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Within the context of first-principles techniques, we present a theoretical and computational framework to
quickly determine, at finite momentum, the static self-consistent (longitudinal) charge response to an external
perturbation that enters the determination of the scattering cross section of inelastic scattering processes such as
EELS. We also determine the (transverse) charge response computed in short-circuit conditions. The all-order
quasimomentum expansion of the transverse charge response to an atomic displacement are identified with
dynamical Born effective charges, quadrupoles, octupoles, etc. Theoretically, we demonstrate that the transverse
charge response can be related to the longitudinal one via a well-defined static long-range dielectric function,
going beyond the random phase approximation. Our theoretical advancements allow for an efficient use of
perturbation theory in the computational implementation. Due to its more favorable scaling, our method provides
an interesting alternative to the use of the 2n + 1 theorem, especially for the study of semiconductors and metals
with large unit cells. For semiconductors, we apply our developments to the computation of the piezoelectric
properties of a large cell solid solution of semiconducting hafnium oxide containing 96 atoms. We here show
that the clamped ion piezoelectric response, which is determined solely by dynamical quadrupoles, can be
decomposed into real-space localized contributions that mostly depend on the chemical environment, paving
the way for the use of machine-learning techniques in the material search for optimized piezoelectrics. We
further apply our methodology to determine the density response of metals. We here find that the leading
terms of the charge expansion are related to the Fermi energy shift of the potential if admitted by symmetry,
and by Born effective charges which do not sum to zero over the atoms. These terms are then linked to the
leading order expansion of the macroscopic electron-phonon coupling in metals. We apply our developments
to the TEM-EELS spectroscopy of lithium intercalated graphites, where we find that approximating the density
response via the use of the atomic form-factor in the long-wavelength limit does not take into account the
anisotropy of the atomic chemical bonding in the crystal.
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I. INTRODUCTION

The electronic density response of a crystal to a weak
external electromagnetic perturbation is one of the most im-
portant physical quantities in response theory [1,2]. It is the
building block for the determination of collective excitations,
such as plasmons, phonons, magnons, or charge density waves
to name a few. The excitation spectrum can be assessed ex-
perimentally via inelastic scattering techniques using different
probes, such as x rays (inelastic x-rays scattering, IXS), elec-
trons (electron energy-loss spectroscopy, EELS), or neutrons
(inelastic neutron scattering, INS), whose scattering intensity
can be expressed within the Born approximation in terms of
the density-density correlation function [3], in turns related
to the density response function defined in linear-response
theory [4].

In this work, we are interested in the static macroscopic
charge density response following an atomic displacement,
at finite momentum, for both semiconductors and met-
als, where macroscopic means averaged over the real-space
unit cell. To this aim, we address both the longitudinal
charge response, including self-consistently the electronic
screening effects, and the transverse one, computed at null

macroscopic electric field, where we adopt the same termi-
nology used for dynamical effective charges to account for
different electrostatic boundary conditions, longitudinal and
transverse charges being also known as Callen and Born ef-
fective charges, respectively [5,6].

In this work, we base our analysis on the concept of static
inverse macroscopic dielectric function, ε−1

L , as defined in
earlier works [7,8]. In particular, ε−1

L is in the same form as
many-body inverse dielectric function where all the local-field
and exchange-correlation effects are taken into account by
the reducible polarizability [7–9]. Here we generalize this
definition to metals, where we show that, in the long wave-
length limit, ε−1

L is connected with the quantum capacitance
of the material. In this way, we improve over previous works
employing the random phase approximation (RPA) for doped
systems [10,11]. This allows us to make our treatment of
the long-wavelength limit in metals fully consistent with the
established procedure [9,12,13] in insulators and to provide a
unified computational framework to target both cases.

Until recently, the concept of Born effective charges was
considered to be exclusive of semiconductors—or slightly
doped ones. Instead, as shown in Refs. [14–16], Born effective
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charges can be defined also for metals in the dynamic limit,
i.e., for q = 0 and ω �= 0, and they can be detected in the
vibrational infrared spectrum if the Drude peak is narrow
due to e.g. a small plasma frequency. Further, as shown in
Ref. [17], Born effective charges can be defined for metals
also in the static limit, i.e., for ω = 0 and q → 0. In this case,
they respect a sum rule which is different from the semicon-
ducting case, and enter the determination of the vibrational
infrared spectrum for bad conducting metals in the collision-
dominated regime for conducting electrons, i.e., when the
Drude peak is smeared out by large electronic linewidths. In
this work, we progress on the results of Ref. [17]. In fact, some
care has to be taken in the definition of static metallic Born
effective charges for those materials where crystal symmetry
is low enough to allow for a monopolar term in the transverse
charge density response that would diverge in the long wave-
length limit [12,18]. Such monopolar term is related to the
change in the total potential due to the shift of the Fermi en-
ergy following an atomic displacement, which violates charge
neutrality. In this work we show that imposing charge neu-
trality does not alter the value of the first order expansion of
the transverse charge response, i.e., the metallic Born effective
charges, removing any ambiguity in their definition.

Finally, we use our theory to highlight how the macro-
scopic leading orders of the electron-phonon coupling with
optical and acoustic phonons, which coincide with the Fröh-
lich and piezoacoustic couplings in semiconductors, have a
totally different form in the metallic case. In fact, they are
not just the screened counterpart of the semiconducting case,
but contain new terms related to the Fermi energy shift of
the potential and to the nonzero sum rule of metallic Born
effective charges.

From a practical point of view, in the framework of
ab initio calculations of crystal properties, density-functional
perturbation theory (DFPT [12]) is a widespread method for
the accurate determination of linear and nonlinear response
properties, with the possibility of treating incommensurate
external perturbations with arbitrary wave vector q. Given
the importance of the problem, fast computational approaches
are desirable. In this context, the variational generaliza-
tion of the (2n + 1) theorem [19–21] guarantees that the
(2n + 1)-order derivative of the ground-state energy can be
calculated using only derivatives up to order n. This is
the usual starting point for the ab initio computation of
response coefficients, such as the dynamical quadrupoles
[22] or flexoelectric coefficients [23]. Nevertheless, for non-
linear responses it sometimes turns out that recurring to
higher order derivatives achieves a computational scaling
improvement for systems containing a large number of
atoms [24]. We apply the same concept in order to deter-
mine the transverse macroscopic charge density induced by
an atomic displacement. In particular, at finite momentum,
we calculate the transverse macroscopic charge response as
the derivative of the forces with respect to a macroscopic
scalar electrostatic potential, generalizing the zone-center ap-
proach of Ref. [25], instead of computing the transverse
charge response following all possible atomic displacements
via the self-consistent determination of the total potential.
In this way, our algorithm scales as O(N3

at), rather than
O(N4

at ).

Beside the great advantage of a computational scaling
improvement, computing transverse charge response allows
an easy convergence of the self-consistent Sternheimer equa-
tion even at very small wave vectors where, e.g., in metals,
the electronic screening is so strong that self-consistent cycles
cannot usually determine the solution. As a consequence, we
can access with ease the coefficients of the quasimomentum
Taylor expansion of the transverse charge response via numer-
ical finite differences. At the same time, we have immediate
access to ε−1

L , since we are considering the response to a
macroscopic external electrostatic potential, and promptly re-
construct the longitudinal charge response.

As a first practical application of the framework delined
above, we compute the piezoelectric tensor of ferroelectric
HfO2 (hafnium oxide), an high-κ dielectric displaying ferro-
electric behavior in thin films [26,27], and which is known
to display a negative longitudinal piezoelectric effect due to
the specific chemical coordination of oxygen atoms [28]. The
piezoelectric tensor may be decomposed as a sum over the
atoms of a combination of dynamical quadrupoles tensors (for
the clamped-ion component) and Born effective charges times
the internal strain tensor (for the contribution of the atomic
degrees of freedom) [29], which we both determine by our
finite difference method. This decomposition is physically
interesting if, when performing a substitution of one atom
with another chemical element, the variation of the tensors
associated to the surrounding atoms decay very fast in real
space. We here show that this property is respected by Born ef-
fective charges and dynamical quadrupoles, by computing the
effect of a substitutional Si defect in a hafnium oxide supercell
containing 96 atoms, i.e., Hf31SiO64. These conclusions are
of utmost importance for optimization via machine learning
of piezoelectric properties of materials such as ceramic oxide
solid solutions like lead zirconium titanate [30,31], polymor-
phic systems as HfO2 or organic polymers and copolymers
[32,33], since the mapping between atomic contributions and
the piezoelectric tensor is in this way more stringent than
via the use of Berry phase techniques [34] and enables the
identification of physically meaningful atomic-wise descrip-
tors beside conventional ones (ionic radius, electron affinity,
Pauling electronegativity, etc.) [35,36].

As an application to metallic systems, we compute the
charge responses and the dielectric function of graphite and
one of its lithium intercalated realizations, which is in general
of high interest for technological applications [37–42]. The
longitudinal charge response to lattice displacements deter-
mines the vibrational contribution to EELS cross section [43],
as the scattering of high-energy electrons in EELS experi-
ment is driven by the Coulomb interaction with both electrons
and nuclei of the sample [4]. Assuming that electrons follow
rigidly the atomic displacements, as usually done for describ-
ing the scattering of x-rays from lattice vibrations, allows for
a simplified expression of the scattering intensity involving
atomic form factors [44]. We compare the longitudinal charge
response of carbon in graphite and LiC6 with the atomic
form factor of isolated carbon, and we show that EEL spectra
obtained within the rigid-ion approximation do not catch the
correct relative intensity between different phononic peaks.
Moreover, since the charge response of a crystal takes into
account corrections beyond the spherical approximation, we
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unveil EELS active phonon that are dark within the atomic
form factor approximation.

We finally mention that the fast procedure implemented in
this work could be beneficial for the determination of the con-
tributes of octupoles to the long range part of the dynamical
matrix [45], of the purely electronic longitudinal flexoelectric
effect [46,47] and of optical activity [48].

The paper is organized as follows: in Sec. II, we present
the theoretical developments of this work, while in Secs. III
and IV we detail their technical computational implementa-
tion and their numerical validation. In Sec. V, we discuss
the application of our computational framework to the two
illustrative material systems introduced above. Eventually, in
Sec. VI, we draw our conclusions.

II. THEORY

In this section, we detail the theoretical framework of
this manuscript. First, in Sec. II A, we review how the long-
range divergence of the Coulomb interactions is treated in
the ab initio self-consistent field calculations of the ground
state density. In Sec. II B, we tackle the same issue for the
linear response problem to monochromatic perturbations at
a generic wave vector q, and show how the nullification of
the macroscopic component of the total electrostatic potential
can be used in order to define transverse charge responses that
are exactly related to the charge responses computed at finite
macroscopic electric field—the longitudinal ones—via a well
defined long-range screening functions. In Sec. II C, we ex-
tend our treatment to the case where the external perturbation
is represented by the displacement of an atom, also reviewing
the recently proposed generalization of Born effective charges
in metals. While the connection of Born effective charges
and infrared spectrum is a textbook topic for the case of
semiconductors, in Sec. II D, we perform the same connection
for the case of infrared spectra of metals. Then, in Sec. II E, we
analyze the long-range dielectric function, and its asymptotic
limits, while in Sec. II F, we review the defining concepts of
piezoeletricity in crystals, which are important for our applica-
tions. Finally, in Sec. II G, we show that charge responses are
responsible for the leading order electron-phonon coupling for
optical and acoustic phonons in crystal. Such leading orders
are in the form of the Frölich and piezoacoustic couplings for
semiconductors, while they are connected to the Fermi energy
shift of the potential and to the metallic Born effective charges
in metals.

A. Unperturbed Hamiltonian

We consider a system of electrons and nuclei with atomic
number Zs and situated at uRs = R + τs, R being a direct
Bravais lattice vector and τs the coordinate relative to the
unit cell origin. To describe the electrons we work within the
density functional theory (DFT) and the single-electron DFT
[49] framework, where the Hamiltonian reads

H0 =
Ne∑
i

H0(pi, ri ), (1)

H0(p, r) = p2

2me
+ V H(r) + V xc(r) + V ion(r), (2)

where Ne is the number of electrons of the system and me

the electronic mass. The electron-ion interaction acts as the
external potential for the electronic system, being written in
all-electron formalism as

V ion(r) = −
∑
Rs

4πZse2

|r − R − τs| , (3)

usually treated in actual calculations using pseudopotentials
and replacing Zs with ionic charges stemming from nuclear
and core-electrons charge. In this section, we will always
consider the all-electron case, while the treatment of the pseu-
dopotential one is demanded to Appendix B. Nevertheless,
not to overburden notation and to keep it easily transferable
to pseudpotential formulation, we will label nuclear-related
quantities by the superscript “ion.”

In crystals, lattice periodicity allows us to describe the
solution of the single particle Hamiltonian in terms of Bloch
functions

ψnk(r) = eik·r
√

N
unk(r), (4)

where n and k are band and wave vector indexes, N is the
number of cells in the Born-von Karman supercell, and unk(r)
respects the periodicity of the crystal and is normalized in
the unit cell. Furthermore, interactions are more easily written
in reciprocal space, i.e., as a function of reciprocal Bravais
lattice vectors G. With this description Eq. (3) is written as
(see Appendix A for conventions)

V ion(G) = − 1

V
v(G)

∑
s

Zse
−iG·τs ,

v(G) = 4πe2

G2
, (5)

where V is the volume of the unit cell. We notice from
Eq. (5) that the Fourier transform of the Coulomb kernel is
problematic for the component G = 0, the reason being that
the real-space integral of the Coulomb potential is divergent.
However, the charge neutrality of the system ensures that all
such divergences globally cancel out, leaving the system with
a net zero macroscopic (G = 0) interaction [50]. Since every
appearance of the macroscopic component of the Coulomb
kernel presents the same feature, it is then natural to define
a short-range Coulomb potential stripping out the kernel of
its G = 0 component, as implemented in standard ab initio
calculations [13]

ṽ(G) =
{

0 G = 0
v(G) G �= 0 . (6)

The divergence in Eq. (5) is then cured by defining

Ṽ ion(G) = − 1

V
ṽ(G)

∑
s

Zse
−iG·τs . (7)

The Hartree potential V H suffers the same problem and there-
fore we conveniently define

Ṽ H(G) = 1

e
ṽ(G)ρ0(G), (8)

where ρ0(G) is the Fourier transform of the ground state
electronic density associated to H0; e is negative for electrons.
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The exchange-correlation potential V xc is instead not related
to the electrostatic Coulomb interaction, but subsumes all the
additional many-body effects. It is defined as the derivative of
the exchange-correlation energy with respect to the density

V xc(r) = ∂Exc

∂ρ(r)
, (9)

and in the typical form used in ab initio calculations such as
LDA or GGA for the exchange-correlation kernel Kxc, does
not suffer of divergences typical of long-range interactions
[51,52]. With the above precautions, we can rewrite our DFT
Hamiltonian without the diverging terms as

H0(p, r) = p2

2me
+ Ṽ H(r) + V xc(r) + Ṽ ion(r). (10)

In the following sections, we will refer to the sum of Hartree,
exchange-correlation and ionic potential as the total potential,
i.e.,

V tot(r) = V H(r) + V xc(r) + V ion(r). (11)

B. Linear response to monochromatic perturbations

1. Longitudinal and transverse responses

We now consider the single particle Hamiltonian

H = H0 + H1, H1(r) = δV ext
q (r)eiq·r, (12)

where δV ext
q (r) is an additional (small) external potential

acting on our system, which respects the periodicity of the
crystal. The ground state density of H is indicated as ρq(r).
We are interested in the cell-periodic variation of the elec-
tronic density

δρel
q (r) = ρq(r)e−iq·r − ρ0(r), (13)

which is induced by δV ext
q . In H , δV ext

q formally couples to the
single particle density operator. Therefore δρel

q is determined
by the density-density response function χ , which we will call
longitudinal in the following, as

δρel
q (G) = e

∑
G′

χq(G, G′)δV ext
q (G′). (14)

The dependence of χ on a single q wave vector follows from
Bravais vectors translational invariance. The Hermiticity of
the response also implies

χq(G, G′) = [χq(G′, G)]c.c., (15)

where ‘c.c.’ stands for complex conjugate, as discussed in
Appendix A. Since the self-consistent variation the Hartree
potential is

δV H
q (G) = 1

e
vq(G)δρel

q (G), (16)

the density-density response calculation has no divergence
problems unless q = −G, in which case we fall back on
the situation of Sec. II A. Coherently, to compute the density
response to a monochromatic perturbation one uses the fol-
lowing Coulomb kernel

ṽq(G) =
{

0 q = −G
v(q + G) otherwise . (17)

The above definition of the kernel is adopted in the standard
implementation of linear response in ab initio calculations
[53,54]. Notice that q is not limited to the first Brillouin zone,
but can be arbitrarily large. The discontinuous jumps of the
Coulomb kernel defined as in Eq. (17) are sources for possible
nonanalytical behaviours of the induced charge of Eq. (14).
The nonanalytical behavior at q → 0 is evident in semicon-
ductors [55]. We can cure the zone-center nonanaliticity by
introducing the following Coulomb kernel

v̄q(G) =
{

0 G = 0
ṽq(G) G �= 0 =

{
0 G = 0 ∨ q = −G
vq(G) otherwise .

(18)

Not to overburden notation, we will consider to be in the
situation where q �= −G; coherently, we will drop the tilde
notation from all quantities now, whose presence is easily
inferred by the context. Eq. (18) then is simply expressed as

v̄q(G) =
{

0 G = 0
vq(G) G �= 0 . (19)

Also, we will adopt the convention, for whatever one- ( f )
or double-indexed (g) quantities evaluated at G = 0, that

fq(0) = fq, gq(0, 0) = gq. (20)

We mention that Eq. (19) follows the approach of Ref. [9].
Such approach has been recently generalized in Ref. [8]. Here,
it has been shown that Eq. (19) consists in a particular choice
for the separation between short and long large components of
the Coulomb kernel; more precisely, Eq. (19) coincides with
the prescription that is indicated as “PCM” in Ref. [8].

Given our prescription to treat the macroscopic electric
field, we define the response function [56,57]

δρ̄el
q (G) = e

∑
G′

χ̄q(G, G′)δV ext
q (G′), (21)

where χ̄q(G, G′) solves the linear response problem under
condition Eq. (19). We will refer to the response function of
Eq. (21) as the transverse density-density response function,
which is Hermitian as well and therefore satisfies

χ̄q(G, G′) = [χ̄q(G′, G)]c.c.. (22)

The self-consistent variation of the transverse Hartree poten-
tial is written as

δV̄ H
q (G) = 1

e
v̄q(G)δρ̄el

q (G). (23)

The variation of the transverse exchange correlation potential
is written starting from the expression

δV xc
q (G) =

∑
G′

Kxc
q (G, G′)δρel

q (G′), (24)

where

Kxc(r, r′) = ∂Exc

∂ρ(r)∂ρ(r′)
, (25)

and therefore

δV̄ xc
q (G) =

∑
G′

Kxc
q (G, G′)δρ̄el

q (G′). (26)
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Notice that in this case, the exchange-correlation kernel has
not been altered since it is not problematic in the usual approx-
imations for Kxc [58]. In fact, the theoretical long wavelength
1/q2 divergence of the exchange-correlation kernel is not
present in the most commonly used LDA and GGA approxi-
mations [51]. To end this paragraph, we notice that the DFT
irreducible/independent particle polarizability χ0 is the same
for both longitudinal and transverse calculations:

δρel
q (G) = e

∑
G′

χ0
q (G, G′)δV tot

q (G′), (27)

δρ̄el
q (G) = e

∑
G′

χ0
q (G, G′)δV̄ tot

q (G′). (28)

The reason is that χ0 is the polarizability of a non interacting
system of particles, and therefore any modification of the
mutual interaction such as the Coulomb does not change its
value.

2. Connection between χ and χ̄

We now try to establish a relation between χ and χ̄ . To do
so, we consider a special external potential in the form

δV ext
q (G) = δφq(G), (29)

δφq(G) =
{

1 G = 0
0 G �= 0 , (30)

which represent a macroscopic electrostatic perturbing po-
tential. Such potential, making use of Eqs. (14), (21) and
Eqs. (15), (22), induces the following charge densities:

δρel,φ
q (G) = eχq(G, 0) = e[χq(0, G)]c.c., (31)

δρ̄el,φ
q (G) = eχ̄q(G, 0) = e[χ̄q(0, G)]c.c.. (32)

The φ superscript is used to mean that a response quantity
is computed under the external perturbation of Eq. (30). The
right-hand sides of Eqs. (31) and (32) are the “wings” (G �= 0)
or the “head” (G = 0) of the longitudinal and transverse
density-density response functions, respectively, and are of
particular importance for the aims of this work, as we will
see later. The relation between the longitudinal and transverse
density-density response functions of Eqs. (31) and (32) can
be derived using scaling considerations applied to the linear
response problem. The argument goes as follows.

We perform a rescaling of the external potential of Eq. (30)
as

δφR
q = ε−1

L (q)δφq, (33)

ε−1
L (q) = δρ

el,φ
q

δρ̄
el,φ
q

, (34)

where the superscript R stands for “rescaled.” For the linearity
of the response problem, it follows

δρ̄el,φR

q (G) = ε−1
L (q)δρ̄el,φ

q (G). (35)

The right-hand side of the above relation, evaluated at G = 0,
becomes δρ

el,φ
q . This means that a transverse response to

δφR leads to the same macroscopic charge of a longitudinal
response to δφ. Since the response to local fields in both

calculations is treated in the same way, for the uniqueness of
the response of the linear problem, we need to have

ε−1
L (q)δρ̄el,φ

q (G) = δρel,φ
q (G). (36)

The above equation is proven more formally in Appendix A.
Using Eqs. (31) and (32), we can then write

ε−1
L (q) = χq(G, 0)

χ̄q(G, 0)
∀G, (37)

as well as, since ε−1
L (q) is real-valued:

ε−1
L (q) = χq(0, G)

χ̄q(0, G)
∀G. (38)

At this point, we make a step further and identify the G-
independent scalar function ε−1

L (q) that connects longitudinal
and transverse quantities as a long-range screening function,
justifying our notation use. Notice that ε−1

L (q) is different
from the inverse screening function tipically defined in a DFT
context [51], as detailed in Sec. II E.

Equations (37) and (38) provide us with an operative
method to compute ε−1

L (q) that requires both a longitudinal
and a transverse response calculation. Though, an easier ex-
pression can be found starting from the equivalent relation
(show in Appendix A)

ε−1
L (q) = δV tot,φ

q

δV̄ tot,φ
q

. (39)

The above equality can be expressed as a function of trans-
verse or longitudinal quantities alone. Indeed, using Eqs. (24)
and (34), we may write

δV xc,φ
q = ε−1

L (q)δV̄ xc,φ
q . (40)

Using Eqs. (16) and (34) instead, we have

δV H,φ
q = 1

e
vqε

−1
L (q)δρ̄el,φ

q . (41)

We therefore rewrite Eq. (39), using for the external potential
the form of Eq. (30), as

ε−1
L (q) = 1 + ε−1

L (q)
[
vqδρ̄

el,φ
q /e + δV̄ xc,φ

q
]

1 + δV̄ xc,φ
q

. (42)

Isolating ε−1
L (q) one finds

ε−1
L (q) = 1

1 − vqδρ̄
el,φ
q /e

= 1

1 − vqχ̄q
. (43)

One can repeat the same procedure by expressing the trans-
verse potentials as a function of the longitudinal induced
charges and find the equivalent expression

ε−1
L (q) = 1 + vqδρ

el,φ
q /e = 1 + vqχq. (44)

A crucial point is that the long-range dielectric function
Eq. (44) is in the form of a dielectric function where all the
exchange-correlation effects are included only in the polar-
izability χ , being obtained by considering the response to a
macroscopic electrostatic potential. Notice that ε−1

L (q) is the
typical form of the dielectric function used in the many-body
formalism [1]. We also prove in Appendix A that ε−1

L (q)
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transforms the Dyson equation for the wings and head of χ̄

into those of χ . To conclude this paragraph, we define

εL(q) = δV̄ tot,φ
q

δV tot,φ
q

= 1

ε−1
L (q)

. (45)

C. Linear response to atomic displacements

1. Longitudinal and transverse calculations

We now consider specific external perturbations that de-
scribe the displacement of chosen atoms along different
Cartesian directions. The perturbing Hamiltonian is now

H1(r) = δV ion
qsα (r)eiq·r, (46)

where the perturbing potential is due to the monochromatic
change in the electron-ion interaction of Eq. (3), following a
displacement of the atom s along the Cartesian direction α. In
the all-electron formalism, we can write

eδV ion
qsα (G) = vq(G)δρ ion

qsα (G). (47)

Notice that, differently from Eq. (30), the perturbing potential
is now directly determined via the Coulomb kernel. It follows
that we can define also a transverse perturbing Hamiltonian

H̄1(r) = δV̄ ion
qsα (r)eiq·r, (48)

where

eδV̄ ion
qsα (G) = v̄q(G)δρ ion

qsα (G). (49)

For the Hartree and exchange-correlation potentials, one
writes

eδV H
qsα (G) = vq(G)δρ ion

qsα (G), (50)

eδV̄ H
qsα (G) = v̄q(G)δρ̄ ion

qsα (G), (51)

eδV xc
qsα (G) =

∑
G′

Kxc
q (G, G′)δρel

qsα (G′), (52)

eδV̄ xc
qsα (G) =

∑
G′

Kxc
q (G, G′)δρ̄el

qsα (G′). (53)

Equation (49) together with the definition of the transverse
Hartree potential can be used to express the condition of null
macroscopic Coulomb kernel, Eq. (19), in a more pleasant
form. An equivalent prescription—a part from the case treated
in Sec. II D—is in fact obtained by nullifying the macroscopic
electrostatic potential δV ionH = δV ion + δV H, i.e.,

δV̄ tot
qsα (G) = δV xc

qsα (G) +
{

0 G = 0

δV ionH
qsα (G) G �= 0

. (54)

Equation (54) is more suitable to extend the definition of χ̄

to the pseudopotential case rather than Eq. (30), as detailed
in Appendix B, and it is the one actually implemented in this
work. We will show in the following subsection that Eq. (54)
is equivalent to define transverse charges via the following
relation:

δρ̄ tot
qsα = δρ tot

qsα

ε−1
L (q)

. (55)

2. Relation between total charges

We can now show that ε−1
L (q) relates the total longitudi-

nal and transverse charge variations. In fact, we first rewrite
Eqs. (14) and (21) with appropriate indexes as

δρel
qsα (G) = e

∑
G′

χq(G, G′)δV ion
qsα (G′), (56)

δρ̄el
qsα (G) = e

∑
G′

χ̄q(G, G′)δV̄ ion
qsα (G′). (57)

Notice that now we need to specify if the ionic potential is
for the longitudinal response or not, since it depends on the
Coulomb potential itself. Accordingly, in the sum over G′ of
Eq. (57) the G′ = 0 term is null. With an easier notation, we
can write for the transverse induced charge

δρ̄el
qsα (G) = e

∑
G′

′
χ̄q(G, G′)δV ion

qsα (G′), (58)

where the primed notation for the summation symbol means
that the G′ = 0 term is missing from the sum. We define

δρ tot
qsα = δρel

qsα + δρ ion
qsα, (59)

δρ̄ tot
qsα = δρ̄el

qsα + δρ ion
qsα. (60)

Using the results of the previous sections we can demon-
strate Eq. (55), which we can recast conveniently as

ε−1
L (q)δρ̄ tot

qsα = δρ tot
qsα, (61)

or equivalently

εL(q)δρ tot
qsα = δρ̄ tot

qsα. (62)

In fact, multiplying Eq. (60) by ε−1
L (q), and using Eqs. (58),

(38), (44), and (47), we get

ε−1
L (q)δρ̄ tot

qsα

= ε−1
L (q)

[
e
∑

G

′
χ̄q(0, G)δV ion

qsα (G) + δρ ion
qsα

]

= e
∑

G

′
χq(0, G)δV ion

qsα (G) + δρ ion
qsα + vqχqδρ

ion
qsα

= e
∑

G

′
χq(0, G)δV ion

qsα (G) + δρ ion
qsα + eχqδV ion

qsα

= e
∑

G

χq(0, G)δV ion
qsα (G) + δρ ion

qsα = δρ tot
qsα. (63)

From the charge density one can define the longitudinal
momentum-dependent effective charge as [10,11]

Zqsα = i
V

|e|q δρ tot
qsα, (64)

and the transverse one as

Z̄qsα = i
V

|e|q δρ̄ tot
qsα, (65)

which are easily related via

Zqsα = ε−1
L (q)Z̄qsα, εL(q)Zqsα = Z̄qsα. (66)

094306-6



FIRST-PRINCIPLES CALCULATIONS OF DYNAMICAL … PHYSICAL REVIEW B 110, 094306 (2024)

Notice that Eqs. (59) and (60) can now be rewritten as

Zqsα = Zel
qsα + qα

q
Zs, (67)

Z̄qsα = Z̄el
qsα + qα

q
Zs. (68)

To conclude this paragraph, we notice that the sum of the
Hartree and ionic potentials of Eqs. (50) and (47) may be
written as

δV ionH
qsα = vq

e
δρ tot

qsα = ε−1
L (q)

vq

e
δρ̄ tot

qsα = ε−1
L (q)δV̄ ionH

qsα . (69)

3. Analytic properties and physical meaning of transverse charges
induced by atomic displacements

The prescription of Eq. (54) to compute δρ̄qsα implies
important properties for the charges. First of all, transverse
charge densities are analytical by inspection in a neighbor-
hood of q → 0 [8,10,11,29,46]. Therefore we can expand

δρ̄ tot
qsα = |e|

V

(
Msα − iqβZ∗

sβα − 1

2
qβqγ Qsαβγ

+ i

3!
qβqγ qδOsαβγ δ + O(q4)

)
, (70)

where summation over repeated indexes is implicit. The first
term of the expansion is related to the Fermi energy shift
F S

sα (introduced in the next section). The following terms are
identified with the Born effective charges Z∗, the dynamical
quadrupoles Q and octupoles O, plus eventual higher order
terms, thanks to the fact that under condition Eq. (19) the
requirement of null macroscopic field is imposed. Notice that
the identification of Born effective charges is performed in this
work following the convention for which the first Cartesian
index is related to the polarization, while the second is related
to the atomic displacement, coherently with Ref. [59]. The
convention for the indexing of quadrupoles is different from
the one by Martin [29], but is coherent with the one of Stengel
[46].

Momentum-dependent effective charges can accordingly
be expressed as

Z̄qsα = i

q
Msα + qβ

q
Z∗

sβα − i

2

qβ

q
qγ Qsαβγ

− 1

3!

qβ

q
qγ qδOsαβγ δ + O(q3) . (71)

Notice that for insulators, one has that Msα = 0,
∑

s Z∗
sαβ = 0,

while in general for metals the following generalized sum rule
holds [17]

∑
s

Z∗
sαβ = n(εF)

〈
vα

k pβ

k

〉
F − n(εF)

∑
s

〈
∂δV̄ tot

qsβ

i∂qα

∣∣∣∣∣
�

〉
F

,

〈Ok〉F = − 2

Nn(εF)

∑
lk

f ′(εlk )〈ulk|Ok|ulk〉. (72)

〈〉F indicates the average over the Fermi surface and the factor
2 accounts for spin degeneracy, which has been assumed here
for simplicity. A connection between Born effective charges
in metals and the long wavelength expansion of the EPC is
given in Sec. II G 3.

Notice that the leading order of Eq. (71) is divergent. One
may then wonder if Z̄ can still be interpreted as physical
charges when Msα �= 0. This topic is addressed in the next
section.

D. Connection between momentum-dependent effective charges
and the infrared spectrum for metals

As discussed in Ref. [17], the vibrational contribution to
the dielectric function at finite frequency can be expressed as

χvibr
αβ (ω,�el ) = e2

V

∑
ν

dα (ω,�el )dβ (ω,�el )

ω2
ν − (ω + iγν )

, (73)

dα (ω,�el ) =
∑
sβ

Z∗
sαβ (ω,�el )

eν
sβ√
Ms

, (74)

where Ms is the atomic mass of the atom s, eν
sα , ω2

ν and γν

are the polarization vector, the frequency and the linewidth
of the vibrational mode ν at q = 0, and �el is the electronic
self-energy that accounts for different scattering regimes in
metals. As shown in Eq. (7) of Ref. [17], the Z∗

sαβ (ω,�el )
can be expressed in terms of the Born effective charges eval-
uated in the dynamical (ω �= 0 and q = 0) and in the static
case (ω = 0 and q �= 0, the one studied in this work). For
semiconductors and metals for which Msα = 0 by symmetry
reasons, this poses no problems. For metals where Msα �= 0,
one wonders if the Z∗

sαβ to be used for the static contributions
are those obtained from Eq. (70). To answer to this question,
we need to investigate the origin of the Msα term.

1. Msα and Fermi energy shift

For perturbing potentials that are generated by atomic dis-
placements, Eq. (19) does not automatically guarantee that
the total potential variation is zero. In fact, in low-symmetry
metals where atomic sites are not uniquely fixed by Wyckoff
positions, atomic displacements in the unit cell may induce a
shift in the Fermi energy εF, which changes the value of the
reference potential. In particular, calling

δuqsα =
∑

R

eiq·(R+τs )δuRsα, (75)

the Fermi energy shift reads

F S
sα = ∂εF/∂u�sα, (76)

with the property that ∑
s

F S
sα = 0. (77)

F S
sα has the units of a force, and Eq. (77) is a requirement

analogous to the nullification of the total force acting on the
atoms of a cell in absence of external perturbations; similarly,
it stems from the requirement of charge conservation under
total translations of the system along any Cartesian coordinate
in absence of electric field∑

s

F S
sα =

∑
Rs

∂εF

∂uRsα
= −∂εF

∂rα

= 0. (78)

The presence of a Fermi energy shift term has no implica-
tion on longitudinal calculations starting from H1(r), i.e.,
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for the definition of χ , since electronic screening guarantees
that charge neutrality in a longitudinal calculation system is
preserved, i.e., that limq→0 χq = 0 [60,61]. It has instead im-
plications on transverse calculations starting from H̄1(r) since
charge neutrality at q = 0 is violated if the Fermi energy shift
is not taken into account properly, as discussed in Ref. [12].
Indeed, in the terms of this work, imposing the condition
Eq. (54) implies that

lim
q→0

ρ̄qsα �= 0, (79)

breaking the charge neutrality condition for the transverse
charge density.

This apparent problem is solved by assuming that, as done
in Ref. [17], the connection between momentum-dependent
transverse effective charges and physical charges is different
in the presence of Fermi energy shift. In fact, we shall now
prove that the request of continuity of the charge density
between long-wavelength and zone-center calculations leads
to the definition of a charge that in the long-wavelength limit
behaves as

lim
q→0

δ ¯̄ρ tot
qsα = lim

q→0

δρ̄ tot
qsα − δρ̄ tot

−qsα

2
(80)

and respects

lim
q→0

δ ¯̄ρ tot
qsα = 0. (81)

Transverse quantities that respect charge neutrality will be
indicated with a double bar symbol. Physical momentum de-
pendent transverse effective charges shall then be defined as

lim
q→0

¯̄Zqsα = lim
q→0

Z̄qsα − Z̄−qsα

2
, (82)

lim
q→0

¯̄Zqsα = qβ

q
Z∗

sαβ + O(q2). (83)

To build a prescription to compute double barred quantities,
we notice that at q = 0 charge neutrality is obtained by shift-
ing the macroscopic component of the total potential by an
amount −F S

sα [12,18]. Coherently, at finite q we request that

lim
q→0

δ ¯̄ρ tot
qsα (r) = δ ¯̄ρ tot

�sα (r). (84)

Of course, ¯̄ρ �= ρ̄ since ρ̄ does not respect charge neutrality
at zone-center. To achieve continuity in presence of a Fermi
energy shift, we modify the prescription in order to obtain
transverse quantities as done in Ref. [17], i.e., defining a new
kind of calculation to be performed under the condition

δ ¯̄V
tot
qsα (G) = δV xc

qsα (G) +
{

−F S
sα G = 0

δV ionH
qsα (G) G �= 0

. (85)

Equation (85) indeed implies the existence of a density-
density response function ¯̄χ which respects charge neutrality.
Nonetheless, to perform a calculation with the condition of
Eq. (85) is equivalent to perform a calculation under the
imposition of Eq. (54) and change the external potential to
include the Fermi energy shift potential change, i.e.,

¯̄χq(G, G′) = χ̄q(G, G′), (86)

δ ¯̄V ion
qsα (G′) =

{
−F S

sα G′ = 0

δV ion
qsα (G′) G′ �= 0

. (87)

Then, the charges densities respect

δ ¯̄ρel
qsα = e

∑
G′

χ̄q(G, G′)δ ¯̄V ion
qsα (G′), (88)

δ ¯̄ρ tot
qsα = δ ¯̄ρel

qsα + δρ ion
qsα, (89)

ε−1
L (q)δ ¯̄ρ tot

qsα = δρ tot
qsα − eχqF S

sα. (90)

δ ¯̄ρ tot
qsα can be then expressed as

δ ¯̄ρ tot
qsα = δρ̄ tot

qsα − eχ̄qF S
sα. (91)

Notice that the left-hand side of Eq. (91) vanishes for q → 0.
This is because F S

sα is self-consistently determined to ensure
the charge neutrality condition. Therefore the expansion of
δ ¯̄ρ tot

sα (q), independently from the position of the Fermi level,
starts from the Born effective charge order, and we have the
identification

Msα = V

e
lim
q→0

eχ̄qF S
sα = V lim

q→0
εL(q)χqF S

sα. (92)

In general, since χ̄q = χ̄−q, the right-hand term with the
Fermi energy shift contains only even powers of q, thus con-
tributing to the real part of the charge density.

In conclusion, the first order term (and actually every odd
order one) of δ ¯̄ρ tot

qsα and of δρ̄ tot
qsα must coincide. In other words,

we showed that requiring charge neutrality does not have any
impact on the value of first order expansion of δρ̄ tot

qsα , i.e.,
metallic Born effective charges. Therefore the evaluation of
Z∗

sαβ (ω,�el ) entering in Eq. (74) poses no ambiguity.
Notice that the above arguments also proves at once

Eq. (80), and therefore Eqs. (82) and (83), and justifies the
use of the double bar notation.

E. Long-range dielectric function limits
in semiconductors and metals

The microscopic DFT response functions ε−1 and ε are
expressed, in matrix notation, as

ε−1 = I + (v + Kxc)χ, (93)

ε = I − (v + Kxc)χ0. (94)

The long-range dielectric function ε−1
L of Eq. (37) is formally

different from the macroscopic linear response screening
function, i.e.,

ε−1
L (q) = 1 + vqχq �= ε−1

q . (95)

ε−1
L is equivalent to the classical dielectric function enter-

ing the Maxwell’s equation, the effects of the exchange-
correlation potentials being included entirely in χ . Nonethe-
less, in an undoped semiconductor

lim
q→0

ε−1
L (q) = lim

q→0
ε−1

q = q2

q · ε∞ · q
. (96)

In fact, for standard approximations of the exchange-
correlation functional like LDA or GGA, in the long
wavelength limit, it holds [51]

[Kxcχ ]q = βχq + O(qχq), (97)
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so that

ε−1
q − 1 = vqχq + [Kxcχ ]q = vqχq + β

q2

4πe2
vqχq

= vqχq

(
1 + β

q2

4πe2

)
= ε−1

L (q) − 1 + O(q2).

(98)

For semiconductors, Eq. (96) holds true, since ε−1
L (q) tends to

a constant in the long-wavelength limit.
Equations (97) and (98) hold even for the metallic case.

Nonetheless, for metals

χq = 1

vq

(
−1 + V

4πC q2

)
+ O(q6)

= − q2

4πe2
+ V

(4πe)2C q4 + O(q6), (99)

ε−1
L (q) = V

4πC q2 + O(q4) = e2V

vqC
+ O(q4), (100)

where C is the quantum capacitance [1]

C = e2V
∂μ

∂n0

, (101)

where ∂μ

∂n0 is the variation of the chemical potential following
a change in the value of the system charge density n0 = ρ0/e.
Eq. (98) implies that, for metals, one has

lim
q→0

ε−1
L (q)

q2
�= lim

q→0

ε−1
q

q2
. (102)

F. Piezoeletricity

Since we will apply our results to compute piezoelec-
tric properties, we here review the main concepts related
to piezoeletricity, an effect that can happen in any dielec-
tric crystalline system lacking inversion symmetry [62]. The
piezoelectric tensor is a bulk quantity that expresses the
changes of electric polarization of a system induced by a
mechanical deformation, generally defined as

ẽαβγ = ∂Pα

∂εβγ

, (103)

where Pα and εβγ are the Cartesian components of the
polarization and of the strain tensor. While Eq. (103)
exactly defines the measured piezoelectric tensor of noncen-
trosymmetric nonpolar systems, in crystalline materials with
spontaneous polarization P0, such as pyroelectrics and fer-
roelectrics, it also includes the contribution due to rotation
and dilation of the existing macroscopic dipolar moment, i.e.,
it describes the so-called improper piezoelectric effect [63].
The proper piezoelectric tensor, instead, is the experimentally
measured quantity [64] and it is a purely bulk property that
can be expressed in terms of microscopic quantities only [29],
being related to the improper one by [63]

eαβγ = ẽαβγ + δβγ P0
α − δαβP0

γ , (104)

It can be further decomposed into two contributions. The first
one accounts for the effect of a homogeneous strain where

internal coordinates are fixed (clamped-ion), whereas the sec-
ond contribution stems from the internal distortion of atomic
coordinates at fixed strain (internal-strain), being [22,29,47]

eαβγ = ec.i.
αβγ + eint

αβγ , (105)

ec.i.
αβγ = − |e|

2V

∑
s

(Qsβαγ − Qsαγβ + Qsγ βα ), (106)

eint
αβγ = |e|

V

∑
sδ

Z∗
sαδ

∂τ int
sδ

∂εβγ

, (107)

where ∂τ int
sδ /∂εβγ (denoted as the internal-strain tensor �sδβγ

in some formulations [29,65]) accounts for the atomic re-
laxation δτ int

sδ at fixed strain. All quantities are intended to
be computed at null macroscopic electric field. Evaluation of
the proper piezoelectric tensor through Eqs. (106) and (107)
requires the computation of the dynamical dipoles (Born ef-
fective charges) Z∗

sαβ and quadrupoles Qsαβγ , as well as the

internal-strain tensor ∂τ int
sδ

∂εβγ
, all microscopic quantities defined

for each atomic sublattice labeled by s. An alternative and
equivalent approach within the modern theory of polariza-
tion [66–68] consists in evaluating the improper piezoelectric
coefficients from finite differences of the macroscopic Berry-
phase polarization at small positive and negative strain and
then recovering the proper, branch-independent piezoelectric
tensor through Eq. (104). We also mention that another state-
of-the-art methodology to compute the piezoelectric tensor is
given by the metric-tensor approach of Ref. [69]. In the valida-
tion section we will numerically verify the equivalence of the
two methods. We remark here that the microscopic approach
entailed by Eqs. (106) and (107) enables an atomic-wise
analysis of the piezoelectric effect in terms of chemical envi-
ronments and bonds [28], provided that the involved atomic
tensors depend mostly on the local environment. It is also
worth mentioning that the piezoelectric tensor enters in the
determination of the electron-acoustic phonon interaction in
noncentrosymmetric materials [5,70,71], see Sec. II G.

G. Long range electron-phonon coupling

The long-range electron-phonon coupling is usually asso-
ciated to the interaction of an electron with long-range electric
fields present in the semiconductors. The phenomenological
leading orders of these coupling for a cubic material are the
well known optical Frölich and piezoacoustic couplings which
depend, respectively, on the Born effective charges and the
piezoelectric tensor; both the interactions are proportional to
vq/ε∞. For doped semiconductors at sufficiently low levels
of doping, the presence of free carriers at a given Fermi level
can be introduced by substituting ε∞ with a dielectric constant
that takes into account partial metallic screening, while the
Born effective charges and the piezoelectric tensor are eval-
uated as for the undoped case [10,11]. However, when the
Fermi level is well within a band like in the truly metallic
case, this substitution is called into question. In this section,
we review the microscopical details of the electron-phonon
interaction, recovering the textbook results for the semicon-
ducting case, while for metals we find that, within the static
formulation adopted in this work, the leading orders of the
coupling are due to (1) the Fermi shift of the potential and
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(2) the static metallic Born effective charges with non zero
sum rule. As discussed in Ref. [17], the static formulation
applies to metallic systems that instantaneously relax under
the effect of an external perturbation thanks to strong elec-
tron scattering mechanisms, otherwise frequency-dependent
nonadiabatic effects should be considered. While in princi-
ple possible in a time-dependent DFT approach, as recently
proposed [14–17], we will focus in this subsection on the
formal consequences of our theoretical framework, leaving
the generalisation to frequency-dependent effects for future
studies.

1. Definition

The electron-phonon coupling is defined, for q inside the
first Brillouin zone, as

gν
qmm′ (k) =

∑
sα

eν
qsαlν

sq 〈umk+q|δV tot
qsα (r)|um′k〉 , (108)

ḡν
qmm′ (k) =

∑
sα

eν
qsαlν

sq 〈umk+q|δV̄ tot
qsα (r)|um′k〉 . (109)

The phonon polarizations are normalized and taken in the
same convention of Eq. (75), i.e., such that a normalized
real-space displacement u of the atom s along the direction
α in the cell R due to the phonon mode ν can be written as

uν
Rsα = eν

qsαeiq·(R+τs ). (110)

lν
q is the zero point motion amplitude

lν
sq =

[
h̄

2Msωqν

]1/2

, (111)

where ωqν is the phonon frequency at finite momentum.
Rewriting Eqs. (108) and (109) in reciprocal space

gν
qmm′ (k) =

∑
sα

eν
qsαlν

sq

∑
GG′

uc.c.
mk+q(G)δV tot

qsα (G − G′)umk(G′),

(112)

ḡν
qmm′ (k) =

∑
sα

eν
qsαlν

sq

∑
GG′

uc.c.
mk+q(G)δV̄ tot

qsα (G − G′)umk(G′).

(113)

The relation between δV tot
qsα (G − G′) and δV̄ tot

qsα (G − G′) re-
quires the knowledge of the matrix response of the system,
and not only of ε−1

L (q). Though, things simplify if one first
identifies the terms coming from δV ionH as the one generated
by macroscopic electric fields, and then neglects the contribu-
tions coming from the wings of the dielectric matrix that are
expected to be small [56,72]—this approximation is better dis-
cussed in Appendix C. Then, one can retain the “long-range”
(for semiconductors)/“macroscopic” (for metals) component
of the coupling by considering only the contribution of the
term δV ionH

qsα to the sum of Eq. (108):

gν,L
qmm′ (k) ≈

∑
sα

eν
qsαlν

sqδV ionH
qsα 〈umk+q|um′k〉 . (114)

This separation is particularly meaningful because following
our prescription Eq. (54) we have

ḡν,L
qmm′ (k) ∝ δV̄ ionH

qsα = 0, (115)

so that it evaluates to zero in transverse calculations. Using
Eqs. (69) and (65), we can write

gν,L
qmm′ (k) = i

4πe2

qV
ε−1

L (q) 〈umk+q|um′k〉
∑

sα

Z̄qsαeν
qsαlsqν .

(116)

To perform the long wavelength expansion, we first remind
that the phonon eigendisplacements are defined as

ην
qsα = 1√

Ms
eν

qsα, (117)

while the physical displacement is

xν
qsα = ην

qsα

[
h̄2

2ωqν

]1/2

. (118)

The phonon eigendisplacements may be separated in two con-
tributions as [73]

ην
qsα = ην

qα + δν
qsα, (119)

where the first contribution is related to unit cell deformations
while the second one is connected to relative displacements
between atoms. The physical displacement may also be
rewritten as

xν
qsα = xν

qα + �ν
qsα. (120)

In both Eqs. (119) and (120), the first addend is zero for zone
center optical phonons, i.e.,

lim
q→0

xopt
qsα = lim

q→0
�opt

qsα = �
opt
�sα, (121)

while the second one disappears for acoustic modes, i.e.,

lim
q→0

xac
qsα = lim

q→0
xac

qα = xac
�α. (122)

Since the strain is related to the modification of the unit cells
of the crystal, a given long-wavelength acoustic mode induces
a strain which is proportional to [73]

εαβ = ∂
[
xac

qαeiq·(Rp+τs )
]

∂Rβ

= iqβxac
�α + O(q2). (123)

Since in the long-wavelength limit an acoustic phonon gen-
erates a fixed strain, it also generates internal movements of
atoms inside the cell described by the internal-strain tensor.
Therefore one can write for an acoustic mode [73]

�ac
qsα =

∑
βγ

∂τ int
sα

∂εβγ

εβγ = i
∑
βγ

∂τ int
sα

∂εβγ

xac
�βqγ + O(q2), (124)

which coherently goes to zero as required by Eq. (122).

2. Semiconductors

The first order of the coupling of Eq. (116) is obtained for
an optical phonon and lead to the Frölich coupling

gopt,Fr
qmm′ (k) = i

4πe2

qV
ε−1

L (q → 0) 〈umk+q|um′k〉
∑
sαβ

qβ

q
Z∗

sβα�
opt
�sα.

(125)

Notice that we have written the expression ε−1
L (q → 0) since

it may depend on the direction along which zone-center is
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approached. The second order comes from acoustic phonons,
and reads as [29,73,74]

gac,piezo
qmm′ (k) = 4πe2

V
ε−1

L (q → 0) 〈umk+q|um′k〉
∑
sαβγ

× qβ

q

qγ

q

[∑
δ

−Z∗
sβα

∂τ int
sα

∂εδγ

xac
�δ + 1

2
Qsαβγ xac

�α

]
.

(126)

Notice that we have kept the full dependence of the Bloch
function overlaps in the above expressions, to better compare
with phenomenological expressions. This is though not coher-
ent at the order expansion in q, as detailed in Refs. [75,76].
Taking the overlaps as unity, Eq. (126) coincide with its phe-
nomenological expression for ferroelectric materials [5,70,71]

gac,piezo
qmm′ (k) = − 4π |e|ε−1

L (q → 0) 〈umk+q|um′k〉

×
∑
αβγ

qβ

q

qγ

q
eβαγ xac

�α, (127)

where eβαγ is the piezoelectric tensor introduced in Sec. II F;
notice that in some derivations the term 〈umk+q|um′k〉 is kept
in Eq. (127).

3. Metals

In a metal with only one band crossing the Fermi level
the leading order intraband contribution to the macroscopic
electron-phonon coupling of Eq. (116) due to an optical
phonon which admits Fermi energy shift of the potential is

gopt,FS
q = i

4πe2

qV
ε−1

L (q)
∑

sα

iMsα

q
�

opt,FS
�sα . (128)

In the long-wavelength limit, using Eq. (92) and that for
metals χq → −1/vq + O(q4), one gets

gopt,FS
q =

∑
sα

F S
sα�

opt,FS
�sα , (129)

in agreement with Eq. (40) of Ref. [18]. In Eq. (128), on the
contrary of Appendix II G, we have here replaced the Bloch
overlap with unity without losing precision to the desired
order. If a mode does not admit Fermi energy shift, the first
optical term is proportional to the Born effective charges, and
linear in q. For an acoustic phonon instead, using Eq. (119),
we have

gac
q = i

4πe2

qV
ε−1

L (q)
∑

s

⎡
⎣∑

α

iMsα

q
�ac

�sα +
∑
αβ

qβ

q
Z∗

sβαxac
�α

⎤
⎦.

(130)

For metals with one unit cell atom the above formula simpli-
fies to

gac
q = i

4πe2

qV
ε−1

L (q)
∑
sαβ

qβ

q
Z∗

sβαxac
�α, (131)

or equivalently, using Eq. (100)

gac
q = e2

C
∑
sαβ

Z∗
sβαεαβ = e2

C
∑
αβ

εαβ

∑
s

Z∗
sβα. (132)

Notice that in the last equality of the above formula the
electron-phonon directly depends on the Born effective
charges sum rule.

III. COMPUTATIONAL FRAMEWORK

We now apply the theoretical developments explained in
Sec. II and show how to obtain a more favourable scaling with
the number of atoms with respect to the standard algorithm,
for the calculation of both longitudinal and transverse charges.
We also show how to obtain ε−1

L (q) as a byproduct of our
calculations.

The central idea, already advanced in previous works such
as Ref. [25], to achieve a computation scaling factor of 3Nat

is to obtain δρel
qsα and δρ̄el

qsα from the variation of the forces
in presence of a monochromatic macroscopic electrostatic
potential rather than from the self-consistent density response
following an atomic displacement, i.e., by using that

δρel
qsα = ∂F el

sα

∂φq
, δρ̄el

qsα = ∂F̄ el
sα

∂φq
, (133)

where F el
sα and F̄ el

sα are the α component of the force acting on
the atom s, due to the electrons, in presence or in absence of
the macroscopical component of the Coulomb kernel, while
φq is a macroscopic monochromatic electrostatic potential.

Once δρel
qsα and δρ̄el

qsα are known, the variation of the total
density is trivially obtained by adding the variation of the ionic
one. Then, we can determine the coefficients of the Taylor
expansion of Eq. (70) via finite differences. This idea parallels
the procedure of computing the Born effective charges as
derivative of forces with respect to a constant electric field
rather than changes of polarization due to atomic displace-
ments at q = 0 [12].

In the following sections, we first present the state-of-
the-art calculation of the induced density via DFPT ab-initio
calculations, and then our method to obtains a scaling im-
provement of a factor 3Nat.

A. State-of-the-art (slow) computation
of macroscopic charge density

Within first order perturbation theory, the macroscopic in-
duced density is usually computed as [59]

δρel
qsα = 2e

NV

∑
k

∑
nm

fnk − fmk+q

εnk − εmk+q

× 〈unk|umk+q〉 〈umk+q| δV tot
qsα (r) |unk〉 . (134)

Similarly, the transverse charge density may be written as

δρ̄el
qsα = 2e

NV

∑
k

∑
nm

fnk − fmk+q

εnk − εmk+q

× 〈unk|umk+q〉 〈umk+q| δV̄ tot
qsα (r) |unk〉 . (135)

As shown in the upper sketch of Fig. 1 for the longitudinal
case, Eq. (134) can be related, in the many-body formalism,
to the calculation of a response bubble where the first vertex
is of density type and the second is of electron-phonon kind,
dressed via the RPA + xc approximation typical of DFT. In
DFPT, the computation of Eqs. (134) and (135) typically
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FIG. 1. (Top) Bubble diagram for Eqs. (134) and (135) and (bot-
tom) Eqs. (136) and (137). Circular vertexes are of density type,
while square ones are of electron-phonon kind. Undressed vertexes
are in white, dressed ones in black.

scales as ∼3N3
elNat ∼ 3〈Z〉N4

at, Nel and Nat being the number of
electrons and atoms in the cell, and 〈Z〉 the average number of
electrons per atom. In fact, each linear response calculation is
roughly proportional to a non-self-consistent field calculation,
of cost N3

el, for each of the 3Nat atomic displacements.

B. Present (fast) computation of macroscopic charge density

Since in this work we are mainly interested in the deter-
mination of the macroscopic charge density change, we can
improve the computational scaling by a factor 3Nat in the
following way. Using Eq. (31), we rewrite the macroscopic
component of Eq. (14) as

δρel
qsα =

∑
G′

eχq(0, G′)δV ion
qsα (G′)

=
∑
G′

[
δρel,φ

q (G′)
]c.c

δV ion
qsα (G′)

= 1

N

∫
dr
[
δρel,φ

q (r)
]c.c.

δV ion
qsα (r). (136)

This means that the induced density can be obtained via a sin-
gle DFPT calculation as a response to δφq, since the derivative
of the ionic potential is trivial to obtain. This corresponds,
as shown in the lower sketch of Fig. 1, to dress the density
vertex via RPA + xc instead of the electron-phonon one. The
price for this rewriting is that we cannot access the local-field
components of the charge density change which are needed,
e.g., to compute phonon frequencies and polarizations, or
to evaluate the Fermi energy shift entering Eq. (85). Never-
theless, phonon frequencies and polarizations are quantities
that can be computed on coarse grids and then interpolated
on fine ones, while the Fermi energy shift is determined by
calculation performed only at q = 0. Moreover, as discussed
in Sec. II D, the Fermi energy shift enters only in the deter-
mination of the imaginary part of the momentum dependent
transverse effective charges of Eq. (71).

FIG. 2. Primitive cell of HfO2, consisting of four Hf and eight O
(Hf4O8), with all the symmetrically equivalent atoms displayed.

Equation (136) is formally related to the first term of the
force constant matrix as expressed in Eq. (8) of Ref. [59],
where the density has lost the (sα) index (hence the 3Nat

scaling improvement). Therefore Eq. (136) is straightforward
to implement in ab initio codes that already compute the dy-
namical matrix from DFPT. The same considerations pertain
the transverse charge density, leading to

δρ̄el
qsα = 1

N

∫
dr
[
δρ̄el,φ

q (r)
]c.c.

δV̄ ion
qsα (r). (137)

Eventually, with the fast method we can also determine ε−1
L (q)

by using Eqs. (43) or (44).

IV. VALIDATION

In this section, we validate our implementation against
known theoretical results, or previous calculations performed
with other methods or computational codes. We study the
piezoelectric properties of hafnium oxide and the response
properties of lithium intercalated graphites. We refer to the
applications Sec. V for a detailed description of the nature
and technological interest of both compounds.

A. Validation of implementation for semiconducting HfO2

In its most usual ferroelectric polymorph, the space group
of HfO2 is Pca2(1), and the primitive cell consists of 14 atoms
(see Fig. 2). The details of the cell used in this work are given
in Appendix D.

1. Piezoeletricity

Group theory analysis shows that the independent com-
ponents of the piezoelectric tensor are, in Voigt notation,
e31, e32, e33, e15, e24. Thanks to the fast computation of trans-
verse charge densities detailed in Sec. III B, we can determine
dynamical dipoles and quadrupoles for each atomic sublat-
tice from Eq. (70), via the use of reciprocal space numerical
derivatives as explained in Appendix E; together with the
internal-strain tensor, that is obtained from finite difference
of relaxed internal positions at nearby strain values (as de-
tailed in Appendix D), these are used to evaluate the proper

094306-12



FIRST-PRINCIPLES CALCULATIONS OF DYNAMICAL … PHYSICAL REVIEW B 110, 094306 (2024)

TABLE I. Clamped ion (εc.i.
i j ) and full (εi j) piezoelectric tensors,

in C m−2, for the HfO2 structure of Fig. 2, in Voigt notation. Only
non null components are shown. The data obtained with VASP and
ABINIT are taken from Ref. [28]. The third dataset is computed by
finite differences (computational details are given in Appendix D)
using Eqs. (106) and (107).

Code Index ec.i.
i j (C m−2) ei j (C m−2)

VASP 31 −0.37 −1.31
Ref. [28] 32 −0.34 −1.33

33 0.62 −1.44
15 −0.28 −0.20
24 −0.20 0.64

ABINIT 31 −0.39 −1.53
Ref. [28] 32 −0.36 −1.40

33 0.65 −1.34
15 −0.29 −0.23
24 −0.22 0.69

QE 31 −0.3927 −1.5304
Eq. (106) 32 −0.3656 −1.3368
Eq. (107) 33 0.6454 −1.3079

15 −0.2888 −0.2567
24 −0.2160 0.6452

QE 31 −0.3920 −1.5299
Berry 32 −0.3653 −1.3363

33 0.6450 −1.3083
15 −0.2889 −0.2568
24 −0.2159 0.6454

piezoelectric tensor through Eqs. (105)–(107). We also
adopted the finite-difference method based on Berry-phase
polarization to estimate the improper piezoelectric tensor of
Eq. (103) and the proper one through Eq. (104).

We start by reproducing the results of Ref. [28], where
the calculation is performed for the unit cell of Fig. 2 with
both VASP and ABINIT, as shown in Table I for both the
full and clamped-ion (proper) piezoelectric tensors. We see
that the internal agreement of QE results between the Berry-
phase approach and the DFPT approach introduced in this
work is excellent. The disagreement between the clamped
ion piezoelectric tensor of ABINIT and QE is of the order of
the percentage error at maximum, while the one with VASP

is a bit larger but still acceptable and possibly related to
the use of different pseudopotentials, as already noticed in
Ref. [28]. Slightly larger differences appear when we compare
our calculated full piezoelectric coefficients with both VASP

and ABINIT results, that we attribute to differences in atomic
relaxation precision, which we set to a very high value in this
work (see computational details in Appendix D).

2. Dielectric function

The validation of Eq. (96) is presented in Fig. 3 for HfO2,
where it is evident that both εL(q) and ε(q) in the long wave-
length limit tend to the same constant, coinciding with the one
obtained via QUANTUM ESPRESSO zone-center calculations.
The calculations are performed on a q line, whose components
are given in the Cartesian coordinates—the Cartesian coordi-
nates are meant throughout all the manuscript, if not stated
otherwise.

FIG. 3. Comparison between the long range dielectric function
εL(q) and the DFT response function ε(q) in HfO2, for a wave vector
of the form q = (q, 0, 0), compared to the dielectric constant εQE

∞,xx

as computed with QUANTUM ESPRESSO.

3. Equivalence of different expressions for ε−1
L

We here test the equivalence between Eqs. (43) and (44).
In particular we report the values of the long range dielectric
function εL(q), related to ε−1

L (q) via Eq. (45), in Table II.

B. Validation of implementation for metallic LiC6

LiC6 is obtained by introducing a Li dopant between
graphene planes, as shown in Fig. 9. The space group is
P6/mmm, with seven atoms per unit cell, where Li is located
in the Wyckoff position 1a with D6h site symmetry and C
occupies the six-fold degenerate Wyckoff position 6 j with
C2v site symmetry. The details of the cell used in this work
are given in Appendix D. In the following we choose the
carbon atom at (1/3, 0, 1/2) fractional coordinates, such that
the twofold rotational axis coincides with the adopted Carte-
sian axis x, as representative for all six symmetry equivalent
carbon atoms. Tensorial properties of C at different positions
can then be derived by applying crystalline symmetries.

1. Dielectric function

The value of C of Eq. (100) may be obtained by finite
differences of the long-range dielectric function, or by nu-
merically computing the right-hand side of Eq. (101) by
monitoring the change in the chemical potential following the

TABLE II. Dielectric screening function of HfO2 determined via
transverse calculations, Eq. (43), and longitudinal ones, Eq. (44) (a
is the lattice parameter of HfO2). The agreement is perfect.

εL(q)

q a
2π

Eq. (43) Eq. (44)

0.0025 5.02637278 5.02637279
0.005 5.02629085 5.02629085
0.0250 5.02367293 5.02367293
0.0375 5.01549184 5.01549184
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TABLE III. Values for ε−1
L (q)/q2, in Bohr2, computed via fi-

nite differences of ε−1
L (q) or via the quantum capacitance evaluated

via Eq. (101). We also compare with ε−1
q,RPA/q2 and with ε−1

q .
ε−1

L (q) and ε−1
q,RPA/q2 are obtained from transverse calculations, so

that we can use very small q vectors for their evaluation. In par-
ticular, for LiC6 we use q = 2π

aLiC6
(0, 0.001, 0), while for Al we

use q = 2π

aAl
(0.0005, 0, 0). ε−1

q is obtained by a longitudinal cal-
culation, more difficult to converge. Therefore, for LiC6, we use
q = 2π

aLiC6
(0, 0.02, 0), while for Al we use q = 2π

aAl
(0.02, 0, 0). Even

though these points are larger, we verified that we still are in the
asymptotic region for ε−1

q .

[Bohr2] → ε−1
L (q)/q2 V/C4π ε−1

q,RPA/q2 ε−1
q /q2

LiC6 1.42436 1.41971 1.39666 1.72056
Al LDA 0.48661 0.48662 0.80375 0.80071
Al PBE 0.49927 0.49924 0.81617 0.81367

introduction of uniform background neutralizing charge den-
sity, as implemented in QUANTUM ESPRESSO. The comparison
between the two values is reported in Table III, which shows
an agreement within 0.3%. We also tested our results in alu-
minum (see Appendix D for parameters), where convergence
is easier to achieve, and found a relative error between the two
values of 0.002% for LDA calculations, and of 0.006% for
GGA calculations, as shown in Table III. We also compare the
asymptotic values to εq/q2 and εq,RPA/q2. Notice that while
in LiC6 the quantum capacitance computed in presence of
exchange-correlation effects differs from the RPA one by a
few percent, in aluminum they differs by roughly a factor 2.
The inequality of Eq. (102) is shown in Fig. 4 for LiC6, where
the two screening functions are divided by the asymptotic
behavior given by the asymptotic formula (100), where C is
obtained by Eq. (101). It is evident that the two screening
functions have a different concavity.

FIG. 4. Comparison between the inverse long range dielectric
function ε−1

L (q) and the inverse DFT response function ε−1(q) in
LiC6, for a wave vector of the form q = (0, q, 0), compared to the
expression of Eq. (100) where C is computed via Eq. (101).

FIG. 5. Numerical validation that momentum dependent lon-
gitudinal and transverse effective charges are related by ε−1

L (q),
computed independently via Eq. (43) for LiC6. The wave vectors are
in the form q = (0, q, 0), and the vertical line determines the passage
from the first to the second Brillouin zone. The logarithmic scale
proves that the agreement is extremely good even for small values
of the momentum dependent effective charges; here, the (very small)
differences are attributed to convergence parameters.

We now validate another finding of the theoretical sec-
tion, i.e., the connection between longitudinal and transverse
charges given by Eq. (66). This is shown in Fig. 5 for LiC6.
Notice that here the momentum dependent effective charges
are computed simply by obtaining the total charge response,
and the using Eqs. (64) and (65); ε−1

L is computed indepen-
dently via Eq. (43).

2. Different dressing of the response

We here compare the value of the momentum dependent
effective charges computed with the fast and slow methods
described in Secs. III B and III A, respectively, for LiC6. In
this section, calculation are performed for unconverged values
of the computational parameters, since the validity of the
relations does not depend on the convergence of the calcu-
lation. As seen from Table IV the agreement between the two
methods is excellent, both for the longitudinal and transverse
cases, proving that our implementation is correct.

3. Convergence of linear response

The convergence speed of linear response calculations
is way different between transverse and longitudinal cal-
culations. With the same required accuracy, longitudinal
calculations need a lot more DFPT cycles to converge, es-
pecially in metals where the dielectric functions is divergent
and therefore the full response of the system is difficult to
compute. In the long wavelength limit the dielectric function
is so steep that sometime convergence is never achieved.

Transverse calculations in metals on the other hand con-
verge even for infinitesimal values of the wave vector, since
the macroscopic potential is set to zero, allowing us to easily
access the Taylor expansion of the transverse charge den-
sity. As an example, we report in Table V the values of the
static Born effective charges for the lithium and carbon atom
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TABLE IV. Momentum dependent effective charges ReZCy(q)
and ReZ̄Cy(q) for LiC6 deduced via the charge density calculation
along a line q = (0, q, 0), for both the longitudinal [Eqs. (134) and
(136)] and transverse [Eqs. (135) and (137)] cases.

ReZCy(q) ReZ̄Cy(q)

q a
2π

Eq. (134) Eq. (136) Eq. (135) Eq. (137)

0.4 0.21781036 0.21781135 1.83474948 1.83475021
0.8 0.68140504 0.68140532 2.34770504 2.34770286
1.2 0.85881723 0.85881740 2.18277417 2.18277454
1.6 1.78726128 1.78726130 2.95888054 2.95888021
2.0 2.41669064 2.41669092 3.38082178 3.38082171
2.4 2.90790868 2.90790819 3.69257499 3.69257462
2.8 3.42793167 3.42793177 3.97710009 3.97709990
3.2 3.75403721 3.75403717 4.16188119 4.16188130
3.6 3.93333001 3.93332997 4.23570234 4.23570228

of LIC6, computed via central finite differences of the total
charge density evaluated at wave vectors of 0.0007 Bohr−1.
Consistently with their respective site symmetries, Born effec-
tive charge tensors are diagonal for both Li and representative
C atoms, the higher site symmetry of Li further implying
Z∗

Lixx = Z∗
Liyy. By inspection, we find that the sum of the static

Born effective charges over all the atoms is not null, in agree-
ment with Eq. (72).

Another advantage of having well converged transverse
calculations is that ε−1

L (q) obtained from Eq. (43) is much
more stable with respect to longitudinal calculations. In fact, if
for semiconductors Table II shows that for equal convergence
thresholds Eqs. (43) and (44) lead to the same result, this is
not the case for metals. In fact, Eq. (44) is much more difficult
to converge at small wave vectors. This is shown in Fig. 6 for
LiC6. This justifies the fact that we used, in Fig. 5, the value
for ε−1

L (q) computed via Eq. (43).

4. Validation of Fermi energy shift formulae

In this section, calculation are performed on LiC6 for
unconverged values of the computational parameters,
since the validity of the relations does not depend on the
convergence of the calculation. We here verify that the
theoretical results of Sec. II D are correct. In particular,
using the numerical values of Table VI, one can easily
verify that the value of the Fermi energy shift given
via zone-center calculations with QUANTUM ESPRESSO is
coherent with the value obtained by inverting the Eqs. (90)
and (91) at q = (q, 0, 0) with q a

2π
= 0.5. The values

for the single quantities entering in the equations are
Reδρ̄ tot

Cx = 0.0013592123, Reδ ¯̄ρ tot
Cx = −0.0014968019,

TABLE V. Static Born effective charges of LiC6 for the lithium
atom and the carbon atom in the unit cell. Only non null independent
components are reported.

s Z∗
sxx Z∗

syy Z∗
szz

Li 1.82448 1.82448 1.38370
C 1.80503 2.10963 1.30906

FIG. 6. Long wavelength limit of the ratio between the inverse
dielectric functions of Eq. (43) [and of Eq. (44)] and q2. Data are
computed at equal convergence parameters for LiC6, along the wave
vectors line determined by q = (0, q, 0). Notice that the limiting
values is different from the one given in Table III due to different
computational parameters, as explained in Appendix D.

Reδρ tot
Cx = 0.0000012325, Reχ̄q = −0.0657892743, and

ε−1
L (q) = 0.00090671149.

V. APPLICATIONS

A. Proper piezoelectric tensor for doped hafnium oxide

1. Relevance of the problem

Hafnium oxide (HfO2) is a high-κ dielectric that has come
into prominence in early 2000s for its promise in the com-
plementary metal-oxide-semiconductor technology, replacing
silicon dioxide as the gate dielectric in field-effect transistors
[77]. More surprisingly, a ferroelectric behavior was reported
few years later in silicon-doped HfO2 thin films [26,27], de-
spite all known bulk crystalline phases were nonpolar. The
discovery of nanoscale ferroelectricity in silicon-compatible
hafnium oxide, confirmed by a variety of doping strategies
and synthesis techniques [78], has spurred a revival of activity
on ferroelectric memories and field-effect transistors based
on hafnium oxide [79,80]. Its polymorphic nature implies
that several stable and metastable phases can be realized
depending on growth conditions including—but not limited
to—different substrates and substitutional dopant species, that
have been explored and used to stabilize the desired ferroelec-
tric phases both in thin films [81] and, more recently, in bulk
single-crystalline form [82].

TABLE VI. Fermi energy shift computed for LiC6 from QUAN-
TUM ESPRESSO via zone-center calculations, compared with the one
obtained inverting Eqs. (90) and (91). The equations are evaluated at
q = (q, 0, 0) with q a

2π
= 0.5.

F S
Cx QE [Ry] F S

Cx Eq. (90) [Ry] F S
Cx Eq. (91) [Ry]

−0.0434115 −0.0434129 −0.0434115
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At the same time, HfO2 displays peculiar ferroelec-
tric properties that differ from conventional ferroelectric
perovskite-structure oxides, most notably the absence of a
critical thickness and a robust switchability persisting down
to nanometer-scale dimensions [83,84], which question the
proper, displacive-type character of ferroelectricity. In this
respect, several theoretical proposals have been made, from a
dipolar localization effect arising from flat phonon bands [85]
to pseudo-proper ferroelectricity, akin to weak ferroelectricity
[86], induced by a trilinear coupling between a weakly soft
polar mode and two hard modes [87], to a strain-induced
softening of the polar mode enhanced by the coupling with
an antipolar one [88]. More recently, the issue of identifying
an appropriate high-symmetry reference phase for analyzing
the ferroelectric properties of perfectly crystalline HfO2 has
been raised and rigorously investigated [89–91]. It is worth
remarking that the choice of the centrosymmetric reference
state impacts the theoretical evaluation within the Berry-phase
approach [66–68] of the spontaneous polarization and its
orientation, due to its multivalued character, as well as the
quantification of switching pathways and domain-wall motion
under applied electric fields [91,92].

In view of its potential technological applications, piezo-
electricity of HfO2 has been recently object of both theoretical
and experimental investigations [28,93–96]. First-principles
calculations predict for orthorombic ferroelectric HfO2 a neg-
ative longitudinal piezoresponse, where polar distortions are
enhanced by a compression along the polarization direc-
tion, [28,93,94], whereas experimental measurements provide
contradicting results, from positive [95,96] to negative [28]
longitudinal piezoelectric effect. From a theoretical point of
view, it has been recently argued that the sign of the longi-
tudinal piezoresponse may be affected by the choice of the
centrosymmetric reference state within the Berry-phase ap-
proach [91,92]; however, the proper piezoelectric response is
independent on the branch of Berry-phase polarization [64], as
indeed shown by comparing with DFPT calculations [28]. The
contradicting experimental results suggest therefore that HfO2

piezoelectric properties are sample dependent and affected by
chemical composition, processing conditions, thickness etc.
Indeed, the theoretical analysis of Ref. [28] ascribes the sign
and strength of the piezoelectric response of orthorhombic
hafnium oxide to the chemical coordination of oxygen atoms,
that may be affected by such extrinsic effects. A systematic
study of the impact of selected dopant species in supercell
and slab geometries, computationally demanding within the
Berry-phase approach, would benefit from our fast and nu-
merically robust computational approach, as we elaborate in
the next subsections.

2. Results

As a paradigmatic application of our method to doped
hafnium oxide, we consider substitution with Silicon in a
supercell of dimensions 2 × 2 × 2 (96 atoms, see Fig. 7), so
that the resulting stoichiometry is Hf31SiO64, for a total of
1194 electrons considered in the pseudopotential calculations
(see Appendix D).

We compute the clamped-ion piezoelectric tensor for
Hf31SiO64, finding small deviations from the results obtained

FIG. 7. Unit cell of Hf31SiO64, with all the symmetrically equiv-
alent atoms displayed.

for the undoped compound, shown in Table VII, as expected
for such low substitution percentage. The interesting point
is that, by analyzing the Born effective charges and the
dynamical quadrupole value for each atom in the structure
Hf31SiO64 with respect to the parent compound, we find that
their changes are proportional to the distance from the silicon
atom. More precisely, we define

DZ (s) =
√√√√1

9

∑
αβ

∣∣ZHf31SiO64
sαβγ − ZHf4O8

sαβ

∣∣2, (138)

DQ(s) =
√√√√ 1

27

∑
αβγ

∣∣QHf31SiO64
sαβγ − QHf4O8

sαβγ

∣∣2, (139)

and plot them as a function of the distance from the silicon
atom in Fig. 8. Importantly, the decay with s is very fast. This
shows that Born effective charges and dynamical quadrupole
are indeed local properties which mainly depends on
the chemical environment in the neighborhood of the atom.
Since the internal part of the piezoelectric tensor shares the
same property, this means that the effect of chemical environ-
ment on the proper piezoelectric tensor may be predicted via
machine learning techniques. As a final note, we mention that
we also performed a preliminary analysis of the spatial decay
of the internal strain tensor �sδβγ , and noticed spatial decay
but with a slightly slower slope than dynamical quadrupoles

TABLE VII. Clamped ion (εc.i.
i j ) piezoelectric tensor, in C m−2,

for the Hf31SiO64 structure of Fig. 2, in Voigt notation, determined
via Eq. (106). Only non null components are shown.

Code Index ec.i.
i j (C m−2)

QE 31 −0.3919
Eq. (106) 32 −0.3615

33 0.6409
15 −0.2842
24 −0.2106
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FIG. 8. (a) Dynamical quadrupole and (b) Born effective charges
difference, computed with Eqs. (138) and (139), between the case
with substitutional silicon and the parent compound as a function of
the atomic distance from the silicon atom.

and dipoles. Nonetheless, a thorough investigation on this
matter goes beyond the scopes of this work, and we leave it
for future developments.

B. EELS momentum dependent effective charges in pristine
and intercalated graphites LiC6

1. Intercalated graphites

Graphite is a layered crystal, composed of many lay-
ers of graphene, usually displaying the AB Bernal-stacked
structure. Graphite intercalation compounds are obtained by
intercalating different atomic species between graphene lay-
ers, and they usually exhibit excellent physical and chemical
properties similar to those of pristine graphite [37,38]. The in-
tercalant species may be of different nature, e.g., alkali metal
such as lithium and potassium, and the transfer of charge
from the metal to graphite may contribute to the onset of
superconductivity, indeed observed in CaC6 [97,98]. Albeit
predicted to become superconductor only in the monolayer
limit [39], the lithium case is special since lithium ion batteries
are amongst the most promising candidates for large-scale
applications in electric vehicles [40,41] and energy storage
[42]. The technological development of such batteries requires
insight on how lithium is arranged within the graphitic host,

a task that has been partially fulfilled by transmission elec-
tron microscopy (TEM) complemented with core-loss EEL
spectroscopy [99]. As anticipated, EELS experiments detect
all the collective excitations of the system that couple with
the longitudinal density, phononic modes included. Indeed,
within scattering theory the inelastic scattering intensity is
essentially determined by the dynamic structure factor, that in
turn can be expressed in terms of the density-density response
function defined in the linear-response framework [4]. The
vibrational contribution to the density-density response and
hence to the energy loss spectrum is a strong crystallographic
tool that can be used as a marker to distinguish different
bonding arrangements and structural phases [100]. Recent
technological progress in experimental TEM setups paved
the way to vibrational EELS with high spatial, momentum
and energy resolutions, enabling the direct measurement of
phonon dispersion of both conducting and insulating materi-
als [43,101] as well as the mapping of single defects [102],
interfaces [103] and grain boundaries [104].

The one-phonon contribution to the EELS Stokes doubly
differential cross section in a transmission electron micro-
scope (TEM-EELS) can be computed, in atomic units, as
[4,43]

dσ

d�dω
(q, ω) = 4

q2

∑
ν

1 + nqν

ωqν

∣∣∣∣∣
∑

sα

Zqsα√
Ms

eν
qsα

∣∣∣∣∣
2

δ(ω − ωqν ),

(140)

where Zqsα are the momentum-dependent longitudinal effec-
tive charges defined by Eq. (64), � is the solid angle and
nqν the Bose-Einstein distribution for phonons of frequency
ωqν and polarization vector eν

qsα , q being the electron mo-
mentum transfer. In Eq. (140), we have also assumed that
the frequency dependence of momentum dependent effective
charges, related to nonadiabatic effects [14,15], is negligible.
This approximation holds in insulators and semiconductors
where the band gap energy exceeds the phononic energy
scales. When this condition is not met and in metals, it can
in principle be lifted following the recent approaches devel-
oped to include the frequency dependence on Born effective
charges [14–17], but we leave it for future studies. In analogy
with the microscopic approach to x-ray inelastic scattering
from lattice vibrations, a rigid-ion approximation is also usu-
ally adopted and momentum dependent effective charge are
replaced by a modified atomic form factor as

Zqsα = F (q,Zs)qα/q, (141)

where

F (q,Zs) = fatom,s(q)/|e| + Zs, (142)

fatom,s(q) =
∫

drρ(r)e−iq·r, (143)

where ρ is the all-electron electronic density, fatom,s(q) is
the atomic form factor defined as the Fourier transform of
the electronic charge density of the isolated atom s and Zs

is its atomic number [44]. Since in the approximation of
the isolated atom the modified form factor is only radial,
the dependence on q can be changed in a dependence on
q. At odds with IXS, where x-rays are scattered primarily

094306-17



MACHEDA, BARONE, AND MAURI PHYSICAL REVIEW B 110, 094306 (2024)

by electrons, the rigid-ion approximation can be problematic
when applied to vibrational TEM-EELS where the incom-
ing fast electron interacts with the total charge density of
the target. In insulating polar systems, the effect of partial
valence-electron screening requires to go beyond the spher-
ical rigid-ion approximation especially when approaching the
small momentum transfer regime. A phenomenological cor-
rection using (static) Mulliken charge has been proposed [44],
while the formulation based on momentum dependent effec-
tive charges automatically accounts for the partial screening
of ionic charges in terms of dynamical Born effective charges
and dielectric constant [43]. More generally, and relevant
for both insulating and conducting materials, the form factor
fatom,s(q) evaluated for an isolated atom with spherical sym-
metry cannot account for nonspherical multipole corrections
due to the crystalline environment. As a consequence, within
the rigid-ion approximation only vibrational modes satisfying
q · eν

qs �= 0 contribute to the scattering, i.e., those comprising
atomic displacements that are parallel to the momentum trans-
fer q. On the other hand, the momentum dependent effective
charge Zqs is a general vector function not necessarily parallel
to the momentum transfer, but transforming as the totally sym-
metric irreducible representation of the site-symmetry point
group of atom s. Albeit nonspherical corrections are expected
to be small, they may be responsible for the activation of
phonon modes that in the rigid-ion approximation would not
contribute to EEL spectra. From a computational perspective,
all phonon quantities entering in Eq. (140), ωqν and eν

qsα , are
lattice periodic, while Zqsα is not a periodic quantity. There-
fore, if the momentum-resolved scattering cross section needs
to be evaluated along momentum-transfer lines extending to
second or third Brillouin zone, or if the momentum-averaged
cross section is needed, requiring the integration over a fine
grid of q points, the evaluation of momentum dependent effec-
tive charges would represent a problematic bottleneck of the
calculation. Indeed, phonon frequencies and their polarization
vectors can be Fourier interpolated from their value calculated
on a much coarser grid of points in the first Brillouin zone,
while Zqsα needs to be evaluated explicitly for any value of the
momentum transfer, a task that can rapidly become computa-
tionally very demanding unless a fast computation scheme as
the one described in Sec. III B is available.

Motivated by the above, we study as a test case the
momentum-dependent effective charges of pristine graphite
and a simple arrangement of lithium intercalation, i.e., LiC6.
Their band structures are displayed in Fig. 9, showing how the
lithium dopants enlarge the Fermi surface of the compound.
We stress that the fast computational framework developed
in this work would allow to systematically asses the EELS
spectrum of different forms of lithium intercalated compound,
but this brings away from our principal scopes and is left for
future studies.

2. Momentum-dependent longitudinal
and transverse effective charges

Applying our methodology we can compute both real and
imaginary parts of the momentum dependent effective charges
for graphite and LiC6 as a function of q = (0, q, 0) along the
�-M line and on its continuation outside the first Brillouin

FIG. 9. Band structure of graphite (top) and LiC6 (bottom), along
the high-symmetry lines �-M-K ; the Fermi level is depicted as a
red dashed line. The structures of the two compounds are shown as
insets, with the carbon atom in dark grey.

zone. We specifically choose to study the carbon atom of
graphite located at (0,0,1/4) fractional coordinates (Wyckoff
position 2b with D3h site symmetry in the P63/mmc space
group relevant for Bernal structure) and the one of LiC6 lo-
cated at (1/3,0,1/2), with C2v site symmetry and the rotational
axis perpendicular to the chosen q. We show the real part
ReZqCy and ReZ̄qCy in Figs. 10(a) and 10(b), evaluated on
several points with a small computational effort. We further
report in Fig. 10(a) the comparison between the longitudinal
momentum dependent effective charge and the “modified”
form factor F (q, ZC ) for carbon as obtained from calcula-
tions for the spherically symmetric isolated atom [105]. The
agreement is qualitatively excellent for most of the wave vec-
tors, suggesting that the rigid-ion approximation can account
for the charge response component parallel to the exchanged
momentum, that is also weakly affected by the different band-
filling properties of graphite and LiC6. ReZqCy tends to 0
in the q → 0 limit because of electronic screening, while
it tends to 4 in both systems in the q → ∞ limit having
been computed with a pseudopotential comprising 4 valence
electron. Indeed, when using pseudopotentials, in Eqs. (67)
and (68), we replace the nuclear charge Zs with the pseu-
dopotential ionic charge ZPP

s , in agreement with what done in
Ref. [43]—see Appendix B for more details and for possible
different choices. The modified form factor instead asymptot-
ically tends to 6, since it has been calculated in an all-electron
framework, and goes to 0 in the long wavelength limit. The
discrepancies of the q → ∞ limit between ab initio and form
factor calculations may be addressed by reconstructing the
core charge in the context of PAW pseudopotentials, as dis-
cussed in Appendix B; which leave the investigation of this
matter for future developments.

Differences between graphite and LiC6 can already be ap-
preciated when looking at transverse momentum dependent
effective charges, especially when approaching the small mo-
mentum transfer regime where screening effects dominate,
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FIG. 10. y component of the real parts of the momentum de-
pendent (a) longitudinal and (b) transverse effective charges for the
carbon atom in graphite located at (0,0,1/4) in fractional coordinates
(blue line) and for the carbon atom of LiC6 located at (1/3,0,1/2) in
fractional coordinates (orange line), as a function of q along the line
�-M, i.e., for wave vectors of the form q = (0,q,0). The atomic form
factor for an isolated carbon atom is plotted as comparison (green
line). (c) and (d) present the imaginary part of the same momentum
dependent effective charges, while (e) and (f) show the x component.
The leading order expansions are represented in (b) and in the inset
of (f), as dashed lines. Vertical lines represent the limit of the first
Brillouin zone (M point) for reference.

as shown in Fig. 10(b). Here the horizontal dashed lines
represent the metallic Born effective charges computed by
finite differences, that correspond to the long wavelength limit
of the momentum dependent transverse effective charges, in
agreement with Eq. (71). We then turn our attention to the
imaginary components of our momentum dependent effective

FIG. 11. EELS spectrum from Eq. (140), as a function of the
frequency, for LiC6 at q = (0, 0.5, 0) Bohr−1 and normalized at
the highest peak. The calculation employing the atomic form fac-
tor wrongly estimates the relative strength of the peaks and misses
some features that comes from the imaginary part of the momentum
dependent effective charges, as shown in the inset.

charges, that do not have a counterpart in the rigid-ion ap-
proximation, as the modified form factors are real quantities
by definition. We first show the component y of momentum
dependent longitudinal and transverse effective charges par-
allel to the exchanged momentum in Figs. 10(c) and 10(d).
The difference between the two considered systems is clear,
as only carbon of graphite displays a nonzero, albeit small,
effective charge in the whole considered range of momenta,
while it is exactly zero in LiC6. Precisely the opposite can
be seen in Figs. 10(e) and 10(f), where ImZqCx and ImZ̄qCx

are displayed. This different behavior can be traced back
to the different site-symmetry properties of carbon atoms in
graphite and LiC6 crystalline structures. Extinction rules dic-
tated by symmetry can be more easily analyzed for transverse
charges. For instance, the D3h site symmetry of carbon atoms
in graphite structure imposes the monopole contribution MCα

to be identically zero, as rank-1 tensors are not invariant
under the relevant symmetry operations. On the other hand,
any polar vector quantity parallel to the rotational axis of
the C2v site-symmetry of carbon in LiC6 is invariant under
symmetry elements of the point group; for the carbon atom
under scrutiny, this results in a nonzero monopole MCx per-
pendicular to the momentum direction, as indeed displayed
in Fig. 10(f) and its inset, where the asymptotic divergent
behavior of ImZ̄qsx is compared with MCx/q, MCx being nu-
merically computed from the Fermi energy shift via Eq. (92).
A similar analysis can be carried out for all other multipole
terms contributing to the imaginary part of the momentum
dependent transverse effective charge.

As a representative example of the impact of momen-
tum dependent effective charges in the analysis of EEL
spectra, we show in Fig. 11 the momentum-resolved vibra-
tional cross section of LiC6 close to the M point evaluated
within our approach and by using modified form factors
within the rigid-ion approximation. Albeit overall consis-
tent, the spectrum obtained with modified form factors
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overestimates the relative strength of vibrational peaks.
Additionally, the phonon mode at 153 meV would be EELS-
inactive within the rigid-ion approximation, as shown in the
inset, while our formulation predicts instead a nonzero, even
though small, contribution arising from nonspherical contri-
butions to the charge response.

VI. CONCLUSIONS

Within the theory of first-principles calculations, we
have provided a prescription to compute transverse charge
responses in semiconductors and metals, which respects trans-
lational invariance and charge neutrality. We have shown that
the transverse response is related to the longitudinal one via a
well defined long-range inverse screening function ε−1

L , in the
form of a inverse dielectric function that dictates the response
to macroscopic electric fields. In metals, its long wavelength
expansion in linked to the quantum capacitance. By consider-
ing the force response to macroscopic electrostatic potentials,
we have shown that transverse and longitudinal responses can
be computed achieving a computational scaling factor of 3Nat.
The use of reciprocal space finite differences, made possible
by the numerical stability of the transverse calculations, has
been used to access the coefficients of the Taylor expansion
of the transverse charges, coinciding with the Born effective
charges, dynamical quadrupoles and higher orders. We were
able to show that the dynamical quadrupoles are a local quan-
tity, depending only on the environmental surroundings, for
a large-cell solid solution of ferroelectric HfO2. For metals,
we showed that to obtain accurate EELS spectra it may be
important to improve upon the use of atomic form factors of
isolated atoms, in order to correctly asses the relative intensity
between different phononic peaks, and the emergence of reso-
nance due to the nonspherical character of the induced charge.
We are aware of an independent theoretical work [106] on
the static Born charges in metals that is based on the analytic
long-wavelength approach of Ref. [23].
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APPENDIX A: DEFINITIONS AND TECHNICAL PROOFS

1. Fourier transforms

For a generic function f (r), we define its Fourier transform
as

fq(G) =
∫

dr
NV

f (r)e−i(q+G)·r, (A1)

f (r) =
∑
qG

fq(G)ei(q+G)·r, (A2)

where N is the number of cells in the Born-von Karman super-
cell, over which the integral runs, and V the volume of each

cell. For functions the are periodic with the same periodicity
of the crystal, the above equations reduce to the case q = 0.
For a generic function g(r, r′), we instead define

gq(G, G′) =
∫

dr
NV

∫
dr′g(r, r′)e−i(q+G)·rei(q+G)·r′

, (A3)

g(r, r′) = 1

NV

∑
qGG′

gq(G, G′)ei(q+G)·re−i(q+G′ )·r′
. (A4)

2. Hermiticity of χ

The Hermiticity of χ is mutuated by the Hermiticity of χ0

via the Dyson equation. χ0 is written for the static case as

χ0(r, r′) = 2
∑

nkmk′

fmk′ − fnk

εmk′ − εnk

× ψmk′ (r)ψ∗
nk(r)ψnk(r′)ψ∗

mk′ (r′), (A5)

where the factor 2 is due to the spin index, which we as-
sume, just for simplicity, to be degenerate. Without assuming
time-reversal symmetry, i.e., without assuming reality of the
wavefunctions, one has

χ0(r, r′) = [χ0(r′, r)]c.c.. (A6)

Its reciprocal space representation is instead

χ0
q (G, G′) = 2

∫
dr
NV

∫
dr′ ∑

nkmk′

fmk′ − fnk

εmk′ − εnk

× ψmk′ (r)e−i(q+G)·rψ∗
nk(r)ψnk(r′)

× ei(q+G′ )·r′
ψ∗

mk′ (r′)

= 2

NV

∑
nmk

fmk+q − fnk

εmk+q − εnk
〈unk|e−iG·r|umk+q〉

× 〈umk+q|eiG′ ·r′ |unk〉, (A7)

where in the brakets the integration runs over the unit cell. It
is evident that

χ0
q (G, G′) = [χ0

q (G, G′)
]c.c.

. (A8)

3. Formal proof of Eq. (36)

The macroscopic induced density δρ
el,φ
q obtained by a

longitudinal response to the external potential δφq [Eq. (30)]

is equal to δρ̄
el,φR

q obtained by a transverse response to δφR
q

[Eqs. (33) and (34)]. We can rewrite such two density re-
sponses as

δρel,φ
q = eχqδφq = e

∑
G

χ0
q (0, G)δV tot,φ

q (G), (A9)

δρ̄el,φR

q = eχ̄qε
−1
L (q)δφq = e

∑
G

χ0
q (0, G)ε−1

L (q)δV̄ tot,φ
q (G).

(A10)

In the above expressions, we have used that χ0 is the same
for longitudinal and transverse responses. Equating the two
densities, it follows

ε−1
L (q)δV̄ tot,φ

q (G) = δV tot,φ
q (G). (A11)
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From the above relation evaluated at G = 0, Eq. (39) follows.
Now one writes, using Eq. (A11), the relation

δρel,φ
q (G) = e

∑
G′

χ0
q (G, G′)δV tot,φ

q (G′)

= e
∑
G′

χ0
q (G, G′)ε−1

L (q)δV̄ tot,φ
q (G′)

= δρ̄el,φ
q (G)ε−1

L (q), (A12)

which proves Eq. (36).

4. Dyson equations

We introduce the interaction Kernel of DFT as

v′
q(G, G′) = vq(G)δGG′ + Kxc

q (G, G′), (A13)

v̄′
q(G, G′) = v̄q(G)δGG′ + Kxc

q (G, G′). (A14)

The Dyson equation for the wings of the density-density re-
sponse functions are then written as

χq(G, 0) = χ0
q (G, 0) +

∑
G′G′′

χ0
q (G, G′)v′

q(G′, G′′)χq(G′′, 0),

(A15)

χ̄q(G, 0) = χ0
q (G, 0) +

∑
G′G′′

χ0
q (G, G′)v̄′

q(G′, G′′)χ̄q(G′′, 0).

(A16)

We now test that the Dyson equations are related via ε−1
L (q).

For the definition of v̄ given in Eq. (19), in Eq. (A16), the
summation over G′, G′′ that contains the Coulomb kernel
evaluates to zero when G′ = 0 and G′′ = 0 By multiplying
Eq. (A16) by ε−1

L (q), and with passages similar to the ones of
Eq. (63), we obtain

χq(G, 0) = χ0
q (G, 0) +

∑
G′G′′

χ0
q (G, G′)

× v̄′
q(G′, G′′)χq(G′′, 0) + χ0

q (G, 0)vqχq.

(A17)

The last addend of Eq. (A17) is exactly the term that is missing
from the reciprocal lattice sum over G′, G′′ to make it equal
to the sum in Eq. (A15). A generalization of this proof to the
whole χ and χ̄ matrices can be done using a theory similar to
the one of Ref. [8].

APPENDIX B: PSEUDOPOTENTIAL CASE

1. Linear response

The derivations given in the main text assumed the
all-electron formalism. We extend them here to the pseu-
dopotential (‘PP’) case, including the nonlocal case. In the
general case of a nonlocal external potential, one can define a
two-point charge density, of which the standard DFPT density
represents the diagonal component:

δρPP
q (r, r′) = e

∫
dr1dr2LPP

q (r, r′, r1, r2)δV ext
q (r1, r2).

(B1)

It holds

LPP
q (r, r, r1, r1) = χPP

q (r, r1), (B2)

LPP
q (r, r′, r1, r2) = [LPP

q (r1, r2, r, r′)
]c.c.

. (B3)

In reciprocal space, we have

δρel,PP
q (G, G′) = e

∑
G1G2

LPP
q (G, G′, G1, G2)δV ext

q (G1, G2),

(B4)

with the property that

LPP
q (G, G, G1, G1) = χPP

q (G, G1), (B5)

LPP
q (G, G′, G1, G2) = [LPP

q (G1, G2, G, G′)
]c.c.

. (B6)

The induced density reads

δρPP
q (r, r′) = e

∑
k

occ∑
n

[
δuq,PP

nk (r)
]c.c

uPP
nk (r′)

+ [uPP
nk (r)

]c.c
δu−q,PP

nk (r′). (B7)

Using time-reversal we get [12,107]

δρPP
q (r, r′) = 2e

∑
k

occ∑
n

[
δuq,PP

nk (r)
]c.c

uPP
nk (r′). (B8)

The two-point density relates to the local density as

δρPP
q (r) =

∫
dr′δρPP

q (r, r′)δ(r − r′), (B9)

δρPP
q (G) = δρPP

q (G, G). (B10)

We will therefore use only one index (spatial or reciprocal
space) when referring to the local density.

2. Monochromatic perturbations

We now introduce the transverse charge density as

δρ̄el,PP
q (G, G′) = e

∑
G1G2

L̄PP
q (G, G′, G1, G2)δV ext

q (G1, G2),

(B11)

where the barred symbol indicated that quantities are com-
puted with the prescription of Eq. (19), applied to the
self-consistent Hartree potential. The variation of the external
potential is general in this section, and not related to electron-
ion interaction through pseudopotentials, so that the ionic V ion

is unaltered from its equilibrium value.
With the same line of reasoning of the all-electron case,

we consider an external potential that contains only local
components, of the form

δV ext
q (G, G′) = δφloc

q (G)δGG′ + δφnloc
q (G, G′), (B12)

δφloc
q (G) =

{
1 G = 0
0 G �= 0 , (B13)

δφnloc
q (G, G′) = 0 ∀G, G′. (B14)
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In absence of nonlocal external potentials, we can still use
the density-density response function. The equations for the
density are then written

δρel,PP,φloc

q (G) = eχPP
q (G, 0), (B15)

δρ̄el,PP,φloc

q (G) = eχ̄PP
q (G, 0), (B16)

where the superscript φloc indicates that calculations have
been performed under the conditions Eqs. (B13) and (B14).

We can again identify

ε−1
L,PP(q) = χPP

q (G, 0)

χ̄PP
q (G, 0)

∀G, (B17)

ε−1
L,PP(q) = δρ

el,PP,φloc

q

δρ̄
el,PP,φloc

q

= δV tot,PP,φloc

q

δV̄ tot,PP,φloc

q

. (B18)

The explicit expressions for the long-range dielectric screen-
ing still hold, as, e.g.,

ε−1
L,PP(q) = 1 + vqδρ

el,PP,φloc

q /e = 1 + vqχ
PP
q . (B19)

As we will see in the following, in the nonlocal pseudopo-
tential case it is important to determine a relation between the
variations of the Bloch functions. Starting from the expression
for the variation of the longitudinal density (considering only
the case of semiconductors for simplicity)

δρel,PP,φloc

q = 2e

N

∑
k

occ∑
n

〈
δuq,PP,φloc

nk

∣∣uPP
nk

〉
, (B20)

one finds that it must hold

δuq,PP,φloc

nk (r) = ε−1
L,PP(q)δuq,PP,φloc

nk (r). (B21)

The above relation can be rewritten for the two-point density
as

δρel,PP,φloc

q (r, r′) = ε−1
L,PP(q)δρ̄el,PP,φloc

q (r, r′), (B22)

which is translated in

Lq(G, G′, 0, 0) = ε−1
L,PP(q)L̄q(G, G′, 0, 0), (B23)

Using the properties of the complex conjugate and that the
screening function is real the above equation becomes

Lq(0, 0, G, G′) = ε−1
L,PP(q)L̄q(0, 0, G, G′). (B24)

3. Atomic displacements

The case of atomic displacements has to be treated differ-
ently from the one of Sec. II C. In particular, we define the
longitudinal total charge change as

δρ tot,PP
qsα = δρel,PP

qsα + δρ ion
qsα. (B25)

In the all electron case treated in the main text, the only
possible choice to describe the atomic displacement is

δρ ion
qsα = −i

|e|
V

qαZs. (B26)

When dealing with pseudopotential, the choice for δρ ion
qsα is not

unique. As a matter of fact, the ionic charge density variation

FIG. 12. Real part of Zqx for aluminum, computed on a line of
the form q = (q, 0, 0), using Eqs. (B29) and (B28) as ionic charge, or
the atomic form factor F (q,Z ) of Eqs. (142) and (143). We remind
that for the pseudopotential used in this work for aluminum ZPP = 3,
while Z = 13, as highlighted by the inset.

is associated to a macroscopic electrostatic potential δV ion
qsα via

the first Maxwell’s equation

δV ion
qsα = 4πe

q2
δρ ion

qsα = vq

e
δρ ion

qsα. (B27)

Since the choice of the ionic potential in a pseudopotential
calculation is not unique, neither will be the choice of the
charge variation.

The first possible choice for δρ ion
qsα , that we used in

Refs. [10,11,17], is

δρ ion,loc
qsα = e

vq
δV loc,PP

qsα , (B28)

where V loc,PP is the local part of the pseudopotential. With this
choice the ion charge is not made by point charges, but by an
enlarged charge distribution, with compact support.

Another possible choice, that is the one implemented in
this work and in Ref. [43], is

δρ ion,PC
qsα = −i

|e|
V

qαZPP
s , (B29)

where “PC” means point-charges and ZPP
s is the ionic charge

of the pseudopotential. This choice corresponds to represent
the ions as point charges with a charge equal to the valence
charge ZPP

s [108].
At small wave vectors, using Eqs. (B28) or (B29) does

not change much, as shown in Fig. 12. At large wave vec-
tors, δρ ion,PC

qsα has the correct analytical form as a function of
quasimomentum, so that it is a natural candidate to be used
in the determination of the longitudinal charge density. In
particular, as shown in Fig. 12, Eq. (B29) makes it so that
the longitudinal momentum-dependent effective charge tends
to ZPP

s for q → 0, while Eq. (B28) has an asymptotic limit
which depends on the form of the pseudopotential. In fact, for
large wave vectors one ends up looking inside the enlarged
charge distribution of V loc,PP.
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TABLE VIII. Born effective charges for aluminum computed
with the different definition of longitudinal and transverse charge
densities given by Eqs. (B29), for Z∗,PP,PC

xx and (B28), for Z∗,PP,loc
xx .

The difference, which we indicate as �Z in the table, is O(5%). We
also report in the last column the value of the �Z as derived from the
numerical computation of the right-hand side of Eq. (B37).

Z∗,PP,PC
xx Z∗,PP,loc

xx �Z Eq. (B37)

Al LDA 6.80005 6.63066 0.16939 0.16939
Al PBE 6.81174 6.49193 0.31981 0.31982

Anyway, choosing Eq. (B29) still leads to asymptotic er-
rors in the evaluation of the EELS cross section with respect to
modified atomic form factors because ZPP

s �= Zs. The atomic
form factor instead has the asymptotic correct limit. The cor-
rection to this problem can be achieved within the formalism
of PAW pseudopotentials [109], and it is left for future devel-
opments.

By virtue of the request Eq. (B27), the ionic potentials
associated to the various possible choices for the ionic charges
are

δV ion,PC
qsα = vq

e
δρ ion,PC

qsα , (B30)

δV ion,PP
qsα = δV loc,PP

qsα . (B31)

We now define the total transverse charge variation as

δρ̄ tot,PP
qsα = δρ̄el,PP

qsα + δρ ion
qsα. (B32)

The prescription to obtain transverse charges is now general-
ized to

δV̄ tot
qsα (G) =

{
δV tot

qsα − δV ion
qsα − δV H

qsα G = 0

δV tot
qsα (G) G �= 0

. (B33)

In practice, we are just referring the macroscopic component
of our potential to δV ion

qsα [7,47,110]. Eq. (B33) guarantees that,
in analogy to the all-electron case, the relation

ε−1
L,PP(q)δρ̄ tot,PP

qsα = δρ tot,PP
qsα (B34)

is respected at any q, as demonstrated in the next section.
The value of static Born effective charges in, e.g., alu-

minum slightly changes between using Eqs. (B29) (Z∗,PP,PC
xx )

or (B28) (Z∗,PP,loc
xx ), as showed in Table VIII for the com-

putational parameters used in this work. We stress that this
difference is entirely due to the freedom in the definition of
δρ ion

qsα . To understand its origin, we indicate the longitudinal
charge computed with Eqs. (B29) or (B28) respectively as
δρ tot,PP,PC

qsα and δρ tot,PP,loc
qsα . We also call the corresponding trans-

verse charges, computed under the appropriate conditions

(B33), as δρ̄ tot,PP,PC
qsα and δρ̄ tot,PP,loc

qsα . Then, using Eqs. (100) and
(B27), we obtain

δρ̄ tot,PP,PC
qsα − δρ̄ tot,PP,loc

qsα = δρ tot,PP,PC
qsα − δρ tot,PP,loc

qsα

ε−1
L,PP(q)

= (δρ ion,PC
qsα − δρ ion,loc

qsα

)Cvq

e2V

= (δV ion,PC
qsα − δV ion,loc

qsα

) C
eV

. (B35)

The difference between transverse momentum-dependent ef-
fective charges is, using Eqs. (65) and (71):

Z̄PP,PC
qsα − Z̄PP,loc

qsα = − iC
e2q

(
δV ion,PC

qsα − δV ion,loc
qsα

)
. (B36)

For aluminum (which has one atom per unit cell and therefore
we drop the atom index) we consider a q point of the form
q = (qx, 0, 0) and finally obtain

Z∗,PP,PC
xx − Z∗,PP,loc

xx = − lim
qx→0

iC
e2qx

(
δV ion,PC

qxx − δV ion,loc
qxx

)
.

(B37)

The right-hand side of the above equation can be computed
independently from the left-hand side, and its numerical value
is reported in the last column of Table VIII.

a. Proof of Eq. (B34)

To prove Eq. (B34), we specify the details of the ionic
pseudopotential. In this section, we consider the case where
the ionic pseudopotential is be written in the form

δV ion,PP
qsα (G, G′) = δV loc,PP

qsα (G)δGG′ + δV nloc,PP
qsα (G, G′),

(B38)

where all the long-range components are contained in the local
part. It is convenient to define a transverse ionic potential as

δV̄ ion,PP
qsα (G, G′) =

⎧⎪⎪⎨
⎪⎪⎩

δV ion,PP
qsα − δV ion

qsα G = G′ = 0

δV ion,PP
qsα (G) G = G′ �= 0

δV nloc,PP
qsα (G, G′) G �= G′

.

(B39)

Notice that in the long wavelength limit the long-range com-
ponents of the Coulomb interactions are all contained in
the local part of the pseudopotential [50], which is diago-
nal in G space. Notice also that, with the choice of ionic
charge performed in this work i.e., Eq. (B29), the above equa-
tion is independent from the choice of moving well-behaved
components of the pseudopotential from the G = G′ = 0
components of the local part to the nonlocal part and vicev-
ersa. Eq. (B33) then becomes

δV̄ tot,PP
qsα (G) = δV xc,PP

qsα (G) +
{

δV̄ ion,PP
qsα G = G′ = 0

δV ionH,PP
qsα (G) G = G′ �= 0

,

(B40)

δV̄ nloc,PP
qsα (G, G′) = δV nloc,PP

qsα (G, G′) G �= G′. (B41)
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Therefore we can write for the total charge

ε−1
L,PP(q)δρ̄ tot,PP

qsα = ε−1
L,PP(q)

⎡
⎣e
∑

G

χ̄PP
q (0, G)δV̄ ion,PP

qsα (G) + e
∑

G �=G′
L̄PP

q (0, 0, G, G′)δV̄ nloc,PP
qsα (G, G′) + δρ ion

qsα

⎤
⎦

= e
∑

G

′
χPP

q (0, G)δV ion,PP
qsα (G) + e

∑
G �=G′

LPP
q (0, 0, G, G′)δV nloc,PP

qsα (G, G′) + eχPP
q

[
δV ion,PP

qsα − δV ion
qsα

]+ δρ ion
qsα

+ evqχ
PP
q δρ ion

qsα = δρel,PP
qsα − eχPP

q vqδρ
ion
qsα + δρ ion

qsα + evqχ
PP
q δρ ion

qsα = δρ tot,PP
qsα . (B42)

Analogous considerations pertain the computation of momen-
tum dependent transverse effective charges in presence of
Fermi energy shift, as treated in Sec. II D.

4. Reversal of vertex dressing

Now we show how to revert the dressing of the bubble to
compute the response, in analogy to what done for the all-
electron case. The variation of the induced density reads as

δρel,PP
qsα (r, r′) = 2e

∑
k

occ∑
n

[
δuqsα,PP

nk (r)
]c.c

uPP
nk (r′). (B43)

Then, one writes

δρel,PP
qsα = e

∑
G1G2

Lq(0, 0, G1, G2)δV ion,PP
qsα (G1, G2)

= e
∑
G1G2

[Lq(G1, G2, 0, 0)]c.c.δV ion,PP
qsα (G1, G2)

= e

N2

∫
drdr′[δρel,PP,φloc

q (r, r′)
]c.c.

δV ion,PP
qsα (r, r′)

= 2e

N2

∑
k

occ∑
n

〈
δuq,PP,φloc

nk

∣∣δV ion,PP
qsα

∣∣uPP
nk

〉
. (B44)

As in the all-electron case, the induced density is in the same
form of the force costant matrix, and therefore prone to an
easy implementation in existing codes. Naturally, the same
relation holds for the transverse charge:

δρ̄el,PP
qsα = 2e

N2

∑
k

occ∑
n

〈
δuq,PP,φloc

nk

∣∣δV ion,PP
qsα

∣∣uPP
nk

〉
. (B45)

APPENDIX C: APPROXIMATION OF EQ. (114)

To gain a better insight in the approximation behind
Eq. (116), we rewrite the electron-phonon in the dielectric
approach as

gν
qmm′ (k) = 1

e

∑
G G′ G′′

uc.c.
mk+q(G)um′k(G′)

× ε−1(q + G′ − G, q + G′′)vq(G′′)

×
∑

sα

δρ ion
qsα (G′′)eν

qsαlν
sq. (C1)

If one calls the screened Coulomb as w = ε−1v, in the long
wavelength limit the long-range part of the electron-phonon
gets contribution mainly from the head and the wings of w

[11]. At the RPA level, which is enough to extract the power-
law behaviours of the long-range components of the electron-
phonon coupling, one has

wq = (1 + vqχq)vq, (C2)

wq(0, G) = vqχq(0, G)vq(G). (C3)

Reducing to the case of a cubic semiconductor for simplicity,
in semiconductors it holds

wq ∝ vq

ε∞
, (C4)

wq(0, G) ∝ vq

ε∞
q · A′(G), (C5)

where A′ is a vectorial function of the local-fields. Neglecting
the wings contribute to Eq. (114) then corresponds to disre-
gard terms of the same order of the quadrupolar ones, in the
form of Eq. (3.31) of Ref. [56]. This means that in principle
that beside the piezoelectric coupling there is another long-
range term of the same order in q, which is though usually
numerically found to be small [72]. In metals instead in the
long-wavelength limit, we have that

wq ∝ ε−1(q)vq ∝ B, (C6)

wq(0, G) ∝
∑
G′

wqχ
0
q (0, G′)ε(G′, G)/vq(G′) ∝ D. (C7)

Even if the above terms are both constants, it is expected
that D � B since for an electron gas χ0

q (0, G′) = 0. Also,
the wings and the body of χ0 may be dominated from the
manifold of occupied bands that do not cross the Fermi level,
in which case we recover terms that are of typical semicon-
ducting nature, but screened by a metallic dielectric function.

The exact treatment of all the long-range components goes
beyond the scopes of this work, and we leave it for future
developments.

APPENDIX D: COMPUTATIONAL DETAILS

We implemented the evaluation of momentum depen-
dent longitudinal and transverse effective charges Zqsα

inside QUANTUM ESPRESSO (QE) [53] through the mod-
ified ‘dynamical matrix’ expression of Eqs. (136) and
(137), translated in Eqs. (B44) and (B45) for the pseudo
case, where the induced charge is computed via a sin-
gle DFPT cycle in response of a unitary external per-
turbation. At present, our implementation is limited to
norm-conserving-pseudopotentials (NCPPs) [111], but the
extension to ultra-soft-pseudopotentials (USPPs) [112] or
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projector-augumented-wave (PAWs) [109] can be done fol-
lowing thanks to the link between our method and the
dynamical matrix calculation, following, e.g., Ref. [113]. As
shown in the validation section, we checked that our imple-
mentation gives the same results as Eqs. (134) and (135), i.e.,
performed for all the phonon representations. The parameters
used for each material are listed in the following.

1. Hafnium oxide

As already mentioned in the main text, for hafnium oxide
we use PBESOL [114] NC pseudopotentials that contain 26
electrons in the valence band for Hf and 6 for O, taken from
the PSEUDO DOJO repository [115]. The energy cutoff used
to converge the calculation, that needs to be high especially
for the convergence of the stress tensor, is 132 Rydberg, while
the k-point grid is a Monkhorst-Pack grid [116] of dimensions
4 × 4 × 4. The fully relaxed parent structure of Hafnium ox-
ide can be described by a lattice parameter a = 9.8455 Bohr
with the three direct lattice vectors reading, in units of a, as

v1 = (1.002422641, 0, 0),

v2 = (0, 0.962205044, 0), (D1)

v3 = (0, 0, 0.966735507).

With the above parameters, the stress on this structure results
to be −0.01 kbar. The relaxation of the internal degrees of
freedom is performed to a precision of 10−5 Ry/Bohr, as
implemented in QE. When computing the piezoelectric tensor
component related to internal strain, we use finite differences
based on central derivatives for a strain of 0.001, and we
keep the same (very stringent) precision target on the forces.
The finite differences are needed to remove numerical noise
coming from the force minimization. We apply the six in-
dependent components of strain deformation, and therefore
perform 12 relaxation calculations. To compute Born effective
charges and dynamical quadrupoles, we use one-point deriva-
tives (since we know that the charge density at the origin has
to be null) with a displacement of 0.005 in unit of 2π/a—see
Appendix E. For the Berry phases approach, we use central
derivatives, that are again needed to cancel numerical noise.
Following its implementation in QE, for each of the 6 strain
perturbation, we perform 1 self-consistent field calculation
and 3 non-self-consistent field calculations, times 2 for the
finite differences, times 2 for to have both the full and clamped
piezoeletric tensors, for a total of 96 calculations. Overall, we
find that the method developed in this work is faster.

For the 2 × 2 × 2 supercell calculation, we just double the
lattice parameter, halve the k grid and introduce the silicon
atom, whose pseudo potential contains four valence electrons.

2. Pristine and intercalated graphite

For both pristine and intercalated graphite we use NC
pseudopotentials containing four valence electrons for the C
atoms, and 1 for Li. The functional used is LDA [117]. The en-
ergy cutoff is 90 Ry for graphite and 65 Ry for LiC6, while the
k-point grid is a Monkhorst-Pack of dimensions 32 × 32 × 8
for graphite and 24 × 24 × 24 for LiC6. The lattice parameter
used for graphite is 4.6487 Bohr and the interlayer distance
is 6.339 Bohr. In Li6 the distance between single graphene

planes is 6.9016 Bohr, and the Li atom is situated in the middle
of these two planes in correspondence of the center of one
hexagon of C atoms, as shown in the inset Fig. 9. The distance
between neighboring C atoms is in this case 2.7063 Bohr,
instead of the 2.6839 Bohr of graphite. The graphite cell is
determined by the three lattice vectors, in units of a = 4.6487
Bohr:

v1 = (1, 0, 0),

v2 =
(

−1

2
,

√
3

2
, 0

)
, (D2)

v3 = (0, 0, 2.725).

The LiC6 cell is determined by the three lattice vectors, in
units of a = 8.1100 Bohr:

v1 = (1, 0, 0),

v2 =
(

− 1

2
,

√
3

2
, 0

)
, (D3)

v3 = (0, 0, 0.851).

For graphite, we use a Methfessel-Paxton [118] smearing of
20 mRy, while for LiC6 we use 20 mRy of Marzari-Vanderbilt
[119] smearing. Only for Fig. 4, we use a larger gaussian
smearing of 0.1 Ry, since convergence of the asymptotic long
wavelength limit is harder to achieve with respect to finite
q. Indeed, with a 20 mRy smearing and a 24 × 24 × 24 grid
we find that, for q = 2π

a (0, 0.001, 0), the difference between
ε−1(q)/q2 and V/(C4π ) is of order 5%.

3. Aluminum

For aluminum we use NC pseudopotentials with three elec-
trons, both for the LDA and PBE functionals. The cell is
determined by the three lattice vectors, in units of a = 7.6721
Bohr:

v1 =
(

−1

2
, 0,

1

2

)
,

v2 =
(

0,
1

2
,

1

2

)
, (D4)

v3 =
(

−1

2
,

1

2
, 0

)
.

We use a Monkhorst-Pack grid of dimensions 48 × 48 ×
48, a energy cutoff of 40 Ry, and a Gaussian smearing of
0.025 Ry.

APPENDIX E: DETAIL AND STABILITY OF NUMERICAL
DIFFERENTIATION

In this Appendix, we highlight the fact that, as found in
other contexts [24,120], the reciprocal space finite different
approach for the linear response turns out to be very effective
and accurate. In particular, the numerical procedure is so sta-
ble that we can span several order of magnitudes for the value
of q and still obtain extremely similar results. Throughout the
whole section, δρ̄ tot

qsα is intended to be computed using the
fast method of Eq. (137), and vectors are intended in units
of 2π/a.
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General procedure. We will consider here only the case of
semiconductors; the metallic case is easily generalized, with
the due attention to the Fermi shift case. We first notice that,
for each atom, the number of independent components of the
nth tensor of the expansion Eq. (70) is 3 × (n+2)(n+1)

2 , where
the factor 3 comes from the Cartesian index α while (n+2)(n+1)

2
is the number of independent components of a totally sym-
metric tensor of rank n [121]. As a matter of fact, each of
the tensors of Eq. (70) is totally symmetric for exchanges
of all the indexes that are linked to the momentum Taylor
expansion. Then, we notice that our framework outputs, for
each atom, the 3 Cartesian components of Eq. (70) in the same
calculation. The problem is therefore reduced to determine the
remaining (n+2)(n+1)

2 independent components. To determine
all the components we proceed in the following way.

(1) We take a generic q point, and we consider the
one-dimensional direction spanned by q, expressed in this
section as

q = q(λ1, λ2, λ3), (E1)

λ2
1 + λ2

2 + λ2
3 = 1. (E2)

In this direction, any real function f (q) may be written simply
as f (q), where q = |q|.

(2) We separate δρ̄ tot
qsα in real and imaginary components,

respectively Reδρ̄ tot
qsα and Imδρ̄ tot

qsα , which respect

Reδρ̄ tot
qsα = Reδρ̄ tot

−qsα, (E3)

Imδρ̄ tot
qsα = −Imδρ̄ tot

−qsα, (E4)

Reδρ̄ tot
0sα = Imδρ̄ tot

0sα = 0. (E5)

(3) We suppose that q is small enough that the n-the cen-
tral difference derivative of f (q) at q = 0 may be expressed
as

dn f (0)

dqn
= q−n

n∑
k=0

(−1)k

(
n

k

)
f

([
n

2
− k

]
q

)
+ O(q2). (E6)

The choice of central differences to the order O(q2) is the
one performed in this work, but it may be changed to obtain
more accurate results. The explicit expression for, e.g., the
first, second, and third order derivatives are

∂ f (0)

∂q
= f

(
1
2 q
)− f

(− 1
2 q
)

q
, (E7)

∂2 f (0)

∂q2
= f (q) − 2 f (0) + f (−q)

q2
, (E8)

∂3 f (0)

∂q3
= f

(
3
2 q
)− 3 f

(
1
2 q
)+ 3 f

(− 1
2 q
)− f

(− 3
2 q
)

q3
. (E9)

We now apply the above formula to Reδρ̄ tot
qsα and Imδρ̄ tot

qsα . The
odd derivatives of Reδρ̄ tot

qsα are zero, as well as the even deriva-
tives of Imδρ̄ tot

qsα . Further, using the properties Eqs. (E3)–(E5)
and that q is a mute variable, we can rewrite

∂Imδρ̄ tot
0sα

∂q
=

2Imδρ̄ tot
1
2 qsα

q
= Imδρ̄ tot

qsα

q
, (E10)

∂2Reδρ̄ tot
0sα

∂q2
= 2Reδρ̄ tot

qsα

q2
, (E11)

∂3Imδρ̄ tot
0sα

∂q3
=

2Imδρ̄ tot
3
2 qsα

− 6Imδρ̄ tot
1
2 qsα

q3

= Imδρ̄ tot
3qsα − 3Imδρ̄ tot

qsα

4q3
. (E12)

The fact the central differences end up depending only on
forward increments, but with a better error estimate with re-
spect to a comparable forward differences method, is due to
the properties Eqs. (E3)–(E5). Notice also that both the first
and second order derivatives can be obtained by computing
only one q value. Instead, the determination of the third order
derivatives needs one further q value with respect to the first
order derivative. In formula, Eq. (E6) may be simplified for
even values of n as

dn f (0)

dqn
= 2(q)−n

n/2∑
k=1

Ge(k)

×
(

n
n
2 − k

)
f (kq) + O(q2) n even, (E13)

Ge(n/2) = 1, Ge(n/2 − 1) = −1, Ge(n/2 − 2) = 1, . . . ,

(E14)

while for odd values of n as

dn f (0)

dqn
= 2(2q)−n

n∑
k=1

k even

Go(k)

×
(

n
−k+n

2

)
f (kq) + O(q2) n odd, (E15)

Go(n) = 1, Go(n − 2) = −1, Go(n − 3) = 1, . . . .

(E16)

(4) We have now determined the derivatives of the charge
density, up to a given order n, along a given direction. This
means that, along the same direction, we have determined the
expansion Eq. (70) to the order n, with a certain precision
given by our chosen differentiation algorithm. Of course, the
fact that the expansion is known on a line doesn’t mean that
we get to singularly know each independent component of
the tensors. In fact, suppose that, e.g., for n = 2 we have
determined

∂2Reδρ̄ tot
0sα

∂q2
= |e|

V

∑
βγ

Qs,αβγ λβλγ . (E17)

The independent components of the dynamical quadrupoles
are (2+2)(2+1)

2 = 6, so that we need to reiterate the previous
points on six different lines to solve a linear system and
obtain all the independent components. Notice that of course
with same 6 lines we are able to compute also the first order
derivatives. It follows that to determine tensors up to order n,
we need to perform derivatives on (n+2)(n+1)

2 lines.
Given the above procedure, if we are interested to the

derivatives up to the second order, i.e., Born effective charges
(n = 1) and dynamical quadrupoles (n = 2), we need to
calculate the derivatives only along 6 different directions. In
this work, these are chosen in the form

q1 = (q, 0, 0), (E18)
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TABLE IX. Relative convergence of Born effective charges and dynamical quadrupoles [see text and Eqs. (E24) and (E25)] with respect
to q (in units of 2π/a). As can be seen, convergence is optimal over a wide ranges of q.

2π

a units → q = 5 × 10−4 q = 10−3 q = 10−2 q = 5 × 10−2

NZ (1, q) ∼7 × 10−5 ∼7 × 10−5 ∼2 × 10−4 ∼7 × 10−3

NQ(1, q) ∼6 × 10−3 ∼3 × 10−3 ∼6 × 10−4 ∼1.6 × 10−2

NZ (2, q) ∼7 × 10−5 ∼7 × 10−5 ∼2 × 10−4 ∼7 × 10−3

NQ(2, q) ∼7 × 10−3 ∼4 × 10−3 ∼5 × 10−4 ∼9 × 10−3

NZ (3, q) ∼7 × 10−5 ∼7 × 10−5 ∼2 × 10−4 ∼7 × 10−3

NQ(3, q) ∼7 × 10−3 ∼3 × 10−3 ∼6 × 10−4 ∼1.1 × 10−2

NZ (4, q) ∼7 × 10−5 ∼7 × 10−5 ∼2 × 10−4 ∼7 × 10−3

NQ(4, q) ∼7 × 10−3 ∼4 × 10−3 ∼6 × 10−4 ∼1.3 × 10−2

NZ (5, q) ∼6 × 10−5 ∼6 × 10−5 ∼2 × 10−4 ∼6 × 10−3

NQ(5, q) ∼5 × 10−3 ∼4 × 10−3 ∼3 × 10−4 ∼8 × 10−3

NZ (6, q) ∼6 × 10−5 ∼6 × 10−5 ∼2 × 10−4 ∼6 × 10−3

NQ(6, q) ∼5 × 10−3 ∼5 × 10−3 ∼4 × 10−4 ∼1 × 10−2

NZ (7, q) ∼6 × 10−5 ∼6 × 10−5 ∼2 × 10−4 ∼6 × 10−3

NQ(7, q) ∼4 × 10−3 ∼4 × 10−3 ∼3 × 10−4 ∼7 × 10−3

NZ (8, q) ∼6 × 10−5 ∼6 × 10−5 ∼2 × 10−4 ∼6 × 10−3

NQ(8, q) ∼4 × 10−3 ∼5 × 10−3 ∼3 × 10−4 ∼1 × 10−2

NZ (9, q) ∼7 × 10−5 ∼7 × 10−5 ∼2 × 10−4 ∼7 × 10−3

NQ(9, q) ∼3 × 10−3 ∼3 × 10−3 ∼4 × 10−4 ∼1.1 × 10−2

NZ (10, q) ∼7 × 10−5 ∼7 × 10−5 ∼2 × 10−4 ∼7 × 10−3

NQ(10, q) ∼2 × 10−3 ∼4 × 10−3 ∼4 × 10−4 ∼1.1 × 10−2

NZ (11, q) ∼7 × 10−5 ∼7 × 10−5 ∼2 × 10−4 ∼7 × 10−3

NQ(11, q) ∼3 × 10−3 ∼3 × 10−3 ∼4 × 10−4 ∼8 × 10−3

NZ (12, q) ∼7 × 10−5 ∼7 × 10−5 ∼2 × 10−4 ∼7 × 10−3

NQ(12, q) ∼3 × 10−3 ∼4 × 10−3 ∼4 × 10−4 ∼1 × 10−2

q2 = (0, q, 0), (E19)

q3 = (0, 0, q), (E20)

q4 =
(

q√
2
,

q√
2
, 0

)
, (E21)

q5 =
(

0,
q√
2
,

q√
2

)
, (E22)

q6 =
(

q√
2
, 0,

q√
2

)
. (E23)

We have checked that the result is indeed independent of
the type of line chosen, by repeating the above procedure
choosing six random directions.

Application to HfO2. For HfO2, we present in Table IX
the following quantities: for each atom s, we consider the

function

NZ (s, q) =
√∑

αβ |Z∗
sαβ (q) − Z∗

sαβ (q = 0.005)|2√∑
αβ |Z∗

sαβ (q = 0.005)|2
, (E24)

NQ(s, q) =
√∑

αβγ |Qsαβγ (q) − Qsαβγ (q = 0.005)|2√∑
αβγ |Qsαβγ (q = 0.005)|2

,

(E25)

which represent the relative change of the tensor norm when
changing q with respect to the value used in the main text,
i.e., q = 0.005. As it can be seen, the tensors are very stable
with respect to the choice of q, starting to show larger errors
at q = 0.05 because of the kick in of higher order expansion
terms. Of course, the denser the electronic momentum k grid,
the more stable the results will be for even smaller values of
q, as we tested but do not report here.
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