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Quantized Hall current in a topological nodal-line semimetal under electromagnetic waves
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Photocurrent acts as one of measurable responses of material to light, which has proved itself to be crucial for
sensing and energy harvesting. Topological semimetals with gapless energy dispersion and abundant topological
surface and bulk states exhibit exotic photocurrent responses, such as quantized circular photogalvanic effect
observed in Weyl semimetals. Here we find that for a topological nodal-line semimetal with special ring bulk
states and drumhead surface states (DSS), a significant photocurrent can be produced by an electromagnetic
(EM) wave by means of the quantum Hall effect. The Hall current is enabled by electron transfer between
Landau levels (LLs) and triggered by both the electric field and magnetic field components of an EM wave. This
Hall current is physically connected to an unusually large quantum-Hall conductivity of the zeroth LLs resulting
from quantized DSS. These LLs are found to be highly degenerate because of the unique band-folding effect
associated with magnetic-field-induced expansion of a unit cell. We found that the Hall current generated solely
by an in-plane linearly polarized EM wave is a quantized entity, regardless of its frequency and energy, which
distinguishes it from the photocurrent observed thus far. This discovery opens up possibilities for Hall rectifiers

and sensors, with potential industrial and space applications.
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I. INTRODUCTION

The response of solids to external fields, such as pho-
tocurrent, has been a central topic in solid state physics.
Photocurrent can be triggered by the photon absorption
through various photoelectric effects like photovoltaic [1] and
photogalvanic [2,3]. EM wave-induced quantum Hall effect
(EMQHE) in the optical regime, known as optical QHE, has
recently emerged as an alternative mechanism for the pho-
tocurrent generation. The optical Hall current is generated
by the charge pumping in the magnetic-field-induced Landau
levels (LLs) in the systems with finite Hall conductance [4-6].
Up to now, the quantum Hall plateaus in the terahertz (THz)
regime have been investigated in a two-dimensional (2D) elec-
tron gas system [4] and graphene [5,6]. However, these optical
QHE require an external magnetic field (B), in addition to an
incident light. Though realization of optical QHE engendered
entirely by EM wave can be enabled by the recent advanced
development of the modern materials fabrication and THz
light source technology, probing the optical QHE still remains
challenging because the induced current response is relatively
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weak and sensitive to the EM oscillation. Seeking materials
with efficient EM wave-current conversion is highly desirable
for sensing and energy harvesting.

Topological semimetals (TSM) are promising materials to
engender exotic photocurrent because of their special topolog-
ical surface and bulk states. TSM are characterized by band
crossing in the Brillouin zone (BZ) at or in the vicinity of
the Fermi level (Er). The conventional TSM can be classi-
fied into three different categories, namely, Dirac semimetal,
Weyl semimetal, and nodal-line semimetal (NLSM) [7]. The
crossings of the bulk conduction and valence subbands of
these systems form, respectively, the Dirac points [7-9], Weyl
points [7-9], and 1D nodal lines [7,9-11] in the BZ. The
TSM support unique surface states, which have been identi-
fied for the Fermi-arc surface states in Dirac semimetal [12]
and Weyl semimetal [13], and drumhead surface states (DSS)
in NLSM [14-16]. The photocurrent of TSM has been demon-
strated unique, especially since the discovery of the quantized
circular photogalvanic effect in WSM [3], for which the
photocurrent depends only on fundamental constants and the
monopole charge of a Weyl node.

Magnetic quantization is an important phenomenon, which
could be exploited for achieving the essential understanding
of the topological behaviors in materials. This feature in TSM
has enabled the realization of the Dirac fermions [17-19]
and the chiral anomaly in Dirac semimetal and Weyl
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semimetal [20-22]. Although the magnetic quantization of
NLSM was previously predicted [23-26] and discovered [27],
it has been limited to bulk or 1D ribbon LLs. Meanwhile
the fully quantized DSS LLs, which could bear crucial topo-
logical fingerprints of the system, remain largely unknown.
Magnetic quantization is the part of QHE that describes the
high-order response to external B of a system. In general,
a full theory of the electron response to high order in ex-
ternal fields can be established via the Berry curvature and
a first-order correction to the band energy because of the
orbital magnetic moment. The derivation of the second-order
field correction to the Berry curvature of Bloch electrons in
external EM fields [28] is essential for the study of response
functions. So far, enormous attention has been devoted for
the nonlinear effects of high-order electric field (E), such as
the nonlinear Hall effect in the absence of B up to second
order [29,30] and third order [31]. Now, it is natural to ask
if the high-order responses to both B and E can be addressed?
And will it lead to any novel physical phenomena? Here, we
answer these questions by presenting the EMQHE current of
high-order B and E in NLSM.

The main achievements of this paper are threefold: (1)
We observe the unique magnetic quantization phenomena of
the NLSM DSS with unusually large, field-dependent sur-
face quantum Hall conductivity (QHC) that have never been
observed in the explored materials. By introducing a con-
cept dealing with field-induced band folding, we uncover
a fundamental understanding of the magnetic quantization
mechanism in solids. We find that the degeneracies of LLs
directly reflect the distribution of DSS within the folded BZ.
(2) We derive semiclassically a general formula for the high-
order current density and discover its relationship with the
Berry curvature. This formula serves as an important basis
for the investigation of photocurrent of materials. (3) We find
a quantized signature in physics, which is the Hall current
induced by an applied low-frequency linearly polarized EM
field on the DSS. The current response can be determined by
only the fundamental constants and area of DSS.

II. RESULTS AND DISCUSSION

We model the bulk NLSM by single atoms with two or-
bitals in the simple cubic unit cell, as seen in Fig. 1(a). The
surface states can be formed in a slab containing multilayers
along the [001] axis. Figure 1(b) shows the bulk BZ with
high-symmetry points on the £, = 0 plane [, X, S, Y] and
k, = m plane [Z, U, R, T] as well as the (001)-projected
surface BZ. We assume that the system has spin degeneracy.
The minimum tight-binding Hamiltonian (TBH) 2 x 2 matrix
within the (s, p,) basis for the bulk system can be written as

o (DS e tofy
B _tz’f; t(fl +f2)+tzf3+_€0 .

ey

In Eq. (1)’ fl — eik.rl _‘_efik.rl’ f2 — eik.rz _{_efik.rz’ and
= kT3 1+ o=KT3 are the phase terms with k the wave
vector and ry,2, 3 the unit vectors along x, y, z directions. The
hopping integral t = —2 eV is for the horizontal interactions,
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FIG. 1. (a) Crystal structure of a NLSM. (b) First BZ with high
symmetry points for the bulk (lower) and slab (upper). For a 3D
system, the first BZ is a cubic centered at I' point, while it changes
to a square centered at ' for a 2D slab. The red circles indicate the
Dirac nodal rings of energy bands. (c) Bulk band structure along the
high symmetry points. (d) Band structure of a 25-layer slab consists
of (001) surface bands at zero energy and nearby bulk bands.

while £, = 2 eV and 7, = 1 eV are for the interactions
between the same and different orbital domains in the vertical
direction, respectively. €g = 10 eV is the site energy.

The calculated bulk band structure along the high-
symmetry points is shown in Fig. 1(c). The intersection of the
conduction and valence bands forms a nodal ring encircling S
on the k, = 0 plane, giving the band crossing along the S-X
and S-TI" directions in Fig. 1(c). On the contrary, the conduc-
tion and valence bands disperse apart elsewhere in the whole
first BZ. The Dirac lines feature fourfold degeneracies, asso-
ciated with the band crossing and equivalence between spin
states. The slab band structure, shown in Fig. 1(d), consists
of DSS around the § point and numerous highly dispersive
bulk bands. The DSS are bounded by the projected nodal
ring and almost dispersionless energy band. They are fourfold
degenerate where both the electron and hole surface states
coexist with spin degeneracy.

When a 2D condensed-matter system is subjected to a
perpendicular B of B = (0,0,B), electrons follow quasiclas-
sical cyclotron motion, thus electronic states are quantized
into LLs. The application of B changes the lattice period-
icity so that the primitive unit cell is extended along the
x direction. Particularly, the field-induced Peierls phase of
the form Gg = (271/<I>o)erA -d{€ needs to be included in
the TBH [32]. Here, A = (0, Bx, 0) is the vector potential
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FIG. 2. The magnetic-flux-dependent LL energy spectrum for a
25-layer slab. The surface and bulk states are illustrated by yellow
and blue dots, respectively. The surface spectral weights are defined
as the states dominated by outer three layers of slab.

in the Landau gauge and &y = h/e is the flux quantum.
The Peierls phases are repeated periodically along with the
extended unit cell in the lattice when the total magnetic flux
equals to ®.

The ®-dependent spectrum of DSS LLs is demonstrated in
Fig. 2. ® = BS is the magnetic flux per unit cell with S being
the area of the primitive unit cell in real space. We observe that
the quantized LLs of DSS behaves similarly to the zeroth LLs
of graphene and surface states of topological insulator. For
these Dirac systems [17,33,34], it was previously shown that
the flat zeroth LLs at the Dirac-point energy are independent
of B strength. The LLs at higher energy, which arise from the
linear band, acquire the square root dependence on both the
LL index and the B. For NLSM, the magnetic quantization
of DSS yields a group of field-independent and nondispersive
zeroth LLs, which only exist at Ep = 0. Note that, the surface
LLs of NLSM are mainly produced from DSS, in contrast to
the zeroth LLs of graphene and surface states of topological
insulator, which are quantized partially from nearby states.
With the increase of B, the zeroth LLs gradually deform
into bulk LLs at critical fields @y, = 425 t-24- in which
Ny is the number of degeneracies of the zeroth LLs and
Apss/Ao pz defines the ratio of the DSS area over the BZ
area at zero B. Consequently, the DSS LL degeneracies
decrease by the number of peeled-off zeroth LLs. In fact,
the surface LLs become highly degenerate only at low fields.
This characteristic is unique for the DSS, which, to our
knowledge, has never been observed in any other explored
materials, and it plays a critical role in transport properties.
The LLs merging mechanism can be understood well through
the band-folding effect [35,36], which is accompanied by an
enlarged real-space unit cell and a reduced size of the first BZ.
Details about the relation between magnetic quantization and
band folding can be found in Sec. I within the Supplemental
Material [37] (see also Refs. [35,36] therein).

The probability function |W|?, defined as the square of
the magnitude of the wave function, is useful for identify-
ing LLs. Figure 3(a) depicts |W|? for both surface and bulk
LLs for ® = ®,/56 on both « and B orbitals. Here, |¥|?
exhibits well-behaved oscillatory modes, and the number of
zero nodes determines the corresponding LL index n. Since
each pair of conduction and valence LLs acquires the same
|2, there are only four different oscillation modes, labeled
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FIG. 3. (a) Selected spatial dependence of probability functions
for LLs at low energies in a 25-layer slab. Here, o and g label two
different orbitals. (b) Er dependence of QHC at various instant ®’s.

by n=0, 1, 2, 3 for the eightfold-degenerate zeroth LLs.
Based on |W|? of the LLs at zero energy, it is clear that these
modes are dominated by the outer three layers of the slab, i.e.,
they are the surface states. At higher energies, LLs (e.g.,n = 4
LL) have nonvanishing |¥|? on all layers, implying their bulk
properties. Therefore, the distribution property of |¥|? can be
utilized to select out the surface LLs from bulk LLs in the
system. This is considered as a key step in studying QHC of
the DSS.

The QHE, one of the most essential electronic transport
signatures for topological materials, exists a robust connection
with magnetic quantization. The QHC is well quantized when
Er lies in the gap between two LLs and determined by the
optical Hall conductivity [38]. In the limit of low frequency,
the Er-dependent QHC at the instant magnetic fields on the
ideal NLSM system, shown in Fig. 3(b), can be calculated
by employing the Kubo formula in the form (see Sec. II
within the Supplemental Material [37]; see also Refs. [38—46]
therein)

iezh <\I'[n|ux|\pn’><\ljn’|uv|‘pn)
Oxy = (fn - fn’) - . (2)
YT 8 Zg (E, — Ey)* + T}

In this notation, E, is the LL energy and |V¥,) is the cor-
responding nth-LL. wave function. They are evaluated from
the TBH in Eq. (1) and illustrated in Fig. 3(a). u, , are the
velocity operators, f;, is the Fermi-Dirac distribution function,
and Ty (~1 meV) is the broadening factor. The calculated
QHC displays the step features in which the plateaus corre-
spond to vertical transition from occupied to unoccupied LLs.
We found an unusually large QHC step for the zeroth LLs
with high degeneracy via the relationship o,, = C(e?/h) =
2N (€?/h), which implies the huge Chern number C as well
as enormous Berry curvature. On the contrary, the steps of
2¢?/h are obtained for the bulk LLs because of the twofold
spin degeneracy. Such substantial variation of the QHC at a
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FIG. 4. Visual illustration of longitudinal (J.) and transverse
(Jr) currents in a NLSM under an EM field.

certain energy range has never been observed in the explored
materials. For NLSM, the unique distribution of the DSS leads
to the relation

~ Apss _ Apss Po
Apsz Aoz BS’

Np 3)
in which Ap p7 is the folded BZ area under B. This approxima-
tion is made within the limit of weak B (see Sec. I within the
Supplemental Material [37]). In fact, the occupation of DSS in
the first BZ can be manipulated by tuning the tight-binding pa-
rameters. Explicitly, by increasing the vertical hopping terms
t, and t,, the area of DSS is enhanced accordingly, leading
to the change of critical fields for LLs merging and QHC
steps. Our modeling and computations reveal similar features
in band structure, LL spectra, and QHC at Er = 0 for various
sets of chosen parameters.

When a 2D system is subject to a linearly polarized EM
field, there will occur a current across the material as a result
of the QHE or photoelectric effects [1,3—6]. For the EMQHE,
the high-order anomalous equilibrium (Berry-Hall) current
component generated by Gaussian beam can be expressed
semiclassically as (see Sec. III within the Supplemental Ma-
terial [37]; see also references [28,47-54] therein)

, 1 [ &%
J1(t|E,B) = 7 f W.fo[sflo)(HB) — M)
x {Vi[e\V(k|B) + eE(t) - AL (k | B)
+eE(t) - [, (k|B)-E()]]
+eE(t) x Yk |B)
+eE(r) x [Vk x (g_n)(k|B) "EM]}. @)

Here, ¢ (k|B) represents the LL energies, a:(k|B) is
the Berry-connection polarizability tensor, .quo)(k | B) is the
unperturbed Berry connection, and Qfl())(k | B) is the unper-
turbed Berry curvature of Bloch electrons. The anomalous
thermal-equilibrium current includes both the parallel (Jy,)
and perpendicular (J7) components respect to the direction of
the EM field, referring to Fig. 4. They are associated with the
quantized transverse conductivity and continuous longitudi-
nal conductivity, for unique all-electron thermal-equilibrium

transports. Note that both ¢*(k | B) and (g_n)(k|B) are in-
dependent of k, thus the first and third and fifth terms are
vanishing. The second term can not be physically observable
since the Berry connection Aﬁlo)(k | B) is a gauge-dependent
variable. In general, the substantial B-dependent Berry curva-
ture SZLO)(k | B) plays the key role in determining the current
response of the system. On the other hand, Qﬁlo)(k | B) only has
contribution to the longitudinal current. As a matter of fact,

the EMQHE current flowing in NLSM is dominated by Jp,
which can be written as (see Sec. III within the Supplemental
Material [37])

JL(t) = oy (E(t)ii = 2Apssvoeii. %)

In this notation, 7 is the direction of the incident EM field.
vy = c//€ with ¢ being the dielectric function is a light
speed in a dielectric medium. It is clear that at low fre-
quency J;, depends only on the fundamental constants (e, A,
¢, ®p) and the intrinsic characteristics of the NLSM sample
(see Sec. IV within the Supplemental Material [37]; see also
Ref. [55] therein). In other words, the EMQHE current in
NLSM is a quantized signature. Such a quantized entity origi-
nates from the unusually large DSS QHC, which distinguishes
it from the previously discovered photocurrent. So far, the
quantized current response has also been predicted in Weyl
semimetal, in particular, the injection current depends only on
the fundamental constants and the topological charge of Weyl
nodes [3]. Such current is induced by the circular photogal-
vanic effect under a circularly polarized light. The condition
for quantization of current response in WSM is the breaking
of inversion and mirror symmetries, different from the time-
reversal symmetry breaking in NLSM under EMQHE.

Ideally, a self-consistency current density of about % <

can be observed in NLSM when a suitable sample is placed
under a low-frequency EM field (see Sec. V within the Sup-
plemental Material [37]; see also Ref. [56] therein). This
is up to five orders larger than that of graphene under the
same condition [57]. Such topologically protected quantized
Hall current will remain unchanged regardless of the incident
in-plane linearly polarized EM field, as long as the DSS
is quantized into LLs. From an application perspective, our
unique results for the NLSM DSS can be put to technological
applications and designing high-sensitivity detection devices
(see Sec. VI within the Supplemental Material [37]; see also
Refs. [49,58] therein). The significant and quantized Hall
current is proper for designing new types of Hall rectifiers,
which can convert EM waves into a direct and stable current.
The robust connection between the current density and DSS
enables the direct measurement of the density of DSS in topo-
logical NLSM. Furthermore, the strong dependence of the
surface QHC on the B paves a way toward the development
of B-sensitive detectors for industrial and space applications.
In particular, such a concise physics picture can be employed
for developing AHE based compact and ultrasensitive magne-
tometers [59] in measuring a weak B.

III. CONCLUSION

In conclusion, we have shown that the novel EMQHE cur-
rent of the topological NLSM is a quantized response based
on the novel magnetic quantization of DSS and its connec-
tion with field-induced band folding. We found the unusually
large, field-dependent surface QHC induced by the extremely
high LL degeneracy. We set an important groundwork for
the study of photocurrent by deriving a general semiclassi-
cal formula for the high-order photocurrent. This paper has
established a hallmark for studies of NLSM, which could
play a critical role in next-generation technology and high-
performance device applications.
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