and spectral properties, we employ the mean-field ap-
proximation, wherein the many-body density matrix ρ is
approximated as a product of single-site states, ρ ≈ ρ̃1 ⊗
ρ̃2 ⊗ · · · ⊗ ρ̃L, with ρ̃ j representing the single-site density
matrix at site j. The mean-field master equation for ρ̃ j is
expressed as

∂t ρ̃ j = LMF(ρ̃ j ; ρ̃ j−1, ρ̃ j+1) ( j = 1, . . . , L), (17)

where the right-hand side is a quadratic function of the ma-
trix elements of ρ̃ j , ρ̃ j−1, and ρ̃ j+1, with its detailed form
presented in Appendix C. By solving Eq. (17) for suffi-
ciently long time, ρ̃ j is expected to approach a steady state
ρ̃ss, j . It is known that nonuniform steady states with periodic

density modulation emerge for J 	 κ and γ = 0 [33]. How-
ever, this study concentrates on a regime characterized by
uniform steady states. Consequently, we simplify notation
by excluding the subscript j in ρ̃ss, j . The superfluid order
parameter is defined as

ψ := 〈b j〉 = tr[ρ̃ssb j]. (18)

and the condensate density is given by n0 = |ψ |2. A nonzero
value of n0 signifies the superfluid phase, whereas its absence
indicates a normal fluid phase.

To obtain the steady state, it is necessary to adjust the
chemical potential μ to remove the phase rotation of ψ .
The determination of μ proceeds as follows. Initially, the
mean-field master Eq. (17) is numerically solved starting
with μ = 0, and the time-dependent order parameter ψ j (t ) =
tr[ρ̃ j (t )b j] is calculated. Subsequently, the phase rotation fre-
quency of ψ j (t ) is derived via

ω = −i lim
t→∞

∂tψ j (t )

ψ j (t )
. (19)

In the superfluid phase, ω obtained from Eq. (19) is real. By
assigning μ = −ω in Eq. (17), we have a time-independent
state after a long time. Conversely, in the normal fluid phase,
as ψ j (t ) tends towards zero, we have Im[ω] > 0. Herein, we
set μ = −Re[ω].

The excitation spectrum is obtained by linearizing the
mean-field master Eq. (17) with respect to a small deviation
from the steady state, δρ̃ j = ρ̃ j − ρ̃ss. This linearization yields
the equation:

∂tδρ̃ j =M(δρ̃ j ; δρ̃ j−1, δρ̃ j+1) ( j = 1, . . . , L), (20)

where the right-hand side is a linear function of the matrix
elements of ρ̃ j , ρ̃ j−1, and ρ̃ j+1, with its detailed form pre-
sented in Appendix C. The corresponding eigenmodes ρ̃α

j and
eigenvalues λMF

α satisfy

M(ρ̃α
j ; ρ̃α

j−1, ρ̃
α
j+1) = λMF

α ρ̃α
j ( j = 1, . . . , L). (21)

Note that λMF
α is independent of the site index j. The collection

of λMF
α constitutes the mean-field spectrum. It is important to

recall that the eigenvalues of the Liouvillian appear as com-
plex conjugate pairs, ensuring that the spectrum is symmetric
with respect to the real axis (see Appendix A). This property
holds true not only for the exact eigenvalues of the Liouvillian
but also for the mean-field eigenvalues λMF

α .
The relationship between the exact Liouvillian spectrum

and its mean-field spectrum is nontrivial. The exact Liouvil-
lian spectrum includes

D2 =
(

L + N − 1

N

)2

(22)

eigenvalues, where D is the dimension of the Hilbert space of
the system. The dimension D corresponds to the number of
ways to distribute N indistinguishable particles across L sites,
which is D = (L+N−1

N

)
from the “stars and bars” argument.

On the other hand, the mean-field spectrum consists of d2
maxL

eigenvalues, where dmax is the cutoff dimension of the single-
site Hilbert space. By neglecting intersite entanglement, the
mean-field approximation omits entangled eigenmodes from
the Liouvillian spectrum. Nonetheless, in systems of high
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spatial dimensions, the linearized master Eq. (20) accurately
approximates the dynamical evolution of excitations around
the steady state. This observation implies that the mean-field
spectrum can serve as a reasonable surrogate for the exact
spectrum near the steady state. Specifically, the gaps �MF

L and
�MF

OM, derived from the mean-field spectrum, are anticipated to
converge to their exact counterparts �L and �OM in the limit
of infinite spatial dimensions.

We mention the numerical procedures adopted for cal-
culating the mean-field spectra. To obtain the steady state,
we solve the mean-field master Eq. (17) by employing a
fourth-order Runge-Kutta integration method with a time step
of dt = 0.005. The cutoff dimension dmax of the single-site
Hilbert space is set to 20, beyond which no significant changes
in the mean-field spectra near the steady state are observed.
To enhance computational efficiency in the diagonalization
of the mean-field Liouvillian M, we exploit its translational
invariance. Specifically, we employ the following ansatz for
the eigenmodes [33]:

ρ̃α
j ∝ eiφ j (φ = 2πm/L, m = 0, 1, . . . , L − 1), (23)

facilitating the reduction of the eigenvalue problem described
by Eq. (21) to a single-site problem. We confirm that this
simplified approach yields results identical to those obtained
through the direct diagonalization of the mean-field Liouvil-
lianM.

A. Model 1

For Model 1, Fig. 2(a) presents the condensate density
n0 = |ψ |2 for the steady state, mapped as a function of the
dephasing rate γ /J and the interaction strength U/J . Here
bright and dark regions represent the superfluid and normal
fluid phases, respectively. Note that, at γ = U = 0, n0 is equal
to the particle density n = N/L because the single-site steady
state ρ̃ss is given by the coherent state, ρ̃ss = |ψ〉 〈ψ | with

|ψ〉 =
∞∑

ν=0

e−|ψ |2/2 ψν

√
ν!

|ν〉 , (24)

where |ν〉 denotes the basis state with ν particles. With
increases in γ and U , n0 diminishes, leading to a phase
transition to the normal fluid phase. Intriguingly, the phase
boundary exhibits a reentrant behavior, indicating that the
critical dephasing rate γc varies nonmonotonically with U .

Figure 2(b) displays the OM gap �MF
OM obtained from the

mean-field spectra, where the phase boundary is indicated
by the red solid curve. It is noted that �MF

OM = 0 in the su-
perfluid phase, whereas �MF

OM > 0 in the normal fluid phase.
Figures 2(c)–2(e) illustrate typical mean-field spectra at the
superfluid phase, phase boundary, and normal fluid phase, re-
spectively. For both phases, the Liouvillian gap �MF

L vanishes,
scaling as L−2 with the system size L. In the superfluid phase,
the spectrum features a line of real eigenvalues and complex
eigenvalues forming a parabolic curve [see Fig. 2(c)]. At the
critical point, the line of real eigenvalues touches the origin
[see Fig. 2(d)]. In the normal fluid phase, the OM gap opens
due to a shift of complex eigenvalues towards the negative
real axis [see Fig. 2(e)]. In summary, the phase transition in
Model 1, marked by the closure of the OM gap, coincides

(c)

(e)

(d)

OM gap ΔOM

Normal fluid

Condensate density n0

ΔOM

(a)

(b)

(c)

(d)

(e)

FIG. 2. OM gap and mean-field spectra for Model 1. (a) Con-
densate density n0 = |ψ |2 as a function of γ /J and U/J . The bright
region indicates the superfluid phase (n0 > 0) and the dark region de-
notes the normal fluid phase (n0 = 0). (b) OM gap �OM as a function
of γ /J and U/J . The red solid curves in (a) and (b) represent the
phase boundary determined from n0. [(c)–(e)] Mean-field spectra for
(1) γ /J = 1, U/J = 2, (2) γ /J = 1.9, U/J = 2, and (3) γ /J = 2,
U/J = 4, highlighted by white dots in (b). The particle density is
N/L = 0.5, with a system size L = 64 and κ = 1. The transition
from the normal fluid to superfluid is characterized by the closing
of the OM gap.

with a transition from Type 3 to Type 4 spectra, depicted in
Fig. 1.

We present a theoretical analysis to explain the emergence
of the OM gap for large dephasing rates within the context of
Model 1. Assuming the system is in the normal fluid phase
with a large γ , the intersite coupling terms in Eq. (17) van-
ishes, yielding a set of decoupled master equations for each
site. The corresponding steady state is then given as [33]

ρ̃ss =
∞∑

ν=0

n̄ν

(n̄ + 1)ν
|ν〉 〈ν| , (25)

where |ν〉 denotes the basis state with ν particles, and n̄ =
N/L is the average particle density. It should be noted that, in
the normal fluid phase, ρ̃ss is independent of other parameters.
Given the diagonal nature of ρ̃ss, the linearized master equa-
tion for δρ̃ j = ρ̃ j − ρ̃ss simplifies significantly. Representing
δρ̃ j = ∑∞

m,n=0 Q j
m,n |m〉 〈n|, the time evolution of the matrix

elements Q j
m,n follows

∂t Q
j
m,n = F H

m,n(Q j ; Q j−1, Q j+1) + F b
m,n(Q j ; Q j−1, Q j+1)

+ F d
m,n(Q j ), (26)

where F H
m,n, F b

m,n, and F d
m,n denote contributions from the uni-

tary dynamics, bond dissipation, and dephasing, respectively.
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Specifically, the contribution from the unitary dynamics is
given by

F H
m,n(Q j ; Q j−1, Q j+1)

= −i

[
U

2
m(m − 1) − U

2
n(n − 1) − μ(m − n)

]
Q j

m,n

+ iJ
(
pss

n − pss
m

)
[
√

m(ψ j+1 + ψ j−1)δm,n+1

+ √
n(ψ̄ j+1 + ψ̄ j−1)δm+1,n], (27)

where pss
ν = n̄ν/(n̄ + 1)ν denotes the diagonal el-

ements of ρ̃ss, and ψ j = ∑∞
ν=0

√
ν + 1Q j

ν+1,ν and

ψ̄ j = ∑∞
ν=0

√
ν + 1Q j

ν,ν+1. The contribution from dephasing
reads

F d
m,n(Q j ) = −γ

2
(m − n)2Q j

m,n. (28)

The explicit form of F b
m,n is omitted here due to its complexity,

however, focusing on its diagonal component, we find

F b
n,n(Q j ; Q j−1, Q j+1)

= 2κ n̄
[
nQ j

n−1,n−1 − (n + 1)Q j
n,n

]
+ 2κ (n̄ + 1)

[
(n + 1)Q j

n+1,n+1 − nQ j
n,n

]
+ κ

[
npss

n−1 − (2n + 1)pss
n + (n + 1)pss

n+1

]
× (〈δn j+1〉 + 〈δn j−1〉), (29)

where 〈δn j〉 = ∑∞
ν=0 νQ j

ν,ν represents the density perturba-
tion.

From Eqs. (27), (28), and (29), we can deduce the spec-
tral structure under conditions of large γ . Notably, the
unitary dynamics and dephasing do not affect the time
evolution of the diagonal elements of the density matrix,
as F H

n,n(Q j ; Q j−1, Q j+1) = 0 and F d
n,n(Q j ) = 0. According to

Eq. (29), the time evolution of the density perturbation
〈δn j〉 = ∑∞

ν=0 νQ j
ν,ν follows

∂t 〈δn j〉 = κ (〈δn j+1〉 − 2〈δn j〉 + 〈δn j−1〉), (30)

indicating a diffusive relaxation mechanism. Thus, the Liou-
villian eigenvalues associated with density relaxation are real
and take the form −κq2, where q represents the wave number
of the density modulation. This implies that the Liouvillian
gap �L diminishes as L−2. Conversely, Eq. (28) implies that
the off-diagonal elements decay with rates larger than γ /2.
Figure 3(b) schematically represents the mean-field spectrum
for sufficiently large γ . Since the relaxation of the diagonal
elements is diffusive, the corresponding eigenvalues are lo-
cated on the real axis, which are depicted by the red line. On
the other hand, the eigenmodes associated with off-diagonal
elements have complex eigenvalues with real parts less than
−γ /2, which are depicted by the blue lines. This picture
elucidates how an increase in γ facilitates the opening of the
OM gap.

FIG. 3. (a) Schematic representation of the single-site density
matrix ρ̃ j within the mean-field approximation, where red and blue
circles indicate the diagonal and off-diagonal matrix elements, re-
spectively. (b) Schematic illustration of the mean-field spectrum
under conditions of large γ . The diagonal elements of ρ̃ j correspond
to diffusive modes characterized by real eigenvalues −κq2, with q
representing the wave number associated with the density pertur-
bation. In contrast, the off-diagonal elements of ρ̃ j yield complex
eigenvalues, each with a decay rate larger than γ /2.

B. Model 2

For Model 2, where the particle number is not conserved,
we define the total particle density n as follows:

n = tr[ρ̃ssb
†
jb j], (31)

which is expressed as the sum of the condensate density n0

and the noncondensate density n1. Figures 4(a) and 4(b) show
the condensate density n0 and the total density n, respectively.
Note that n remains positive for any nonzero pumping rate
rp. In the absence of pumping (rp = 0), the steady state is
given by the vacuum state, resulting in n = 0. We identify
a region with n0 > 0 as the superfluid phase. In regimes of
high interaction strength U , a distinct region emerges where
n0 = 0 and n > 0, indicative of the normal fluid phase. No-
tably, as depicted in Fig. 4(b), n appears to be independent
of U in the normal fluid phase, suggesting that the noncon-
densate particle density is unaffected by interaction-induced
depletion.

The Liouvillian gap �L and the OM gap �OM are depicted
in Figs. 4(c) and 4(d), respectively, with the red solid curves
marking the phase boundaries determined from n0. The Li-
ouvillian gap closes in the superfluid phase and opens in the
normal fluid phase. In contrast, the OM gap closes exclusively
at the phase boundary and remains open in both the superfluid
and normal fluid phases. The nonsmooth contour curves of
the OM gap in the superfluid phase are attributable to the
presence of exceptional points. Specifically, deeper within the
superfluid phase, the OM gap opens due to the collisions of
complex eigenvalue pairs, as suggested in Fig. 4(e). At these
exceptional points, the OM gap exhibits discontinuous jumps.
As the system size approaches infinity, the magnitude of these
jumps diminishes, leading to the restoration of smooth con-
tour curves.

Figures 4(e)–4(g) display typical spectra for the parameters
indicated by white dots in (c) and (d). In the superfluid phase,
the spectrum features a line of real eigenvalues and complex
eigenvalues forming a parabolic curve [see Fig. 4(e)]. Unlike
in Model 1, the OM gap opens here, and the underlying
mechanism for this phenomenon will be discussed subse-
quently. At the critical point, the curve of complex eigenvalues
touches the origin, resulting in the closure of the OM gap [see
Fig. 4(f)]. In the normal fluid phase, this curve separates from
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Normal fluid

Condensate density n0 Total density n

OM gap ΔOM

Liouvillian gap ΔL

(a) (b)

(c)

(d)

(e)

(f)

(g)

ΔOM

ΔOM

ΔL

(e)

(f)

(g)

(e)

(f)

(g)

FIG. 4. OM gap and mean-field spectra for Model 2. (a) Con-
densate density n0 = |ψ |2 as a function of rp/J and U/J . The bright
region indicates the superfluid phase (n0 > 0) and the dark region
denotes the normal fluid phase (n0 = 0). (b) Total density n as a func-
tion of rp/J and U/J . (c) Liouvillian gap �L as a function of rp/J and
U/J . (d) OM gap �OM as a function of rp/J and U/J . The red solid
curves in (a), (c), and (d) represent the phase boundary determined
from n0. [(e)–(g)] Mean-field spectra for (e) rp/J = 1, U/J = 2, (f)
rp/J = 1, U/J = 4, and (g) rp/J = 1, U/J = 6, highlighted by white
dots in (c) and (d). The solid curves in (e) represent the spectrum
(35) obtained from the GP equation. The system size is L = 64, and
κ = rl = rt = 1. The transition from the normal fluid to superfluid is
characterized by the closing of the Liouvillian gap.

the origin, and both �L and �OM are greater than zero [see
Fig. 4(g)]. These observations indicate that the transition in
Model 2 corresponds to a transition from Type 2 to Type 3
spectra, according to the classification in Fig. 1.

We now present a theoretical analysis that explains the
mechanism behind the opening of the OM gap in the
superfluid phase of Model 2. Initially, let us derive the Gross-
Pitaevskii (GP) equation for the order parameter ψ . The
single-site coherent state is defined by Eq. (24). In the deep su-
perfluid phase, where the noncondensate density n1 = n − n0

is significantly less than the total density n, the density matrix
is well-approximated by the coherent state ρ̃ j = |ψ j〉 〈ψ j |.
The time evolution of ψ j is given by

∂tψ j = tr[b j∂t ρ̃ j]. (32)

Incorporating the mean-field master Eq. (17) into the above
equation results in the GP equation:

i∂tψ j = − J (ψ j+1 + ψ j−1) + U |ψ j |2ψ j − μψ j

+ iκ (ψ j+1 − 2ψ j + ψ j−1)

+ iκ (|ψ j+1|2ψ j+1 + |ψ j−1|2ψ j−1)

− iκ
(
ψ2

j ψ
∗
j+1 + ψ2

j ψ
∗
j−1

) + irdψ j − irt |ψ j |2ψ j,

(33)

where rd = (rp − rl )/2. The first line represents the conven-
tional GP equation for a lattice. The subsequent lines account
for the contributions from bond dissipation, which drive the
system towards uniformity, while the final line represents the
effects of pumping and loss. For a uniform state ψ j = ψ0, ψ0

vanishes for rd < 0 and |ψ0| = √
rd/rt for rd > 0. To achieve

a time-independent state, the chemical potential μ must be
adjusted to μ = −2J + Un0, where n0 = |ψ0|2.

Linearizing Eq. (33) with respect to small perturbations
δψ j = ψ j − ψ0 yields

i∂tδψ j = [−J + iκ (1 + 2n0)](δψ j+1 − 2δψ j + δψ j−1)

+ (U − irt )n0(δψ j + δψ∗
j ). (34)

Substituting δψ j = ukeik j+λt + vke−ik j+λ∗t , the decay rate of
excitation modes with a wave number k is calculated as

λ = − 2κ (1 + 2n0)(1 − cos k) − rt n0

± i
√

[2J (1 − cos k) + Un0]2 − (
U 2 + r2

t

)
n2

0. (35)

When κ = 0 and rt = 0, Eq. (35) simplifies to the standard
Bogoliubov result, where for k → 0 the dispersion of exci-
tation modes is phononic, λ = ±i

√
2JUn0k. With κ and rt

present, the dispersion characteristics are substantially altered.
For k → 0, Eq. (35) becomes

λ 
 −
[
κ (1 + 2n0) + JU

rt

]
k2, −2rt n0. (36)

This equation suggests that the spectrum includes a line of
real eigenvalues linked to the origin, indicative of a nonzero
OM gap. The occurrence of purely diffusive, nonpropagat-
ing modes is attributed to the dissipative Goldstone mode,
emerging from the spontaneous U (1) symmetry breaking in
the superfluid phase [63–65]. In Fig. 4(e), the spectrum given
by Eq. (35) is depicted by solid lines, where the condensate
density n0 in Eq. (35) is replaced with the total density n to
achieve a good fit. At the transition point, the spectrum can be
obtained by setting n0 = 0 in Eq. (35):

λ = −2κ (1 − cos k) ± i2J (1 − cos k). (37)

Thus, the spectrum is linear near the origin, |Re[λ]|/|Im[λ]| =
κ/J , which is consistent with Fig. 4(f).

We examine the transition from Model 1 to Model 2.
Figure 5 displays the evolution of mean-field spectra as the
unified rate r := rp = rl = rt increases within the normal
fluid phase. The scenario with r = 0, depicted in Fig. 5(a),
corresponds to Model 1 as shown in Fig. 2(e). Introducing
infinitesimal pumping and loss induces a transition to Type 1
spectrum with a finite Liouvillian gap, as shown in Fig. 5(b),
where �OM > �L > 0. For r � 0.1, both gaps equalize and
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(a) (b)

(c) (d)

r = 0.0 r = 0.05

r = 0.1 r = 0.2

ΔOM

ΔL

ΔOM

ΔOM

ΔL

ΔOM

ΔL

Type 3 Type 1

Type 2 Type 2

FIG. 5. Spectral transition from Model 1 to Model 2 within
the normal fluid phase. The pumping and loss rates are uniformly
adjusted, r := rp = rl = rt , across panels (a) r = 0, (b) r = 0.05,
(c) r = 0.1, and (d) r = 0.2. The system size is L = 128, with a
dephasing rate γ = 0 and interaction strength U = 6. Increasing r
induces successive transitions among Type 3, Type 1, and Type 2
spectra.

remain positive, �OM = �L > 0, indicative of Type 2 spec-
trum as seen in Figs. 5(c) and 5(d). Thus, this analysis reveals
the existence of two spectral types, Type 1 and Type 2, within
the normal fluid phase of Model 2.

V. EXACT SPECTRA

In the previous section, we examined the Liouvillian spec-
trum using the mean-field approximation. This section focuses
on the exact Liouvillian spectrum of Model 1, derived through
numerical diagonalization of the original Liouvillian. It is
important to note that true long-range order is absent in
one-dimensional systems and typically manifests in three di-
mensions or higher. Thus, the spectral structure corresponds
to that depicted in Fig. 2(e) across all parameter values.
Nevertheless, in finite one-dimensional systems, significant
changes in spectral structure are anticipated with varying
γ , highlighting indications of a potential phase transition.
Specifically, consider the correlation length ξ of the one-
dimensional system, which is the characteristic length scale
of phase coherence. Note that for Model 1, ξ diverges as both
the interaction strength U and the dephasing rate γ approach
zero because a BEC state is realized at U = 0 and γ = 0 [see
Fig. 2(a)]. If the system size L is smaller than or comparable
to ξ , then the mean-field results presented in Sec. IV may
approximately apply. In such cases, the spectra of the system
can exhibit behaviors similar to those predicted by the mean-
field approximation.

Figure 6 displays the exact spectra for Model 1 with a sys-
tem size L = 6 and a particle number N = 3. In the thermody-
namic limit, the density of eigenvalues is expected to increase,
leading to a continuum spectrum with two-dimensional sup-
port, contrasting with the one-dimensional structure of the
mean-field spectrum. Nevertheless, the mean-field spectrum is

γ = 0

ΔOM

(a) (b)

(c) (d)

(e) (f)

γ = 1

γ = 2 γ = 3

γ = 4

FIG. 6. Exact Liouvillian spectra for Model 1 with a system size
L = 6 and a particle number N = 3. The dephasing rates are (a) γ =
0, (b) γ = 1, (c) γ = 2, (d) γ = 3, and (e) γ = 4. Parameters are set
to κ = 2 and U = 2. The dashed lines represent the spectral edges,
intersecting at points indicative of the OM gap �OM. The arrows
indicate a pair of complex eigenvalues near the origin, which collide
around γ = 3. Panel (f) displays �OM versus γ , with the dashed line
representing a least-squares fit for the range [0,2]. Note that �OM is
derived from the intersection point of the edge of spectra, rather than
using the original definition provided in Eq. (5). A rapid increase in
�OM around γ = 3 signals a potential phase transition.

anticipated to reflect the edge structure of the exact spectrum.
In Figs. 6(a)–6(e), the behavior of the spectral edge, marked
by dashed lines, resembles that observed in the mean-field
spectrum shown in Fig. 2(e) (see Appendix D for edge de-
tection methodology). The intersection of these edge lines
provides an approximate value of the OM gap �OM. Fig-
ure 6(f) plots �OM as a function of γ , showing a linear
increase at low γ values and a rapid ascent around γ = 3, cor-
responding to the collision of a pair of complex eigenvalues
near the origin, as indicated by arrows in Figs. 6(a)–6(d). This
rapid increase in �OM may indicate a potential phase transi-
tion in higher dimensions. Accurate analysis of such singular
behavior in the OM gap would require exact diagonalization
of three-dimensional systems, which is currently beyond the
scope of existing numerical techniques.

The real-complex transition in the eigenvalues of the most
slowly decaying mode, shown in Fig. 6, is similarly observed
in the XX chain with dephasing [66]. Specifically, a crit-
ical dephasing rate γc exists, below which the eigenvalues
of the most slowly decaying mode are complex, and above
which they become real. At the critical dephasing rate γc, the
most slowly decaying mode transitions from a coherent mode,
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characterized by a density matrix with significant off-diagonal
elements, to an incoherent mode, where the density matrix
becomes nearly diagonal [67]. Importantly, the steady state
of the XX chain with dephasing corresponds to the infinite-
temperature state, implying the absence of phase transitions,
and γc is inversely proportional to the system size L, ap-
proaching zero in the limit of infinite system size.

It is important to address whether the closing of the OM
gap is always accompanied by real-complex transitions of
eigenvalues. Let us consider the nonzero eigenvalue λ∗ that
has the largest real part, such that �L = |Re[λ∗]|. There are
two possible scenarios for the closing of the OM gap:

(1) In the OM gapped phase, λ∗ is real, and at the phase
transition of the steady state, it acquires a nonzero complex
part through a collision with another real eigenvalue. In this
scenario, the phase transition point coincides with an excep-
tional point of the Liouvillian, where a real-complex transition
of λ∗ occurs.

(2) The closing of the OM gap occurs due to the shift
of complex eigenvalues toward the positive direction of the
real axis. Here, λ∗, the eigenvalues with the largest real part,
changes from a real one to another complex eigenvalue with-
out a real-complex transition.

At this stage, it is challenging to definitively determine
which scenario applies to our case. The exact diagonalization
of the one-dimensional system indicates a real-complex tran-
sition of λ∗, as shown in Fig. 6, supporting the first scenario.
Conversely, the spectra obtained from the mean-field approxi-
mation seems to align with the second scenario (not shown in
the figures), suggesting no real-complex transition during the
closing of the OM gap. However, it is important to note that
the macroscopic dynamics of the system near the transition
point remain unaffected by which scenario is valid.

VI. RELAXATION DYNAMICS

In this section, we discuss the relationship between the OM
gap and the dynamical behavior of the system. Typically, the
relaxation timescale towards the steady state is determined by
the inverse of the Liouvillian gap �L. Therefore, a closure
of �L indicates a divergence in the relaxation timescale, a
phenomenon observed in the phase transition of Model 2.
In contrast, for Model 1, where the Liouvillian gap remains
closed in both phases, no singular behavior in the relaxation
timescale is anticipated at the transition point. This prompts
a question how the closure of the OM gap influences the
relaxation dynamics of the system.

In this analysis, we focus on the nonzero eigenvalue λ∗ that
possesses the largest real part, such that �L = |Re[λ∗]|. As
depicted in Fig. 2(c), when the OM gap is closed, Im[λ∗] �= 0,
indicating that the most slowly decaying mode exhibits os-
cillations. In contrast, when the OM gap is open, as shown
in Fig. 2(e), Im[λ∗] = 0 and the most slowly decaying mode
exhibits purely exponential decay. Thus, the phase transition
in Model 1 is characterized by a transition from oscillatory to
exponential decay of the most slowly decaying mode.

We present numerical results of relaxation dynamics
in Model 1. Considering the diffusive nature of density
relaxation, the most slowly decaying mode is character-
ized by large-scale density modulation, with a wavelength

(a) (b)Mean-field approximation Exact

FIG. 7. Frequency of the most slowly decaying mode in Model 1.
(a) Frequency of the density relaxation as a function of γ /J and U/J
under the mean-field approximation. Parameters include a particle
density of N/L = 0.5, a system size of L = 16, and κ = 1. In the
superfluid phase, the frequency of the most slowly decaying mode
is nonzero. (b) Frequency of the density relaxation as a function of
γ /J and U/J , obtained from direct integration of the quantum master
equation. The calculations are performed for a system size of L = 6
and a particle number of N = 3.

comparable to system size L. Thus, we focus on the relaxation
dynamics of an initial state with large-scale density modula-
tion. In the mean-field simulations, the initial state is prepared
as follows. The initial density matrix ρ̃ j at site j is given by
ρ̃ j = |ψ j〉 〈ψ j |, where |ψ j〉 is the coherent state defined by
Eq. (24). The initial order parameter ψ j is given by

ψ2
j = n̄

[
1 + δ cos

(
2π j

L

)]
, (38)

where δ denotes the amplitude of the initial density modula-
tion, and n̄ is the mean particle density. The particle density
at site j and time t , n j (t ) = tr[b†

jb j ρ̃ j (t )], is used to define the
amplitude of particle density modulation:

δn(t ) =
L∑

j=1

n j (t ) cos

(
2π j

L

)
. (39)

The time evolution of δn(t ) is fitted to a function of
Ae−�t cos(�t ), where � and � approximate the decay rate and
frequency of the most slowly decaying mode, respectively,
|Re[λ∗]| 
 �, |Im[λ∗]| 
 �. In Fig. 7(a), the frequency � of
the most slowly decaying mode is displayed as a function of
γ /J and U/J . In the bright region, the density perturbation
exhibits oscillations, whereas in the dark region, it decays
exponentially. By comparing with Fig. 2(a), it is observed that
the phase boundary between the superfluid and normal fluid
coincides with the transition from oscillatory to exponential
relaxations.

For a small system, we can calculate the exact relaxation
dynamics by directly solving the original quantum master
Eq. (1). For a system size of L = 6 and a particle number
of N = 3, the initial state is set as |1, 1, 1, 0, 0, 0〉, dividing
the system equally between filled and empty sites. The time
evolution of the many-body density matrix ρ(t ) is calculated,
and the amplitude of the density modulation δn(t ), as defined
by Eq. (39), is determined. The frequency of the most slowly
decaying mode derived from δn(t ) is displayed in Fig. 7(b),
showing a qualitatively similar trend to the mean-field calcu-
lations presented in Fig. 7(a). However, it is important to note
that true long-range order does not exist in one dimension, and
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thus the exact time evolution results displayed in Fig. 7(b)
do not converge to the mean-field results in panel (a) as the
system size increases.

VII. CONCLUSIONS AND DISCUSSION

In this paper, we introduce a novel spectral gap, termed
the OM gap, to characterize phase transitions in open quan-
tum many-body systems. Traditionally, the Liouvillian gap,
defined as the smallest decay rate among all nonsteady eigen-
modes, has been extensively used to indicate DQPTs. The OM
gap, however, is defined as the smallest decay rate among
oscillating eigenmodes with nonzero imaginary parts of their
eigenvalues. This distinction allows for a more nuanced clas-
sification of open quantum phases into four distinct spectral
classes, as illustrated in Fig. 1. Our analysis within dissipative
Bose systems, referred to as Model 1 and Model 2, demon-
strates the necessity of both the Liouvillian and OM gaps for
accurately describing the phases and phase transitions within
these systems.

Model 1 exhibits the strong U (1) symmetry, ensuring
conservation of particle number. This model demonstrates a
symmetry-broken phase at low dephasing rates and interaction
strengths. The Liouvillian gap �L closes in both ordered and
disordered phases, which limits its utility in distinguishing
these phases. In contrast, transitions between phases can be
effectively characterized by the closing or opening of the OM
gap �OM. Additionally, the closure of �OM in the ordered
phase is marked by a dynamical transition from exponential
to oscillatory relaxations of inhomogeneous states with large-
scale density modulation.

In Model 2, the particle number is not conserved due to the
presence of pumping and loss mechanisms. This model also
presents a symmetry-broken phase under conditions of high
pumping rates and low interaction strengths. The Liouvillian
gap �L closes in the ordered phase and opens in the disordered
phase, accordance with the traditional picture of quantum
phase transitions. By contrast, the OM gap �OM closes solely
at the phase transition point. Notably, the disordered phase
in Model 2 bifurcates into two distinct phases characterized
either by �OM > �L or �OM = �L.

Our analysis suggests that not only the Liouvillian gap
�L, but also the OM gap �OM closes when the steady state
undergoes spontaneous symmetry breaking. For example, in
Model 2, �OM closes exclusively at the transition point, as
shown in Fig. 4(d). This raises an intriguing question: Can
spontaneous symmetry breaking occur without the closure of
the OM gap? Note that the spectral transition from Type 3 to
Type 1 in Fig. 5 is not associated with spontaneous symmetry
breaking in the steady state. If such a DQPT exists, then
it would represent a form of transition that occurs without
exceptional points near the steady state, since all eigenvalues
close to the origin remain real across the transition point.

We mention the relationship between spectral classes and
system’s symmetry. In open quantum system described by
a Liouvillian with the strong U (1) symmetry, total parti-
cle number or spin component is conserved through time
evolution. It is conjectured that for translation-invariant Liou-
villians incorporating only local interactions and possessing
local conserved quantities, the Liouvillian gap �L vanishes

in the thermodynamic limit. This phenomenon is explained
by the limited propagation speed of local perturbations, con-
strained by the Lieb-Robinson velocity [68,69]. Consequently,
an initial state characterized by localized particle density
requires a relaxation time that is, at least, proportional to the
system size to evolve towards a uniform steady state. Given
that the relaxation time is inversely proportional to �L [70], it
follows that �L → 0 in the thermodynamic limit. Therefore,
a translation-invariant system with local conserved quantities
will typically exhibit either Type 3 or Type 4 spectra shown in
Fig. 1. Moreover, phase transitions in such systems should be
marked by the closing of the OM gap, indicating that DQPTs
associated with the closure of the OM gap are a prevalent
feature in open quantum many-body physics.

From the viewpoint of the universality of critical phenom-
ena, it is natural to introduce the critical exponent associated
with the OM gap. In classical critical phenomena theory, as
one approaches the critical point, the correlation length ξ

diverges as ξ ∝ |t |−ν , where t is a dimensionless measure of
the distance from the critical point. The typical timescale τ

for the decay of fluctuations also diverges as τ ∝ ξ z ∝ |t |−νz,
where z is the dynamical critical exponent. Given that τ is
identical to the inverse of the Liouvillian gap �L, it follows
that �L vanishes as

�L ∝ ξ−z ∝ |t |νz, (40)

near the critical point. Similarly, for the OM gap, it is assumed
that

�OM ∝ ξ−z̃ ∝ |t |ν z̃, (41)

with a distinct exponent z̃. In Model 1 and Model 2 studied in
this work, we numerically confirm that νz = ν z̃ = 1 within
the mean-field approximation. Nonetheless, it is plausible
that quantum fluctuations not captured by this approximation
could yield nontrivial exponents. The introduction of a new
scaling law for the OM gap may reveal a novel universality
class in DQPTs, distinct from those observed in closed quan-
tum many-body systems.

We here discuss the relationship between our findings
and the concept of continuous time crystals (CTCs) in open
quantum systems [71–77]. A CTC arises from the breaking
of continuous time-translation symmetry and is characterized
by an oscillating steady state in the thermodynamic limit.
Importantly, the emergence of a CTC implies the vanishing
of the OM gap. This vanishing indicates that the relaxation
time of some oscillating modes diverges, allowing persistent
oscillations in the thermodynamic limit. However, it is crucial
to note that the vanishing of the OM gap does not necessarily
imply the emergence of a CTC. Let λ̃ be the eigenvalue with
the largest real part among those with nonzero imaginary
parts. The OM gap is defined as �OM = |Re[λ̃]|. Additionally,
we can define a gap along the imaginary axis, �′

OM = |Im[λ̃]|.
In the thermodynamic limit, an OM gapless phase, which is
characterized by Type 4 spectrum in Fig. 1, can be classified
into two cases:

(1) �OM = 0 and �′
OM = 0.

(2) �OM = 0 and �′
OM > 0.

The first case, where both the real and imaginary parts of
λ̃ vanish, corresponds to the scenario in our model, indicating
that no CTC phase emerges. The second case, where only the
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real part vanishes while the imaginary part remains nonzero,
corresponds to the CTC phase. Thus, the concept of OM gap
might be useful for characterizing the CTC phase.

Finally, we note that the concept of the OM gap is also
relevant to classical stochastic systems governed by the stan-
dard master equation. Generally, the transition rate matrix of
the master equation is non-Hermitian, leading to a complex
spectrum. Thus, the spectral classification illustrated in Fig. 1
is applicable to these cases as well. There exists a broad
range of nonequilibrium stochastic models, including driven
lattice gases [78], reaction-diffusion processes [79], and active
matters [80], that display phase transitions in their steady
states. A critical avenue for future research is to elucidate
the spectral structures that underpin these well-documented
nonequilibrium phase transitions.
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APPENDIX A: GENERAL PROPERTIES
OF LIOUVILLIAN EIGENMODES

This summary outlines the general properties of the eigen-
modes and eigenvalues of a Liouvillian, defined in Eq. (2).

(1) Left eigenmodes: The left eigenmodes {ρ ′
α} satisfy

L†(ρ ′
α ) = λ∗

αρ ′
α (α = 0, 1, . . . , D2 − 1), (A1)

where L† operates as:

L†(A) = −i[A, H] +
∑

ν

(
L†

νALν − 1

2
{L†

νLν, A}
)

. (A2)

Given thatL is non-Hermitian, the right eigenmode ρα and the
left eigenmode ρ ′

α differ. The right and left eigenmodes corre-
sponding to different eigenvalues are orthogonal: tr[ρ ′†

α ρβ] =
0 (λα �= λβ ).

(2) Diagonalizability: The Liouvillian is diagonalizable
except at points in the parameter space, i.e., exceptional
points. In such cases, the eigenmodes form a basis of the
operator space, allowing any operator O to be uniquely
expressed as:

O =
D2−1∑
α=0

cαρα, cα = tr[ρ ′†
α O]

tr[ρ ′†
α ρα]

, (A3)

where the expression of cα is derived from the orthogonality
of the right and left eigenmodes.

(3) Real parts and zero modes: Zero modes correspond
to steady states. For other modes, the real parts of λα are
negative, ensuring relaxation toward steady states:

lim
t→∞ ρ(t ) = lim

t→∞ eLtρ(0) = ρss. (A4)

(4) Liouvillian gap: The Liouvillian gap is defined
by �L = |Re[λ1]|, provided the steady state is unique
and the eigenvalues are sorted accordingly, 0 = |Re[λ0]| <

|Re[λ1]| � · · · � |Re[λD2−1]|. �L is also referred to as the
asymptotic decay rate [22].

(5) Trace of eigenmodes: The trace of any eigenmode
associated with a nonzero eigenvalue is zero, reflecting the

trace-preserving property of the Liouvillian: tr[L(ρ)] = 0.
Thus, eigenmodes with nonzero eigenvalues are not physical
states.

(6) Hermitian properties: IfL(ρα ) = λαρα , thenL(ρ†
α ) =

λ∗
αρ†

α , which follows from [L(ρα )]† = L(ρ†
α ). This implies

that the Liouvillian spectrum on the complex plane is sym-
metric with respect to the real axis. If ρα is Hermitian, then λα

is real.

APPENDIX B: MICROSCOPIC HAMILTONIAN

In this Appendix, we discuss the microscopic Hamiltonians
leading to the dissipation mechanisms given by Eqs. (7)–
(11). First, the bond dissipation given by Eq. (7) stabilizes
a superfluid state with phase coherence and can be realized
in ultracold atoms in a two-band optical lattice immersed in
a large BEC [52]. Spatially modulated Raman laser drives
the specific superposition of atoms on neighboring sites into
the upper band, which decays to the lower band by emit-
ting a Bogoliubov quasiparticle. This process is described
by a two-band Bose-Hubbard model with a laser interac-
tion term, a reservoir of Bogoliubov modes, and coupling
terms between the atoms and the Bogoliubov modes. The
explicit form of the microscopic Hamiltonian is given in
Ref. [52].

The dephasing given by Eq. (8) describes the loss of phase
coherence without energy dissipation, arising from a system
under a fluctuating external field. The microscopic Hamilto-
nian is given by

H (t ) = H +
∑

ν

ξν (t )Lν, (B1)

where ξν (t ) denotes Gaussian white noise with ξν (t ) = 0 and
ξμ(t )ξν (t ′) = δμνδ(t − t ′). The Hermitian operators Lν rep-
resent the interactions with the external field. The master
equation for the density matrix ρ(t ) is then given by Eq. (1).
This derivation can be found in Refs. [56] and [57]. Coupling
the density operator b†

jb j to independent fluctuating fields
ξ j (t ) leads to the local jump operator in Eq. (8). Note that this
formalism cannot yield a master equation with non-Hermitian
jump operators Lν .

The particle gain and loss processes described by Eqs. (9)
and (10) are modeled by the following Hamiltonian:

Htot = H + HE + Hint, (B2)

where H is the Hamiltonian (6) of the system, HE is that of
an environment, and Hint is a coupling between them. The
environment consists of independent baths coupled to every
site j:

HE =
∑

j

∑
k

εka†
j,ka j,k, (B3)

where a†
j,k and a j,k are creation and annihilation operators for

particles with orbital degrees of freedom k in a bath coupled
to site j. The coupling between the system and environment
is described by

Hint =
∑

j

∑
k

tkb†
ja j,k + H.c., (B4)
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where tk is the tunneling amplitude for a particle entering
or leaving site j. The derivation of the master equation is
detailed in Ref. [81]. It is important to note that the result-
ing jump operators Lj are nonlocal due to particle hopping.
In particular, this nonlocal effect becomes prominent in the
zero-temperature limit. However, at sufficiently high temper-
atures, it has been shown that the jump operators Lj can be
approximated by the local ones [81], as in Eqs. (9) and (10).
The two particle loss term given by Eq. (11) can be derived by
modifying Hint to include two-particle tunneling.

APPENDIX C: MEAN-FIELD MASTER EQUATION

In this Appendix, we present the explicit form of the mean-
field Eq. (17) and its linearized version in Eq. (20). These
formulations are partially based on the work in Ref. [33]. The
right-hand side of Eq. (17) is written as

LMF(ρ̃ j ; ρ̃ j−1, ρ̃ j+1)

= LH
MF(ρ̃ j ; ρ̃ j−1, ρ̃ j+1) +Lb

MF(ρ̃ j ; ρ̃ j−1, ρ̃ j+1)

+
∑

ν=d,p,l,t

Lν
MF(ρ̃ j ), (C1)

where each term represents the contributions from unitary
evolution, bond dissipation, dephasing, pumping, one-particle
loss, and two-particle loss, respectively. The unitary contribu-
tion is expressed as

LH
MF(ρ̃ j ; ρ̃ j−1, ρ̃ j+1) = −i[h j, ρ̃ j], (C2)

h j = − J (〈b j+1〉b†
j + 〈b†

j+1〉b j + 〈b j−1〉b†
j + 〈b†

j−1〉b j )

+ U

2
b†

jb
†
jb jb j − μb†

jb j, (C3)

where 〈b j±1〉 = tr[b j±1ρ̃ j±1]. The bond dissipation term is
given by

Lb
MF(ρ̃ j ; ρ̃ j−1, ρ̃ j+1) = κ

4∑
r,s=1

(
Ar

j ρ̃ j As†
j − 1

2

{
As†

j Ar
j, ρ̃ j

})

× (
�rs

j+1 + �rs
j−1

)
, (C4)

where Aj = (1, b†
j, b j, n j ) and a 4 × 4 matrix � j is given by

� j =

⎛
⎜⎜⎜⎜⎜⎝

〈
n2

j

〉 〈b†
jn j〉 −〈b jn j〉 −〈n j〉

〈n jb j〉 〈n j〉 −〈
b2

j

〉 −〈b j〉
−〈n jb

†
j〉 −〈

b†2
j

〉 〈n j〉 + 1 〈b†
j〉

−〈n j〉 −〈b†
j〉 〈b j〉 1

⎞
⎟⎟⎟⎟⎟⎠

. (C5)

The contributions from dephasing, pumping, one-particle loss,
and two-particle loss are represented as

Ld
MF(ρ̃ j ) = γ

(
n j ρ̃ jn j − 1

2

{
n2

j , ρ̃ j
})

, (C6)

Lp
MF(ρ̃ j ) = rp

(
b†

j ρ̃ jb j − 1
2 {b jb

†
j, ρ̃ j}

)
, (C7)

Ll
MF(ρ̃ j ) = rl

(
b j ρ̃ jb

†
j − 1

2 {b†
jb j, ρ̃ j}

)
, (C8)

Lt
MF(ρ̃ j ) = rt

(
b jb j ρ̃ jb

†
jb

†
j − 1

2 {b†
jb

†
jb jb j, ρ̃ j}

)
. (C9)

For a sufficiently long time integration of the mean-field
master equation, a steady state ρ̃ss is achieved. The linearized
master equation for a small perturbation δρ̃ j = ρ̃ j − ρ̃ss is
given by

∂tδρ̃ j = − i[hss, j, δρ̃ j] − i[δhj, ρ̃ss] + F 1
b (δρ̃ j )

+ F 2
b (δρ̃ j−1, δρ̃ j+1) +

∑
ν=d,p,l,t

Lν
MF(δρ̃ j ), (C10)

Here hss, j denotes the local Hamiltonian for the steady state,

hss, j = − J (〈b j+1〉ssb
†
j + 〈b†

j+1〉ssb j + 〈b j−1〉ssb
†
j

+ 〈b†
j−1〉ssb j ) + U

2
b†

jb
†
jb jb j − μb†

jb j, (C11)

and δh j represents the perturbed local Hamiltonian,

δh j = −J (〈δb j+1〉b†
j + 〈δb†

j+1〉b j + 〈δb j−1〉b†
j + 〈δb†

j−1〉b j ),

(C12)

where 〈Oj〉ss = tr[ρ̃ssOj] and 〈δOj〉 = tr[δρ̃ jO j]. The contri-
butions from the bond dissipation are given by

F 1
b (δρ̃ j ) = κ

4∑
r,s=1

(
Ar

j δρ̃ j As†
j − 1

2

{
As†

j Ar
j, δρ̃ j

})

× (
�rs

ss, j+1 + �rs
ss, j−1

)
, (C13)

F 2
b (δρ̃ j−1, δρ̃ j+1) = κ

4∑
r,s=1

(
Ar

j ρ̃ss As†
j − 1

2

{
As†

j Ar
j, ρ̃ss

})

× (
δ�rs

j+1 + δ�rs
j−1

)
, (C14)

where matrices �ss, j and δ� j read

�ss, j =

⎛
⎜⎜⎜⎜⎜⎜⎝

〈
n2

j

〉
ss 〈b†

jn j〉ss −〈b jn j〉ss −〈n j〉ss

〈n jb j〉ss 〈n j〉ss −〈
b2

j

〉
ss −〈b j〉ss

−〈n jb
†
j〉ss −〈

b†2
j

〉
ss 〈n j〉ss + 1 〈b†

j〉ss

−〈n j〉ss −〈b†
j〉ss 〈b j〉ss 1

⎞
⎟⎟⎟⎟⎟⎟⎠

,

δ� j =

⎛
⎜⎜⎜⎜⎜⎝

〈
δ
(
n2

j

)〉 〈δ(b†
jn j )〉 −〈δ(b jn j )〉 −〈δn j〉

〈δ(njb j )〉 〈δn j〉 −〈
δ
(
b2

j

)〉 −〈δb j〉
−〈δ(n jb

†
j )〉 −〈

δ
(
b†2

j

)〉 〈δn j〉 〈δb†
j〉

−〈δn j〉 −〈δb†
j〉 〈δb j〉 0

⎞
⎟⎟⎟⎟⎟⎠

.

(C15)

The contributions from dephasing, pumping, one-particle loss,
and two-particle loss are obtained by replacing ρ̃ j with δρ̃ j in
Eqs. (C6), (C7), (C8), and (C9).
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APPENDIX D: EDGE DETECTION
FOR EXACT SPECTRUM

In this Appendix, we outline the method employed to de-
tect the edges of exact spectra depicted in Fig. 6. Consider
a set of two-dimensional vectors {(xi, yi )}i=1,...,N representing
the Liouvillian spectrum in the complex plane. For each data
point, the local density is calculated by

Di =
N∑

j=1

K (xi − x j, yi − y j ), (D1)

where K (x, y) is a Gaussian kernel defined as

K (x, y) = 1

2πσ 2
exp

(
−x2 + y2

2σ 2

)
. (D2)

A threshold Dth is set, and data points with Di < Dth are
classified as edge points. These points are then fitted with
a straight line using least-squares fitting to define the spec-
tral edge. In Fig. 6, the standard deviation of the kernel
is set at σ = 1, and the threshold for local density is set
at Dth = 1.5.
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