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The systems without symmetries, e.g., the spatial and chiral symmetries, are generally thought to be improper
for topological study and no conventional integral topological invariant can be well defined. In this work, with
multiband asymmetric Rice-Mele—type systems as examples, we show that the topology of all gaps can be
reconstructed by two general methods and the topological origin of many phenomena are revealed. An integral
topological invariant, i.e., the renormalized real-space winding number, can properly characterize the topology
and bulk-edge correspondence of such systems. For the first method, a homomorphic mapping relationship
between a Rice-Mele—type system and its chiral counterpart is set up, which accounts for the topology re-
construction in the half-filling gaps. For the second method, the Hilbert space of asymmetric systems could be
reduced into degenerate subspaces by perturbation approximation, so that the topology in subspaces accounts for
the topology reconstruction in the fractional-filling gaps. Surprisingly, the topology reconstructed by perturbation
approximation exhibits extraordinary robustness since the topological edge states even exist far beyond the weak
perturbation limit. We also show that both methods can be widely used for other asymmetric systems, e.g.,
the two-dimensional Rice-Mele systems and the superconductor systems. At last, for the asymmetric photonic
systems, we predict different topological edge states by our topology-reconstruction theory and experimentally
observe them in the laboratory, which agrees with each other very well. Our findings show the possibility that for
some types of asymmetric systems the topology can be reconstructed by two methods and the related phenomena
can be observed. Various reconstruction methods might be found for other types of asymmetric systems and the

category of topology study could be expanded.

DOI: 10.1103/PhysRevB.110.104106

I. INTRODUCTION

Topological band theory has attracted much attention in
both quantum and classical systems [1-6]. One of the most
fascinating properties of topological phases is the robust-
ness of topological edge states which shed light on the
development of novel highly integrated devices [7,8]. The
topological invariant defined in the bulk can predict the topo-
logical phases and the number of topological edge states
through the bulk-edge correspondence. Since the discovery
of tenfold classification in topological insulators and super-
conductors [9,10] and the topological crystalline insulators
[11], it is widely believed that the nontrivial topology and
the unique characteristics of topological edge states are re-
lated to certain symmetries. For example, in one-dimensional
(1D) systems, the topology is generally protected by chi-
ral symmetry [12—-15] which can be described by winding
number [12,15-18], or by spatial-inversion symmetry [19,20]
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which can be described by quantized Zak phase [19,21-23].
Similarly, for higher-order topology in two-dimensional (2D)
systems, the topological quadrupole insulators are protected
by spatial symmetry [19,24] while the novel Z-classified
higher-order topological insulators require chiral symmetry
[25,26].

A fundamental drawback of the symmetry-based topologi-
cal theory is obvious and very deep, i.e., the periodic systems
without certain symmetries are generally not considered in
the category for topology study. That is to say, for systems
without certain symmetries, it is rather tricky to analyze
the topological origin of some phenomena, not to mention
a well-defined topological invariant. On the other hand, re-
cent studies in asymmetric systems [27-31] do exhibit clear
signs of band topology as well as some novel phenomena
such as nonzero edge states and topological phase transitions
without gap closing and reopening. Obviously, the traditional
symmetry-based topological theories are not suitable for these
cases. However, to the best of our knowledge, little effort has
been made to extend the symmetry-based topological theory
into periodic systems without symmetries. Even more, some
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basic concepts, such as the perturbation approximation which
is generally thought to be irrelevant to the topological studies,
can take important roles in these cases.

In this work, we introduce a perspective for the topology
study of asymmetric systems, in which two general meth-
ods can be introduced to reconstruct the topology for such
systems. The first method is by a strict mathematical trans-
formation, which is a homomorphic mapping for the wave
functions and eigenvalues from the Rice-Mele-type system
to its chiral counterpart. Based on homomorphic mapping,
we show that the nontrivial topology for the half-filling gap
and the bulk-edge correspondence can be precisely described
by a new topological invariant, i.e., the renormalized real-
space winding number, which can be well defined. The second
method is by a physical transformation based on perturbation
approximation. This is very surprising since the perturbation
approximation is generally thought to be irrelevant to the
topology. With perturbation approximation, we show that the
original system can be divided into degenerate subspaces
where new topological characteristics can emerge. Mean-
while, some interesting phenomena, e.g., the edge states in the
fractional-filling gaps of asymmetric systems, are dominated
by the nontrivial topology from the degenerate subspace. Even
more, such approximation-based topology and edge states ex-
hibit extraordinary robustness since they can go far beyond the
weak perturbation limit. The perturbation-based topology can
also be characterized by the renormalized real-space wind-
ing number with redefined sublattice. The Rice-Mele—type
systems are chosen as 1D multiband asymmetric examples
to show the effectiveness of our methods and new related
topological phenomena are investigated. Aside from the Rice-
Mele—type systems, we show that our methods can also be
utilized in other systems, such as 2D Rice-Mele model and 1D
dimerized superconducting model. At last, we introduce these
methods to the classical systems, e.g., the asymmetric pho-
tonic crystals (PhCs) whose effective Hamiltonian is similar
as that of Rice-Mele ladder. The topological phases and edge
states of PhCs are also identified by our methods based on the
photonic tight-binding model theory. Experiments are done
for the asymmetric PhCs and the topological edge states at
the boundary between PhCs with different topological phases
are observed in the laboratory, which agrees very well with
our theoretical prediction. This work opens a door for the
study of topology in asymmetric systems and unique topo-
logical phenomena can be expected. We demonstrate that the
topological characteristics of asymmetric systems can still
be described rather precisely as long as the topology can be
reconstructed, which could be a new paradigm for topology
study.

II. MODEL AND TOPOLOGICAL INVARIANTS
A. Model

In this work, we would mainly focus on the topological
properties of the asymmetric systems. To be precise, we note
that here “the asymmetric systems” refer to the simultaneous
breaking of chiral symmetry and spatial symmetries including
the spatial-inversion symmetry and the rotational symmetries,
while the temporal symmetries and the translational sym-
metries are not referred. The breaking of chiral symmetry
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FIG. 1. (a) Schematic of Rice-Mele ladder. The unit cell is
marked by dashed box. (b) Band structure versus A with # =3,
8=1,u, =6, u, =7, v =1.(c) Band structure versus p; = u, =
uwitht =3,§ =2, A=1, v=1. Both (b) and (c) are calculated
by the system with 50 unit cells with OBC.

indicates that the system belongs to Al class according to
the tenfold classification [9,10], which does not have any
nontrivial phases in 1D systems. Meanwhile, the breaking of
spatial-inversion symmetry in 1D systems also makes Zak
phase [19,32] unquantized, which prevents the system from
becoming the topological electric multipole insulator. There-
fore, according to the traditional symmetry-based topological
theory, the asymmetric systems discussed in this work are
thought to be topologically trivial generally.

To be specific, here we would like to take the Rice-Mele
ladder as the first example to illustrate our topology recon-
struction methods in asymmetric systems. Shown in Fig. 1(a),
our Rice-Mele ladder is a natural extension from the 1D Rice-
Mele model [33] to a ladder structure. The model could also
be realized by introducing staggered nonzero onsite energies
to Su-Schrieffer-Heeger (SSH) ladder [12,34]. The Hamilto-
nian could be written as

M= [t+8bla;+ (t —8)al, b+ (t — Ad]c;
J

+ (1 + A)el, dj + puale; + pabld; + Hell

+ va;a_,- - vb}bj - vcj-cj + vd;-rdl, (1)

where « and o' are the annihilation and creation operators at

site &, @ = a, b, ¢, d. When we set the onsite energy v = 0,

the model degenerates to the SSH ladder whose topology at

half-filling is protected by chiral symmetry [12,16,35-37].
The Bloch Hamiltonian is given by

vl M(k):| )

Hk) = [M(k)T —vh
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here M (k) = [(z—A)-&-ﬂ(;ﬁ-A)e’ik (H”S)Jri' 9" and I, stands

for the n x n identity matrix. The Hamiltonian of Eq. (2)
can be thought of as the generalization of the Hamiltonian
of common Rice-Mele model [33] since both M and vl, are
matrices.

The band structures of the Rice-Mele ladder versus the
parameters A and p with the open boundary condition (OBC)
are exhibited in Figs. 1(b) and 1(c), respectively. Two inter-
esting phenomena can be observed. First, in-gap edge states
appear when the parameters pass certain critical values. Sec-
ond, at the critical value, the gap width also reaches its
minimum. We will show that these phenomena are actually
the typical signs of topological phase transition for 1D asym-
metric systems. As a four-band system, the Rice-Mele ladder
possesses three gaps and all of them are candidates for our
topology study. To avoid any possible misunderstanding, the
edge states in the second gap, corresponding to the half-filling
gap, are marked by red lines, while the edge states in the first
and third gaps, corresponding to the other fractional-filling
gaps, are marked by blue lines. We will see that the topolog-
ical origins of these phenomena signified by different colors
are different and they need different topology reconstruction
methods.

B. Topological invariants

In the study of topological band theory, the importance
of topological invariant is self-evident. As mentioned above,
the definition of most conventional topological invariants for
1D systems, e.g., the Zak phase and the winding number,
relies heavily on system symmetries which makes them more
difficult for our asymmetric systems. Also, the quantization
of these conventional topological invariants is another severe
problem for asymmetric systems. Very recently, real-space
winding number [25,38] shows its power in the topology
study. Although it is initially developed for describing topo-
logical properties of random systems without translational
symmetry [38—40], it also offers a potential method to study
the topology of periodic systems without spatial-inversion and
chiral symmetries.

The real-space winding number with periodic boundary
condition (PBC) is given by [38]

1
w = —Tr[log(xaxz")], 3)

where
Xo = U, 'ToxToUs “4)

for 0 = A, B. The ith column in U, is the o sector of
the ith eigenstate below the gap under consideration. I', =
» laco I1s @)(l, a| is the projector operator of sublattice 0. The
position operator x reads as

x =Y &F(LANILAl+ |1 B)(. B)). (5)
l

Unless otherwise specified, in this work we calculate the
real-space winding number w for the 50-unit-cell system with
PBC. We prove that the necessary condition for a system
to be described by quantized real-space winding number is

(Appendix A)
UaU; = U Uy = UpU} = UjUp = 0.5. (6)

Just like the conventional winding number which is defined
by the structure of Bloch Hamiltonian, the real-space winding
number also requires chiral symmetry (Appendix A) and can-
not be directly used for our theory. However, as the real-space
winding number is calculated directly based on eigenstates, it
shows more flexibility considering the fact that the eigenstates
can be redefined or renormalized. This property enables us to
define a topological invariant with some improvements which
will be presented in the following sections. It is worth noticing
that the real-space winding number also has a momentum-
space form which is defined as the difference of polarization
between A and B sublattices [38]. Equivalent as they are,
we find that calculating in the momentum space numeri-
cally requires extra care since the winding number is a Z
invariant. Therefore, in this work we stick to the real-space
representation.

III. TOPOLOGY RECONSTRUCTION
VIA HOMOMORPHIC MAPPING

In this section, we would like to introduce a general method
of topology reconstruction for the asymmetric systems whose
Hamiltonian has a similar form of Eq. (2), which is referred to
as the Rice-Mele—type Hamiltonian in this paper. The method
is based on homomorphic mapping, by which a mapping
between the wave functions of Rice-Mele-type Hamiltonian
and those of a new Hamiltonian with chiral symmetry can be
found, so that the topology of Rice-Mele—type Hamiltonian
can be reconstructed for the gap around zero energy, corre-
sponding to the half-filling gaps generally. By this method,
we can also define a topological invariant for such systems,
namely, the renormalized real-space winding number, which
can clearly show the topological phase transition at critical
point by quantized jumping and the topological edge states
appearing. The method can be easily extended to higher-
dimensional systems, such as the 2D Rice-Mele systems.

A. General method of topology reconstruction
by homomorphic mapping

Similar as Eq. (2), the real-space Hamiltonian of Rice-
Mele-type models takes the general form as

Hrm = |:th$/ _leNi|. @)
Its eigenequation

Hrm [Z} =E, [Z} ®)
can be decomposed into two equations:

V@an + hopn = Enan, )

1 @an — V90 = Enpn. (10)

Premultiply Eq. (9) by A" and Eq. (10) by A, after some simple
calculation, we can obtain two decoupled equations for ¢,
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and @p,,:
hhT(pAn = (En2 - Uz)%n,
h hgp, = (E; — v*)pn. (11)

Equation (11) ensures the orthogonality of eigenstates ¢y,
o = A, B. However, since chiral symmetry is broken in Rice-
Mele-type system, the normalization condition (Va,|¥g,) =
(Vn|¥B,) = 0.5 is broken. That is to say, Eq. (6) is not satis-
fied for U, and the real-space winding number is unavailable.

On the other hand, the following eigenequation can also
obtain the form of Eq. (11):

@An @An
Hehiral | = =,/ E2 — 2| 77", 12
chiral [ (an:| n v Dbn ( )

where
0 &
Hchiral = |:hT 0i| (13)

exhibits the characteristics of chiral symmetry, i.e., the chiral
operator I anticommutes with H pirar:

F,7]'[chirall_‘-r = _Hchiral with I' = |:I(1)V (; i| (14)

—Iy
That is to say, @5, is normalized to 0.5. Physically, the system
of Eq. (8) with Hamiltonian gy and the system of Eq. (12)
with Hamiltonian Hcpira are quite different. However, from
the view of wave functions and eigenvalues, one can set up a

strict mapping rule:
|:§0An:| N I:(?An:|
PBn $Bn
+E, — +,/E? — V2. (15)

Also, comparing Eqgs. (11) and (12), we can see that the
difference between @, and ¢, is up to a normalization factor

@An CAn(pAn
T = , 16
|:(an:| |:CBn(an:| ( )
where C,, can be calculated simply based on the normaliza-
tion condition of @, ,:

1
V2 @onlPon)

At here, we emphasize three points. The first point is that
Cyan and Cp, are obtained independently and they could be
quite different. This is quite counterintuitive if we keep in
mind that the original normalization condition is (@a,|®as) +
(¢Bnl@sn) = 1. The second point is that the mapping rule is
not an isomorphic (i.e., one-to-one) relationship. Instead, as
shown in Eq. (15), a pair of eigenstates with £ = +E, of
Hrwm are mapped into +./E? — v? of Hepira together. Here
we refer to it as the homomorphic mapping. The third point is
that the derivation above is valid for both PBC and OBC since
the difference between PBC and OBC is just on the detail of
h. Apparently, the normalization coefficients C,,, would not
change the exponential property of edge states with OBC.
Therefore, we conclude that the properties of edge states for
the system with Hgy and the system with H pira are quite
similar except for a factor difference for every sublattice.

Con = a7

Next, we would like to consider the corresponding topo-
logical invariant. As the real-space winding number is well
defined for the renormalized eigenstates @,,, we can construct
a renormalized U, matrix via @,,:

U, (i, j) =) = ;(p((ﬂ, (18)
! 2o jlpa;)

where j is the index of state, i is the index of site. One can
expect that Eq. (6) is satisfied again for U, which can be
thought of as the matrices from U, after renormalization, so
that a new topological invariant can be calculated based on
it. Here, we refer to the new topological invariant calculated
by U, matrices, instead of U,, as the renormalized real-space
winding number. From the new topological invariant, we can
further conclude that the Rice-Mele—type system shares the
same topology as its chiral counterpart. In Appendix B, we
also find that the edge states are quite robust against certain
types of disorder, which serves as extra evidence of the topo-
logical properties in Rice-Mele—type systems.

Obviously, our Rice-Mele ladder with Hamiltonian of
Eq. (2) serves as a typical example of Rice-Mele—type systems
with N = 2. For the four intracell sites marked by a, b, ¢, d
in Fig. 1(a), we define site a,d as sublattice A and b, ¢ as
sublattice B. As we expect, a pair of topological edge states
can be found in the second gap around zero energy. The
spatial distribution of the edge state shown in Fig. 2(a) exhibits
the zigzag feature, which can be regarded as typical chiral
characteristics in a way that only one of the sublattices is
occupied.

Meanwhile, for Rice-Mele ladder, the original U, matrix
calculated by ¢,, and the renormalized U, matrix calcu-
lated by @, are shown in Figs. 2(b) and 2(c), respectively.
One can see that while UAT U, and UBTUB are still diagonal
matrices, their diagonal elements are no longer 0.5. As a
result, the off-diagonal elements are introduced into UyU,,
UBU; . On the other hand, all of the four product matrices
U0}, UXUA, UBU;, U;UB are diagonal to 0.5, which satisfies
Eq. (6). Therefore, we can calculate the renormalized real-
space winding number, which is shown in Fig. 2(d). Clearly,
our topological invariant can precisely predict the topological
phase of the Rice-Mele ladder in the half-filling gap. By
comparison, the conventional symmetry-based Zak phase fails
to establish the bulk-edge correspondence.

Moreover, from Egs. (15) and (16), two general proper-
ties can be found at the topological phase transition point of
Rice-Mele—trype systems. First, as shown in Fig. 2(d), the gap
around zero energy will not close at the topological phase
transition point and achieve its minimum width, which is 2v
according to Eq. (15). Second, a pair of gap-edge eigenstates
at the minimum gap width, which are signified by red triangle
and circle in Fig. 2(e), are the chiral eigenstates, i.e., the
eigenstates of the chiral operator I'. The derivation of the
second property can be seen in Appendix C. Both properties
can be widely used to identify the topological phase transition
of Rice-Mele-type systems, especially for photonic systems
which will be discussed later in Sec. V.
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FIG. 2. (a) The spatial distribution of edge state in the half-
filling gap withr =3, 8§ =1, A=2, u; =5, np =4, v=1. (b),
(c) The distributions of the four product matrices UAU; s Uj Uy,
UpU,, UjUg calculated with or without renormalization, respec-
tively. (d) The renormalized real-space winding number precisely
predicts the topology of Rice-Mele ladder in the half-filling gap
while the conventional topological invariant Zak phase fails. (e) The
spatial distribution of the second and third Bloch eigenstates with
k = 0 at the topological phase transition point. Both of them are
chiral eigenstates.

B. Topology reconstruction in higher-dimensional
Rice-Mele-type systems

Since our method does not rely on any fine detail of matrix
h in Eq. (7), it also shows potential in various systems beyond
1D. To demonstrate the power of our methods, in this sec-
tion we would like to generalize the topology reconstruction
into a higher dimension.

In recent seminal works [25,26], it is shown that typical
2D chiral systems, such as the well-known Benalcazar-
Bernevig-Hughes (BBH) model [19,24], support higher-order
corner states protected by chiral symmetry at zero energy
and the higher-order topological phase can be described by
quadrupole chiral number N,,. Just like the case in 1D, it is
calculated by U, matrices, whose unitarity makes sure that
N,, only takes integer values.
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FIG. 3. (a) Schematic of 2D Rice-Mele model. The unit cell is
marked by dashed box. (b) Band structure versus #; with 7, = 2,
v = 1. (c) The spatial distribution of the four corner states of 2D
Rice-Mele model with 1, =1, t, = 2, v = 1, exhibiting character-
istics of chiral corner states. (d), (¢) The distributions of the four
product matrices UAU;, U;UA, UBU;, U;UB calculated with or with-
out renormalization, respectively. (f) The renormalized quadrupole
chiral number calculated based on the renormalized Uy, Ug, exhibit-
ing precise bulk-edge correspondence.

Based on our homomorphic mapping method, we will
show that the nontrivial topology in the half-filling gap for the
asymmetric 2D Rice-Mele model can also be reconstructed.
As shown in Fig. 3(a), the 2D Rice-Mele model can be real-
ized by assigning staggered onsite energy to the BBH model.
Its Bloch Hamiltonian can be written as

L Mk
Hap-si(k) = [M“(,ﬁ)f M ,2)] (19)
where
_ H + lgeik" H + l‘zeikv"
M(k) = [_,] T ,ze_,»k_x]. (20)

Hop-rm (k) possesses a typical Rice-Mele—type form, which
indicates that the 2D Rice-Mele model can be strictly mapped
into the BBH model with a mapping relationship similar to
Eq. (15). As a result, in the topologically nontrivial region,
namely #, > f;, two pairs of corner states with the energy of
+v are expected to appear, which agree with the numerical
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results shown in Fig. 3(b). The spatial distributions of the
four corner states, shown in Fig. 3(c), also exhibit typical
characteristics of corner states with chiral symmetry, where
each corner state occupies only one of the four sublattices.

As to the higher-order topological invariant, if we follow
the method in the original work [25], the calculated N,y is
not quantized since the original U, matrices are not unitary,
which is shown in Fig. 3(d). With homomorphic mapping, the
U, can be replaced by unitary matrices U,, whose column
is the renormalized eigenstates of occupied bands on the o
sublattice. The unitary properties of U, are shown in Fig. 3(e).
Therefore, we can redefine the renormalized quadrupole chiral
number N, by U,:

_ 1 -
ny = TTr[log(Qf)Qf;)], (21)
Tl
where we have
07, = 0,050, (22)

for o = A, B. 0% = Y ucy IR, a)e ' (R, a] is the sublat-
tice quadrupole moment operator. As shown in Fig. 3(f), the
renormalized quadrupole chiral number is quantized and an
accurate bulk-edge correspondence can be established.

IV. TOPOLOGY RECONSTRUCTION
VIA PERTURBATION APPROXIMATION

In this section, we would like to introduce another general
method of topology reconstruction in asymmetric systems,
i.e., the topology reconstruction based on the subspace from
the perturbation approximation. Unlike previous research on
multiband systems whose subspaces rely on extra symmetry
[36,41,42], here the subspace is obtained through degener-
ate perturbation approximation which does not require any
symmetry. As an example, the topological property of the
Rice-Mele ladder in the first and third gaps (fractional-filling
gaps) can be reconstructed in the subspace obtained by per-
turbation theory and further described by the renormalized
real-space winding number with new effective sublattices.
Therefore, the topology of such systems could be clearly
shown with the condition of perturbation approximation. To
our surprise, the topological edge states and the topologi-
cal properties of such asymmetric systems exhibit extreme
robustness which can go far beyond the weak perturbation
condition. This reveals the possibility that many phenomena
in asymmetric systems, which are generally ignored by the
topological study community, might still be dominated by
deeper nontrivial topology.

Next we will show the topology reconstruction process for
the Rice-Mele ladder in the first and third gaps (fractional-
filling gaps) step by step. First, we need to observe the
band-gap structure to choose a proper range for the pertur-
bation approximation. The band structure of Rice-Mele ladder
versus u is shown in Fig. 4(a) with uy = u, u» = w + 1. Four
nonzero edge states marked by blue lines can be observed with
OBC. As the coupling terms 1, i, increase, the energies of

four edge states approach the asymptotes E = £+ puf + v?

and E = £+ 13 + v* which are marked by red dashed lines
in Figs. 4(a) and 4(b), respectively. Furthermore, as shown in

(d) - 1" Gap edge state max

T D

(e) 3 Gap edge state max
[T

min

FIG. 4. (a) Band structure versus p with t =3, § =1, A =
2, v=0.5, uy =um, o =+ 1. (b) Band structure versus A
with t =3, § =1, uy =10, up, =11, v =0.5. In both (a) and
(), /2 +v2, £,/ul + v? are marked by red dashed lines.
(c) Schematic of Rice-Mele ladder after homomorphic mapping in
the strong-coupling limit. The dimers in y direction are marked by
dashed boxes. (d), (e) The renormalized spatial distribution of the
edge state in (d) the first gap; (e) the third gap withr =3, § =1,
A:Z,ul = 10,“22 ll,UIOS

Fig. 4(a), in the weak-coupling limit (i.e., i1, wy — 0) both
the first and third gaps vanish and the edge states merge into
the bulk band. The band-gap structure versus A is shown
in Fig. 4(b), which exhibits a typical Rice-Mele-type topo-
logical phase transition without gap closing and reopening.
The critical point can be found at § = A, which means that
the intercell (intracell) hopping of the upper chain is exactly
the same as the intracell (intercell) hopping of the lower chain
at the critical point.

With these observed properties of edge states in mind, it is
easy to see that the strong-coupling limit, i.e. uj, uo > t, 6,
A, serves as a good example for our perturbation approxima-
tion to reconstruct the topology in the fractional-filling gaps.
So, we will focus on the cases with strong-coupling limit.

Before performing any further analysis, we would like to
map the Hamiltonian of Rice-Mele ladder Hgy with the form
of Eq. (7) into Eq. (13) and also map the wave functions and
the eigenenergy based on Eq. (15), which are referred to as ho-
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momorphic mapping in the last section. Here, we emphasize
that the method of topology reconstruction by perturbation
approximation does not rely on the homomorphic mapping.
Actually we can go directly to the perturbation approximation
without the step of homomorphic mapping. The reason for
this step is that it can provide more accurate results since it
ensures that the band structure is symmetric to £ = 0, which
is an obvious feature of the Rice-Mele ladder. In Appendix D,
we would like to exhibit another example of the 1D ladder
model whose topological properties in the fractional-filling
gaps can be directly reconstructed by perturbation approxi-
mation, without homomorphic mapping at all.

In the strong-coupling limit @, wy > ¢, §, A, we can
suppose that two atoms in y direction form a dimer and all
other hopping terms in x direction are perturbations. After
dimerization, the schematic model is exhibited in Fig. 4(c), in
which two dimerized atoms are enclosed by the dashed lines.
Two kinds of dimers can be found with the Hamiltonian as

0 0
Hﬁimer = |:,LL1 %li| ’ Hgimer = |:H'2 'Ué2i| . (23)

The eigenenergies and eigenstates of dimers can be
expressed as

A A [ )
Efi=—m, ¥ = ﬁqm — i, c)),
A A r . :
Ey =, V= %(Il,a) + i, ¢)),
r . .
Ef=—p ¥p= 750~ li ),
1
Ef =, VY3 =—(i,b)+i,d)). 24)
V2
Taking the eigenstates {yf, ..., ¥ib, v, ... vB, vi, ...,

Vi, W2, ..., Y8} as a set of new basis functions, then the
Hamiltonian can be rewritten as

- Hll le
H= |:H21 H22]s (25)

where each "/ stands for a (2N) x (2N) matrix:

- IN hchain
(TALI e , 26
|: hZhain _I’L2IN ( )
xH22 — I:]/I;TF“IIN hch;ini|, (27)
chain Holn
. 0 h 1
le _ Hzl. _ |: + c%lple i (28)
couple m
with
I ]
h h
hchain = o) I P (29)
o) g A NxN

hcouple =

-t . (30)

-7 NxN
Here 1 =t+16—A), h=t—36-A), t'=5+A.
When 11, 117 are relatively close, i.e., i1, o > |y — wal, H
can be brought into two parts, i.e., o = Ho + H', where H,
stands for the unperturbed Hamiltonian while H' is treated as
the perturbation. Here H, is defined as

Mo = [_%(Ml + n2)bn 1 0
0 5 (1 + pu2)by
As H, is already a diagonal matrix, it generates two sets
of 2N-fold degenerate states {y{;}, {¢5;}, i=1,...,N, 0 =
A,B with the corresponding zero-order energies E© =
+2(u1 + p2). Then H' can be written as

]. (€28)

lel’ H12
H = |:'H21 122 (32)
with

, Lo — uI, hchai
TR - I:z(/JQ uly chain ]’ 33
hZhain %(Ml - /’LZ)IN (33)

o [y — )i Bchai
7_[22 — I:z(/le )y chain ]’ 34
R ain T2 — w)ly 34)

where Ay is defined in Eq. (29). Obviously, H' satisfies the
perturbation condition since E© > H/ is valid. Therefore,
the solutions of 7 can be approached through perturbation
approximation.

Here, we would focus on the degenerate perturbation to
obtain the zero-order wave function ¢® and the first-order
energy correction E1). The principle of degenerate perturba-
tion theory is to diagonalize the perturbation Hamiltonian in
the degenerate subspace, i.e., to diagonalize #'"" and H?>*
defined in Egs. (33) and (34), respectively. One may no-
tice that these two subspace perturbation Hamiltonians are
exactly the Hamiltonians of the Rice-Mele model with the
effective onsite energy veg = :I:%(,u 1 — M2), the intracell hop-
ping 1, and the intercell hopping t,. Therefore, ¢ and EV
are just the eigenstate and eigenenergy of the Rice-Mele
model. In other words, the topological properties around
i%(,ul + W2), i.e., the first and third gaps, are dominated
by Rice-Mele—type topology, which is well studied in the last
section. For example, when #, > t{, i.e., A > §, two pairs
of edge states are expected to emerge with EV = +£1(u; —
W2), respectively. To be precise, the eigenenergies of these
four edge states up to the first-order correction are given as
E©® + EM = £/, +u,. Taking mapping relation (15) into
consideration, E® 4+ E™ can be mapped back to the phys-
ical values as £/ 12 + v2, £+/ 13 + v? for Hgy, Which are
exactly the same as the asymptotes marked by red dashed
lines in Figs. 4(a) and 4(b). The perturbation theory is further
confirmed by the renormalized spatial distribution of the edge
states shown in Figs. 4(d) and 4(e), which exhibit typical
characteristics of Rice-Mele—type edge states defined on the
degenerate subspaces {7}, {5}, respectively.
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(a) Before renormalization

U, UaU,

ULUg
0.5 ‘

After renormalization

(b) b "
U0} U405

1
A

FIG. 5. (a), (b) Four product matrices calculated based on a
redefined sublattice with or without renormalization, respectively.
The parameters are settot =3, =1, A =2, v=0.5, u; = 10,
o = 11. (¢) The renormalized real-space winding number exhibits
precise bulk-edge correspondence with the edge states at % filling.
The case at % filling should be the same since the band structure is
symmetric to £ = 0.

We note that the coupling between two subspaces caused
by H'? and H?' is negligible to the first-order correction of
eigenenergy since the nondegenerate perturbation can only
generate higher-order corrections which are rather minor com-
pared with the dominating ¢® and E" discussed in this
section.

Next, we would introduce the topological invariant to
describe the subspace topology reconstructed above by pertur-
bation approximation. As both subspace Hamiltonians H'!',
H?* possess a Rice-Mele—type form, it is straightforward to
take renormalized real-space winding number as the candi-
date. Different from the case in the last section where the
whole Hilbert space is under consideration, here the subspace
constructed by {wﬁ»}, {1//}’;} for perturbation approximation is
of interest. In this sense, sublattices A and B should be rede-
fined as {y{.} and {5} at { filling and {y,}, {2} at 3 filling,
respectively. With these considerations, for the topology in the
first gap, the U, matrix can be obtained as

UA(nm) = <§_0m | wlAn)’

Usumy = (@m| V1), (35)
where n=1,...,N, @, stands for the mth renormalized
eigenstate below the first gap, m = 1, ..., N. When param-

etersare setto u; = 10, up =11, =3, =1, A =2, v =
0.5, UAUT, UATUA, UBU;, U;UB calculated based on Eq. (35)
are shown in Fig. 5(a). In Fig. 5(a), the four product matri-
ces exhibit typical characteristics of Rice-Mele—type system,
confirming the validity of our method. The unitarity of Uy and
Up can be restored through the renormalization of Eq. (18),
which are shown in Fig. 5(b). The calculated renormalized
real-space winding number shown in Fig. 5(c) exhibits a unit
jump at the critical point A = §, indicating the bulk-edge cor-
respondence has been established. It is worth noting that the
renormalization needs to be done twice here, where the first
one maps Hrm into its off-diagonal counterpart and the

s o~ t (b)

FIG. 6. The subspace topology of Rice-Mele ladder beyond the
perturbation region with u; =5, u, = 6, ¢ = 3. (a) The band struc-
ture versus A with § = 1, v = 0.5 around the third gap. The first gap
shares the same structure. (b) Four product matrices calculated based
on a redefined sublattice without renormalization, also maintaining
its Rice-Mele-type feature. (c), (d) The spatial distribution of the
edge states in (c) the first gap; (d) the third gap, still exhibiting char-
acteristics of Rice-Mele—type edge states defined on the subspaces
despite a stronger coupling from the other subspace.

second one maps the subspace #!!" into its off-diagonal coun-
terpart.

Similarly, for the topology in the third gap, the U, matrix
is given by

UA(nm) = (‘pm | 1//?;1)7
Upumy = (@n|¥2,)- (36)

Heren =1, ..., N. However, if we directly take all the eigen-
states below the third gap,i.e, m =1, ..., 3N, Eq. (6) would
never be satisfied since both U4 and Up are no longer square
matrices. An alternative way is to consider the general fact
that a fully occupied system is topologically trivial. That is
to say, the occupied band(s) share the same topology as the
unoccupied one(s). Therefore, the U, matrix for the third
gap can be constructed with the states from 3N + 1 to 4N
and the topology of the third gap can also be described by
renormalized real-space winding number.

Interestingly, the subspace topology can go far beyond the
proper range of the perturbation approximation. Figure 6 ex-
hibits the case when 1, o are comparable with ¢, §, A. From
the band structure shown in Fig. 6(a), the edge states marked
by blue lines still appear in the first and third gaps despite an

obvious shift from the asymptotes ++/u? + v2, £+ 13 + v?
marked by red dashed lines. As shown in Figs. 6(b)-6(d), the
four product matrices calculated based on Eq. (35) and the
renormalized spatial distribution also maintain their subspace
Rice-Mele—type characteristics. This phenomenon can be un-
derstood as the interplay between perturbation and topology.
On one hand, we have clearly shown that the subspace topol-
ogy is reconstructed based on perturbation approximation.
On the other hand, the topology itself, which is the global
geometric property of the bands, should be robust against the
continuous change of the system parameters. That is to say, in
the topologically nontrivial region, namely A > §, the edge
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states in the fractional-filling gaps are rather robust as long
as (i, iy are strong enough to keep the first and third gaps
open, even if the perturbation condition is no longer satisfied.
The robustness of these edge states against different kinds of
disorder is further investigated in Appendix B.

The idea introduced in this section is one of the main con-
clusions in this work. First, we find that perturbation theory
can greatly extend the category of topology study. Taking the
merit of degenerate perturbation, the whole Hilbert space can
be divided into degenerate subspaces where the topological
properties might be revealed, even in asymmetric systems
that were previously thought to be topologically irrelevant.
Second, some new topics can immediately be raised when
the perturbation approximation is introduced, such as follows:
“Where is the boundary of the perturbation-based topological
nontriviality?” “Is there any topological structure from the
higher-order perturbation?”, etc.

Furthermore, as shown in the excellent works [12,17,43],
the Hamiltonian of Kitaev chain in the Majorana represen-
tation mimics the one of SSH ladder (i.e., Rice-Mele ladder
with v = 0), indicating the topological phases of SSH ladder
can be introduced into superconducting systems. However,
constrained by chiral symmetry, previous works have always
focused on the topological properties of zero edge states in
the half-filling gap. Taking advantage of the topology recon-
struction method introduced in this section, we unveil the new
Rice-Mele—type fermionic topology in the dimerized Kitaev
chain whose properties are totally different from the tradi-
tional symmetry-based topology. The detailed derivation is
presented in Appendix E.

V. OBSERVATION OF TOPOLOGICAL EDGE
STATES FROM TOPOLOGY RECONSTRUCTION
IN PHOTONIC CRYSTALS

In this section we would like to introduce both methods
of the topology reconstruction into dielectric PhC systems.
This work can be easily done since TBM can be realized by
artificial atoms in dielectric 2D PhCs [44—46].

First, we set up the model of photonic Rice-Mele ladder
and construct the photonic tight-binding model (TBM) theory
for our model. Then both methods of topology reconstruction
for asymmetric photonic systems, the homomorphic map-
ping method and the perturbation approximation method, are
demonstrated. We also show that the topological invariant
obtained by our theory from photonic tight-binding eigen-
state, namely, the renormalized real-space winding number,
matches precisely with the numerical results obtained from
the finite-element method (FEM). At last, in the laboratory,
the topological edge states from both kinds of topology re-
construction for asymmetric systems are observed through the
experiments, which agree well with our theoretical prediction.

A. Photonic Rice-Mele ladder

The model of a PhC unit cell of the photonic Rice-Mele
ladder is shown in Fig. 7(a), which is periodic in x direction
while both boundaries in y direction are taken as perfect
electric conductor (PEC). Each cell consists of four dielectric
rods with &; marked by a, b, ¢, d, which are further divided

€ 21y

2Ly,

e

12
(b) _— T ©

S T 2

O <)

> oy

é & /\ 9:%

g g

H o6 \/ h

- 0 T 2 3.0 3.6 4.5
k l;1 (mm)

FIG. 7. (a) Schematic of photonic Rice-Mele ladder. In this
work, we set /,; as the tuning parameter. Other parameters are
set to a =18 mm, r, =2 mm, r, = 1.8 mm, /,, =54 mm, [, =
2.5mm, l,, =2.9 mm, & = 1, &t = 7.9. PEC boundary in y direc-
tion is marked by thick black line. The four rods are marked by
a, b, ¢, d, respectively. (b) The lowest four TM bands of photonic
Rice-Mele ladder with [,; = 4.5 mm. (c) The band structure versus
l,1 for 40-unit-cell photonic Rice-Mele ladder with PEC boundary
in both x and y directions. Two types of topological edge states are
marked by blue and red lines, respectively.

into two pairs diagonally with radius r; and r;, respectively.
We take the x-direction spacing between upper rods /,; as the
tuning parameter to control the topological phase transition.
Other parameters are set to a = 18 mm, r| =2 mm, r, =
1.8 mm, [, =54 mm, [, =2.5mm, [, =29 mm, g =1,
g1 =7.9. Obviously, the model is spatially asymmetric in
every aspect. Based on Mie resonance theory [47], the cor-
responding relation between photonic model and TBM can
be established as the following laws. First, the Mie resonant
frequency of dielectric rod, which can be adjusted by altering
the radius r; or r,, mimics the onsite energy in TBM. Second,
the coupling strength between different rods, which can be
adjusted by altering the spacing between rods, mimics the
hopping terms in TBM. In our model, the difference between
ry and r, is relatively minor in order to suppress the next-
nearest-neighbor (NNN) coupling, which is neglected in our
theory.

For the convenience of experimental realization, here we
focus on the transverse magnetic (TM) (E, polarization)
modes of our PhC structure. The four lowest TM bands with
PBC are shown in Fig. 7(b). As we expect, the band-gap struc-
ture of PhC is similar to the Rice-Mele ladder investigated
above. In Fig. 7(c), we also calculate the band structure of
40-unit-cell PhC with PEC boundary in both x and y directions
versus the tuning parameter ;. When [;; < 3.0 mm, edge
states marked by red lines can be observed in the second
gap. When /;; > 3.6 mm, edge states marked by blue lines
can be observed in the first and third gaps. We will see that
all of these edge states are topologically protected and the
corresponding topological phases can be described by the
topological invariant introduced in the next subsection.
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(a) Uty Uyt

FIG. 8. (a) The distributions of product matrices UU T, UTU . The
ith column of the U matrix is the ith tight-binding PhC eigenstate.
(b), (c) The spatial distribution of a PhC eigenstate obtained by
(b) FEM and (c) Eq. (38).

B. Photonic renormalized real-space winding number
and topological phases

In this subsection, we derive the method to calculate
the photonic renormalized real-space winding number, from
which the topological phases of the photonic Rice-Mele lad-
der can be signified clearly.

To calculate the renormalized real-space winding number
of the photonic systems, we must first obtain the tight-binding
version of our PhC eigenstate, i.e., ¥ = Zj’a Cjalj, o) where
j is the index of unit cell, ® = a, b, ¢, d is the index of
sublattice, and C;, is the effective probability amplitude of
site | j, o). Generally speaking, this can be done by expanding
the continuous eigenstate E (x) obtained by FEM in the max-
imally localized Wannier functions (MLWF) [44]. However,
this method can be rather complicated and inconvenient. In
this work, we develop an approximate method to obtain C; ,
in a much easier way. According to Mie theory, the origin of
lower-order PhC bands can be understood as the coupling be-
tween the first-order Mie resonant states of the dielectric rods,
which is mainly concentrated on the rod. With all these basic
observations and the original idea of TBM that the electronic
wave function could be represented by a complex amplitude at
the position of nuclear, we can suppose that the TBM of our
lowest four bands could be similarly defined. First, we can
assume a 6 function:

1 o .
0, a(x) = | S’ inside the rod; a7
’ 0, outside the rod.

Here S, stands for the cross-sectional area of the « rod. Then,
we can obtain the approximate TBM of PhC for the lowest
four bands as

i, = / 0%, (OE (¥)s(x)dx, (38)

where E’(x) is the ith eigenstate of N-unit-cell PhC with
PBC [38] obtained by FEM, i = 1, ..., 4N (N eigenstates per
band).

To check the property of our approximate TBM of PhC,
we exhibit the unitarity of U matrix whose ith column is the
ith tight-binding PhC eigenstate and the results are shown
in Fig. 8(a). It is clear that both UU" and UTU are almost

(a) U matrix
Ulu, UAUT U4U4 UAUA UJ,UA U,,UT
0.5, 0.5 ] 05 05~
UgUB UgU}, UBUB - UBU; os U*UB B UBUg
At L5 e i ]
05 | . . . L e L
(b) Renormalized Real—Space Winding Number
11 1
0.5 0.5 .05
0 0
2 3.0 4.5 2 4. 4.5
ly1(mm) 1y (mm l21 mm)
(0 Gap Width
:E T T
g
g

frequency (GHz)

(=)}

FIG. 9. (a) The four product matrices UAUAT, UATUA, UBU;, U,;UB
calculated without renormalization for the second, first, and third
gap, respectively. (b) The renormalized real-space winding number
of the 2nd, 1st, 3rd gap versus /;;. (¢c) The width of the second, first,
and third gaps versus I,;. (d) The |E,|? distribution of the second and
third Bloch eigenstates with £k = 0 at [;; = 3.0 mm. Both of them
are chiral eigenstates, which can be regarded as an evidence of the
topological phase transition point.

identity matrices except the negligible off-diagonal elements,
which indicates the orthogonality and normalization proper-
ties of these approximate TBM eigenstates. Moreover, the
effectiveness of our approximate method is proved from
the comparison between eigenstates obtained by FEM and
our approximate TBM in Figs. 8(b) and 8(c). Most impor-
tantly, with the tight-binding eigenstates, we can directly
calculate the renormalized real-space winding number to
identify the topological phases of such asymmetric photonic
system.

First, we consider the topology of the second gap, which
corresponds to the gap around zero energy for Rice-Mele
ladder whose topology reconstruction method is based on
homomorphic mapping which is introduced in Sec. III. In this
case, rods a and d are defined as sublattice A while rods b
and c as sublattice B. The corresponding four product matrices
UaU;, UlUs, UpUy, UjUp shown in Fig. 9(a) exhibit typical
characteristics of Rice-Mele—type system shown in Fig. 2(b).
Following the way of renormalization, we can obtain the
renormalized matrices Uy, Uy satisfying Eq. (6), with which
the renormalized real-space winding number can be calcu-
lated. Shown in the first column of Fig. 9(b), the renormalized
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real-space winding number shows the quantized property and
a unit jump from 1 to O appears at around [,; = 3.0 mm,
which agrees with disappearing of the edge states in Fig. 7(c).

The physical reason for the topological phase transition at
l;1 = 3.0 mm can be explained from two aspects. In terms
of band structure, as shown in the first column of Fig. 9(c),
the gap width of the second gap achieves minimum at
l;1 = 3.0 mm. In terms of gap-edge eigenstates, as shown in
Fig. 9(d), we find that both Bloch states at k = 0 marked
by triangle and circle are chiral eigenstates. These two prop-
erties of topological phase transition agree with the typical
band structure characteristics of Rice-Mele—type topology
discussed in Sec. II1.

Second, we will discuss the case of the first and third gaps
whose topology reconstruction is based on the degenerate
perturbation approximation as introduced in Sec. IV. Before
the discussion, we need to note that there is a significant
difference between the eigenstates of photonic systems and
that of electronic systems described by Eq. (1) for the first and
the third gaps. As mentioned above, the topology of the first
gap in Rice-Mele ladder is dominated by the low-energy state
of the dimer in the y direction, i.e., the [I —1]7 state. For
our PhC model discussed in this section, taking its waveguide
properties into consideration, the behavior of PhC eigenstates
in y direction should be determined by the order of the guided
modes. From this point of view, the topology of the first gap in
PhC is dominated by the lower-order mode, i.e., the [1 17
state. To be precise, in our PhC model, we need to redefine
the sublattices A and B in Eq. (24), i.e., {y4}, {¢2} for the
1-filling gap while {y{}, {5} for the 2-filling gap. We note
that this phenomenon could be explained by the negative ef-
fective hopping in classical systems, which also widely exists
in sonic crystals [42]. The corresponding U, matrices and
the renormalized real-space winding number are shown in the
second and third columns of Figs. 9(a) and 9(b). We can see
that there is a unit jump from O to 1 at [,; = 3.6 mm for
the renormalized real-space winding number, which agrees
with the appearing of edge states at the first and third gaps
in Fig. 7(c).

The physical reason for the topological phase transition
at ,; = 3.6 mm can also be explained from two aspects.
First, shown in the second and third columns of Fig. 9(c),
the gap width of the first and third gaps achieve minimum
at [,; = 3.6 mm. Second, we find that the intracell (intercell)
spacing between upper rods is exactly the same as the intercell
(intracell) spacing between lower rods, which coincides with
the topological phase transition point § = A, i.e., the intercell
(intracell) hopping of the upper chain equals the intracell
(intercell) hopping of the lower chain, of Rice-Mele ladder
in the fractional-filling gaps discussed in Sec. I'V.

To confirm the different topological properties, we can
consider the structure consisting of two types of PhCs with
opposite topological phases to investigate the topologically
protected edge states. As shown in Fig. 10(a), 11-cell PhC
with /,; = 2.5 mm is attached to 11-cell PhC with [, =
4.5 mm. Three topological edge states appear in three gaps
whose E; distributions are shown in Fig. 10(b). The edge state
in the first gap shows clear evidence of coupling between

[1 1]7 state which is similar to the edge state of Rice-Mele

ladder in the %—ﬁlling gap shown in Fig. 6(d). The edge state in
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FIG. 10. (a) Schematic of the bonded PhC with 11 unit cells of
l,1 = 2.5 mm on the left and 11 unit cells of I,; = 4.5 mm on the
right. The whole structure is enclosed by PEC boundary marked by
thick black lines. (b) Band structure of the bonded PhC and the E,
distribution of the three in-gap edge states. The yellow and green
shaded sections represent the band regions of /,; = 2.5 and 4.5 mm,
respectively.

the third gap exhibits the coupling between [ —1]7 which
is similar to the edge state of Rice-Mele ladder in the %—ﬁlling
gap shown in Fig. 6(c). On the other hand, the edge state in
the second gap exhibits the zigzag feature, which coincides
with the edge state of Rice-Mele ladder in the half-filling gap
shown in Fig. 2(a). Thus, we conclude that both kinds of the
reconstructed topology in Rice-Mele ladder can also realized
in its photonic counterpart.

C. Experimental observation of topological edge states
in photonic Rice-Mele ladder

To verify the effectiveness of our theory of topology recon-
struction, here we try to observe the topological edge states
through experiments at microwave frequency range from 6
to 11 GHz. The three-dimensional (3D) realization of the
photonic Rice-Mele ladder is shown in Fig. 11(a). Here we
set the height of dielectric rods 7 = 4 mm. Two boundaries
in z direction are taken as PEC so that the system is quite
similar to the 2D model introduced in the last section. For
frequencies under consideration, only E,-polarized modes are
available whose band-gap structure is the same as the 2D
photonic Rice-Mele ladder introduced above.

To investigate the topological edge states, as shown in
Fig. 11(b), we consider the structure composed of two
topologically opposite PhCs with /;; = 2.5 and 3.8 mm, re-
spectively. Since the bonded PhCs can be regarded as a
rectangle waveguide propagating in x direction, the topolog-
ical edge state can be observed in the form of transmission
peak inside certain gap from transmission spectra. The exper-
imental setup to detect the transmission spectra is shown in
Fig. 11(c). The ports of PNA-X Network Analyzer N5245B
of Keysight are connected to the bonded PhC structure with
waveguide-coaxial couplers to send and detect the signals,
respectively. Since the waveguide-coaxial coupler can only
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(2)

FIG. 11. (a) Three-dimensional structure of a unit cell with the
upper plate removed. (b) Photograph of the bonded PhC structure
with the upper plate removed. The boundary of two topologically
opposite structures with N = 5 are marked by dashed boxes. (c) Pho-
tograph of the experimental setup for the transmission spectra. The
bonded PhC structure (A) is connected to the network analyzer (C)
through waveguide-coaxial coupler (B).

activate the fundamental TE10 modes, here we would like
to take the first gap edge state to represent the perturbation-
based topology and the second gap edge state to represent the
homomorphic-mapping-based topology. To optimize the ex-
perimental results, for the frequencies around the first gap, we
set the number of unit cells N = 11 with waveguide-coaxial
coupler BJ70. For the frequencies around the second gap, we
set the number of unit cells N = 6 with waveguide-coaxial
coupler BJ100.

For the first gap, the experimental transmission spectra are
marked by red line in Fig. 12(a), which agree very well with

(@) 0 1% Gap (b)
= T ﬂ _
m ‘u‘“‘*H“M\ & N MMH ”H m
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FIG. 12. (a), (b) The transmission spectra of (a) the first gap
and (b) the second gap. The numerical and experimental results
are denoted by the red lines and the blue lines, respectively. The
in-gap transmission peaks are marked by red arrows. (c), (d) The
simulated |E,|? distribution at the transmission peaks (c) 7.33 GHz
and (d) 9.72 GHz, respectively. Both of them are highly localized at
the boundary.

the numerical results marked by blue line. An in-gap trans-

mission peak from the topological edge state can be found at

7.33 GHz for both numerical and experimental results. The

simulated field distribution |E,|> at 7.33 GHz is shown in

Fig. 12(c) exhibiting clear evidence of edge state defined on
[1 1]7, same as theoretically predicted.

For the second gap, as shown in Fig. 12(b), an in-gap
transmission peak from the topological edge state can also
be found near 9.72 GHz for experiment (red line) and sim-
ulation (blue line). The zigzag characteristic of the simulated
|E.|* distribution at 9.72 GHz is shown in Fig. 12(d) which
coincides with our theoretical prediction.

One may notice that the absolute value of transmission
spectra obtained by the experiment is smaller than the the-
oretical expectations despite sharing a similar trend. Several
possible reasons may explain the difference, such as the ab-
sorption of the ceramic rods or the reflection at the boundary
between our PhC structure and the waveguide-coaxial cou-
pler. Nevertheless, we experimentally demonstrate that both
of the topology reconstruction methods by the homomorphic
mapping and the perturbation approximation can be realized
in photonic systems.

VI. CONCLUSION

In summary, taking Rice-Mele—type systems as examples,
we propose two methods of topology reconstruction for the
multiband systems without symmetries. For the first method,
we find a strict mapping relationship between asymmetric
Rice-Mele—type system and its chiral counterpart, so that the
topology protected by chiral symmetry can be reconstructed.
For the second method, through perturbation approximation,
the whole Hilbert space can be reduced into degenerate sub-
spaces where Rice-Mele—type topology can be discovered.
Based on these methods, the complicated topology origin for
the edge states inside the near-zero-energy gap at half-filling
and other gaps at fractional filling can be revealed. It is also
shown that both of the methods can be utilized in various
asymmetric systems beyond Rice-Mele ladder model to inves-
tigate their topological properties, i.e., 2D Rice-Mele model
and 1D superconducting systems. As to the effective topo-
logical invariant, we introduce the renormalized real-space
winding number which can identify these new topological
phase transitions by the integral jumping. Both methods
are further extended to photonic asymmetric systems. By
simplified photonic TBM, we can calculate the photonic
renormalized real-space winding number and the topological
phases are clearly shown. Finally, the topological edge states
of the photonic Rice-Mele ladder at different gaps are ob-
served through experiments, which match precisely with the
numerical results from our two methods. Our findings offer
a unique perspective on topology in complex systems. First,
the homomorphic mapping goes far beyond the conventional
adiabatic deformation method, i.e., it can connect the topology
of two systems with intrinsic differences. For example, the
topological critical point without gap closing of asymmetric
system can be mapped into the gap-closing one of symmet-
ric system. Second, the perturbation approximation, which is
thought to be irrelevant to the topological properties generally,
could take an important role in the topology study since it can
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generate simpler subspaces whose nontrivial topology could
be revealed. From this view, we could have missed many
topological phenomena if we had not gone deeper into the
approximation subspace to explore their topological origin.
Even more, these topological edge states from the approxi-
mation method show extraordinary robustness and can go far
beyond the proper range of perturbation approximation, which
implies that the strong perturbation can extend the original
topology to the systems which might look very different. In
other words, a new relationship between different topological
insulators might be set up based on the approximation recon-
struction method.

Our work leaves several open questions for further study.
First, for the homomorphic mapping method of topology re-
construction, we need to choose proper sublattices. Is there a
general criterion of such choosing proper sublattices? Second,
we show that the topological edge states from approximation-
based topology still exist when the perturbation is relatively
strong. So where is the boundary of perturbation-based
topology? Furthermore, what is the mechanism behind the
boundary? If these questions can be answered, we believe that
the topology of asymmetric systems will be understood more
thoroughly.
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APPENDIX A: NECESSARY CONDITION
FOR REAL-SPACE WINDING NUMBER

In this Appendix, we give a detailed proof on Eq. (6). Al-
though the result has been briefly mentioned in Refs. [25,38],
here we would like to emphasize that it is actually a con-
sequence of chiral symmetry and should be regarded as a
necessary condition for the validity of real-space winding
number.

The Hamitonian of chiral system takes the form

0 &

Resembling the method used in the topology reconstruction
of Rice-Mele-type system in Sec. III, the eigenequation of H
can be decomposed into two decoupled equations:

(AD)

hhT wAn = Ey% wAn»

h' hygn = E; Vg (A2)

As a result, ¥4 and ¥ are both orthogonal in their own
subspaces:
(A3)

(IlfAn“[fAm) = (1/[Bn|1/f6m> =0,

when n # m.

On the other hand, as chiral operator I' anticommutes
with #H, for any eigenstate ¥, = [V, I/IBn]T, 'y, =
[Van —1//1;,1]T is also an eigenstate with opposite energy,

which ensures that ¥, and 'y, are nondegenerate states.
From the orthogonality condition, we have

(UnlTn) = (YanlVan) — (UBal¥a) = 0. (A4)
Consider the normalization condition
(Unln) = (YanlVan) + (YalVBn) =1, (AS5)
together we get
(Wan|¥Bn) = (UBnl¥Ba) = 0.5. (A6)

In terms of U, matrix, Egs.
interpreted as

UsU; = U Uy = U} = UjUp = 0.5.

(A6) and (A3) can be

(A7)

APPENDIX B: DISORDER ANALYSIS
IN RICE-MELE LADDER

In this Appendix, we would like to investigate the robust-
ness of the edge states in Rice-Mele ladder against different
kinds of disorder. Here we introduce the following disorder
Hamiltonian #" to the system:

H HhOl’lZOntdl + H://CIUC&] + Honsrte’ (B 1)
Where H

horizontal — Z (SabbTai + shaa +1b' + SCddTC,‘
dj+H.c.) stands for drsorder in the horizontal

vertical — Z (Sacc'a/ + shddTb +H.c. )
dlsorder in the Vertrcal hopprng terms,
H e = Z (s al 4 —}—sbbTb + 5§ ! € +sddkd +H.c)
stands for dlsorder in the ons1te energy terms The disorder
terms {s¢} are random numbers that follow a uniform
distribution in [—w, w], where w is the disorder strength.

We first consider the robustness of the edge states in the
half-filling gap. As shown in Figs. 13(a) and 13(b), the behav-
ior of the edge states varies widely between different kinds
of disorder. To be precise, the edge states are exactly pinned
at v if the disorder only exists in the hopping terms, i.e.,
H" = Hi igonta T Hvemcal However, for the disorder in the
onsite energy terms, ie., H" = H, .., the edge states de-
viate considerably from their original values as the disorder
strength grows. Based on the mapping relationship shown in
Eq. (15), for the system after mapping, it is easy to see that
Hh,orlzomal + Hvertlcal preserves Chlral Symmetry Whlle IHOT'lilte
breaks it. The argument can be confirmed by the four product
matrices in the right column of Figs. 13(a) and 13(b). These
results clearly show that the edge states are robust against the
“symmetry”-preserving disorder, i.e., they are topologically
protected. We note that here the “symmetry” refers to the
property of the system after mapping.

Next, for the edge states in the fractional-filling gaps,
similar results can be obtained. From Sec. IV, one can see
that the vertical hopping terms 11, w, stand for the effective
onsite energy terms in the perturbation subspace Hamiltonian.
Therefore, as is shown in Figs. 13(c) and 13(d), by introducing

iy chiral symmetry is broken for the subspace after

vertical®
mapping and the edge states deviate considerably. Meanwhile,

] J+l

hopping
stands for

terms, H/
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disorder in hopping o
(@10 7.0}

«un\mummlmuwm

0 disorder strength w 0.5

disorder in onsite energy _

(b)10

0 disorder strength w 0.5

disorder in horizontal hopping

disorder strength w

disorder in vertical hopping

0 disorder strength w 0.5

FIG. 13. The robustness of edge states against different random
disorder. Left column: (a), (b) The robustness of edge states in the
half-filling gaps against random disorder (a) in the hopping terms
or (b) in the onsite energy terms. The parameters are set to t = 3,
§=2,A=1, u; =p,=1,v=1.(c), (d) The robustness of edge
states in the fractional-filling gaps against random disorder (c) in the
horizontal hopping terms or (d) in the vertical hopping terms. The
parameters are settor =3, =1, A =2, u; =10, u, =11, v = 1.
Right column: The corresponding four renormalized product matri-
ces U U, U0y, UpU,, U0y with the disorder strength w = 0.5.

when only H; . ... is introduced in, even with large dis-
order strength, the edge states are still around their original
values despite the minor fluctuation caused by higher-order
perturbation terms. Overall, these phenomena provide extra
evidence that all of the edge states in the Rice-Mele ladder
are topologically protected, and their topology can only be
uncovered after topology reconstruction.

APPENDIX C: CHIRAL BLOCH EIGENSTATES
AT THE TOPOLOGICAL PHASE TRANSITION
POINT OF RICE-MELE-TYPE SYSTEMS

In this Appendix, we would like to prove that a pair of
chiral Bloch eigenstates can be found if and only if the Rice-
Mele-type system is at the topological phase transition point.

For any Rice-Mele—type system and its chiral counterpart,

Hrm(k, R) = [h(:b;e)f h(_kvllj)i| (CDh
Henirat (k, R) = I:h(kf)R)T h(kéR)]’ (C2)

where k is the Bloch vector, R is the tuning parameter. Based
on the homomorphic mapping relationship, both of them share
the same topological phase transition point Rc. For Hcpiral
at Rc, the gap around zero energy closes, i.e., there should
be a pair of doubly degenerate zero-energy Bloch states
Yr1(ko), Y2 (ko). Considering the chiral operator I', one can see
that 'y (ko), I'y2 (ko) are also the zero-energy eigenstates:

Heniral I 1 (ko) = =T Henirar V1 (ko) = 0. (C3)

Through the combination of degenerate eigenstates V¥ (ky),
Yalko), Tri(ko), T'a(ko), the zero-energy eigenstates of
Heniral (ko, Rc) can be taken as chiral states with opposite
sublattices occupied:

Yiko) = [*"3"},

Yako) = [qﬂ (C4)

According to Eq. (16), v(ko), ¥ (ko) are also the eigen-
states of Hrm(ko, Rc). Therefore, at the topological phase
transition point of Rice-Mele—type system, there exist a pair
of chiral Bloch eigenstates.

On the other hand, if Hgrm(k, R) possesses a pair of
chiral Bloch eigenstates, they must also be zero-energy eigen-
states of its chiral counterpart Hchira(k, R). Therefore, for
Henirat(k, R), the gap around zero energy closes, indicating
both Hepira1 (k, R) and Hrm(k, R) are at the topological phase
transition point R = Rc.

APPENDIX D: EXAMPLE OF DIRECT
PERTURBATION-BASED TOPOLOGY
RECONSTRUCTION IN 1D LADDER SYSTEMS

To verify the independence of our perturbation-based
topology, in this Appendix we would like to exhibit an
example of the 1D ladder model whose topology in the
fractional-filling gaps can be obtained directly through degen-
erate perturbation.

The schematic of the 1D ladder model is shown in
Fig. 14(a), which could be realized by introducing additional
onsite energies to the site b, d of SSH ladder. Similar to Rice-
Mele ladder, both spatial symmetry and chiral symmetry are
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Real-Space Winding Number

0 0.5 1 1.5 2
(©) A

D §

FIG. 14. (a) Schematic of the example 1D ladder model. The
dimers in y direction are marked by dashed boxes. (b) The band struc-
ture versus A witht = 3,8 = 1, u = 15, v = 5. (c) The distributions
of the four product matrices U,U;, U, Uy, UpU,, U, U calculated by
Eq. (36). (d) The real-space winding number exhibits a unit jump at
the critical point § = A. (e) The spatial distribution of the edge state
in the third gap.

broken here. The Hamiltonian can be written as

H=> [t +8bla;+(t —8)al, b+t — Adc;
J
+(t + A)cl, dj + pale; + (u —v)bld; + Hel
+vbib; + vdld;. (D1

Similarly, in the strong-coupling limit w, v > ¢, 8, A, we
consider the dimers composed of two atoms in y direction:

A 0 n B v H—v
%dimer = |:,LL 0:|’ 7_[dimer = |:/'L Y v i| (D2)

The eigenenergies and eigenstates of dimers can be
expressed as

Efi=—p, = %ai, ay — i, c)),

Ej=p, Y= \%(u, ay + i, ¢)),
El=—p+20, yb= %w’, by — i, d)).
Ey=p, ¥5= %w, by + i, d)). (D3)

where {wfi} and {1//5.} share the same eigenenergy. Therefore,
they form the degenerate subspace. The perturbation Hamil-
tonian of the degenerate subspace can be written as

H o= [0 s | +6lvs ) vi,.| +Hel, (D4
J

where 11 =1t + %(8 —A), b =t— %(6 — A). One can easily
see that 7’ is exactly the Hamiltonian of the SSH model.
Based on the conclusion of Sec. IV, a pair of in-gap edge
states should be found in the third gap around E = p when
§ < A, which is confirmed in the band structure shown in
Fig. 14(b). On the other hand, since the subspace perturbation
Hamiltonian H' already possesses chiral symmetry, shown
in Fig. 14(c), the unitary matrices Uy, Up can be obtained
directly via Eq. (36) without renormalization. The real-space
winding number calculated by Uy, Up shown in Fig. 14(d) is
quantized and a unit jump can be observed at the critical point
6 = A. Furthermore, the spatial distribution of the third gap
edge state shown in Fig. 14(e) exhibits clear evidence of chiral
edge state defined on the degenerate subspace {yi}, {y5}.
Therefore, in this example of 1D ladder model, its topological
properties at % filling can be reconstructed independently via
perturbation theory.

APPENDIX E: PERTURBATION-BASED TOPOLOGY
IN DIMERIZED BIPARTICLE SUPERCONDUCTING
SYSTEM

In previous works on 1D biparticle superconducting sys-
tems [12,17,43], it is found that the Hamiltonian of Kitaev
chain in Majorana quasiparticle representation shares similar
form with that of the SSH ladder. Theoretically speaking,
all the topological properties of the SSH ladder should have
counterparts in superconducting systems. As the Kitaev chain
belongs to BDI class, only the topological properties at zero
energy have been well discussed. Following the perturbation-
based topology reconstruction method introduced in the main
text, in this Appendix we would like to exhibit the nonzero
topological phase in 1D dimerized Kitaev chain, namely, the
Rice-Mele—type fermionic phase. This finding shows the gen-
erality of our method as well as its potential to greatly extend
the study of topological band theory in various systems.

First, we transform the Bloch Hamiltonian of our non-
superconducting model of Eq. (2) with v = 0 into Majorana
quasiparticle representation [17,43]:

0 [MK)]
Haaj (k) = [[iM(k)]T 0 ]

One can prove that Hy,j(k) and H(k) in Eq. (2) share the
same band structure and band topology. Then we can express
the Hamiltonian in the Bogoliubov—de Gennes (BdG) form
[17] through the following unitary transformation:

(ED)

Hpac (k) = U'Hnay ()U', (E2)
1 0 i 0
110 1 0 i
/ —
U=Z5l1 o —i o (E3)
0 1 0 —i
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We note that U’ actually represents the relationship between
Majorana quasiparticle and fermion:

1 .
n=—=>+c),
1 ﬁ
i
=—(—ch. (E4)
V2 ﬁ
Then we have
1 Z 0 w
¢ uy  —w* 0
= E
Hpac(k) 0 —w —p -z | (ES)
w* 0 )
where z =1 + e, w= -1+ ek, 1 =1+ 16 — A),

h=t—10—A), 1 =8+ A. Finally, we obtain its real-
space representation by performing inverse Fourier transfor-
mation to Eq. (ES):

H = Z(,LL]CZ’"CA,n + MZC;nCB,n)
n

+ (IICZ.nCB,n + IQC/Z’HJHCB,” + H.c.)

1
+ Ez’(c;nc;n + ¢} piiCha +He).  (E6)

The Hamiltonian in Eq. (E6) is the superconducting counter-
part of SSH ladder, which can be regarded as a dimerized
Kitaev with staggered onsite energy. For the gap around zero
energy, it is well known that there exist a pair of Kitaev-type
Majorana modes with nontrivial winding number [12].

On the other hand, since Eq. (E6) and SSH ladder share
the same band-gap structure, for the nonzero gaps, there
should also be nonzero in-gap edge states when t, > t,. Their
topological properties might be explained through our pertur-
bation method. One may notice that the dimer representation
presented in Sec. IV is equivalent to the following unitary
transformation:

1
1 {0
1

V=5

) (E7)

—_—O = O

0

which shares a similar form with U’ in Eq. (E3). Com-
paring Eq. (E3) with (E7), we can obtain the following

relationship:
CliA —> CZJ,
C2i,A —> CA,s
Cli,Bp —> C;,-,
C2i,B —> CB,is (E8)

where cy; », C2i» are the annihilation operators corresponding
to Eq. (24):

1
Clia = —2(Ci,a — Cic)s
1
A = ?(Ci,a + Cie)s
c1ip = —=(Cip — Cia),
B 7
1
2 = —=(Cip + Cia)- (E9)

S

2
That is to say, the degenerate subspace {y/{, Y5} defined in

1i°
Sec. IV corresponds to the hole subspace in Eq. (E6) while
subspace {y5:, Y2} corresponds to particle subspace. From
this point of view, the subspace Hamiltonian is equivalent to
Eq. (E6) without the superconducting pairing gap t’, which
is exactly the Hamiltonian of Rice-Mele model. Based on the
conclusion of Sec. III, a pair of fermionic edge states with E =
W1, Lo would appear when #, > t, which coincides with the
properties of nonzero edge states of the SSH ladder at % filling.
Moreover, if we keep in mind the anticommunication relation
between the annihilation operator ¢ and creation operator c’,
in the hole subspace, the energies of fermionic edge states
become E = —u;, —uo, which agree with the edge states of
the SSH ladder at i filling. Therefore, from the perspective
of Eq. (E6), the perturbation-based topology of the first gap
and the third gap actually correspond to the same Rice-Mele—
type fermionic topological phase in dimerized Kitaev chain.
As a result, four rather than two nonzero edge states would
appear in the topologically nontrivial region, which confirms
its fermionic property as every fermion is divided into two
quasiparticles in BdG form. It is worth noting that the Rice-
Mele—type phase differs from the SSH-type phase protected
by chiral symmetry in Ref. [17] in two senses. First, it appears
with nonzero i, u, and nonzero topological edge states;
Second, it is independent of Kitaev-type topology. While
the Kitaev-type topology protected by chiral symmetry (in
the form of particle-hole symmetry for BDI superconducting
systems) is determined by ¢ and p, u,, the Rice-Mele—type
topology relies on the other two parameters § and A.
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