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Unconventional Dirac-Weyl semimetal with ultralong surface arc in phononic crystals
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The fascinating properties of unconventional Dirac and Weyl nodes in crystalline systems, carrying a topo-
logical charge of ±2, have captured the attention of researchers. Here, applying k · p analysis, we demonstrate
that space group 92 facilitates the emergence of charge-2 Dirac point and charge-2 Weyl point. Notably, the
constructed phononic crystal is allowed to be a concise configuration containing only a charge-2 Dirac point and
a charge-2 Weyl point in pairs appearing simultaneously, that is, the realization of the unconventional Dirac-Weyl
semimetal (UDWS). The projected dispersion bands reveal the unique double helical surface arcs of UDWS,
which alternate from the projected charge-2 Dirac point to the projected charge-2 Weyl point, spanning the
entire Brillouin zone with ultralong trajectories. The unique global surface arc characteristic demonstrates robust
resilience against defects, underscoring its suitability as an optimal platform for investigating ultralong surface
arcs.
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I. INTRODUCTION

The Weyl point (WP) [1–7] is characterized by an iso-
lated linear crossing point in momentum space, exhibiting a
magnetic monopole in the Berry curvature field and described
by a topological charge of ±1 (or chiral). The presence of a
nonzero topological charge gives rise to intriguing transport
phenomena, including the negative magnetoresistance effect
[8,9], chiral anomaly [10–12], nonlocal transport [13], and
chiral gauge anomaly [14]. The WP, known for its remark-
able stability requiring only translational symmetry, can only
be annihilated by merging two WPs with opposite charges
appearing at the same momentum position, culminating in a
Dirac point (DP) [15–21] with a fourfold linear degeneracy
and zero topological charge. This DP, akin to the three-
dimensional analog of graphene [22,23], exhibit the properties
of ultrahigh mobility and giant magnetoresistance [24], spark-
ing a continuous research wave. In contrast to elementary
particles adhering to Poincaré symmetry in nature, quasiparti-
cles in crystal systems must adhere to additional constraints
imposed by space group symmetries. Given the multitude
of space group symmetries, many novel quasiparticles are
allowed to appear in crystal systems, such as charge-2 WP
[25,26], triple point [27–31], charge-2 DP [32–34], sixfold
point [35–37], nodal line [38–42], and nodal surfaces [43–46].
Among them, the charge-2 WP and charge-2 DP, commonly
referred to as “double Weyl nodes,” are two notable members
that undoubtedly attract substantial scrutiny due to their high
topological charges of ±2.

Benefiting from the insights of topological matters in
solid systems, various acoustic analogs in phononic crys-
tals [47–50] have been extensively explored, encompassing
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Chern insulator [51], spin Chern insulator [52,53], quadrupole
topological insulator [54,55], charge-2 Weyl semimetal
[56,57], charge-2 Dirac semimetal [58], and several higher-
order topological states [59–62]. The superior macroscopic
controllability and manufacturability of phononic crystals,
in comparison to the complex manipulations required at the
atomic scale in electronic materials, provide an elegant frame-
work to easily probe the topological matters. These numerous
distinctive acoustic transmission properties, such as one-way
transport [51,53], negative refraction [63–65], zero refrac-
tion index [49,66], and topological pumping phenomenon
[67] arising from synthetic spaces, hold great promise for
waveguide design and acoustic processing. Also, captivating
transport phenomena have inspired intense debates in the pho-
tonic crystal field [68–70], introducing novel aspects of the
quantized circular photogalvanic effect [71], and unconven-
tional photocurrents [72]. In general, DPs typically appear at
the time-reversal invariant points, requiring an environment
where both space inversion symmetry (P) and time rever-
sion symmetry (T ) are preserved. Conversely, WPs merge
in pairs when either P symmetry or T symmetry is broken.
Initially, the coexistence of DPs and WPs may seem to be
incompatible due to their distinct symmetry requirements.
However, recent research exceeds this limitation by revealing
that the preservation of P symmetry is not a prerequisite for
DP formation, allowing nonsymmorphic symmetry to replace
it [73]. Plus, multiple appearances of degenerate points on
the high symmetry lines provide another plausible pathway
to DP formation [74]. This new understanding allows for
simultaneous presence of DPs and WPs in a system, termed
as Dirac-Weyl semimetals (DWSs) [75]. The symmetry con-
ditions for DWSs have been systematically proposed based on
symmetry constraints by Ref. [73] and the electronic material
of SrHgPb [76] is later identified as a DWS. Further, the
scope of DWSs extends to other types of nodes in coexistence
systems, including DPs and Weyl nodal line system [77], WPs
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and Dirac nodal lines system [78], Dirac and Weyl nodal rings
system [79], Dirac nodal line and nodal surfaces system [80],
and even scenarios involving WPs in a higher-order topolog-
ical Dirac semimetal [81] that continue to stimulate intense
discussions. It is crucial to note that the coexistence of DPs
and WPs in the DWSs system mentioned above merely rep-
resent the concurrent presence of two types of nodes without
establishing a direct correlation between them. This limita-
tion is regrettable as a genuine significant coexistence of the
two could enhance the topological properties of these entities
and potentially lead to the emergence of novel topological
phenomena. Fortunately, a three-terminal Weyl system, as
observed in phononic crystals [57] and topological phononic
materials [82], demonstrates a “real” connection for the co-
existence of charge-2 WPs and conventional WPs. However,
it is lacking for the realization of unconventional Dirac-Weyl
semimetals (UDWSs) containing the charge-2 DPs and the
charge-2 WPs in the acoustic system and exploring the “real”
connections therein.

In this paper, we perform a symmetry analysis to validate
the feasibility of UDWS within space group (SG) 92. Notably,
the symmetry constraints determine the precise locations
for the charge-2 DP positioned at A and the charge-2 WP
situated at �. We construct a phononic crystal and confirm
the dispersion bands, which illustrate the presence of a dis-
tinct nodal distribution pattern. This feature highlights the
connectivity of the unique double helical surface arc linking
the projection points of the charge-2 DP and the charge-2
WP, with extensions reaching into the neighboring Brillouin
zone (BZ), showcasing characteristics of remarkable ultralong
behavior. The examination of the acoustic pressure field dis-
tribution of the defective structures highlight its outstanding
robustness, indicating the substantial potential of UDWS for
advancing acoustic device applications in signal processing
and low-less communication.

II. SYMMETRY ANALYSIS

For a charge-2 DP to exist, the required symmetry is the
space point group of D2, D4, or T symmetry equipped with
a screw axis, which necessitates C3, C4, or C6 symmetry for
the charge-2 WP to be present [83]. In contrast to a system
with multiple DPs and WPs, the generation of numerous in-
distinguishable surface arcs pose a formidable challenge for
observing and confirming their topological properties. Hence
we focus on a concise case of both these nodes existing
at high symmetry points, as SG 92 (P41212) is suitable. In
detail, the charge-2 DP resides on the boundary of the BZ
at A with momentum position ( 1

2 , 1
2 , 1

2 ), while the charge-2
WP is situated at the center of the BZ at � with momentum
position (0,0,0). To begin our analysis, we first examine the
charge-2 DP at A. The space group 92 is characterized by
three generators: C̃4z ≡ {C4z|00 1

4 }, C̃2x ≡ {C2x| 1
2

1
2 0}, and time

reversal symmetry T . The operations applied to the lattice
result in changing the lattice coordinates as follows:

C̃4z : (x, y, z) → (
y,−x, z + 1

4

)
,

(1)
C̃2x : (x, y, z) → (

x + 1
2 ,−y + 1

2 ,−z
)
.

At the high symmetry point A, we have

C̃4
4z = T001 = −1, (2)

C2
2x = T100 = −1, (3)

C̃4zC̃2x = T011C̃2xC̃
3
4z = C̃2xC̃

3
4z, (4)

where Tr is used to describe the direction and length of the
translation vector. The eigenvalues of C̃4z that can be obtained
from Eq. (2) are one of the sets {±eiπ/4,±e−iπ/4}. We define
|uk〉 as the eigenstate of the Hamiltonian H with the eigen-
value E . Given the [C̃4z, H] = 0 relation, the C̃4z and H have
the same eigenstate and a corresponding eigenvalue of eiπ/4,
namely,

C̃4z|uk〉 = eiπ/4|uk〉. (5)

By combining Eqs. (2)–(5), we have

C̃4zC̃2x|uk〉 = C̃2xC̃
3
4z|uk〉 = ei3π/4C̃2x|uk〉,

C̃4zT |uk〉 = T C̃4z|uk〉 = e−iπ/4T |uk〉,
C̃4zC̃2xT |uk〉 = C̃2xT C̃3

4z|uk〉 = e−i3π/4T |uk〉, (6)

which give a set of linearly independent states
{|uk〉, T |uk〉, C̃2xT |uk〉, C̃2x|uk〉}, plus the fact that the four
states with equal eigenvalues are quickly noticeable. Based
on the above four eigenstates, the representation matrices for
C̃4z ≡ {C4z|00 1

4 }, C̃2x ≡ {C2x| 1
2

1
2 0}, and T can be written as

C̃4z =

⎛⎜⎜⎜⎝
eiπ/4 0 0 0

0 e−iπ/4 0 0
0 0 e−3iπ/4 0
0 0 0 e3iπ/4

⎞⎟⎟⎟⎠,

C̃2x =

⎛⎜⎜⎝
0 0 0 −1
0 0 −1 0
0 1 0 0
1 0 0 0

⎞⎟⎟⎠ = −iσy ⊗ σx, (7)

D(T ) =

⎛⎜⎜⎜⎝
0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

⎞⎟⎟⎟⎠K = σ0 ⊗ σxK,

where σi, τ j are Pauli matrices, �i, j = σi ⊗ τ j , and K is the
complex conjugate operator. Under the constraints from the
symmetries, the effective model satisfies

D(C̃4z )Heff (k)D−1(C̃4z ) = Heff (ky,−kx, kz ),

D(C̃2x )Heff (k)D−1(C̃2x ) = Heff (kx,−ky,−kz ), (8)

D(T )Heff (k)D−1(T ) = Heff (−kx,−ky,−kz ).

According to Eq. (8), we can then construct the k · p model
around � point

Heff (k) =

⎛⎜⎜⎜⎝
akz 0 0 −imk+
0 −akz −imk− 0
0 imk+ akz 0

imk− 0 0 −akz

⎞⎟⎟⎟⎠
= akz�0z + mkx�yx − mky�yy, (9)
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FIG. 1. 3D bulk band dispersions by k · p method in the kx-ky plane [along the kz line] for (a) [(b)] a charge-2 DP and (d) [(e)] a charge-2
WP. The evolution of Wannier charge centers (WCCs) for (c) a charge-2 DP (with topological charge = −2) and (f) a charge-2 WP (with
topological charge = +2).

where a and m are nonzero real parameters and k± = kx ± ky.
The Hamiltonian exhibits a fourfold degeneracy at k = 0 and
linear dispersion when k → 0.

The charge-2 WP emerge at � hosting the little group D4,
which has a two-dimensional irreducible representation corre-
sponding to doubly degenerate nodes. The basis functions of
the generator are {Sx, Sy} and the matrix can be expressed as

D(C̃4z ) =
(

0 −1
1 0

)
= iσy,

D(C̃2x ) =
(

1 0
0 −1

)
= σz, (10)

D(T ) =
(−1 0

0 −1

)
K = σ0K.

Thus one can obtain the effective Hamiltonian of the two
bands as

Heff (k) =
(

a1
(
k2

x − k2
y

)
a2kxky − ia3kz

a2kxky + ia3kz a1
(
k2

y − k2
x

) )
(11)

= a1
(
k2

x − k2
y

)
σz + a2kxkyσx + a3kzσy,

where a1,2,3 are real parameters. The Hamiltonian exhibits
the quasiparticle excitation around the � point with linear
dispersion along the kz axis and quadratic dispersion in the
kx-ky plane, agreeing with the behavior of a charge-2 WP.

Using the k · p effective model Hamiltonian by Eq. (8),
we present the bulk dispersion in the kx-ky plane and along
the high symmetry line kz for a fourfold degenerate DP in
Figs. 1(a) and 1(b), showcasing its linear dispersion in all di-
rections. Likewise, the dispersion of a twofold degenerate WP
is depicted in Figs. 1(d) and 1(e) based on Eq. (11), featuring

quadratic dispersion in the kx-ky plane and linear dispersion
along the kz axis. To ascertain the topological characteristics
of the two nodes, we utilize the Wilson loop approach [84,85]
to visually identify that the topological charges of a fourfold
degenerate point at A are −2 and topological charges of the
twofold degenerate point at � are +2, as depicted in Figs. 1(c)
and 1(f), consistent with our analysis of the k · p method.

III. RESULTS AND DISCUSSION

To further investigate the topological behavior of UDWS
in acoustics, we design a model of a phononic crystal, shown
in Fig. 2(a). The unit cell structure is composed of four block
layers (viz., L1, L2, L3, L4), with cylinders connecting the ad-
jacent layers in the vertical direction. The planer view of each
layer is illustrated in Fig. 2(c); one can clearly observe that the
C̃4z ≡ {C4z|00 1

4 } symmetry is fulfilled, i.e., after applying C̃4z,
an exchange of the layer sequence L1 → L2 → L3 → L4
follows. The other generating element, screw rotation opera-
tion C̃2x ≡ {C2x| 1

2
1
2 0}, can be decomposed into two successive

operations of a rotation {C2x|000} and a translation {Tr | 1
2

1
2 0}.

To visualize the results from the operations {C2x|000} and
{Tr | 1

2
1
2 0}, we draw 2 × 2 cells with layer number L2, as shown

in the left panel of Fig. 2(b), where the deep brown cell is
the primary focus of our demonstration. When the rotation
axis {C2x|000} is introduced, the second block layer L2 [the
left one in Fig. 2(b)] can be transformed into the middle one
in Fig. 2(b) and further transformed into the right one in
Fig. 2(b) after the translation operation {Tr | 1

2
1
2 0}. Since the

operation {C2x|000} swaps z for −z, the block layers transform
from L2 to L3. The above operations show that the layers
L2 and L3 can be related by using the generating-element
operation C̃2x, that is, our model obeys the symmetry C̃2x.
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FIG. 2. Unit cell for the designed phononic crystal. The brown regions represent the air cavities and coupling tubes with rigid boundaries.
The unit cell is composed of four block layers, labeled with L1, L2, L3, L4, and the cylindrical tubes are coupling ones that connect the four
layers. (b) A step-by-step schematic of the layer structure (L2 and L3) with C̃2x symmetry. (c) The schematics of four block layers with the
detailed structural parameters as follows: h = 5 mm, l = 2 mm, h0 = 28 mm, a = 20 mm, d = 4.25 mm, and w = r = 1.5 mm. (d) The bulk
BZ and (e) band dispersion along the high-symmetry lines.

Utilizing cylinders to connect the cavities of the layers,
providing access to both nearest-neighbor and next-nearest-
neighbor couplings, draws upon the advantageous design
inherited from Refs. [30,65,86,87]. All of the numerical sim-
ulations are performed by employing the acoustic module of
COMSOL MULTIPHYSICS and the detailed computational infor-
mation is appended in the Supplemental Material (SM) [88].

We calculate the bulk dispersion of the unit cell, as dis-
played in Fig. 2(e), where BZ is displayed in Fig. 2(d).
Clearly, a twofold degenerate point (labeled by a blue sphere)
at � exhibits a quadratic dispersion in the kx-ky plane and
a linear dispersion in the kz direction, whereas two nodal
surfaces protected by T S2i(i = x, y, z) meet at A to form a
fourfold degenerate point (labeled by a red sphere) with linear
dispersion in all three directions, which is compatible with our
analysis of the k · p model. Next is the revelation that the node
at � carries a topological charge of +2, while the node at A
holds a topological charge of −2, which are the spotlight of
our discussion. In fact, the widely adopted method [53,65,89]

to verify the number and sign of topological charges of a
node involves monitoring the quantity and trend of the gap-
less surface states generated by the projected bulk dispersion
bands. In Fig. 3(a), two cylinders within the BZ are selected
to wrap around � (marked blue) and A (marked red), with
the corresponding projections along the (001) direction rep-
resented by a blue circle encircling the � point and a red
circle encircling the A point. Considering the bulk-edge cor-
respondence, the surface dispersion bands along the projected
loop provide insights into the topological charges of the nodes
within the cylinder. Here, we employ a 1 × 1 × 20 cell with
open boundary in the z direction and periodic boundaries in
the x and y directions. Specifically illustrated in Fig. 3(b),
the two chiral states ranging from low to high frequencies
in the projected dispersion bands of the blue loop around the
� point reveal that the twofold degenerate point at � carries
a topological charge of +2, viz., a charge-2 WP. Following a
similar procedure, the two chiral states around the A point
exhibiting an opposite slope in Fig. 3(c) indicate that the

FIG. 3. (a) Cylinders around the points � and A with the baselines on the projected BZs, where the radius of the blue and red circles are
0.4 π/a. Projected band dispersions along the circular path ϕ for (b) � and (c) A.
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FIG. 4. (a) Schematic illustration of a charge-2 WP (blue sphere with topological charge = +2) and a charge-2 DP (red sphere with
topological charge = −2) at bulk BZ with surface arcs projected on the (010) and (001) surface BZs, featuring (b) the ultralong surface arc in
the whole momentum space formed by the system of UDWS. Projected bulk dispersions along the high symmetry lines of the (c) (010) and
(f) (001) projected surface BZs. The black solid lines are the projections of bulk bands; the red solid lines indicate the existence of topological
surface states. (d) [(g)] Eigenmodes of the surface arc states at specific positions denoted by stars in (c) [(f)]. The isofrequency contours at the
frequency of 3335 Hz projected on the (e) (010) and (h) (001) surfaces.

fourfold degenerate point at A is a charge-2 DP with a topo-
logical charge of −2. Further, our detailed check of the bulk
dispersion bands confirms the absence of any additional de-
generate points other than those identified at � and A points
near a specific frequency, as the introduction of additional
nodes might complicate the interpretation of the observed
properties. Right now, we can confidently claim that the
UDWS system containing only a charge-2 WP and a charge-2
DP is realized, where both nodes carry opposite topological
charges that align with the principle of topological charge
conservation. Such a concise system, embodying the ethos of
minimalism in physics, implies that the topological surface
modes of UDWS are not covered by the bulk modes and
should be as clearly visible as possible to facilitate exper-
imental detection. That is, the system is represented as an
optimal platform for investigating the topological properties
of UDWS. In addition, the SG 96 (P43212) also satisfies the
above constraints and is capable of carrying UDWS. Com-
pared to the SG 92, the two are mutually enantiomorphic

space groups [90] that are a mirror reflection relation, so we
continue to employ SG 92 as a paradigm to observe UDWS.

A typical symbol of excitation of a node possessing topo-
logical charge is the emergence of the topologically protected
surface arc, which terminates at the projection point of the
node on the surface BZ in the projection direction. Notably,
the concise UDWS system features a nodal distribution with
a charge-2 DP at the boundary of a BZ and a charge-2 WP at
the center of a BZ. When considering the (010) direction, the
projection of � and A points onto the central and boundary
points of the surface BZ are denoted as �̃ and Ã points,
respectively. Accounting for the constraints of topological
charge conservation, the surface arcs facilitate the establish-
ment of a connection pattern of Ã-�̃-Ã, as visually illustrated
in Fig. 4(a). Additionally, the distinctive distribution charac-
teristics of the nodal structure tend to extend preferentially
into the neighboring Brillouin zone, leading to the formation
of an ultralong surface arc that spans the entire BZ, as depicted
in Fig. 4(b). This characteristic enables easier observation
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FIG. 5. (a) Schematic of the acoustic model comprising 9 × 9 × 9 cells. The red star represents the source position. (b) Simulated pressure
amplitude distribution of acoustic waves on the surface at 3335 Hz. (c) Pressure amplitude distribution on the bottom xy surface, where the
cyan arrows represent the direction of wave propagation. (d) Simulated transmission spectrum of acoustic surface modes propagating in the
y direction. (e), (f) The calculated surface isofrequency contours by Fourier transforming the pressure fields on (010) and (001) surfaces at
3375 Hz and 3305 Hz, respectively.

and manipulation compared to the paired WPs with a shorter
surface arc confined within the BZ. The significance of this
attribute is confirmed by the clear presence of red stripes in
the projected dispersion bands, as shown in Fig. 4(c). Fur-
thermore, Fig. 4(d) shows the two eigenmodes for the marked
frequency, exhibiting their localized behavior and confirming
the red stripes as boundary states. Examining the isofrequency
contours in Fig. 4(e), we visualize the double helical sur-
face arcs following the Ã-�̃-Ã route and extending into the
neighboring BZ, showcasing an ultralong trajectory feature.
Similarly, in the (001) direction, ultralong surface arcs linking
the projection points A-�-A can also be identified, visualized
through the projected dispersion bands in Fig. 4(f), the field
map in Fig. 4(g), and the isofrequency contour in Fig. 4(h).
That is, the system is an ideal scheme due to the fact that it
exhibits remarkable observational clarity surface patterns and
can be distinguished from bulk modes. Moreover, under the
influence of C̃4 symmetry, the (010) and (100) directions are
equivalent, implying that the topological surface states of the
UDWS are not limited by projection surfaces, thus bolstering
the feasibility and effectiveness of observations. In addition,
by considering scenarios where the degenerate points exist on
the high symmetry line with potential topological effects, we
show all the possible schemes for space groups that support
UDWS in SM [88].

Next, we investigate the surface response of the UDWS
within the finite system. As depicted in Fig. 5(a), the mode
comprised 9 × 9 × 9 cells, with an source positioned at
the bottom marked by a red star to excite the Bloch states.

The pressure distribution field in Fig. 5(b) demonstrates the
remarkable propagation capability of the surface states. No-
tably, the propagation direction is approximately diagonal to
the x-z and y-z planes, as evidenced by an additional diagram
on the bottom of the x-z plane, as depicted in Fig. 5(c). This
diagonal propagation is effectively understood through the
isofrequency contours derived from the Fourier-transformed
pressure field. The outcomes reveal the establishment of
Ã-�̃-Ã pathways in the (010) direction [as depicted in
Fig. 5(e)] and A-�-A connections in the (001) direction
[as illustrated in Fig. 5(f)], consistent with the findings in
Figs. 4(e) and 4(h) of the one-dimensional finite structure.
Furthermore, from numerical simulations, we can obtain the
transmission of the acoustic boundary mode in the y direction
in Fig. 5(d), highlighting a distinctive peak at 3335 Hz, val-
idating the transmission efficiency of UDWS in information
propagation.

The investigation of the robustness of surface states against
defects and sharp bends in finite systems is imperative. We
examine a defective structure comprising 3 × 3 cells, which
manifests its two ways of adding and removing into the x-z
plane in a finite 7 × 7 × 10 model, as shown in Figs. 6(a) and
6(d), respectively. At the bottom corner, a source is positioned
and marked by a red star. The field diagrams in two defective
configurations [see in Figs. 6(b) and 6(d)] show that the sur-
face state of UDWS involves immunity against two defects.
Cross-sectional views at x = 4.5a within the defect region,
as a bolster instruction in Figs. 6(c) and 6(f), demonstrate that
the surface wave circumvents the defect region and propagates
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FIG. 6. Robustness of the topological surface states. (a) A
schematic of defective UDWS with a 7 × 7 × 10 supercell. The
defect configuration involves the addition of 3 × 3 cells at the center
of the y-z plane. The red star denotes the location of the acoustic
source, showcasing (b) simulated bulk field distribution and (c) the
cross sections of the x-z plane at y = 4.5a for a frequency of 3370 Hz
with cyan dotted lines to outline the boundaries. (d)–(f) Similarly
illustrated as in (a)–(c), but for a simulated sample featuring another
defective UDWS created by removing 3 × 3 cells at the center of the
y-z plane.

along the boundary, confirming the robustness of the surface
state of UDWS.

IV. CONCLUSIONS

In conclusion, we successfully achieve a unique single
UDWS in a phononic crystal. In detail, the single-paired
system reveals that charge-2 WP and charge-2 DP occupy
separate high-symmetry points with symmetry protection.
We construct a phononic crystal confirming that the single
UDWS has a double helical surface arc, showing ultralong
properties through the entire surface of the BZ. This unique
global surface connectivity provides conclusive evidence for
a “real” connection established between the two types of
unconventional nodes in our UDWS system. Our system not
only provides special advantages for exploring the association
between the charge-2 DP and charge-2 WP but also paves
the way for potential applications in nontrivial transmission
channels of acoustic devices, such as waveguides and splitters.
Moreover, the ultralong surface arcs can be further extended
to other fields, such as photonic crystals, mechanical systems,
and cold atom systems.
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