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Formation and structure of MuOH in ice studied by muon spin rotation
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The behavior of muons in water and ice is investigated by measuring spin rotation and relaxation of positive
muons in water at 140–300 K, where we successfully observe oscillation in the zero-field spectra of muons in
ice. The oscillation is attributed to the spin–dipole interactions between the muon in MuOH and neighboring
protons and to hyperfine transitions of triplet states of axially symmetric anisotropic muonium in ice. The Mu–H
distance in MuOH exceeds the H–H distance in H2O by 5% in ice.
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Over the past four decades, muon spin rotation and re-
laxation (µSR) measurements in water have been reported
by several research groups [1–11]. A positive muon (hence-
forth referred to as muon) is similar to a proton with a
lower mass (mμ∼1/9mp, where mμ and mp are the masses
of muon and proton, respectively). It is highly sensitive to
magnetic fields in materials owing to its gyromagnetic ratio,
which is 3.2 times that of a proton. In addition, two special
features—100% spin polarization and asymmetric decay to
positrons—make it an exotic probe for studying local elec-
tronic and spin dynamic states of materials. Its bound state
with an electron is called muonium (Mu = μ+e−), which is
similar to a light isotope of an H atom with similar chemical
behavior but with different magnetic properties. Both states,
i.e., muon and muonium, reveal the microscopic information
of materials via µSR measurements.

Water in its liquid and solid states is a ubiquitous com-
pound that plays important roles in many fields of modern
science. The physics of water, its molecular structure and
dynamics, and its complex phase behavior originate from the
properties of its highly coordinated hydrogen-bond network,
and these properties are guided by the Bernal–Fowler ice rules
[12]. The well-known anomalies of liquid water—its large
number of crystalline phases and polymorphism of its amor-
phous phases—make it a subject of great interest in condensed
matter physics.

Muons injected into bulk water can serve as the most
sensitive probes for the investigation of local structure and
dynamics on subatomic length scales. Because a muon and
muonium can substitute H+ and H, respectively, they can be
utilized as replacements for natural defects in ice. Zero-field
(ZF) µSR measurements reveal the magnetic environment at
the muon stopping sites as well as the interaction between the
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spins of muons and neighboring protons. Consequently, this
technique extremely sensitive to the geometric arrangement of
the closest neighboring protons. Using suitable model calcu-
lations, the local dynamics (rearrangements) can be analyzed
within the average lifetime (2.2 µs) of a muon at its stopping
site.

Since the first observation of muonium formation in ice [1]
and water [2], several µSR studies have been conducted to in-
vestigate depolarization, missing fractions [5], and hyperfine
interactions of muonium in water and ice [13]. When muons
are injected into water, 60% of the injected muons exist in a
diamagnetic form, 20% in the muonium form, and the remain-
ing proportion is called the missing fraction. However, in ice,
nearly 50% of the injected muon exists in a diamagnetic form,
and the rest remains in the muonium form, with an almost
negligible missing fraction. The missing fraction in water is
attributed to the interaction of muonium with transient para-
magnetic species, e.g., hydrated electrons, hydroxyl radicals,
and hydrogen atoms (even to a small extent), formed by the
radiolysis of water [6]. Hyperfine interactions and frequencies
of muonium in water are induced by the anisotropy of the
axial symmetry in the muonium hyperfine interaction. The
magnitude of the splitting frequency of muonium depends on
the angle between the applied field and crystal c axis of ice.
Muonium shows spin-exchange interactions with molecular
oxygen in water, and these interactions determine the relax-
ation rate of muonium in the presence of oxygen [11,14].
Level-crossing resonance measurements conducted by Cox
et al. reveal that the muon is bound to O of H2O and that there
are two diamagnetic muon states (HMuO and H2O–Mu+–
H2O) in ice [10,15,16]. However, measurements in HF-doped
and NH3-doped ice could not confirm the formation site of
HMuO in Bjerrum L defects [17]. Similarly, Markland et al.
reported the quantum diffusion of muonium in hexagonal
ice (Ih) at low temperature of 8 K [18]. Most previously
reported studies focused on muonium chemistry (or muonium
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FIG. 1. (a) ZF µSR time spectra of muons in water and ice; (b) fitting of the spectra at 270 K using polarization functions for 2S (χ2 = 2.07)
[21], 3S collinear (χ 2 = 2.07) [22], and 3S triangular (χ 2 = 2.08) [23] systems; (c) TF 2.3 G µSR time spectra of muons in water and ice; and
(d) fitting of the TF 2.3 G spectra at 270 K using three fitting functions [χ2 = 1.40 (orange line), 1.55 (black), and 1.12 (red)]. The spectra are
shifted for clarity.

behavior) in water and ice. However, the temperature-
dependent behavior of muons in water remains obscure.
Because the interactions of muons and muonium with mate-
rials are significantly different, investigations on the behavior
of muons in water and ice are required to reinforce our under-
standing of the fundamental processes.

We performed µSR experiments at S1 area in the S line
of the Material and Life Science Facility at the Japan Pro-
ton Accelerator Research Complex (J-PARC) using 4-MeV
spin-polarized muons. Water was collected from a Milli-Q
(Advantage A10 system) water purification system, distilled
twice, saturated with N2 gas, and sealed (8.5 mL water) in
an aluminum cell (volume 10 mL) under an N2 environment.
The aluminum cell was connected to a helium cryohead dur-
ing the measurements. A muon beam (20-mm collimator)
was injected into the water through an aluminum window
(thickness = 0.1 mm; cross-sectional diameter = 43.5 mm).
The cell was placed in a high-vacuum (∼10−5 Pa) cham-
ber connected to a flypast chamber. ZF and transverse-field
(TF) measurements were carried out at different temperatures
(140–300 K). In the ZF, the field value at the sample position
was ± 1.0 µT. The time histograms of the preferential decay
of positrons from muons toward the muon spin directions
were recorded using forward (NF ) and backward (NB) de-
tectors. The data were analyzed using the MUSRFIT software
package [19]. The asymmetry parameter, defined by A(t ) =
[NF (t ) − αNB(t )]/[NF (t ) + αNB(t )] (where α and t denote
the balancing factor and time, respectively), was determined
to evaluate the time evolution of the muon spin polarization.

Figure 1(a) depicts the time evolution of the positron de-
cay asymmetry at the ZF at three selected temperatures. For
t > 1 µs, a constant plateau is observed in the liquid state,
while it disappears when the temperature is below the freezing
point. In water, the initial relaxation (t < 1 µs) is induced
by existing of the muonium fraction. At temperatures less
than 270 K, the observed signal is a superposition of the
relaxing decay curves with several oscillating contributions.
Previously, Wang et al. [20] investigated the relaxing decay
of muon polarization in various ice phases (ice II, ice VI, ice
VIII, and high-density amorphous ice). However, they fitted a
single exponential decay function to their ZF data and did not
comment on superimposed oscillations.

In nonmagnetic materials, oscillations, similar to the ones
observed in the ZF µSR signal, are attributed to spin–dipole
interactions between muons and nearby spin-one-half nuclei
[21]. To date, several geometric arrangements of muons and
nearby nuclei in two-spin (2S [21]) and three-spin systems
(collinear [21,22], henceforth referred to as 3S collinear and
equilateral triangular [23], henceforth 3S triangular) have
been investigated [21–23]. However, Fig. 1(b) clearly demon-
strates that the ZF µSR data at 270 K cannot be interpreted
using these models within the precision of the experimental
data. At 270 K, two oscillating frequency components—one
fast and another slow—are evident in the ZF spectra.

Figure 1(c) shows the TF 2.3 G µSR spectra obtained
at the three selected temperatures. The spectra obtained in
liquid water displays distinct diamagnetic and paramagnetic
muonium precession signals. By contrast, the spectra obtained

104104-2



FORMATION AND STRUCTURE OF MuOH IN ICE … PHYSICAL REVIEW B 110, 104104 (2024)

FIG. 2. (a) Fitting of the TF-dependent spectra obtained at 270 K; (b) splitting of muonium frequencies (� fMu left vertical axis) and
frequencies of two diamagnetic muon species ( fμ1 and fμ2 right vertical axis) under the TF field at 270 K; (c) temperature-dependent TF 2.3
G spectra; and (d) splitting of muonium frequencies with temperatures at three TF values. Time spectra in (a) and (c) are fitted using Eq. (1)
and shifted for clarity.

in solid water (polycrystalline Ih) at 270 K exhibits a beating
pattern of muonium frequencies in addition to the preces-
sion of the diamagnetic muon species. The beating pattern
of muonium relaxes, i.e., disappears, below ∼200 K. Unlike
the spectra of single-crystal [7] and polycrystalline ice [6]
reported by Percival et al., the spectra obtained from ice in
our study cannot be reproduced by a simple diamagnetic muon
and the beating pattern of muonium [Fig. 1(d), orange line].
Moreover, the spectra obtained in the present paper cannot be
reproduced by the functions used for two diamagnetic muon
states detected in solutions of manganous nitrate hexahydrate
in acetone and methanol [24] [Fig. 1(d), black line]. Here, to
reproduce the TF spectra, we propose a function reflecting
the field-dependent two diamagnetic muon species in addition
to the beating pattern of muonium [Fig. 1(d) red line, and
Eqs. (1)–(3)].

ATF (t ) = Fμ1(t ) + Fμ2(t ) + FMu(t ), (1)

Fμi(t ) = Aμi exp(−λμit ) cos(ωμit + φμ), (2)

FMu(t ) = AMu exp(−λMut )[cos(ωMu1t + φMu)

+ cos(ωMu2t + φMu)], (3)

where ωi (= γiBi = 2π fi ), Ai, φi, and λi are precession fre-
quencies, amplitudes, initial phases, and relaxation rates of
species i, respectively; γi is the gyromagnetic ratio of species
i. To understand the temperature-dependent behavior of the
oscillations in ZF and the presence of two diamagnetic muon
species [i = 1 and 2 in Eq. (2)] in a TF, we performed

TF-dependent analysis in solid water [Figs. 2(a) and 2(b)],
and temperature-dependent µSR studies [Figs. 2(c) and 2(d)]
at three TF values in ice. The spectra were analyzed using
Eq. (1). Figure 2(b) (black open diamond) shows the splitting
of the muonium frequencies; this splitting is almost field-
independent under a weak field (< 10 G) at 270 K. This
result reveals the occurrence of axially symmetric anisotropic
hyperfine coupling (axially symmetric muonium hyperfine
coupling tensors with Axx = Ayy �= Azz or full anisotropy
with Axx �= Ayy �= Azz [25]) of muonium in solid water.
The splitting of muonium frequencies (� fMu) is attributed to
separation between two transitions (ν12 and ν23) of anisotropic
muonium triplet states [26]. Under the ZF, a single-
frequency muonium oscillation is expected owing to the
equal frequency of the ν12 and ν23 transitions (details in Ap-
pendix A)—this expected feature provides a crucial clue for
analyzing ZF data [Fig. 1(a)]. The measured field-dependent
precession frequencies of the two diamagnetic muon species
(μ1 and μ2), presented in Fig. 2(b), indicate that the frequency
of μ2 is higher than that of μ1 under the same TF field
[fμ1 = 0.015(1) MHz, fμ2 = 0.130(2) MHz at TF 0.95 G].
Figure 2(d) displays the field- and temperature-independent
muonium splitting, which is attributed to the axially symmet-
ric anisotropic hyperfine coupling of muonium in ice and is
consistent with previously reported data [7].

Based on the visualized hyperfine transitions of anisotropic
muonium energy levels and field-dependent precession of the
two diamagnetic muon species under a weak TF, the follow-
ing generalized model [Eq. (4)] for analyzing the ZF spectra
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FIG. 3. (a) ZF µSR spectra of water at different temperatures; the spectra obtained from solid water are fitted using Eq. (4) and shifted
for clarity. (b) Relaxation rates of muonium and diamagnetic species with temperature. (c) Frequencies of anisotropic muonium and slow–
oscillating signal (μ2) under the ZF as function of temperature.

measured in solid water is proposed here:

AZF (t ) = AMu exp(−λMut )
[

1
6 + 1

3 cos(�Mut )
]

+ Aμ2 exp(−λμ2t ) cos(ωμ2t + φμ)

+ Aμ1 exp(−λμ1t ), (4)

where the first term corresponds to the powder average of the
polarization function of anisotropic muonium under the ZF,
neglecting the terms containing transitions between singlet
ground and triplet excited states [27]; the second and third
terms correspond to the diamagnetic muon species μ2 and
μ1, respectively; �Mu represents the oscillating frequency
of anisotropic muonium corresponding to the ν23 transi-
tion under the ZF. The fitted ZF spectra and corresponding
parameters are presented in Figs. 3(a), 3(b) and 3(c), respec-
tively. The determined dipole anisotropy (ωdip = 2�Mu) of
the hyperfine interaction of muonium at 270 K is 1.2034(38)
MHz. Figure 3(b) shows that the relaxation rate of muonium
increases with decreasing temperatures. In Fig. 3(c), the slow-
oscillating signal ( fμ2) appears to remain constant over the
measured temperature range; however, the fast-oscillating sig-
nal (�Mu) originating from the axially symmetric anisotropic
hyperfine coupling of muonium becomes invisible below
180 K because of the high relaxation rate of muonium. The
nuclear dipolar coupling of protons with muonium increases
the relaxation rate, thereby preventing the detection of muo-
nium oscillations below 180 K.

Next, we focus on identifying these two diamagnetic muon
species in solid water. First, following the mechanism of
proton transfer in ice, we consider that some of the injected

muons can replace one of the protons of water and form
MuOH. A quantum simulation (details in Appendix B), per-
formed by considering the spin–dipole interactions between a
muon and neighboring protons (here, we consider a muon and
three nearby protons, i.e., in total a four spin-one-half system,
4S), shows that the frequency, which depends on the distance
between the muon and protons, is less than 0.2 MHz. This
frequency value is comparable with the low frequency of the
oscillating signal detected under ZF [Fig. 3(c), open square]
and that of μ2 under the weak TF [Fig. 2(b) open circle].
Therefore, the slow-oscillating diamagnetic muon (μ2) signal
detected in solid water is attributed to MuOH. By replacing
the term cos(ωμ2t + φμ) in Eq. (4) by the polarization func-
tion of MuOH in the 4S system, GMuOH(t), the ZF spectra
recorded at 270 K can be well reproduced [Fig. 4(a)] when the
Mu–H distance (1.65 Å) in MuOH exceeds the H–H distance
in H2O by 5% (details in Appendix B). The long Mu–H
distance in MuOH can be achieved either via elongation of
the Mu–O bond or reorientation of the water molecule. Our
path integral simulation results of MuOH in Ih at 250 K shows
9% elongation of the Mu–O bond and a <1% angle (details
in Appendix C). The experimental data (microsecond range)
may reflect the bond elongation rather than the fast reorien-
tation (∼picosecond) of the water molecule. Based on the
initial asymmetries of each term, the determined fractions of
μ1, MuOH, and muonium at 270 K are 29.0(5)%, 33.7(4)%,
and 17.5(6)%, respectively, with the remaining representing
the missing fraction (temperature-dependent fractional yield
explained in Appendix D). In the first and second terms of
Eq. (4), the exponential decay components account for the
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FIG. 4. (a) Fitting of the ZF spectra (α corrected), recorded at 270 K using the polarization function of MuOH in addition to those of a
diamagnetic muon (μ1, which may be H2O–Mu+–H2O) and anisotropic muonium contribution. The fast-oscillating signal is attributed to the
axially symmetric anisotropic hyperfine coupling of muonium, whereas the slow-oscillating signal is attributed to the spin–dipole interaction
of the muon in MuOH, where FMuOH(t) = Aμ2 exp(−λμ2t ) GMuOH(t). (b) Schematic of the muon species in liquid water at 280 K and solid
water at 270 K. In the case of solid water, the time spectra corresponding to three muon species (H2O–Mu+–H2O, MuOH and anisotropic
muonium) are observed.

polarization decoherence due to the higher-order terms in
the interaction between the muon and next-neighbor nuclear
spins. Even though the exponential term is purely phenomeno-
logical, the relaxing oscillation is evident. The oscillating ZF
spectra exhibited by fluoride crystals (CaF2 and NaF) [28]
have been successfully explained, including the interaction
between muons and more distant nuclear spins. However, in
ice, the implanted muons can create defects, and subsequently,
the Bjerrum defect dynamics may cause reorientation of the
water molecules [29]. For such a dynamic system, derivation
of the polarization function considering the effect of nearby
and more distant protons around the muon sites is computa-
tionally costly.

Among the two diamagnetic muon species (μ1, μ2)
mentioned above, μ2 is attributed to MuOH and μ1 to H2O–
Mu+–H2O as pointed out from the LCR study by Cox et al.
[10,16,17]. Their LCR measurement in ice doped with HF and
NH3 pointed out the existence of both MuOH and H2O–Mu+–
H2O. In conventional µSR (weak TF and ZF) we observed
the distinct frequencies in the time spectra corresponding to
both diamagnetic muon species in ice for the first time. The
revised model of Leung et al. [30] indicates the formation of
the diamagnetic MuH molecule in liquid water. However, no
noticeable signal of MuH was observed in the liquid and solid
water spectra measured under our experimental conditions
(details in Appendix E).

Due to the fast motion of the hydrogen bonding networks
[31] in liquid water, the MuOH signal is averaged out and
cannot be detected. Therefore, signals of only two states of
muon, i.e., a diamagnetic muon and paramagnetic isotropic
muonium, are detected in the spectra measured in liquid water
[Fig. 4(b)]. By contrast, in the spectra recorded in solid water,

because of the stable configuration of MuOH in µs time range,
we found a distinct signal corresponding to MuOH with long
Mu–H distance in addition to another diamagnetic muon state
(H2O–Mu+–H2O) and an anisotropic muonium.

Our paper provides a powerful tool for investigating
the defect-mediated proton dynamics in various phases of
hydrogen-bonded ice. The muon implanted in the ice crystal
creates—and is a part of these—defects (Bjerrum L and D
defects) that induce translational and rotational proton or H2O
molecule dynamics in solid-ice phases. The findings of this
paper may provide insights into the spin dynamics observed
in other systems, e.g., proton dynamics in hydrated organic
materials, proton transfer in biological membranes, and gen-
eral transport processes of other spin-nuclei in solid state
materials.

In conclusion, the oscillations detected in the ZF time spec-
tra obtained from solid water are attributed to the spin-dipole
interactions between the muon in MuOH and nearby protons
as well as the hyperfine transitions of the triplet states of
axially symmetric anisotropic muonium in ice. Our detailed
analysis of muon spin rotation under a ZF and weak TF cor-
relates the distinct time spectra with MuOH, providing direct
evidence of molecular MuOH formation in ice. The Mu–H
distance in MuOH exceeds the H–H distance in H2O by 5%
in ice.

A.D.P. thanks J. Lord, F. Pratt, K. Nagamine, J. Sugiyama,
R. Kadono, K. Fukutani, P. C. Gupta, M. Hiraishi, S.
Nishimura, T. U. Ito, S. Kanda, I. Umegaki, and J. Naka-
mura for their help and discussions. The muon experiments
were performed at the Materials and Life Science Ex-
perimental Facility of the J-PARC under a user program
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FIG. 5. Breit-Rabi diagram for anisotropic muonium in ice. Left:
Singlet ground and excited triplet states. Right: Zoomed image of the
left figure, showing the hyperfine transitions of the triplet state under
a TF of 0.3 mT. Two frequencies (ν12 and ν23) of muonium with a
splitting frequency of (ν12 − ν23) are observed under a weak field.
Under the ZF, the single frequency (ν23 = 0.602(2) MHz) oscillating
signal is observed at 270 K in the case of solid water owing to the
axially symmetric anisotropic hyperfine coupling of muonium.

(Proposals No. 2019B0412, No. 2020A0298, No. 2021B0332,
No. 2022A0264, and No. 2023A0198). This work is sup-
ported by a Grant-in-Aid for Scientific Research of the
Ministry of Education, Culture, Sports, Science and Technol-
ogy (MEXT), JSPS, KAKENHI (Grant No. 21K15583).

APPENDIX A: HYPERFINE TRANSITIONS
OF ANISOTROPIC MUONIUM

Muonium is a bound state of two spin-one-half particles: a
muon and an electron. The total Hamiltonian of an anisotropic
muonium in an external TF (Bext) applied along the z axis is
given by [27]

H = h̄SeASμ + geμBBextS
Z
e − h̄γμBextS

Z
μ, (A1)

where A is the anisotropic hyperfine coupling tensor.
Upon solving the Hamiltonian, the determined variations
in the four energy eigenvalues (E1, E2, E3, and E4)
with the external field strength are illustrated using
the Breit-Rabi diagram (Fig. 5). If up and down
spins are denoted by |1/2〉 and | − 1/2〉, respectively,
then the corresponding four basis states |me, mμ〉 are
|1/2, 1/2〉, |1/2,−1/2〉, | − 1/2, 1/2〉, and | − 1/2,−1/2〉.
The eigenvectors of the muonium states corresponding to
the eigenvalues are given by |ψ1〉 = |1/2, 1/2〉, |ψ2〉 =
c1|1/2,−1/2〉 + c2| − 1/2, 1/2〉, |ψ3〉 = | − 1/2,−1/2〉,
and |ψ4〉 = c1|1/2,−1/2〉 − c2| − 1/2, 1/2〉. This result
shows that levels 1 and 3 are pure states, whereas, levels
2 and 4 are coherent mixtures of the |1/2,−1/2〉 and
| − 1/2, 1/2〉 states. A detailed explanation is available
elsewhere [27]. Figure 5 (left) depicts the single ground state
and excited triplet states of anisotropic muonium in solid
water. Under a weak TF [Fig. 5 (right)], the two frequencies
of muonium observed in ice correspond to ν12 and ν23, and

FIG. 6. (a) Schematic of MuOH, which forms when a muon
replaces one of the protons in the Ih structure with two nearby H2O.
The dotted lines show the distances of the muon and protons in
Å. We consider spin–dipole interactions between a muon and three
nearby protons, which collectively form a 4S system. (b) Polarization
function GMuOH(t ) and (c) its FFT. The maximum frequency of the
signal is less than 0.2 MHz, which is comparable to the frequencies
of low-frequency and μ2 signals observed under ZF and weak TF,
respectively.

the splitting frequency of muonium is equivalent to their
difference (ν12 − ν23) [26]. Under the ZF, the observed
single-frequency muonium is ascribed to the equal transitions
frequencies (ν12 = ν23). At 270 K under ZF, we obtain
ν23 = 0.602(2) MHz in ice [(Fig. 5 (right)]. Visualizing the
splitting between the singlet ground and triplet states through
conventional muon measurements is challenging.

APPENDIX B: QUANTUM SIMULATION BASED
DERIVATION OF POLARIZATION FUNCTION

The MuOH forms when a muon replaces one of the protons
in H2O. The spin Hamiltonian of MuOH, considering the four
spin-half systems [a muon and three protons of surrounding
water molecules, Fig. 6(a)], can be expressed as

H =
4∑

i> j

γiγ j

μ0r3
i j

(3Si.S j − (Si.ri j )(S j .ri j )), (B1)

where i, j = 1, 2, 3, 4 correspond to three protons and a muon;
ri j is the vector joining the spins Si and S j ; γi and γ j are the
gyromagnetic ratios of the spin-half particles, respectively.

For the quantum simulation, the Quantum code [32] was
used to solve the time evolution of the muon spin using the
density matrix method. The spin evolution of muon, due to
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FIG. 7. χ 2 distribution (p value) versus Mu–H distance in
MuOH for the ZF data, obtained at 270 K, fitted using Eq. (B3). The
blue (blue line is fit) and red marks, corresponding to Mu–H distance,
are obtained by changing the MuOH angle and Mu–O bond length,
respectively.

its dipole interactions with the three nearby protons (total
four spin-one-half system, 4S), was estimated by solving the
Hamiltonian matrix of order (24 × 24). The powder averaged
polarization function for the simple model under the ZF was
developed in the form of Eq. (B2) as shown below:

GMuOH(t ) =
256∑

k

Ck cos(ωkt ) + Dk sin(ωkt ), (B2)

where k = 1, 256 is attributed to the solution of the spin-
Hamiltonian matrix of order 24 × 24 associated with the
4S system; Ck and Dk are the coefficients of the real and
imaginary terms of the polarization functions for the 4S
system. The coefficients (i.e., Dk) of the imaginary terms
vanish.

Figure 6(a) shows schematic of a muon in the 4S system,
and its polarization function [GMuOH(t )] and the corre-
sponding FFT result are presented in Figs. 6(b) and 6(c),
respectively. The frequency range of the spectra is up to
0.167 MHz, which is comparable to the frequencies of the
low-frequency and μ2 signals observed under the ZF and
weak TF, respectively.

The ZF spectra obtained at 270 K were analyzed for dif-
ferent geometries (changing bond length or bond angle) of
MuOH by varying the Mu–H distance in MuOH and by using
the following fitting equation, Eq. (B3):

AZF (t ) = AMu exp(−λMut )
[

1
6 + 1

3 cos(�Mut )
]

+ Aμ2 exp(−λμ2t )GMuOH (t )

+ Aμ1 exp(−λμ1t ). (B3)

The Gaussian fit of the probability density function (χ2

distribution; p value [33]) of both cases, i.e., (a) varying
Mu–H by changing the MuOH angle (blue line and marker
in Fig. 7) and (b) varying Mu–H distance by changing Mu–O

FIG. 8. PIMD simulation results at 250 K: (a) Distribution of
Mu–O and H–O bonds and (b) angle of MuOH in solid water.

bond length (red lines and markers in Fig. 7), shows that
the peak values correspond to 1.656(1) Å and 1.654(1) Å,
respectively. This shows that the Mu–H distance in MuOH
exceeds the H–H distance in H2O by 5% in ice.

APPENDIX C: PATH INTEGRAL MOLECULAR DYNAMIC
SIMULATIONS FOR MuOH IN ICE

We performed the path integral molecular dynamics
(PIMD) simulations to understand the MuOH geometry in ice.
The mass of the muon (i.e., Mu in MuOH) is approximately
one-ninth that of a proton, and the quantum effect of Mu
is significant for theoretical simulations of Mu. The PIMD
simulation includes the full-dimensional quantum effect of
Mu, which is based on the Feynman path integral formulation.
In the simulation, the bead expansion of the ring polymer
was used to account for the quantum effects of the nucleus
(muon). The PIMD simulations were performed by modify-
ing an existing house code [34,35]. For the sampling of the
simulations, the temperatures were set to 250 K, with Nosé–
Hoover chain thermostats introduced to achieve a canonical (
NVT) ensemble. The total sampling steps for the simulations
were 50 000. The time-step size for the simulations with muon
and without muon were 0.04 and 0.1 fs, respectively. The
interatomic potentials were obtained using the VASP pack-
age [36,37] with pseudopotentials derived using the projector
augmented plane wave method. The Perdew-Burke-Ernzerho
functional was utilized, along with a cutoff energy of 500 eV,
and the Brillouin zone of sampling was restricted to the 

point for density functional calculations. Mu injected into the
ice was modeled as 12 water molecules (one MuOH and 11
H2O molecules) with periodic boundary conditions. The lat-
tice constants were optimized using the VASP package prior
to performing the PIMD simulations.

The bond lengths (H–O, Mu–O) and bond angle (of
∠MuOH) obtained from PIMD simulations are shown in
Figs. 8(a) and 8(b), respectively. The quantum effect of
muon significantly increases the bond length. The expec-
tation values of bond lengths of Mu–O and H–O are
1.100 and 1.006 Å, respectively, at 250 K [Fig. 8(a)].
The expectation value of the bond angle (of ∠MuOH)
is 106.3 deg [Fig. 8(b)]. These results indicate that the
Mu–O bond in MuOH shows 9% elongation due to vibrational
motion. Elongation of the Mu–C bond, with respect to the
H–C bond after cleaving of the double bond and formation of
muoniated radicals, has been reported in unsaturated organic
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FIG. 9. Variation in the initial asymmetries of each muon
species, i.e., μ1, μ2, and anisotropic muonium, with temperature,
derived from the ZF time spectra. The dotted line corresponds to the
full asymmetry in the spectrometer for silver.

molecules like cyclohexadienyl, cyclopententyl [38], butene
[39], and ethylene [40].

APPENDIX D: TEMPERATURE-DEPENDENT
FRACTIONAL YIELD DERIVED FROM OSCILLATING ZF

SPECTRA

Figure 9 presents the asymmetries of each muon species,
i.e., two diamagnetic muons (μ1 and μ2) and an anisotropic
muonium, derived by analyzing the temperature-dependent
oscillating ZF spectra using our proposed model [Eq. (4)].
The dotted line corresponds to the full asymmetry (0.24)
observed in the spectrometer for a blank sample (silver).
At low temperature (<200 K), the high relaxation rate of
muonium indicates the increasing asymmetry of muonium.
The total diamagnetic muon fraction (green star) decreases
with decreasing temperature, showing consistency with pre-
viously reported data obtained from TF measurements [6,10].
The missing fraction, which is due to the interaction of ra-
diolysis products with muonium [6] in ice at an early time
(nanosecond order), is detected at temperatures above 160
K; this temperature is consistent with the results of a pre-
vious study, in which a missing fraction has been observed
in single-crystal ice at >200 K, but not in polycrystalline
ice [7]. Although previous reports indicate that the total
diamagnetic muon fraction in ice varies with temperature,
our results reveal the temperature dependence of the MuOH
fraction.

FIG. 10. Simulation of MuH at three selected Mu–H distances
(d = 0.74, 1.0 and 1.5 Å). Time spectra (upper panel) and the corre-
sponding FFT results (lower panel).

APPENDIX E: QUANTUM SIMULATION
OF THE MuH MOLECULE

The spin-dipole interaction between a muon and proton
in MuH was calculated using Eqs. (B1) and (B2) for two
a spin-half system. Figure 10 depicts the derived polariza-
tion function and the corresponding FFT at three selected
distances. The estimated maximum frequencies of the MuH
system for the Mu–H distances of 0.74 Å (similar to H–H),
1.0, and 1.5 Å are 1.42, 0.56, and 0.17 MHz, respectively.
If the Mu–H distance is similar to the H–H distance, then a
signal at 1.42 MHz should be detected in the corresponding
weak TF and ZF spectra. However, no such frequency signal
was observed at the present precision of the µSR time spectra.
If the Mu–H distance in ice is 1.0 Å, then a 0.56 MHz signal
with a field-dependent behavior should be visible in the weak
TF scans. In contrast, the weak TF spectra exhibited an almost
field-independent frequency that was assigned to the hyperfine
transitions of anisotropic muonium. A muon, at a distance of
1.5 Å from a proton, can produce such a low-frequency signal
(<0.2 MHz) under a ZF and weak TF; notably, this distance
is almost the same as that between a muon and proton in a
MuOH molecule [Fig. 6(a)] and is not that expected for an
isolate MuH molecule.

The TF spectra obtained in liquid water can be well
reproduced by accounting for the Larmor precession of a
diamagnetic muon and another paramagnetic muonium. This
result indicates that within a microsecond timescale, distinct
time spectra of the MuOH and MuH molecules are not de-
tected in liquid water. The averaged-out MuOH signal in the
microsecond timescale can be attributed to the rapidly chang-
ing of hydrogen-bond networks and fast dynamics of water
molecules (MuOH) in liquid water.
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