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The ponderomotive force is an effective static force that a particle feels in an oscillating field, whose static
potential may be called the ponderomotive potential. We generalize this notion to periodically driven quantum
many-body systems, and propose it as a convenient tool to engineer their nonequilibrium steady states beyond the
single-particle level. Applied to materials driven by light, the ponderomotive potential is intimately related to the
equilibrium optical conductivity, which is enhanced close to resonances. We show that the ponderomotive poten-
tial from the incident light may be used to induce exciton condensates in semiconductors, to generate attractive
interactions leading to superconductivity in certain electron-phonon systems, and to create additional free-energy
minima in systems with charge/spin/excitonic orders. These effects are presented with experimentally relevant

parameters.

DOLI: 10.1103/PhysRevB.110.104301

I. INTRODUCTION

There has been widespread interest in the nonequilibrium
phenomena of many-body systems driven by a force that
oscillates periodically in time [1-10]. A common example
is solid-state materials driven by light in pump probe exper-
iments [2,5,6,8,11-14]. This periodic drive can be viewed
as a controlling knob that renders the materials in nonequi-
librium steady states (NESS) that have properties absent in
equilibrium, realizing “Floquet engineering” [4-6,10,14—19].
Floquet engineering of single-particle properties has been
widely studied and well understood [4,11,12,14,19-24], while
that of systems with many-body interactions has remained
problematic [5,7-9,16,17,25-33].

The ponderomotive force [34-37] refers to the static
second-order force Fp = —V[eE (r)]? / (4mw?) that a particle
with charge e and mass m feels in an inhomogeneous electric
field E(r)cos(wt) oscillating at frequency w. It originates
from the particle’s fast out-of-phase oscillation following the
electrical force: When the fast force points to the direction
of decreasing field, the particle locates closer to the strong
field region, and vice versa, leading to a nonzero time av-
erage of the net force. One may define a ponderomotive
potential by Fp = —VVp(r) in the real-space coordinate r, as
shown in Fig. 1. This notion is also the underlying physics
for the Kapitza pendulum [38], and the optical lattices [39]
and tweezers [40] that trap atoms and other objects. In this
paper, we generalize the ponderomotive potential from Vp(r)
to Vp(¢) where ¢ means the generic degrees of freedom in pe-
riodically driven many-body systems, and show that it offers a
convenient tool to engineer their NESS, as illustrated in Fig. 1.
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II. PONDEROMOTIVE POTENTIAL

The Lagrangian of a generic periodically driven system
may be written as

L = Li[X, ¢] = 2f cos(wr) - P[X, ¢] + L[] ey

where X is the collection of the fast degrees of freedom, ¢
is the slow one, f cos(wt) is the periodic driving force with
frequency w, and P(X, ¢) is the generalized polarization the
force couples to. We assume that the driving term is slowly
turned on, and that there is a bath (e.g., the phonons and the
substrate) taking away any excessively generated heat so that
the system is in a NESS. Note that in principle, the system
should be described by a Keldysh path integral on the Keldysh
time contour [1,41-44]. However, the physics could be under-
stood qualitatively with the plain Lagrangian. For notational
simplicity, we use Eq. (1) to represent the Keldysh action, and
keep its full form in the appendices for curious readers.

The central goal of this paper is to integrate out X to obtain
an effective Lagrangian or Hamiltonian for the slow field ¢
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FIG. 1. (Left) An inhomogeneous optical field imposes the con-
ventional ponderomotive potential Vp(r) in real space for a particle.
(Right) Uniform light imposes a generalized ponderomotive poten-
tial Vp(¢p) for a collective degree of freedom ¢ in a many-body
system. It modifies the energy landscape from the blue curve to the
red-dashed one.
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with an energy cutoff w, whose ground/thermal state is a good
approximation to the NESS. This effective Lagrangian may be
written as

Le[¢, f1= Li#] + Volol + Ve (e, /),

where V5 is the static “ponderomotive potential” and Fp is the
generalized ponderomotive force for the slow field ¢, follow-
ing the terminology for single particles. Vj is the equilibrium
term irrelevant to the drive. Note that the Lagrangian in our
convention has a sign difference to the textbook one such that
a lower potential means lower Lagrangian. We expand Vp in
even powers of the driving force f,

B =—-0Ww 2

Vo= x® Vig)r™. 3)
n=1

If the driving term has multiple frequencies with components
fi(w1), fa(wn),..., one just sums over all their products that
combine to zero frequency. We start with a statement:

The coefficients in Eq. (3) are just the real parts of the
retarded response functions of P to f at fixed ¢ in equilibrium:

xV(¢) = —Re[xr(¢; )],
xP (@) = —Re[x (s 0, —~w, 0)], ..., 4

in either of the following two cases: Case I: There is no
dissipation; Case 2: L¢[X, ¢] = L¢[X], and P from Eq. (1)
could be separated as P;(X)P>(¢).

Specifically, xr(¢;w) is the linear response function of
P to f at frequency w, and Xl(f)(qb;w, —w, w) is the third-
order nonlinear response [P(w) to f (w)? f(—w)] [45]. For
instance, if LiX] = (—X 24 a)(z)X 2)/2 is that of a Harmonic
oscillator and P = X, there is only linear response and Vp =
f?/(w* — @}). A simple interpretation is that the oscillator
is polarized parallel (antiparallel) to the fast force f when
w < wy (w > wyp), resulting in a negative (positive) coupling
energy on average (the actual Vp is one half of this average
coupling energy because of partial cancellation from Ly).

Case 1 (absence of dissipation) happens, for example,
when the driving frequency is not equal to the intrinsic fre-
quency of an ideal Harmonic oscillator, or when the frequency
of an incident light is below the gap of an insulator (valid
at the linear response level). In this case, the retarded re-
sponse functions in Eq. (4) have no imaginary parts (away
from poles), so that they are also equal to the advanced and
time-ordered Green’s functions [43,44]. Dissipation may arise
from resonant excitation of the system by the drive, or from a
bath [10,22,46—48] such that the spectrum of the system has
nonzero line widths [49]. One could explicitly add the bath
to Eq. (1) as a degree of freedom X, that couples to X and
¢. After integrating out the bath Xj,, there are dissipation and
fluctuation terms for X and ¢ captured by a Keldysh action
[1,41-44,50,51]. Appendix A contains a proof of Eq. (4) by
further integrating out the fast degree of freedom X using the
Keldysh path integral.

For systems not covered by cases 1 and 2, one may
compute the ponderomotive potential Vp case by case using
Keldysh path integral and Green’s functions, which are often
simplified by classical approaches when quantum fluctua-
tions are small. Classically, the force exerted on ¢ by the

fast degrees of freedom in Eq. (1) is Fy = —d4(L — L), and
the ponderomotive force would simply be its time average,
F»> = (Fy), (keeping only the terms dependent on the driving
field f). In the absence of dissipation from a bath or from
heat generation such that X (¢) is periodic in time and satisfies
the Euler-Lagrange equation of motion, it is straightforward to
show that the ponderomotive potential is simply the time av-
eraged Lagrangian, Vp = (L — L),. To compute its quantum
mechanical version, one just replaces the time average by the
path integral average, Fp = (F)path integral-

Compared to the high frequency Magnus expansion
[16,25], which generates the effective static Hamiltonian by
an expansion in the inverse driving frequency 1/w, the pon-
deromotive potential in Eq. (3) is different in that it is an
expansion in the driving field instead, which may be viewed
as a resummation of the Magnus series. It does not require
o to be higher than all the energy scales of the system, such
that Eq. (3) could capture the physics of dissipation [47] and
resonances [8,52]. The ponderomotive potential may also be
obtained from a Schrieffer-Wolff transformation [52] applied
to the Lindblad master equation formulation of a driven dis-
sipative system [represented by Eq. (1), or more rigorously,
Eq. (A2)] that eliminates the periodic driving term order by
order. However, the path integral approach applied here is
convenient in separating the slow and fast fields and in making
connections to response functions.

Materials driven by light

The most apparent real-world application of Eq. (3) is to
materials driven by the dynamical electric field 2E cos(wt) of
light, which happens in, e.g., pump-probe experiments [2,5,6].
In this case, the response functions (polarizabilities) are sim-
ply related to the linear and nonlinear optical conductivities
[35]. For example, the lowest-order term in Eq. (3) reads

i 1
Vp = Re|:——o(¢, a))i|E2 = —0y(¢, w)E? 3)
w w

where o (w) is the optical conductivity of the system for fixed
¢ and o, is its imaginary part. Similarly, the n = 2 term in
Eq. (3) would be Re[—io®(¢; w, —w, w)/w]E* where ¢
is the third-order optical conductivity [45,53], familiar to the
nonlinear optics community. Since there are often peaks in
o(w) from resonant transitions, Vp will be resonantly en-
hanced when the driving frequency is tuned close to these
transitions.

If ¢ is the coordinate r of a single particle with charge
e and mass m moving in an inhomogeneous optical field
represented by E(r)cos(wt) = Egg(r)cos(wt), the optical
conductivity is just o = g(r)%ie?/(mw), which plugged into
Eq. (5) and Eq. (2) gives the static ponderomotive force Fp =
—V[eE(r)]*/(4mw?) it experiences [34,35]. If the particle
is an atom with an internal optical transition of energy wq
and linewidth y, and X represents this internal degree of
freedom, the ponderomotive potential from Eq. (5) is then
Vo o E(r)*Re[l/(w* — @} + iyw)]. This is the potential that
traps atoms in optical lattices and tweezers [39,40].

In Secs. III, IV, and V, we apply the ponderomotive poten-
tial to three examples to show that one may use it to engineer
correlated states in materials driven by light.
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FIG. 2. (a) Schematics of the electron (black-solid curves) and
exciton (blue-dashed curves) dispersion of a semiconductor and the
pump light (red curve). (b) The phase diagram of the driven semi-
conductor on the plane of light frequency @ and the bare exciton
energy. The curves are the boundaries between the semiconductor
and condensate phases at different pumping electric fields Ey. The
red color scale shows the exciton density of the condensate phase
for Ey =8 x 10° V/cm. The electron/hole mass is chosen as the
vacuum electron mass m = m.. The dielectric is € = 7.0, giving
a Bohr radius of @ = 0.74nm and the 1s — 2p transition energy
wp = 104 meV. The damping rate is y = 8 meV.

II1. LIGHT-INDUCED EXCITON CONDENSATE

The first example is a semiconductor driven by coherent
light at a subgap frequency w. The exciton spectrum in the
semiconductor is shown schematically in Fig. 2(a). Neglecting
spatial fluctuations, the Lagrangian density for the lowest two
excitons can be written as [54]

L = @ (—id; + 0ex)Ps + Pp(—id; + )Py + gp?
+ AE(1) (5D +c.c.) (6)

where @, wex and &, w, are the bosonic fields and energies
of the s, 2p excitons, and g is the strength for the local
interaction between the total density p = @75 + @ P, The
dynamical electric field E(¢) = Ej cos(wt) interconverts the
two excitons with the matrix element A = cpea, where ¢, ~ 1
and a = €2h*/(me?) is the Bohr radius for the electron and
hole with mass m and charge +e bounded by Coulomb attrac-
tion screened by the dielectric €. This coupling leads to the
familiar 1s — 2p optical transition in a Rydberg series. If the
electric field is along the x direction, the @, refers to the py
exciton among the degenerate 2p excitons.

Without the driving term and for wex > 0, there are no
excitons in the ground state. However, if the binding energy is
large enough such that wex < 0, the s excitons spontaneously
emerge and form an excitonic superfluid at low temperatures
[54-56], as shown by the equilibrium phase boundary (black
line) for the semiconductor-to-excitonic insulator transition in
Fig. 2(b). For simplicity, we focus on the zero temperature
case and the superfluid density is pg = —wex/(2¢) at the mean
field level.

With the coherent light, we focus on its effect on the critical
regime where wey is close to zero, so that &g is a slow field
and @, is the fast field to be integrated out. To be precise,
the fast degree of freedom is the internal degree of freedom
of an exciton responsible for the 1s to 2p transition, which

we use &, to represent for notational simplicity. This system
satisfies case 2 of Eq. (4) whether there is damping or not.
Therefore, the O(E?) ponderomotive potential for the slow
field is obtained from Eq. (5) as

Vo(d,) = ,\2E3Re[ @0 }@f@s )

0 — W} +iyw

where wy = wp, — wex is the transition energy and we have
added a damping rate y for the excitons. Vp(®y) shifts
down/up the effective energy of the 1s exciton if the driving
frequency is red/blue tuned relative to the 1s — 2p transition,
whose effect is resonantly enhanced when w is close to wy.
Physically, compared to the optically silent state with no ex-
citons, the state with a nonzero density of excitons has optical
transitions with the optical conductivity o, being negative at
a red tuned frequency, giving a negative driving energy in
Eq. (5), which favors such a state. As a result, the phase
boundary of the nonequilibrium steady state is modified to
the blue curve in Fig. 2(b). If we is just a little above zero,
driving the system at a red tuned frequency obviously shifts
the system from the semiconductor into the condensate phase,
meaning “light-induced exciton condensate”.

For stronger driving fields such that AEy 2 |w — wyl, ¥,
the linear response becomes a poor approximation and one
needs to sum all the terms in Eq. (3). Physically, the exciton
undergoes oscillation between the 1s and 2p state where ®;
has a fast component too. In this case, we write the excitonic
field as (®y, ®,) = P& so that & = ﬁeie is the total exci-
tonic field, and the 1s, 2p degree of freedom is viewed as the
internal degree of freedom of the exciton encoded in the spinor
£ =(J/T—1n,me¥). The Lagrangian in these variables
becomes

L = ®*(=id; + we)® + gp* + pLe,
Le = n(@ + wo) + AE(t)y/n(1 — n)2 cos ¢. ®)

Le is just the Lagrangian of a pseudo spin n=&0&" in
the pseudo magnetic field B = (AE(¢), 0, wy/2) where o =
(ox, oy, 0;) are the usual Pauli matrices.

Now the total exciton field & is the slow variable while
the pseudo spin is the fast degree of freedom undergoing Rabi
oscillation. If there is dissipation (formally introduced by the
Keldysh action version of it), Eq. (8) is not covered by cases
1 and 2. Nevertheless, when there is a condensate such that
the spin becomes classical, the ponderomotive force for &
can be computed simply from Fp = ®(—0,(pL¢)); where the
time average is on the classical-dynamical orbit of the spin.
The resulting ponderomotive potential predicts the pink and
red lines as the phase boundaries for two strong driving fields
in Fig. 2(b). A prominent feature is the discontinuity of the
boundary as w is tuned across the resonance, a consequence
of the change of the stable orbit of the classical pseudospin.
See Appendix B for details of the calculation.

Contrary to previously discussed mechanisms where the
excitons are generated by light [57,58], this phenomenon does
not require any interband optical matrix elements, but just
the hydrogenic s — p optical matrix element of an exciton,
which naturally exists. As one slowly turns on an optical
field in a semiconductor, which does not have any optical
transitions, the drive gradually lead the system into an exciton
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condensate (which finally have optical transitions). Of course,
the electrons and holes in the excitons must come from some-
where in this process, which could be the electrical contacts
or small interband matrix elements in realistic devices. There-
fore, this effect works for generic devices including those with
interlayer excitons [58—60]. In devices made of GaAs [58]
and transition metal dichalcogenides [59], the lowest-exciton
energy is at the order of wex ~ 1eV. To tune we to the energy
range in Fig. 2, a practical method in the near term is to apply
an electrical contact bias p (to be distinguished from a huge
gating field potentially causing dielectric breakdown) that
shifts down the effective exciton energy to wex — u [54,59].

This phenomenon may be partly understood as the optical
Stark effect [61] where the s-exciton energy is pushed down
in the Floquet picture for a red tuned driving frequency. How-
ever, the effective action approach in Eq. (2) is indispensable
in determining the many-body steady state, especially when
there is dissipation and a condensate.

IV. LIGHT-INDUCED SUPERCONDUCTIVITY

The second example is light-induced superconductivity in
an electron-phonon system in a metal. It is described by the
Lagrangian density

L=1-X*+ (0} +gp)X* | +EOX +L. (9

where L. is the electronic Lagrangian, and X represents an
infrared (IR) active phonon, which couples linearly to the
pump electric field E(t) = 2E, cos(wt ) but nonlinearly to the
local electron density fluctuation p(r) because of inversion
symmetry [62—-67].

Treating low-energy electrons as the slow field and X as the
fast field, the ponderomotive potential for the electron density
is found from Eq. (3) as

2 5 2
- E;’ 0w __ 8k 2% (10)
w? — (0} + gep) (0? — )

Note that there are no higher-order terms in Ey or quantum
mechanical effects since a Harmonic oscillator has no nonlin-
ear responses. The generated local density-density interaction
is thus attractive/repulsive when o is red/blue tuned rela-
tive to the phonon frequency wy, and experiences resonant
enhancement when w =~ ), as shown by the black curve in
Fig. 3. This explains previous results by Kennes et al. [62]
and Sentef [63] and provides further insights.

When there is dissipation such that the phonon has a
damping rate y, the situation is not covered by case 1 or
2. By integrating out X in the Keldysh path integral (see
Appendix C), the ponderomotive potential is obtained as

Vr(p) =

E? w 2
Vp = —2 arctan ]/2 ow) gpp°,
yw w? — ((,()0 + gep)
2 2
0 —w
gp = —— &K (11

[(@ = wB)’ +7%e?]
Therefore, damping leads to broadening of this effect as
shown in Fig. 3. Note that the branch of “arctan” should be
selected such that Vp is continuous across the resonance.
Thanks to the exact quantum-classical correspondence in
the response property of a Harmonic oscillator, Eq. (11) can
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FIG. 3. The black curve is the dimensionless electron-electron
interaction vgp from Eq. (11) as a function of the light frequency
o for fixed driving electric field E,. The red curve is the estimated
superconducting 7; in units of wy. Plotted is for an infrared active
phonon with the intrinsic frequency wy = 10 THz and the damping
rate y = 2 THz and other parameters specified in Appendix C 1 a.

also be derived from the classical equation of motion. The
force for the electron density is just the square of the phonon
displacement, F, = —d,(L — L) = —g.X?/2. Its time av-
erage gives the ponderomotive force Fp = —ge|xr(w)|*E}
whose integral over p gives Eq. (11). Therefore, Fp pushes
p in the direction that reduces the phonon frequency, so that
the “driving energy” Vp [Eq. (10)] for a Harmonic oscillator
goes down. Across the resonance, Fp has a peak rather than
changing its sign as expected naively.

For a spherical Fermi surface, the dominant instability be-
cause of the attraction is towards the BCS superconductivity
[68]. The resulting superconducting transition temperature
T. ~ 1.13Ae'/8®) for gp < 0 is shown in Fig. 3, where the
electronic density of states v in the normal state and the other
parameters are estimated in Appendix C 1 a for the fulleride
K3Cgo [62], a possible system to test Eq. (11). The energy
cutoff is chosen as A = |wy — w| because gp depends the
frequency w. of p (to be distinguished from w or wy) if one
goes beyond the static p approximation in Eq. (11), whose
behavior is expected to change for w. 2 |wy — w| [69]. A de-
tailed “strong coupling” calculation for 7; taking into account
the w, dependence deserves future study.

To verify this effect in ultrafast experiments, one may use
a multicycle pump pulse with a bandwidth smaller than the
linewidth of the IR phonon, and measure the transient state
(similar to recent experiments [70,71] but with relatively well
defined pump frequencies close to the relevant IR phonon,
and with a probe pulse overlapping with the pump instead of
after the pump is gone). An interesting prediction of Fig. 3
is that superconductivity is enhanced/suppressed if the pump
frequency w is lower/higher than the IR phonon frequency
wp. If the equilibrium state is already superconducting, the
pump would lead to a Fano-like asymmetric lineshape of T
as w is scanned across wy. Possible systems include K3Cgg
[70] and doped SrTiO3 [72]. See Appendix C 1 b for estimates
of heating.

A different scenario is the state after a short pump pulse,
when the IR phonon oscillates freely with an amplitude
Xo [62,70]. If the electron density varies slowly, the
oscillation amplitude changes adiabatically with the action
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S x v a)?) + gepXo( p)? (the adiabatic invariant) kept constant.
Therefore, the ponderomotive force is Fp(p) = —(geX 2 /2) =
~8:X0(p)*/4 = —3X0(0)*|wo| /Y + gep. rendering  the
potential Vp = %|wo|\/ a)g + 2.0X0(0)2, generalizing the
result of Kennes et al. [62]. At order p?, the density-density
interaction strength gp = —X((0)?/(16w?) is always negative.
Since the excitation efficiency of the IR phonon by the
pump has a peak at its resonance, it is consistent with
a recent experiment on K3Cgy [70]. Nevertheless, this
explanation serves only as a possibility of what happened
in K3Cqp [70,73-75], among other mechanisms such as
the one involving Jahn-Teller Hg phonons [76]. The actual
mechanism for the light-induced superconducting-like state
requires more involved study, especially considering its
metastability [76,77].

The ponderomotive potential also provides a simple deriva-
tion for the light enhanced electron-electron attraction in a
Raman phonon model [78,79]; see Appendix C 2.

V. LIGHT-ENGINEERED FREE-ENERGY LANDSCAPE

The third example is light-induced new free-energy min-
ima in systems with excitonic order (excitonic insulator [80])
or charge/spin density wave (CDW/SDW) order [81,82] be-
cause of Fermi surface nesting in the BCS weak coupling case.
The Lagrangian density [83,84] is

— 1

where p = —iV + A(t), A(t) = 2Apcoswt is the vector po-
tential of the coherent light, g is the coupling constant, and
¥ = (Y1, ¥o)T is the two-component fermion field for two
electronic bands with energy £(p)/ — &(p). They correspond
to the overlapping conduction and valence bands [£(p) =
p?>/(2m) — ] in the case of excitonic order, and the left and
right moving bands [£ (p) = vpp] nested together by twice the
Fermi wave vector in the case of charge/spin order where vp
is the Fermi velocity. The complex order parameter A leads to
a quasiparticle gap.

We treat A as the slow field and i as the fast one. If
w < 2A and there is no bath such that there is no dissipation,
Eq. (12) satisfies case 1 of Eq. (4) so that Eq. (5) gives the
ponderomotive potential

E? n 2A sin7!(&
VP(A)=_(;_ 1 - = (ZA)

w-m w /1 N ( % )2
at order EZ, where Ey = wA is the amplitude of the driving
electric field and n, m are the density of carriers in the normal
state and their effective mass, and we have set the elementary
charge to be unity. The optical conductivity o at zero tem-
perature is taken from Eq. (12) of Ref. [84] neglecting the
BaSh mode. Since Vp is negative for 2A > w and diverges as
—1/+/8 as the detuning § = 2A — w approaches zero (a result
of the interband transitions at w > 2A), it tends to push A to
smaller values.

Note that for U(1) invariant CDW/SDW systems, un-
like excitonic insulators, the gapless phase mode shifts the

13)

— Equilibrium E, MG
0.5+ - Ep=1.5x10* Vicm
E=2.2x10* V/cm _'
w

254 - Ep=2.8x10* Viem 0 2A
~0.0F
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-2.0 -1.0 0.0 1.0 2.0
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FIG. 4. The effective free energy for a system with
charge/spin/excitonic order driven by light at several field
strengthens E, for w =30THz and y = 1THz. The gap at
equilibrium is 2Ay = 55 THz, at the same order as that in Ta,NiSes
[85]. The order parameter A and the free energy F' are in units of Ag
and Fy = vA}. The top-right inset is a schematic phase diagram on
the plane of driving frequency w and field strength E;. Black symbol
means the global minimum while gray symbol means a metastable
minimum. The white region is beyond the validity of the analytical
formula in this paper.

optical absorption from quasiparticle excitations to zero
frequency [81,82]. However, this effect is absent in most
materials because of strong pinning by the lattice and disorder
[81,82], such that the optical conductivity used in Eq. (13) still
holds.

To study the case of w > 2A when there is absorption,
one needs a bath that takes away the heat, which is implicitly
treated as a damping rate y of the quasiparticles. The system
is no longer covered by cases 1 or 2, and one must compute Vp
by explicitly integrating out ¥ in the Keldysh action, giving a
lengthy expression for the ponderomotive force Fp(A), as in
Appendix D. It corrects the effective free energy to

2 A L
F =—v|Al"In — + = |A]" 4+ Vp(A) 14)
Al g
at zero temperature where A is the energy cutoff.

The landscape F(A) is plotted in Fig. 4 for several driving
electric fields. Being negative, Fp always pushes A to smaller
values. Notably, the quasiparticle excitation peak at A < w/2
contributes a “dissipative peak” in Fp that scales inversely with
y . Physically, each Anderson pseudo spin o (in the diagonal-
ized band basis) close to the gap edge contributes a force « o,
for A. Resonant optical excitation reduces o, by an amount
o E2/y?, contributing a negative ponderomotive force on top
of the equilibrium force. This force leads to the abrupt drop
of the potential around A = w/2 in Fig. 4, which creates a
new minimum labeled by “M” for strong enough fields. As
the light intensity grows further, the energy of this minimum
goes below that of the original minimum “G”, and the system
undergoes a first-order phase transition from G to M, as shown
by the red solid curve in the schematic nonequilibrium phase
diagram in the inset of Fig. 4. In an ultrafast experiment, one
could measure the quasiparticle gap by a probe pulse overlap-
ping with a multicycle pump pulse. The nonequilibrium phase
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transition would manifest as a sharp drop of the gap as the
pump fluence is increased beyond the threshold.

VI. DISCUSSION

We have introduced the ponderomotive potential by
Eqgs. (1)-(3) to study periodically driven many-body systems.
We proved its intimate relation to the equilibrium response
functions in Eq. (4), which in the context of materials driven
by light are shown to be the familiar linear [Eq. (5)] and non-
linear optical conductivities, offering a quick and convenient
way to obtain physical insights. We also applied it to three
realistic examples and found interesting light-induced states
to be verified by experiments. With this concept, we anticipate
more exotic nonequilibrium steady states to be discovered,
especially in systems with a manifold of (nearly) degenerate
low-energy states [29,30,54] such that even a weak drive could
seamlessly engineer the energy landscape.

Although we assumed a bath that takes away the heat such
that the NESS exists, the ponderomotive potential may also
apply to the quasisteady states in the prethermal stage of
driven isolated systems [7,25-27]. In conclusion, we expect
the ponderomotive potential to be a convenient tool for study-
ing the nonequilibrium phenomena in driven systems. To go
beyond it, one may look for nonconservative ponderomotive
forces, or could perform systematic expansions to include the
Kinetic terms in the effective low-energy Lagrangian.
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|
APPENDIX A: PROOF OF Eq. (4)

It may look natural that the coefficients in Eq. (3) are roughly the response functions if one “integrates out” the fast degree
of freedom X assuming fixed ¢. However, since one is dealing with the nonequilibrium case of periodically driven systems,
this integrating out procedure has to be done by the real-time path integral, for which a natural framework is the path integral
on the Keldysh time contour [1,41-44]. In the Keldysh path integral [43,44], one defines a generating functional, the “partition
function”, as

2O =00 = [ DIXE). 9l ™0 = [ DIX. Xy, ¢, Je kst (A1)

C

on the closed time contour C parameterized by s, which runs from time ¢ = 0 to time t = ¢ (forward contour) and then from time
t =ty totimet = 0 (backward contour). Here p is the initial density matrix of the system at time zero, X/, (t) = (X £ X_)/ V2
is the “classical”/“quantum” component of the fast field X following the Keldysh notation, and X, (t) and X_(¢) are their values
on the forward and backward time contours. Notations for ¢ and other symbols are defined in the same way. Without the external
field f(s), one have Z = 1. However, Z # 1 if f(s) has different values on the forward and backward time contours so that the
path integrals on the two contours do not cancel each other, or in other words, U (s) # I. The functional dependence of Z on f (s)
contains the information of observables, correlation functions, etc.

The Keldysh action for a generic periodically driven system [Eq. (1)] is

S =Sr[Xe, Xgs bes Pgl + SslPe, B4l +fdtf(t)(P[X+, ¢+l —PIX_,9_1), [f(t)=2f cos(wr). (A2)
Equation (A2) is, in general, the action after integrating out any degrees of freedom from the bath. Further integrating out the
fast degree of freedom X in Eq. (A1), one obtains the effective action for ¢,

Sl@e: @gs f1= Ssl@c, @q1 + Splde, g3 f1. Sp = (A3)

- [atg,5in. )+ 0(&3).
From the construction of the Keldysh action, the coefficient of the O(¢,) term is the derivative of the potential for ¢. Therefore,
Fp(¢,, f) is the ponderomotive force and Vp(¢., f) = — f do.Fp(¢., f) is the ponderomotive potential. In the following, we
prove Eq. (4) for the two cases stated there.

1. Response functions

In this subsection, we define the linear and nonlinear response functions of the generalized polarization P to the generalized
force f(¢) in Eq. (A2) [43,44]. We allow the force (source field) f(s) to have different values f, (¢), f—(¢) on the two contours
and define f.(¢) and f,(¢) in the same way as the fields X and ¢, so that the coupling term in Eq. (A2) generalizes to f. P, + f,P.
where P. , = (P[Xy, ¢+] £ P[X_, #_1)+/2. The physical external field has f.(¢) only, while f4(t) is introduced for convenience.
The physical polarization is found from the generating functional Z = e~Slfe-/u] ag

(SZ[va fq

Pl = =150 0

(A4)

0 Z/dtldtz dtm_X(m)(t;tlstL N RN AUV ACY R AT
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Here
. 8Z1f.. fy]
8fq(t)8fc(t1 )Sfc(IZ)---Sfc(tm) feq=0

is defined as the mth order symmetrized retarded response function and (...) means the correlation function under the Keldysh
path integral at f. ; = 0 in Eq. (A1). Therefore, the effective action for f could be written as

X0, s ) = = (Pe(1)P(11)Py(12)...Py(13)) (A5)

= 1
SUfer fl = —Z/dtldtz...dtm%xr(’”)(t;tl,tz,...,tm)~fq(t)fc(tl)fc(tz)...fc(tm). (A6)
m=1 )

at order f,. If the source field is a single frequency one, meaning f.,,(t) = 2f./, cos(wt), the effective action contains the
products of f whose frequencies sum to zero. This occurs for odd m = 2n — 1 only,

[e.¢]

an (2n—1) 2n—1 2n—1) _ 1 2n—1)
Slfe: fol = = ; Gn— ke (0, —w, @, ..) ff V= e (A7)
where X]gzn_l)(a), —w, w, ...) is the response function (A5) in the frequency representation, and the C3, factor comes from the
different ways of assigning the n positive frequencies (w) and n positive frequencies (—w) to f./,. We have also defined the new

response function Xlg2n—l) in Eq. (A7) for notational simplicity of the main text.

2. Case 1

Since there is no dissipation, there is no bath that is integrated out, so that the system is an isolated system. Therefore, the
fields on the forward and backward time contours are not coupled [43,44], meaning the action in Eq. (A2) could be written as
S =S, —S_ where

Sy =/dtL[X+,¢+,f+], S- =/dtL[X7,¢7,ff], L =L¢[X, ¢] + Li[¢] + 2f cos(wt) - P[X, §] (A8)

and f; = f_ = f. However, we have given different labels to f on the two contours for later convenience. To derive the Fp in
Eq. (A3), one just needs to assume constant ¢, and ¢_ on the two contours. Because we assume that the NESS exists, the path
integral on each contour is a product of infinite periods 7', which may or may not be 27 /w. In the limit of #; — oo, the boundary
conditions at t = 0 and ¢ = #; that glue the actions on the two contours will not be important, so that the two path integrals over
X on the two contours are decoupled from each other. Therefore, after integrating out X, one has S = S — S_ where

Se=Y x®Venfy So=> x@ V@ (A9)
n=1 n=1
For ¢, = ¢_ = ¢ in Eq. (A9), one has
S=S—S_ =Y x® V@ - 29 =Y x> V@nf fEV 1+ 0(£)). (A10)
n=1 n=1

Since the coefficient of the O(f;) term should be the retarded response functions, comparing with Eq. (A7) leads to x Cr=D(¢p) =
—X,(eznfl)(d)). Now, setting f, = f— = f in Eq. (A9), one has

[ee]

S=Sp =85 =) (beds. x> @)+ 0(¢)) " (A1)

n=1

The above two equations combined with Eq. (A3) lead to the conclusion that the ponderomotive force is Fp(¢.) =
3, 06, x5 V() £2" and the ponderomotive potential is Vo (¢e) = — 3, x5V (¢e) £

3. Case 2

Case 2 can incorporate any bath (integrated out) and dissipation in Eq. (A2). However, it requires Sy = S¢[X,, X,] such that
the “fast” action for X is not affected by ¢. It also requires that the generalized polarization P could be separated as a product
Pi(X)P,(¢) in Eq. (1). Up to the linear order in ¢, the coupling Lagrangian in Eq. (A2) could be written as

L. =2f cos(wt) - [Pq(XCv Xqv @) + ¢q3¢CPc(Xm Xqv )],
PL‘ :P[Xc'+Xq’ ¢c]+P[Xc _Xqv ¢c]9 Pq :P[Xc'+Xq’ ¢c] _P[Xc _Xqv ¢c]a (Alz)
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where P, and P, are the “classical” and “quantum” components of the generalized polarization. From Eq. (A3), after integrating
out X, the ponderomotive force for ¢, is therefore

oo n

C
Fp(qsc):Z(Zn—j"l)!ca")(qsc)fz", CP(e) = (Pyds. Pl w0y CP(e) = (PyPyPyds. Pl w00y s (Al3)

n=1

where () means the correlation function: functional average over X.(¢), X,(t) using the Keldysh path integral in Eq. (A1) at
¢, = 0 and fixed ¢.. Since P = P;(X)P>(¢) is separable, one has P, = P|.P>(¢.) and P, = P,P>(¢.) where P/, = (P[X;] &+
Pi[X_-]/ V2. Therefore, for constant ¢, the coefficients can be written as

CO(¢e) = 305, (PiP)lw,-0) = 399 X0 (@, —0), CVP) = 335 (PP PiPe) w0000 = 196,57 |0 -0.0,-0)s -oer (A14)
By comparison with Eq. (A7), one concludes that Fp(¢.) = ), 9y, Xl(ez"_l)(qﬁc) f%". Making use of the symmetric properties of

the real parts of response functions, one obtains Eq. (4).

APPENDIX B: LIGHT-INDUCED EXCITON CONDENSATE

For the reader’s convenience, we reproduce the Lagrangian [Eq. (8)] of the excitons here,

L=LJ[®]+ pLs, LJ®] = ®*(—id, + wex)® + g0°,  Le = n(¢ + wo) + LE(1)y/n(1 — )2 cos ¢. (BI)
Writing the internal degree of freedom ¢, 1 as a pseudovector on the unit sphere,
n=¢£og" = 2y/n(l —n)cosg, —2y/n(1 —n)sing, 1 —2n), (B2)

L¢ could also be written as
. @o
Le=—A®m)-a—B(t)-n+B., (B, B, B.)= (AE(t), 0, 7) (B3)

where B is the effective “magnetic field” and A(n) is the Berry connection on the unit sphere for the spin coherent state path
integral. The corresponding Berry curvature is 2(n) = dA(n) = n/2. After adding the dissipative terms, one may write down
the Keldysh version of Eq. (B1),

L= L®., ;] + Ls[Dc, Dy, ne, ],
Ly = ®;®cn, - [-n. x (n.) — B(#) + yn ] + [P P [-nAm) — B(t)n, + B.] +c.c.]. (B4)
The classical saddle point d, L = 0 for the spin (together with the constraint that [n| = 1) is just the Landau-Lifshitz-Gilbert
equation for a classical magnet,
n. =2n, x (—B(#) + yn,). (BS)

It is has the interpretation of a massless particle moving on the unit sphere under the magnetic field £2(n,) and in the potential
—B - n,, and experiencing the friction —yn,.

1. Stable orbit of the driven classical spin

To compute the ponderomotive force for ®, one needs to solve for the stable classical orbit of n, from Eq. (B5), for which

a general analytical solution is unknown. Fortunately, since we aim at the resonance regime |w — wg| < AEj to obtain the
higher-order corrections to the O(Eoz) result, it is reasonable to make the rotating wave approximation,

wo ) AE o

(By, By, B;) = (kEo cos(wt), 0, 7) — (B cos(wt), B sin(wt), B;), B = = B, = ER

Now the drive is an effective magnetic field B, rotating on the x — y plane with angular frequency w. The stable orbit

should be the unit vector n.(¢) = (sin 6y cos(wt + @), sin by sin(wt + @), cosbp) rotating at the same angular frequency. In

the rotating frame, it is a stable point n. = (n,, n,, n;) = (sin 6y cos ¢y, siny sin ¢y, cos by). Plugging it into Eq. (B5) yields

the equation for the angles,

(B6)

—8sinfy — B cosycosgy =0, Lywsinfy+ B singy =0, (B7)
where § = (w — wy)/2 is the detuning. The solution is
n=1- 1 1+ #(52 +BH)+ . /[1+ #(52 +B?%) ’ —4i sin gy = _ve/2 sin 6, (B8)
: 2 V2?4 + V2?4 - V2w?/4 | 0 B, o

Note that for each field B, and driving frequency w, there is a pair of solutions to Eq. (BS), i.e., (6, ¢o) and (x — 6y, T — ¢9).
These two points as functions of the driving frequency w correspond to the solid and dashed curves in Fig. 5. However, only the
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B,=0.5yB, B,=1.1yB,

FIG. 5. Solid curves are the stable stationary n, = (sin 6y cos ¢, sin 6y sin ¢y, cos 6) of the driven dissipative classical spin in the rotating
frame as a function of the driving frequency w. On these curves, red means w = 0, green means w = wy, blue means w = oo, and other values of
frequency interpolates among these colors. The black dots are the stable points at w = 0. The red-dashed curves are the corresponding unstable
stationary points. The four panels are for different values of the driving field B, = AE,/2. The dimensionless damping rate is y = 0.1. Beyond
the critical driving field, B, = yB, > ywy/2, the curve becomes disconnected, meaning that there is a jump of n, as the driving frequency
Crosses wy.

point on the north hemisphere (solid curves) is the stable one, while that on the south hemisphere (dashed curves) is unstable,
which would relax to the former location because of fluctuations. From the perspective of continuity, as the driving field increases
gradually from zero to beyond the critical one, the solid curve continuously expands from the circle in the left panels to the
disconnected curves in the right panel.

2. The ponderomotive potential

We now compute the ponderomotive force Fp(P,.) = limT_wo(% fOT dt 8¢;Lf) for ® at the mean-field level. This means we
approximate the path integral average () by the classical saddle point from the previous section,

Fp(®c) = —(00:Ls)r = —Pc([—nA(0) — B(t)ne + B.]);. (B9)
Plugging the stable orbit of Eq. (B8) into Eq. (B9) yields the ponderomotive force, and the ponderomotive potential
Ve(®) = | ([—n.Am,) — B(t)n, + B, = |PI’[(B; — 0/2)(1 — n) — Bin,] (B10)

used for Fig. 2. At the resonant @ — wy, one has

Bz
0, B, < yB.
(n_xs ng, VP) = ( 1 — 232 —|q)|zBl 1 — V;f;z)’ BL > sz & w = wo_ (Bll)
V V 1
(_ 1— ;ff’ 1, —|CI>|ZBL ll—y;fg ” BL>)/BZ&CU=CL)Q+
L 1

where B = AEy/2 = c,apeky is the energy scale of the field strength. For a dielectric screening of € = 7.0, one obtains the
Bohr radius ap = 0.74nm, the s — p transition energy wo = 104 meV and the shape factor ¢, = 0.53. These parameters give
B, =2meV for an electric field of Ey = 10° V/cm. Figure 2 is based on these parameters.

APPENDIX C: LIGHT-ENHANCED ELECTRON-ELECTRON ATTRACTION

1. The infrared phonon model

In this section, we consider the infrared phonon coupled to a general inversion-even electronic degree of freedom ¢,
L=1[-X*+ (o) +¢)X*] +E@)X. (C1

Note that ¢ is in general a functional of electronic degrees of freedom, which may also contain time derivatives, and reduces to
¢ = g.p in the simple case discussed in Sec. IV. After adding the damping rate y of the phonon, the Keldysh version [43,44] of
the Lagrangian is written as

1 ¢ 7 +yo + f + ¢
- E(X” Xq)(af —yo + a)g +¢. —2y0; coth ’a’ + ¢y +EW®X, €2
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to linear order in ¢,, where T is the temperature of the bath. Integrating out X and looking for the O(¢,) term according to
Eq. (A1), one obtains the exact ponderomotive force for ¢,
1 1

1 2 2 2 *
Fp = _§<X )= _E(X + drlven) Fo + Xr(Pc, @) xa(de, @Ey,  xr($e, @) = —0? —iyo+ w(z) T o . xa=xg (C3)

where xr and x4 are the retarded and advanced response functions of the IR phonon.
Note that Fj is not induced by the drive, but is the contribution to Fp arising from the equilibrium quantum/thermal fluctuations

inX,
1 1Er (¢, T)/a’ 1
F":_EXOZ:_iTa)g—+¢’ ET(¢,T)=h‘/a)3+¢|:nb(ﬁ,/a)O o, T) 2} (C4)

where Er is the energy of the local phonon, a is the lattice constant, n;, is the boson occupation number, and we have restored
h. At low temperatures T < wy, the equilibrium contribution to the ponderomotive force in Eq. (C4) is just from the quantum
fluctuations (zero point motion) of X. The resulting ponderomotive force/potential is

h [
F() 0)0 . (CS)
,/ 2+
The drive-induced ponderomotive potential is
E? yw
Vi % arctan ———————. C6
p(@) = [ aretan s (C6)

Setting ¢ = g.p in Eq. (C6) renders Eq. (11).

a. Estimations for K;Cg

In this section, we make rough estimations of possible light-induced superconductivity in the Fulleride K3Cg. The dimen-
sionless strength of the local density-density interaction is

w? — g 212 2 wiy? —v*/4 @ — 2
e e 22geE0:vaa" 2 2V 4 202 (02 — w2) 4 22 ¢ €N
[(0? = )"+ y?e?] (@2 — @) +y?e? (@2 — @) + v’
where v is the density states of the electrons at the Fermi energy, and X2 = — L5 s the maximum mean-square

max " wgy’—y*/4
displacement of the phonon that occurs at the frequency w* = wj — y2/2.
We first estimate X,x. Although the pump field Ey could be very strong, to ensure that the lattice is not destroyed, the
maximum possible displacement x of the 77, mode is about « ~ 0.1 times the lattice constant a. The corresponding kinetic
energy of the local Harmonic oscillator is K ~ ’"O Moy2 ~ lmoa)(z) (ka)? where my is the mass of a K3Csy molecule. Since the kinetic

energy is also equal to a)Oanma according to the continuous field theory in Eq. (C1), we arrive at X2, ~ mok>/a.
Now we estimate g, from Ref. [86] following Ref. [62]. Experimentally [86], the T;,(1) phonon (the lowest 77, mode) of
Ceo with the frequency w, = 16 THz is shifted down by about 2 THz to w; = 466 cm~! = 14 THz after being doped to K4Cgp.
Assuming the downshift is only through the coupling g, to the doped electrons with density py, the coupling constant is estimated
as g. ~ (w3 — wi)/po.
Now Eq. (C7) could be written as

vgp ~ sz@ Wy’ —v*/4 @ — of (w% — w%)z
@ (0? —R) +y20? (0 —F) +y20? P
s R (6= o) o= of) o} — o) y
T o2 2.9 (2 2)2 2,2 w ' (€8)
(@ - 17 (o) + 7

In the second equality we have made use of v ~ py/W where W is the band width, and py ~ 1/a>.
The equilibrium contribution gy to the local interaction at low temperatures can be found by expanding Eq. (C9) to p?, which
gives

2 2
hovg _ oW (0} — 0}) Z_E(wg—a)f)
16a® wy 164 o} o} 16 Wop
The black curve in Fig. 3 is plotted as v(gp + go) from Egs. (C8) and (C9) with x = 0.015, w, = 11 THz, w; = 10 THZ wy =
10THz, y =2THz, W = 1eV, a = 1nm and my & 1.53 x 10%m,. The maximum attraction occurs at about v = a)o Yy,

2(1)2 ""1 moa (w7 a)] ~1
Yo w .

vgo = < 1. (C9)

which yields |vgp| ~ k
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b. Light-induced heating

We now estimate the heating effect in a recent pump probe experiment [70] on K3Cgy. To show a typical estimate, we
pick the experimental parameters at the base temperature of 7p = 100K (Fig. 3 of Ref. [70]). The pump pulse has the
central frequency @ = 10 THz, the duration 1 ps and the fluence fz = 0.5mJ/cm?, corresponding to a peak electric field of
Ey = 1.23 x 10* V/cm. Assuming the pumped layer is heated up from the base temperature Ty to a well defined temperature
Ty + 8T, the increase in temperature is estimated as

_fe
C,d

5T ~ 15K (C10)

where C,, is the heat capacity, d = 27 /Im[/€w/c] is the penetration depth of light at the frequency @ = 10 THz, € is the dielec-
tric at this frequency, and c is the speed of light. In Ref. [87], the specific heat of K3Cg is measured to be ~0.2J/(gK) at 100 K,
equivalent to a heat capacity of C, ~ 0.39J/(cm>K) considering that it has a molar mass of 837 g/mol and a lattice constant of
14.175A [70]. The dielectricis e = 1 + %o(w) = —4.4 4 36.0i from the optical conductivity o (w) = (200 + 30i) Q~'cm™!
measured at = 10 THz {see Fig. 3(b) in Ref. [70]}, giving a penetration depth of d = 6.6 um. If the pulse duration is increased
to 4 ps (containing 40 cycles of field oscillation) such that it is convenient to perform a Floquet measurement, the system is heated
up by just 6 K.

A similarly estimate for Ta;NiSes renders 8T ~ 16K given the same fluence fz = 0.5mJ/cm?, the pumping frequency
o = 0.2eV, the base temperature 7y = 150 K, and the heat capacity and optical properties measured in Ref. [85].

We note that the above estimates are for time regimes after electron-phonon heat transfer (which finishes typically within
picoseconds) so that the large heat capacity of the lattice plays a role. Before electron-phonon heat transfer, the injected energy
is still in the electronic system, and one may expect the electrons to be much hotter than the estimates. However, not all the
energy of the pump is converted into heat. In the clean systems studied in this paper, the energy of the pump is actually converted
into collective degrees of freedom, a nonthermal effect that provides the ponderomotive potential.

2. The Raman phonon model
Another example of light-induced e-e attraction is from Raman phonons [78],
L=1[-X*+oj(1 + AE())X*] + pX (C1D)

where E (t)? = (Ey cos wt)* couples parametrically to the Raman phonon X either directly or via a IR phonon. Eq. (C11) could
be transformed as

Lo, 15, 1 2 Lon 1 hon [T ST TN :02
L= —EX +§0)0|:1+)\,§E0(1+C05260t) X +pX = —EX/ +§CL)OX/ — 26062,0 +§w0)"§E0 COSZQ)t X/— a)_(/)z
1 2 1 2 1 2 2 n )\'Eg/z 1 2
= _EX/ + E(CO(/) + Zwo)\.EO cos2wt | X' — W(COS 2wt)pX' — 2a)62p (C12)

where we defined the shifted phonon frequency w = w3 (1 + AE$/2) and shifted phonon variable X' = X + a%. The electron
0

density p is the slow variable and the phonon X is the fast one. At order Ej, the iw%)LEg cos2wt term may contribute to
the ponderomotive potential only by the parametric response proportional to quantum/thermal fluctuations, which is small.
Therefore, we neglect this term and Eq. (C12) becomes

LEZ /2 , 1,
(cos2wt)pX' — —5p (C13)

1,
L—=— _X/Z + /2X/2 _ M=o r=
1 “6X") -1 AEZ)2 20

where the second term is now the only dynamical driving term. Even with dissipation, Eq. (C13) fits in case 2 in Eq. (4), and the
resulting ponderomotive potential is therefore simply obtained from the retarded response function of a Harmonic oscillator as

Voo) R[ 1 }( AE2/2 )2 1 )
= c —_
P 4 + ot — 2y J\1+2E2/2) T 2021+ 2E2/2) |°

1 1 1
_ _2[_1 + L (‘Z + Re[ })/\ZES‘ + O(E(?)}pz- (C14)

2wy 2

a)(z,/Z
—40? + 0} — 2yw

Equation (C14) is the static component of the effective interaction derived in Ref. [78]. Therefore, there is a positive contribution
at order E2, and a negative contribution at order E if w is red tuned relative to wy. Since the negative A>E term is resonantly
enhanced as o gets close to wy from the red tuned side, it is possible for it to exceed the positive AEZ contribution, and enhance
the attraction interaction.
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APPENDIX D: LIGHT-ENGINEERED FREE-ENERGY LANDSCAPE

The Lagrangian for an electronic system exhibiting charge, spin or excitonic order and driven by light A(¢) = Ao(?) cos wt is

_ —id, +&(p+A) A 1
L= /mW( A i _S(p+A)>W+§/dr|A|2

=> (¥ —i0, + Exos + A - ji (://j") +/dr(é|A|2+ ’%A2) (D1)

k

where A = |Ale? is the order parameter. The annihilation operators in the band basis («, ¥t ), the “paramagnetic current” jy,
the renormalized quasiparticle energy Ej, and the bare velocity v are

Ve _ ( we ve) (Vi _ & ol &
(-5 ) - (A
jr= i (ik* _A&), E, = \/S,f-i——Az Vi = k. D)

To obtain the ponderomotive force Fp for the order parameter A, we integrate out the fermions v in the Keldysh path integral
and look for O(A,) terms in the resulting action, as indicated by Eq. (A3). Without losing important information, we focus on
the force on the amplitude direction and take A to be real. A enters the driven fermions in two places: the periodic driving term
A - j, and the quasiparticle energy Ej. Taking a partial derivative with respect to A, one obtains the force operator,

& A X . )
Fo=F+5, F= Xk:A V(Y wjk){aA (g _Ei_kk)} (:'Zvi) b= zk:aAEk(I/fc'k vl )os (:gv’;) (D3)

Ex

The ponderomotive force Fp = F| + F; is the path integral average of Fp.
In this paper, we compute Fp only at order A = EZ /w?. At this order, the F; term contributes only by two-point correlators of

Jj» which has contributions only from the interband terms VkEAk(l/f:kl/ka + c.c.). The corresponding ponderomotive force is found
simply from the retarded two-point correlation function,

S A A N A A A
=A2 / dte™ (j,(t)Fi.(0)) = A} Z Uka—k <3A E_k) Z Tr[Gr ()71 PG (2 + @) 7741
k

A A —8E, v2 2A%E? 1
:ASZU%/{_GA_)RC[ : 2k 2i| = _F _/d§ f Re|: 2 2]
; E;, E;, (w+iy)* —4E; 0d (w+1iy)> —4E
vZ 4 Ay
=L, (2L D4
%d A 1<a) a)> e

where Fi. and j, are the “classical” and “quantum” components [43,44] of these operators defined in the same way as those
below Eq. (Al), E = /A% + £2, y is the quasiparticle damping rate, d is the space dimension, and v is the density of states
at the Fermi energy before the gap opening. The . = 1900, §; = 1100, ¥; = 1001, 1 = 1907 are the vertices for the classical
source, quantum source, the current, and the force F;. The 4 x 4 Green’s function

Gr(w) = =iy )l

_ (Gf(w) Gk (a))) _ <(a) +iy — Eo3)”' (GRX(w) — G} (w)) tanh %)

0 ij(a)) 0 (w—iy — Ero3)~! (D3)

is in the Keldysh notation and in the band basis.
The F; term contributes to the force by three-point correlators,

2 io(ti—t) ; . 2 A 2 A AN A - A A
Fy = A7 [ dndize™ ™yt jy(0)FeO) =45 ) | vag | (05E0) ) TrIG@)7:7,6(2 + 0077, 607, 72)
k Q

2
=AY <vxk]%> (0aEr) Y Tr[GHQIGH Q)G (Q + ») + GFQ)GH G (2 + ») + GE(QGHQGHQ + )]
k Q

AN 2 (2 tanh (=£) — tanh (& tanh (=£¢) — 2 tanh (&
3 (s () ) woh )uan )
k
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FIG. 6. (a) The optical conductivity of an electronic system with charge/spin/excitonic order in the BCS weak coupling case. Inset is
the contributions to the optical conductivity: the diamagnetic part o, = ine?/(mw) plus the current-current correlation. (b)(c) The Feynman
diagram representing the F; /F, part of the ponderomotive force. (d) Red curve is the ponderomotive force Fp(A) as a function of A/w for
a quasiparticle damping rate of y = 0.03 in units of w. Black curve is the corresponding ponderomotive potential. The inset expressions are
their asymptotic behaviors in each region, with # = A /w, y in units of w, and the colors matching the curves they refer to.
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where )?2 = TpO03.

From Eq. (D6), it is seen that each quasiparticle excitation (may also be viewed as the resonant excitation of a two-level
system) contributes a pole 1/((w — 2E)> 4 y?) to Fp whose spectra weight scales as 1/y. This is a canonical example of the
dissipative contribution to the ponderomotive force when the slow field enters by shifting the energy 2E of a two-level system.

The total ponderomotive force is therefore
A —8FE; A2NE; -1
h=A R 2 E —E
’ OZ”’*{ ( k> e[(w+iy)2—4E3]+ B Lw—2By+,2 T BT

2
=F+FK= A2 FV—[fl( ) fz( £>:| (D7)

and the ponderomotive potential is

Ay vw? [ eEy 2 t 4
Vp = —/deA = Vu(EOaw)gP(Z’ —), V= —<—> . gp(t, ) =[ dx}[fl(x, 8) + falx, 8)] (D8)

1) d \w?/vp

where V, is a scale of energy density determined by the driving field Ey and frequency w, and gp, fi, f> are dimensionless
functions of A/w and y /w only.

In Fig. 6(d), we plot the dimensionless Fp and Vp. The negative sign of Fp means that it always tends to push A to smaller
values. As A decreases to around w/2, there is a strong peak in Fp because of the quasiparticle excitations [see also the optical
conductivity in Fig. 6(a)], which results in a sharp drop of Vp to its value ~ — 1/y at A = 0. This combined with the equilibrium
contribution to the free energy Fy results in the new free energy minimum in Fy + Vp, see Fig. 4. We also show the asymptotic
values of Fp and V5 in different regimes of Fig. 6, which gives the schematic phase diagram in the inset of Fig. 4.

We note that in principle, in the resonance regime 2A < o, the expansion of Vp at the order of EJ is a good approximation
when k = eEyvp/(wy) < 1. To obtain the corrections at large fields, one may employ the exact solutions for the driven-
dissipative two levels system, one for each Anderson-pseudo spin. We leave it for future study.

Insights from the optical conductivity

One may check that in the dissipationless limit, meaning ¥y — 0 and w < 2A, the ponderomotive potential [Eq. (D7)] reduces
to that predicted by Lemma 1,

Vo = Re[—ia(A, w)]Eg. (DY)
w
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where o may be found from Eq. (12) of Ref. [84], also shown in Fig. 6(a). According to Eq. (D9), the behavior of Vp at A > w/2
[black curve in Fig. 6(d)] may be understood from the sub-gap optical conductivity [blue curve at w < 2A in Fig. 6(a)]. Giving
a driving frequency w < 2A, it is obvious that if the gap decreases, the Vp in Eq. (D9) would drop.

Equation (D9) also explains the light tuned competing superconducting and charge orders in the attractive Hubbard model
discussed by Sentef et al. [30]. If the spectra weight shift because of the phase mode is ignored as in Ref. [30], the CDW state has
an optical conductivity shown in Fig. 6(a), while the superconducting state has no optical absorptions [0 = ine?/(mw)]. When
driven with a subgap frequency w < 2A, the CDW state gains a negative Vp while the superconducting state has a positive Vp,
as shown by Eq. (D9). Therefore, the drive favors the CDW state. When driven with a frequency right above the gap, assuming
Eq. (D9) still works, the Vp of the CDW state jumps to the a positive value, and may instead favor the superconducting state.
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