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We reconsider derivation of Ward identities for spin stiffnesses, which determine the nonlinear sigma model
of magnetic degrees of freedom of interacting electrons in the presence of antiferromagnetic or incommensurate
correlations. We emphasize that in the approaches, which do not break explicitly spin symmetry of the action,
the spatial components of gauge kernel, which are used to obtain spin stiffnesses, remain gauge invariant even
in case of spontaneous spin symmetry breaking. We derive the corrected Ward identities, which account for this
gauge invariance. We find that the frequency dependence of temporal spin stiffnesses is not fixed by the obtained
identities, and show that the infinitesimally small external staggered field is crucially important to obtain finite
static uniform transverse susceptibility. On the other hand, the spatial spin stiffnesses are determined by the
gauge kernel of the Legendre transformed theory, which is in general different from the gauge kernel of the
original theory and obtain an explicit expression for spatial spin stiffnesses through susceptibilities and current
correlation functions. We verify numerically the obtained results within dynamic mean-field theory, and obtain
doping dependencies of the resulting spin stiffnesses for antiferromagnetic and incommensurate phases.
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I. INTRODUCTION

The properties of antiferromagnetic and incommensurate
magnetic correlations near half-filling remain an actively dis-
cussed topic, in particular in connection with the physics
of high-Tc compounds. In these compounds the commensu-
rate long-range magnetic order is destroyed already at small
doping (see, e.g., Refs. [1,2]), but the short-range magnetic
order is present at higher doping. The observed short-range
magnetic correlations are incommensurate and characterized
by the wave vector Q = (π, π − δ) [1–5]. These short-range
magnetic correlations are considered to be one of the viable
scenarios for pseudogap formation [6–15] .

The low-energy spin excitations of magnetic systems can
be described by the nonlinear sigma model (NLSM) (see,
e.g., Ref. [16]). The key parameters of this model are the
temporal and spatial spin stiffnesses, which are determined
from the microscopic analysis. The classical version of the
O(3) nonlinear sigma model was derived in the continuum
limit of the commensurate antiferromagnetic ordered classi-
cal Heisenberg model [17,18] and later generalized to the
quantum case [19,20]. The nonlinear sigma model in the
O(3)/O(2) manifold was considered as a continuum limit of
frustrated quantum antiferromagnets with spin spiral ground
state [21,22].

For itinerant (collinear) antiferromagnets the derivation of
the NLSM, which also allows obtaining the respective spin
stiffnesses, was proposed in Refs. [11,23–27]. This deriva-
tion uses Hubbard-Stratonovich transformation, and therefore
introduces in the action the effective fluctuating field, cor-
responding to the order parameter, which is then fixed at

its mean-field value. This approach explicitly breaks SU(2)
gauge invariance of the theory, although the O(3) invariance
of the resulting bosonic action remains unbroken. Breaking
of the SU(2) gauge symmetry can be represented as a con-
densation of the Higgs field [11,27]. The derivation of the
corresponding bosonic action from the microscopic models
(e.g., Hubbard model), relies within this strategy on the av-
erage over the fermionic fields in the presence of the gauge
field, which can be performed only in some approximate way.
This approach is therefore difficult to generalize beyond the
mean-field approach for fermionic (also referred as chargon)
degrees of freedom.

Recently, using the SU(2)-symmetric gauge theory, which
does not introduce symmetry-breaking terms or condensation
of gauge fields in the action, was proposed for derivation of
the nonlinear sigma model and obtaining respective spin stiff-
nesses [15,28,29]. In this approach the symmetry is broken
only at the level of dressed single- and two-particle Green’s
functions via spin-asymmetric self-energy and the resulting
renormalized interaction vertices. This approach is more con-
venient for use in combination with the many-body techniques
since it does not introduce mean fields in the action. In view of
that, it is also expected to preserve gauge invariance. This in-
variance provides, however, the difficulty since the respective
spin stiffnesses, obtained by expansion of the action in gauge
fields, are expected to vanish in the gauge-invariant approach.
At the same time, finite spin stiffnesses were obtained in
Refs. [15,28,29], and in Refs. [28,29] the Ward identities,
which relate the second derivatives of the gauge kernel to
the spin stiffnesses were proposed for the same SU(2) gauge
symmetric action. The applicability of previously obtained
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results, and in particular respective Ward identities, requires
therefore further investigation in view of the above discussed
argument of gauge invariance of the considered theory, and the
respective vanishing of second derivatives of the gauge kernel.

In this paper we show explicitly that in the absence of
the external magnetic fields the gauge invariance of the spa-
tial part of the gauge kernel is preserved in the approach of
Refs. [15,28,29]. We emphasize therefore that the correspond-
ing gauge kernel in general can not be used for determination
of spin stiffnesses since the corresponding contributions to the
stiffnesses of the nonlinear sigma model, which are propor-
tional to the derivatives of the gauge kernel, vanish. Instead,
we show that spatial spin stiffnesses are determined by the
second derivatives of the effective Legendre transformed ac-
tion over gauge field, which are in general not identical to the
gauge kernel of original theory, and derive the corresponding
corrections to the Ward identities, which necessarily account
for the dependence of the source terms on the gauge field
at fixed order parameter. On the other hand, temporal com-
ponents of the spin stiffnesses are determined by the Ward
identities for the original functional W before the Legendre
transformation, which yield, however, the off-diagonal com-
ponents of the susceptibilities and take as an input the uniform
susceptibilities in small staggered magnetic field.

We furthermore show that the obtained correction terms in
Ward identities compensate contributions of Goldstone modes
in spatial spin stiffnesses. Although the argument of vanish-
ing of the contribution of Goldstone modes on the basis of
vanishing of the corresponding vertices in the long-wave limit
was proposed in Refs. [15,28,29], it is in general not appli-
cable since at the same time the corresponding contributions
are potentially singular due to gapless Goldstone excitations.
This singularity can be avoided by introducing small external
staggered magnetic field, which introduces a gap in the Gold-
stone excitations, which is however inconvenient for practical
calculations beyond mean-field approach. The compensation
of the contribution of Goldstone excitations by correction
terms, which originate from the proper treatment of Legen-
dre transform, is irrespective of the presence of the external
magnetic fields and on one hand shows the universality of
the resulting spin stiffnesses, but on the other hand allows
performing calculations in zero external magnetic field. The
obtained corrections also correspond to a certain gauge fixing
in the (properly treated) Legendre transform.

Finally, we apply the developed approach to calculation
of spin stiffnesses of doped two-dimensional Hubbard model
with hopping between nearest- and next-nearest neighbors
within the recently proposed dynamical mean-field theory
(DMFT) for incommensurate long-range order [30]. We verify
obtained Ward identities and determine the doping depen-
dence of the respective spin stiffnesses, which are used for
construction of the nonlinear sigma model. These stiffnesses
can be further used for the analysis of the magnetic properties
of the model in various temperature and doping regimes.

The plan of the paper is the following. In Sec. II we
introduce the model, the respective gauge transformations,
and present the modified Ward identities (the details of their
derivation can be found in Appendixes A and B). We also
discuss in detail the differences to the previous form of Ward
identities, and identify their sources. In Sec. III we provide

analytical results for the susceptibilities at the momenta close
to q = 0, Q, obtained from the modified form of Ward iden-
tities, and reveal their important matrix structure. We show
that the correct form of the transverse uniform susceptibility
can be obtained only in the presence of (infinitesimally) small
staggered magnetic field, without which the respective sus-
ceptibility vanishes in accordance with spin conservation. In
Sec. IV we present numerical results for the doped Hubbard
model within dynamic mean-field theory, which confirm our
analytical results, and obtain the respective temporal and spa-
tial spin stiffnesses. Finally, in Sec. V we present conclusions.

II. THE MODEL AND WARD IDENTITIES

A. The model and gauge transformation

We consider the Hubbard model

H = −
∑
i, j,σ

ti j ĉ
†
iσ ĉ jσ + U

∑
i

n̂i↑n̂i↓, (1)

where ĉ†
iσ and ĉiσ are creation and destruction operators of

electron at site i, spin σ , n̂iσ = ĉ†
iσ ĉiσ . To describe magnetic

excitations, we introduce non-Abelian SU(2) gauge field by
performing rotations of fermionic operators ĉi → Riĉi, Ri

is the coordinate- and time-dependent SU(2) rotation matrix.
The generating functional of the model in the rotated reference
frame reads as

W [R] = − ln

[∫
D[c, c+] exp(−S[c, c+,R])

]
, (2)

where c, c+ are Grassmann variables, S[c, c+,R] is the
fermionic action in the rotated reference frame. We note that
the fields ci, obtained after the rotation of the reference frame,
are sometimes referred as “chargons,” while the spin fields,
corresponding to the rotation matrices R, are called “spinons”
(see, e.g., Ref. [15]). This separation should be supplemented,
however, by the gauge fixing, which will be discussed below
in Sec. II C. The long-range magnetic order, which is present
in the chargon sector (i.e., related to the fields c, c+), does not
necessarily imply long-range order of the spinon sector after
considering the fluctuations of the metric R.

The dependence of the action on the spinon fields can be
reduced to the dependence on four SU(2) gauge fields Aμ,
which are defined by

Aμi = iR+
i ∂μRi, (3)

where we use the 4-derivative ∂μ = (∂τ ,∇) . The correspond-
ing action takes the form

S[c, c+,R] =
∑

i j

∫ β

0
dτ c+

i

[(
∂

∂τ
− μ − iA0i

)
δi j

− ti j exp(−�r ji(∇ − i �Ai ))

]
ci

+ U
∑

i

∫ β

0
dτ ni↑ni↓, (4)

where μ is the chemical potential and β is inverse temperature
(in energy units). We note that the external (nonuniform)
magnetic field can be absorbed into the A0i component of the
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gauge field, as we assume in the following. The fields Aμi(τ )
can be expanded in Pauli matrices

Aμi = 1

2

∑
a=0,x,y,z

Aa
μiσ

a, (5)

such that Aa
μ = Tr[σ aAμ]. The corresponding order parameter

can be written as a vector

ma
i = i

δW

δAa
0,i(0)

= 1

2
〈c+

i σ aci〉. (6)

We consider the gauge transformations ci → Vici, c+
i →

c+
i V+

i which imply Ri → RiV+
i , R+

i → ViR+
i . Expanding

the field Vi(τ ) into components

Vi = exp

⎛⎝−i
∑

a=x,y,z

Va
i

σ a

2

⎞⎠ (7)

yields the following rules of infinitesimal transformation:

A0
μ → A0

μ + o( �V ),

Aa
μ → Aa

μ − ∂μVa − εabcAb
μVc + o( �V ) (8)

(here and hereafter the summation over repeated indices is as-
sumed). Thus, under infinitesimal spin gauge transformations,
the zeroth (charge) components of the fields A0

μi(τ ) are not
transformed.

B. Ward identities for the gauge kernel

In the following we introduce the gauge kernel Kad
μ,x;ν,x′ =

δ2W /(δAa
μ,xδAd

ν,x′ ) (a, d = 0, x, y, z), which explicit form is
obtained in Appendix A. The derivation of Ward identities
for the gauge kernel, obtained from the invariance of the
functional W under gauge transformation (8), is presented
in Appendix B 1. For the components of the kernel, which
contain at least one spatial index n > 0, we find the identity(

∂μ,xδab + εacbAc
μ,x

)
Kbd

μ,x;n,x′ = 0. (9)

For vanishing fields Aμ,x this is the condition of spin conserva-
tion, which is similar to charge conservation in the U(1) case
(see, e.g., the discussion in Ref. [31]). The conjugated con-
dition, obtained by interchange μ ↔ n, x ↔ x′, a ↔ d (also
in the presence of the fields Aμ), corresponds to the condition
of gauge invariance, which is in accordance with Eq. (8). We
stress that in the presence of long-range magnetic order in the
chargon sector, the spin conservation in zero external fields
and gauge invariance of the spatial components of the gauge
kernel remains unbroken.

For the temporal and mixed temporal-spatial components
of the gauge kernel we find the identity (see Appendix B 1)

∂μ,xKad
μ,x;0,x′ + εacbAc

0,xχ
bd
xx′ = iεadbmb

xδx,x′ ; (10)

here and in the following we assume summations over re-
peated indices, χbd

xx′ = Kbd
0,x;0,x′ is the tensor of the nonuniform

dynamic susceptibility of the chargon sector. For vanishing
temporal component A0,x = 0 (including also the external
magnetic field), Eq. (10) in the uniform limit implies absence
of time dependence of diagonal components of the uniform
dynamic chargon spin susceptibility

∑
xx′ χaa

xx′ , which is an-
other consequence of spin conservation in the system. We note

again that internal magnetic fields (such as staggered magneti-
zation in the chargon sector) do not prevent spin conservation.

It was suggested in Ref. [32] that the interband contribution
to the uniform susceptibility determines the spin-wave ve-
locity. Since this contribution can be selected by considering
the ω → 0 limit of the susceptibility taken after the uniform
q → 0 limit (see the discussion in Ref. [29]), vanishing of
the dynamic uniform susceptibility, obtained from Eq. (10),
looks contradictory to the suggestion of identifying dynamic
susceptibility with the interband contributions to the uniform
susceptibility. As we argue below in Sec. III, the reason of this
contradiction is in the necessity of introducing infinitesimally
small external staggered magnetic field, which is switched
off only after the uniform and static limits are taken. As
we show below, this external staggered magnetic field, ab-
sent in previous consideration of Ward identities [28,29], is
crucial to obtain finite interband contribution to the uniform
susceptibility.

While in the theories using the Hubbard-Stratonovich
transformation [11,23–27], the gauge kernel (which appears
after expanding the action to the second order in gauge fields)
is used for determination of spin stiffnesses, the above con-
sideration implies that for zero external field the gauge kernel
itself (without performing Hubbard-Stratonovich transforma-
tion and/or introducing mean field) does not determine spatial
spin stiffnesses since the corresponding contributions to the
nonlinear sigma model, which are proportional to the spatial
derivatives of the gauge kernel, vanish according to Eq. (9).
This difficulty occurs because of the absence of gauge-fixing
contributions in the considered action, which coincides with
that of Refs. [15,28,29]. Presence of the symmetry breaking
in the chargon sector (e.g., spin-asymmetric self-energies of
fermionic degrees of freedom) does not resolve this difficulty
since the symmetry is spontaneously broken at the level of the
particular solution (e.g., the mean-field or dynamic mean-field
approximation, considered below in Sec. IV), and formally
the action is still rotation invariant. As we show in Sec. II C,
the spin stiffness is in fact determined by the derivatives of the
Legendre transformed action, which are in general different
from the gauge kernel.

C. Legendre transformation and Ward identities
for the modified gauge kernel

To extract spatial spin stiffnesses, we perform Legendre
transformation, following Refs. [28,29]. To this end we ex-
plicitly pick out the part of the external magnetic field, which
regulates the order parameter, by performing the shift A0 →
A0 + iJ , and introduce the functional

[φ, A] = W [J, A] − φa
x Ja

x ,

Ja
x = − δ

δφa
x

, φa
x = δW

δJa
x

= i
δW

δAa
0,x

, (11)

which is identical to that considered in Refs. [28,29].
The second derivatives of the transformed functional κab

xx′ =
δ2/(δφa

x δφ
b
x′ ) determine the inverse susceptibilities of the

chargon sector according to the standard relation

κac
xx′

δ2W

δJc
x′δJb

x′′
= −κac

xx′
δ2W

δAc
0,x′δAb

0,x′′
= −δa,bδxx′′ . (12)
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One can then obtain the following relations between the
functional derivatives:

δ

δAa
m

= δW

δAa
m

, (13)

δ

δAa
0,x

= δW

δAa
0,x

= −iφa
x , (14)

δ2

δAa
μ,xδAb

0,x′
= 0. (15)

Equation (15) implies that second derivatives of the functional
 over the gauge fields, involving at least one A0 component,
vanish, and  depends only linearly on the field A0. This linear
dependence directly follows from Eq. (11) at fixed φ since the
change of A0 necessarily yields the opposite change of iJ to
keep φ fixed. Notably, although our functional  coincides
with that considered in Refs. [28,29], the second derivative
δ2/δA2

0 was suggested in these studies to determine the
temporal components of spin stiffness (i.e., the transverse
susceptibilities). Our derivation of temporal components of
spin stiffness is presented below.

First, we emphasize that the components of the modified
gauge kernel Mab

μ,x;ν,x′ ≡ δ2/(δAa
μδAb

ν ) are in general differ-
ent from the gauge kernel Kab

μ,x;ν,x′ . It is crucial that at fixed
fields φ the sources J depend implicitly on the gauge fields A.
We have

δJa
x

δAb
μ,x′

= − δ2

δφa
x δAb

μ,x′
= − δ

δφa
x

δW

δAb
μ,x′

= −δJc
x′′

δφa
x

δ2W

δJc
x′′δAb

μ,x′
= κac

xx′′
δ2W

δJc
x′′δAb

μ,x′
. (16)

Therefore, we obtain

Mab
μ,x;ν,x′ = δ2W

δAa
μ,xδAb

ν,x′
+ δ2W

δAa
μ,xδJc

x′′

δJc
x′′

δAb
ν,x′

= Kab
μ,x;ν,x′ − Kac

μ,x;0,x′′κ
cd
x′′x′′′Kdb

0,x′′′;ν,x′ . (17)

The second term in the right-hand side of Eq. (17) is crucial
to fulfill the relation (15) and obtain the correct form of the
Ward identities for the functional . In particular, for μ = 0
or ν = 0 it yields Mμν = 0 in agreement with Eq. (15). In
Sec. III C we show that the second term in the right-hand
side of Eq. (17) cancels contribution of Goldstone modes in
the first term. This is physically justifiable since Goldstone
modes, being the low-energy excitations, should not give con-
tribution to the spin stiffness of the nonlinear sigma model.
On the other hand, taking into account the dependence J[A]
at fixed φ, represented by Eq. (16), implies gauge fixing in
the Legendre transform (11) at fixed equilibrium φ, which is
characterized by J[0] = 0.

The respective Ward identity for the second derivatives
Mab

μ,x;ν,x′ takes the form (see Appendix B 2)

∂m,x∂n,x′Mab
m,x;n,x′ = − iεadbφ

d
x ∂0,x′δx,x′

+ εbd̃c̃φ
d̃
x′
(
εadcφ

d
x κ c̃c

xx′ +iεãccAc
0,xδxx′

)
.

(18)

The first term in the right-hand side of Eq. (18) vanishes
for almost uniform components of Mab

m,x;nx′ since it contains

an order-parameter vector, oscillating in space for nonzero
wave vector Q. Equation (18) is different from that derived
in Refs. [28,29] by the the derivatives in the left-hand side
acting on the space components only. We also note that if the
gauge kernel Kab would be equal to Mab, as it was assumed in
Refs. [15,28,29], the left-hand side of Eq. (18) would vanish
in the zero external field according to Eqs. (9) and (15), while
the right-hand side is finite.

For diagonal components we obtain the identity, which
allows us to evaluate the spatial components of the spin stiff-
ness,

∂m,x∂n,x′Maa
m,x;n,x′ = εad̃c̃φ

d̃
x′
(
εadcφ

d
x κ c̃c

xx′+iεãccAc
0,xδxx′

)
. (19)

One can see that the corresponding spin stiffnesses are pro-
portional to the derivatives Maa

mn of the functional  over
gauge fields, which are in general different from the gauge
kernel [see Eq. (17)]. Since the temporal parts Mμν with
either μ = 0 or ν = 0 vanish according to Eq. (15), we can
formally add the respective time derivatives to the left-hand
sides of Eq. (19), but they do not provide actual contribution,
in contrast to Refs. [28,29]. This implies that the respec-
tive (diagonal) components of the inverse susceptibilities κ

are frequency independent. At the same time, the temporal
components of the spin stiffnesses are determined by the off-
diagonal components of inverse susceptibility κ (see explicit
calculation in Sec. III).

Let us compare the obtained relations to the Ward identity
of Refs. [28,29] in zero external fields:

∂μ,x∂ν,x′Kab
μ,x;ν,x′ = ∂μ,x∂ν,x′Mab

μ,x;ν,x′ = εadcφ
cεbplφ

lκ
d p
xx′ . (20)

As we discuss above, the spatial derivatives in the left-hand
side of Eq. (20) for zero external field in fact yield identi-
cally zero according to the gauge-invariance condition (9).
While the temporal part Mab

0,x;0,x′ vanishes too, the spatial part
Mab

m,x;n,x′ (and its derivatives) do not vanish, which readily
shows that the left equality in the relation (20) can not be cor-
rect. This contradiction is resolved in our approach by account
for the additional term in Eq. (17). The second equality in
Eq. (20) is fulfilled in our approach as well, with the important
difference that the contribution of the time components in the
summation over μ, ν in the middle part of Eq. (20) vanishes,
implying vanishing of the respective staggered components
of the inverse susceptibility κxx′ in the absence of the ex-
ternal magnetic field, while these components, together with
Mab

0,x;0,x′ (and its time derivatives), were considered finite in
Refs. [28,29]. In our approach this contradiction is resolved by
including off-diagonal spin components of κab and perform-
ing its inversion as a matrix, as discussed in Sec. III.

III. ANALYTICAL RESULTS FOR THE CHARGON
SUSCEPTIBILITIES NEAR q = 0, Q

To calculate the chargon susceptibilities we introduce the
Fourier components in the global reference frame (we con-
sider only diagonal in momentum components of the gauge
kernel)

Mab
q;μν =

∫
dτ

∑
xx′

e−iq(x−x′ )+iω(τ−τ ′ )Mab
μ,x;ν,x′ , (21)
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κab
qq′,ω =

∫
dτ

∑
xx′

e−iqx+iq′x′+iω(τ−τ ′ )κab
xx′, (22)

and χqq′,ω defined similarly to κqq′,ω.

A. Commensurate antiferromagnetic order in chargon sector

In the commensurate antiferromagnetic (AFM) case we
assume the spatial dependence of the order parameter
φx = m(0, 0, cos(Qx)) with Q = (π, π ) and introduce also
staggered field Aa

0 = ihφa
x /m. The general form of the suscep-

tibility matrix χqq′,ω at q, q′ = 0, Q, allowed by Ward identity
(10), is presented in Appendix B 1. Since the Ward identities
do not fix the χ

xx,yy
Q,ω components of the susceptibility, we

parametrize these components by the temporal spin stiffness
χω (which is in general frequency dependent) as

χ
xx,yy
Q,ω

= m2

hm + χωω2
, (23)

and assume χ
xy,yx
Q,ω

= 0. For q, q′ = 0, Q we obtain with ac-
count of Eq. (23)

(24)

where dω = m/(hm + ω2χω ), the 2 × 2 blocks correspond to
the values q, q′ = 0, Q, and a, b = x, y numerates compo-
nents within each 2 × 2 block. One can see that in agreement
with spin conservation, discussed in Sec. II B, the uniform
transverse susceptibilities [given by the upper left 2 × 2 block
of Eq. (24)] vanish if the limit h → 0 is taken prior to ω → 0,
but they acquire a finite value χω=0 if the limit ω → 0 is taken
first. While the limit q = 0 prior to taking the ω → 0 limit, as
considered in Eq. (24), excludes the intraband contributions
to the uniform static transverse susceptibility (cf. Ref. [29]),
treatment of all interband terms (which is performed in the
absence of the external staggered field h) yields zero trans-
verse susceptibility in accordance with spin conservation (10).
Therefore, finite external staggered field, switched off in the
end of the calculation, is crucially important to obtain finite
uniform static transverse susceptibility. Presence of small fi-
nite staggered field, which is switched off after taking q =
0, ω → 0 limits, excludes interband contributions, which do
not conserve momentum, making the corresponding chargon
uniform susceptibility finite (see the example of mean-field
calculation in Appendix C).

Inverting Eq. (24), we find

(25)

One can see that the diagonal terms κ
xx,yy
QQ = h/m, described

by the lower right 2 × 2 block of Eq. (25), do not acquire

any dynamic frequency-dependent part, in agreement with
Eq. (19), but in contrast to the result of Refs. [28,29], based
on previous form of Ward identities. As it is discussed in
Sec. II C, the latter approaches assume finiteness of the deriva-
tive ∂2

τ Maa
00 , which in fact vanishes. It is important to stress that

absence of the dynamic contributions in the diagonal κ
xx,yy
QQ

terms does not contradict the form of dynamic susceptibilities
(23), which acquires frequency dependence due to the off-
diagonal terms in Eq. (25).

To obtain the momentum dependence of the susceptibili-
ties, we use the Ward identity (19), which takes in momentum
space the form

qnqlM
yy,xx
q;nl = m2κ

xx,yy
q+Q,q+Q,ω − mh. (26)

At q = 0 this is consistent with Eq. (25). The transverse
magnetic susceptibilities near the wave vector Q are uniquely
determined by the corresponding current correlation functions
Mxx,yy. We note again that the corresponding components
of the inverse susceptibilities appear to be frequency inde-
pendent. Neglecting the change of the other components in
Eq. (25) with q and inverting susceptibility matrix, we readily
obtain

χ
xx,yy
±Q+q,±Q+q,ω = m2

hm + χωω2 + ρq2
, (27)

where the spatial spin stiffness ρ = Mxx,yy
q→0;nn (we have taken

into account the diagonal form of Mxx,yy
q→0;nl over spatial

indices n, l).

B. Incommensurate spiral order in chargon sector

1. Susceptibilities at q = 0, Q

In the case of spiral incommensurate order we consider
the order parameter φx = m( sin(Qx), 0, cos(Qx)) and intro-
duce external staggered field Aa

0 = ihφa
x /m. For calculations

we pass to the local reference frame (see Appendix D). The
susceptibilities in the local coordinate frame are diagonal with
respect to momenta. The general form of the susceptibility
matrix in the local reference frame, allowed by Ward iden-
tities, is presented in Appendix E. We parametrize the χ̄ xx

0,ω

and χ̄
yy
±Q,ω

susceptibilities in the local reference frame (de-
noted by bars here and below), which are not fixed by Ward
identities, by (in general frequency-dependent) in-plane and
out-of-plane components of temporal spin stiffnesses χ2,ω and
χ1,ω according to

χ̄ xx
0,ω = m2

hm + χ2,ωω2
, χ̄

yy
±Q,ω = m2

hm + χ1,ωω2
, (28)

and assume χ̄0,ω = χ̄ zx
0,ω = 0. From this we obtain the fre-

quency dependence of the uniform susceptibilities in the local
reference frame

χ̄ab
0,ω =

⎛⎝ md2,ω ωd̃2,ω 0
−ωd̃2,ω hd̃2,ω 0

0 0 χ̄ zz
0,ω

⎞⎠
x,y,z

, (29)

where di,ω = m/(hm + ω2χi,ω ), d̃i,ω = di,ωχi,ω, and the
index x, y, z refers to the respective spin Sx, Sy, Sz
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reference frame. The blocks of the local susceptibility at
the momenta q = ±Q are conveniently written in the basis

S+
q , Sy

q, S−
q (S±

q = Sz
q ± iSx

q are the circular in-plane spin
components) as

χ̄ab
−Q,ω =

⎛⎜⎜⎝
ih
ω
χ̄

+y
−Q,ω

χ̄
+y
−Q,ω

χ̄+−
−Q,ω

−iωd̃1,ω md1,ω χ̄
y−
−Q,ω

hd̃1,ω −iωd̃1,ω
ih
ω
χ̄

y−
−Q,ω

⎞⎟⎟⎠
+,y,−

, (30)

the susceptibility χ̄q=Q,ω = (χ̄q=−Q,ω )+ can be obtained via Hermitian conjugate. In the basis (S+,y,−
−Q , S+,y,−

0 , S+,y,−
Q ) we find

then in the global reference frame

χab
qq′,ω =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 χ̄ zz
0,ω

+ md2,ω 0 iωd̃2,ω 0 χ̄ zz
0,ω

− md2,ω 0 0

0 d1,ωm 0 −iωd̃1,ω 0 0 0 0 0
χ̄+−

2Q,ω 0 0 0 0 0 0 0 0

0 0 0 0 0 hd̃1,ω 0 id̃1,ωω 0

0 0 iωd̃2,ω 0 hd̃2,ω 0 −iωd̃2,ω 0 0

0 −iωd̃1,ω 0 hd̃1,ω 0 0 0 0 0
0 0 0 0 0 0 0 0 χ̄+−

2Q,ω

0 0 0 0 0 iωd̃1,ω 0 d1,ωm 0

0 0 χ̄ zz
0,ω − md2,ω 0 −iωd̃2,ω 0 χ̄ zz

0,ω + md2,ω 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
+,y,−

. (31)

As one can see from the limit ω → 0 followed by h → 0, the uniform static transverse susceptibilities are given by χ+−
q=0,ω→0 =

2χ xx
q=0,ω→0 = 2χ zz

q=0,ω→0 = χ1,0 and χ
yy
q=0,ω→0 = χ2,0, while similarly to the commensurate case the uniform susceptibilities

vanish for h → 0 at finite ω.
Performing the inversion of the susceptibilities in Sx, Sy, Sz basis, we obtain

κ̄ab
0,ω = 1

m

⎛⎜⎝h −ω 0

ω mχ−1
2,ω 0

0 0 m
(
χ̄ zz

0,ω

)−1

⎞⎟⎠
x,y,z

,

κ̄ab
−Q,ω = 1

m

⎛⎜⎝−id+−
ω χ̄

+y
−Q,ω

0 ωd+−
ω d̃1,ω

2iω h 0

−ωχ̄2
ωd+−

ω 2iω −id+−
ω χ̄

y−
−Q,ω

⎞⎟⎠
+,y,−

, (32)

where χ̄2
ω = (χ̄+y

−Q,ω
χ̄

y−
−Q,ω

− χ̄
yy
−Q,ω

χ̄+−
−Q,ω

)/m, d+−
ω = 4ω/(χ̄+−

−Q,ω
+ hχ̄2

ω ).
The entire discussion of Sec. III A concerning the frequency dependence of the off-diagonal components in the commensurate

case is applicable to the incommensurate case, except that the κ̄zz
0,ω and κ̄±±

Q,ω
components acquire their own dynamics in the latter

case.

2. Momentum dependence of susceptibilities near q = 0, Q

To obtain susceptibilities at the momenta close to q = 0 we consider leading contributions to the momentum dependence of
the inverse susceptibility matrix (including charge components), allowed by symmetry [28],

¯̄κab
q,ω = m−1

⎛⎜⎜⎜⎝
h + Anlqnql ω Cnqn Dnqn

−ω mχ−1
2,ω 0 0

−Cnqn 0 d0zχ̄00
0 −d0zχ̄0z

0

−Dnqn 0 −d0zχ̄0z
0 d0zχ̄ zz

0

⎞⎟⎟⎟⎠
x,y,z,0

, (33)

where d0z = m/[χ̄00
0 χ̄ zz

0 − (χ̄0z
0 )2], such that the inversion of Eq. (33) at q = 0 yields in the spin sector the result (29), the double

overline stands for the quantities in the local reference frame which include charge component. For momenta near ±Q we neglect
the coupling of charge and spin components, which appears to be small numerically, and obtain

κ̄ab
−Q+q,ω = m−1

⎛⎜⎝−id+−
ω χ̄

+y
−Q,ω 0 ωd+−

ω d̃1,ω

2iω h + Bnl qnql 0

−ωχ2
ωd+−

ω 2iω −id+−
ω χ̄

y−
−Q,ω

⎞⎟⎠
+,y,−

. (34)
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We further apply Ward identities (10) and (19) to determine
the coefficients Anl , Bnl ,Cn, Dn (see Appendix E). The result-
ing susceptibilities written in the global reference frame read
as

χ xx,zz
q±Q,q±Q,ω

= 1
4

(
χ̄ xx

q,ω + χ̄ zz
0,ω + χ̄+−

2Q,ω

)
. (35)

The respective susceptibilities in the local reference frame

χ̄ xx
q,ω = m2

hm + χ2,ωω2 + ρ2,mq2
m

, (36)

χ
yy
±Q,±Q,ω = χ̄

yy
±Q,±Q,ω = m2

hm + χ1,ωω2 + ρ1,mq2
m

, (37)

where ρ1,n = 2Mxx,zz
q→0;nn and ρ2,n = Myy

q→0;nn + �ρ2,n are the
out-of-plane and in-plane spatial spin stiffnesses (we consider
the qx,y coordinates which diagonalize the current correlators
M0;aa

nl over the spatial indices n, l), �ρ2,n is the contribution
to the in-plane spatial stiffness

�ρ2,n = m2

2
lim
q→0

∂2
qn

(
1

χ̄ xx
q,0

− κ̄xx
q,0

)

= 1

χ̄ zz
0

(
Dnχ̄

0z
0 + Cnχ̄

zz
0

)2
, (38)

which explicit form is given by Eq. (44) below and which
originates from the coupling of the x component of the suscep-
tibility with 0, z components at finite momenta. The factor of
1
4 in Eq. (35) occurs due to passing to global reference frame
and expresses the fact that one Goldstone mode of χ̄ xx

q=0,0 in
the local reference frame is split into four modes of χ xx,zz

±Q,0 in
the global reference frame.

Although the results (28), (36), and (37) formally coincide
with those of Refs. [15,28,29], there are two important differ-
ences: the temporal stiffnesses χ1,2,ω are in general frequency
dependent in our approach since their frequency dependence
is not fixed by Ward identities, and the spatial stiffnesses ρ1,2

are expressed via the respective gauge kernels, including the
correction term in Eq. (17) and the contribution of the 0, z
modes �ρ2,n .

On approaching the spin-symmetric phase of the char-
gon sector, the spin symmetry in this sector tends to be
restored, and the susceptibility χ̄ zz

0,ω = md2,ω is also divergent.
Apart from that, near the paramagnetic phase the Goldstone
mode at q = 0 in the local reference frame is mirrored to
the wave vector 2Q, such that χ̄+−

2Q = 2md2,ω. Adding the
respective momentum dependencies we find in this limit the
in-plane susceptibilities in the global reference frame

χ xx,zz
q±Q,q±Q,ω = m2

hm + χ2,ωω2 + ρ2,mq2
m

, (39)

which have the same form as the out-of-plane susceptibilities
(37); the number of Goldstone modes in local and global
reference frames coincides in this case.

C. Explicit expressions for spin stiffnesses

In the following we represent the modified gauge kernel
as Mq;μρ = Kq;μρ − KC

q;μρ , where the two contributions corre-
spond to the first and second terms in Eq. (17). Considering

again the local reference frame, we represent the local sus-
ceptibility χ̄q and the current-spin kernels K̃q;0ρ and K̃q;μ0 (the
tilde corresponds to transforming spin, but not the current
variables to the local reference frame) via their U -irreducible
counterparts φ̄q, φ̃q,μ, φ̃t

q,μ by the relations

χ̄q = (1 − φ̄qÛ )−1φ̄q = φ̄q(1 − Û φ̄q)−1,

K̃q;0ρ = (1 − φ̄qÛ )−1φ̃q,ρ, K̃q;μ0 = φ̃t
q,μ(1 − Û φ̄q)−1, (40)

which are similar to those used previously for the dynamic
spin susceptibility [30,33–36], Û = 2U diag(1, 1, 1,−1). Ac-
cordingly, the kernel Kq can be split into the U -irreducible
paramagnetic part K irr

q , the diamagnetic part Kd
q , and the U -

reducible ladder KL
q part,

Kq;μρ = K irr
q;μρ + Kd

q;μρ + KL
q;μρ, (41)

where

KL
q,μρ = φ̃t

q,μ(1 − Û φ̄q)−1Û φ̃q,ρ . (42)

The explicit form of the U -irreducible parts K irr and Kd is
specified in Sec. IV. This splitting is itself exact and does
not rely on some approximation. The correction term is repre-
sented as

KC
q;μρ = φ̃t

q,μ(1 − Û φ̄q)−1κ̄q(1 − φ̄qÛ )−1φ̃q,ρ, (43)

κ̄q is considered as 4 × 4 matrix with zero-charge compo-
nents.

Using the explicit form of the inverse susceptibilities (33)
and (34), evaluating the respective irreducible susceptibilities
φq, one can find that the correction term (43) removes all sin-
gular terms, originating from Goldstone modes of the chargon
susceptibility, contained in KL

q,μρ [which occur from the in-
verse matrix in Eq. (42)]. These contributions were previously
removed in Refs. [15,28,29] on the basis of their vanishing in
the limit q → 0 at ω = 0. This is, however, not fully correct
since in the absence of external staggered field smallness of
the kernels φ̃t

q,μ and φ̃q,ρ , proportional to q in this limit, is in
fact compensated by smallness of the denominator in Eq. (42),
originating from the presence of Goldstone modes and yields
the contribution, which is in general finite. Omitting these
contributions implies either implicit introduction of infinites-
imally small staggered field or fixing the Coulomb gauge
qmAm = 0 in the nonlinear sigma model approach. Because
of the non-Abelian form of the gauge field, the latter gauge
fixing is expected, however, to produce nontrivial ghost field
contributions.

In our approach this potentially singular contribution is
compensated by the KC

q,nn term. Using the explicit form of the
irreducible bubble matrices φq, determined from Eq. (33), and
the explicit form of the correction

�ρ2,n = 1

χ̄ zz
0

[
φ̃

yz
0,n0 + 2U

(
φ̃

yz
0,n0χ̄

zz
0 − φ̃

y0
0,n0χ̄

0z
0

)]2
, (44)

we find that the sum KL − KC + �ρ is finite and does not
depend explicitly on momentum and staggered magnetic field
h in the limit q → 0, due to cancellation of the terms O(q2)
and O(h). Therefore, the numerical analysis below can be
performed in zero external magnetic field. Keeping only lad-
der terms produces incorrect results in this case. Summing
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all contributions we finally obtain the respective spatial spin
stiffnesses

ρ1,n = 2ρn = 2
(
K irr,xx

0,nn + Kd,xx
0,nn

)
, (45)

ρ2,n = K irr,yy
0,nn + Kd,yy

0,nn + 2U
[
φ̃

t,y0
0,0n(2U χ̄00

0 − 1)φ̃0y
0,n0

−4U φ̃
t,y0
0,0nχ̄

0z
0 φ̃

zy
0,n0 + φ̃

t,yz
0,0n(2U χ̄ zz

0 + 1)φ̃zy
0,n0

]
. (46)

This result can be obtained alternatively by differentiat-
ing the irreducible susceptibilities over momenta following
Refs. [28,29,37] and using the respective Ward identities for
spin-current vertices, which follow from Eq. (10) (see Ap-
pendix E). In case of static mean-field theory the obtained
result coincides with that proposed in Refs. [15,28,29,37]. At
the same time, it generalizes previous consideration to include
dynamic effects beyond static mean-field theory. The cancel-
lation of momentum q and external staggered field-dependent
terms also shows independence of the spin stiffnesses on the
gauge-fixing conditions.

IV. DYNAMICAL MEAN-FIELD THEORY APPROACH

To apply above derived identities for a particular sys-
tem with long-range magnetic order, we consider a two-
dimensional one-band Hubbard model on a square lattice (1)
with hopping ti j = t between nearest neighbors (which is used
as a unit of energy) and ti j = −t ′ for next-nearest neighbors.
As it is discussed in Refs. [38–41], the incommensurate mag-
netically ordered states in the hole-doped Hubbard model are
thermodynamically unstable within the mean-field approach,
which yields a phase separation [40,41] of incommensurate
magnetic order into domains with incommensurate and com-
mensurate magnetic states. Therefore, for detail analysis of
spin stiffnesses in a broad doping range, we consider below
the DMFT approach [42], extended to describe incommensu-
rate spin spiral order in the chargon sector.

The respective approach for the doped Hubbard model
was developed previously in Refs. [29,30,43–45]. The main
difference of dynamic from static mean-field theory is in the
frequency dependence of the self-energy and interaction ver-
tices (see the discussion in Refs. [30,46]). In the following, we
use the approach of Ref. [30], which considers passing to local
reference frame with the order parameter aligned along the z
axis. As we showed in our previous work [30] for different
doping levels x = 1 − n (n is the concentration of electrons)
both commensurate and incommensurate (spiral) long-range
magnetic orders are present in DMFT solution of this model.
This feature makes this model well suited for the study of
low-energy magnetic excitations in strongly correlated quasi-
two-dimensional electronic system. All calculations in the
following study were performed for t ′/t = 0.15, U = 7.5t ,
and the temperature T = 0.1t .

A. Gauge kernels in the local reference frame

The magnetic susceptibilities and gauge kernels are rep-
resented in DMFT as sum of the ladder diagrams with local
particle-hole irreducible vertices [30,42,47]. For practical cal-
culations we evaluate the components of the gauge kernel in
the local reference frame. The correspondence between the
paramagnetic parts of the gauge kernels in the global and local

reference frame is given by (see Appendix D 3)

Kyy
q,μν = K̄yy

q,μν,++ + K̄00
q,μν,−− + K̄y0

q,μν,+− + K̄0y
q,μν,−+,

Kxx
q,μν =

∑
s=±

[
K̄xx

q,μν,ss − is
(
K̄xz

q,μν,ss − K̄zx
q,μν,ss

) + K̄zz
q,μν,ss

]
.

(47)

We further split each term in Eqs. (47) according to the rep-
resentation (41). The U -irreducible part of the kernels in the
local coordinate frame can be then represented as the sum of
the bare bubble and the U -irreducible vertex correction

K̄ irr
q,μρ,ss′ =

∑
ν

K̄0
q;μρ,ss′ (ν) + K̄φ

q;μρ,ss′ . (48)

The bare current-current bubble K̄0 in the local reference
frame reads as

K̄0;αβ

q;μρ,ss′ (ν) =
∑

k

T μ,s
k,q Tr[σαGkσ

βGk+q]T ρ,s′
k,q , (49)

where the trace is taken with respect to spin variables, Gσσ ′
k is

the electron Green’s function in the local reference frame,

T μ±
k,q = (

T μ

k−Q/2,q ± T μ

k+Q/2,q

)
/2 (α, β = 0, y),

T μ±
k,q = T μ

k+sQ/2,q (α, β = x, z), (50)

T μ

k,q = (tμ

k + tμ

k+q)/2 are the current vertices, tm
k = ∂εk/∂km,

t0
k ≡ i. The same Eqs. (47) with T 0

k,q = T 0,+
k,q = i, T 0,−

k,q = 0 are
applicable for spin susceptibilities. The ladder and correction
terms in the local reference frame (including transforming
the current variables to this reference frame) are given by
Eqs. (42) and (43) with the replacement φ̃ → φ̄, where we use
the particle-hole U -irreducible bubbles in the local reference
frame

φ̄q,ρ,s =
∑

ν

γq(ν)K̄0
q,0ρ,0s(ν), (51)

φ̄t
q,μ,s =

∑
ν

K̄0
q,μ0,s0(ν)γ t

q (ν), (52)

T 0,0
k,q ≡ i, and matrix multiplications are assumed here and in

the following expressions and triangular vertices are defined
by

γq(ν) =
∑
ν ′

[
Î − K̄0

q;00,++�̃ω

]−1

ν ′ν
, (53)

γ t
q (ν) =

∑
ν ′

[
Î − �̃ωK̄0

q;00,++
]−1

νν ′ . (54)

In Eqs. (53) and (54) the inversion is performed with respect
to the frequency and spin indices (considered as multi-index),
K̄0

q;00 without frequency argument is considered as the diago-

nal matrix with respect to frequencies, �̃ω = �̂ω − Û , �̂ω is
the particle-hole irreducible local vertex, expressed in the spin
basis.

The U -irreducible vertex correction to the kernel can be
represented as

K̄φ

q;μρ,ss′ =
∑

ν

K̄0
q,μ0,s0(ν)γ̃q;ρ,s′ (ν), (55)
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where

γ̃q;ρ,s′ (ν) =
∑
ν ′,ν ′′

[
Î − �̃ωK̄0

q;00

]−1

νν ′′
[
�̃ωK̄0

q,0ρ,0s′
]
ν ′′ν ′ . (56)

The diamagnetic part is expressed through its counterpart
in the local reference frame as

Kd
μν = K̄d,00

μν,+ + K̄d,yy
μν,−, (57)

where

K̄d,ab
μν,s = −δab(1 − δμ0)(1 − δν0)

∑
k

T μν,s
k Tr[σ aGk], (58)

T μν±
k = (tμν

k−Q/2 ± tμν

k+Q/2)/2, tmn
k = ∂2εk/(∂km∂kn).

Below we consider the results of the numerical calcula-
tions, performed within CT-QMC method, realized in iQIST

package [48], keeping 160 (positive and negative) fermionic
Matsubara frequencies. We also use corrections on the finite-
ness of frequency box (see Refs. [35,36]). We have verified
that for static self-energies and vertices the mean-field results
for the susceptibilities are reproduced (see also Appendix C).
In the DMFT calculations below for simplicity we consider
zero external staggered magnetic field h = 0. The wave vector
Q of magnetic instability in the chargon sector is obtained
from the minimum of smallest eigenvalue of 1 − UφQ,0 (see
Appendix F).

B. DMFT approach in the antiferromagnetic phase

We consider first the antiferromagnetic order in the char-
gon sector, which occurs at half-filling or small doping. We
have verified that the dynamic transverse uniform suscepti-
bility of chargons vanishes at zero staggered field, as it is
required by Ward identities. To determine the (frequency-
dependent) temporal stiffness, we use the relation (23), χω =
m2/(χ yy

Q ω2). Since the susceptibility χ
yy
Q at finite frequency

changes continuously with the staggered field, the stiffness
χω, obtained in the zero-field calculation, can be also consid-
ered as a limit h → 0 of the respective uniform susceptibility.

If no dynamical effects were present, one would obtain
almost frequency-independent temporal stiffness χ in the low-
frequency limit. In DMFT approach the temporal stiffness χω

becomes essentially dynamic and does not necessarily reduce
to a constant. The calculated frequency dependencies of tem-
poral stiffness χω for various hole dopings x are presented in
Fig. 1(a). Near half-filling x → 0 the frequency dependence
of temporal stiffness becomes less significant and its static
limit is almost equal to the mean-field results for half-filling.
With increase of the doping a peak develops at ω = 0. The
change of static temporal stiffness limit χ0 with hole dop-
ing is opposite to its high-frequency limit at ωn � t : the
latter susceptibility decreases with doping, while the former
increases. As a result, the frequency dependence becomes
more pronounced with doping. In Fig. 1(b) we present various
susceptibility components of chargon sector, computed in the
AFM state at finite hole doping x = 0.05. One can see that the
considered components fulfill the Ward identities. It is impor-
tant to emphasize the computed nondiagonal components are
parameter free and present solely due to the presence of the
long-range magnetic order in the chargon sector.

FIG. 1. (a) Frequency dependence of the temporal stiffness χω

for the AFM case for various fillings in DMFT approach, the result of
mean-field (MF) approach at half-filling is presented for comparison.
(b) Susceptibility components for AFM case at x = 0.05 compared
to the Ward identities result (24).

The momentum dependence of inverse susceptibility,
obtained from the current-current correlation function, is com-
pared to the full momentum dependence obtained in DMFT in
Fig. 2 for two doping levels. We see that the results match
each other up to quadratic terms O(q2) as it follows from
the Ward identities. Note that although the obtained relations
are not meant to be correct apart from the quadratic order
q2, the q-dependent current-current correlation function gives
better agreement with the inverse susceptibility than constant
value of spin stiffness ρ away from half-filling, where inverse
susceptibility is well described by constant stiffness in a wide
range of wave vectors.

In the commensurate case the contributions, containing
vertex corrections, namely, the U -irreducible term Kφ , the lad-
der contribution KL, the correction term KC [Eq. (43)], and the
contribution �ρ2,n vanish at q = 0 since the bubbles K̄0

0;0ρ (ν)
and K̄0

0;μ0(ν), together with the respective bubbles φ0,ρ (ν) and
φt

0,μ(ν), vanish because of the oddness of the function, which
is summed in Eq. (49) with respect to k → k + (π, π ) (cf.
Refs. [28,29]). Therefore, these terms do not contribute to
the spin stiffnesses in the commensurate case. The situation
in this respect is the same as for the optical conductivity in
DMFT, where it was argued that the vertex corrections vanish
[42,49].
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FIG. 2. Wave-vector dependence of the inverse susceptibility κ

in the AFM case for hole-doping levels x = 0.02 (a) and x = 0.05
(b). Orange circles correspond to the result of the DMFT calculation,
solid lines correspond to the long-wavelength limit q → 0, obtained
from Ward identities, stars are the respective dependence, obtained
with account of the momentum dependence of the gauge kernels.

C. DMFT approach in the incommensurate phase

According to the Eq. (31) in the incommensurate case the
frequency dependence of the susceptibilities is characterized
by two temporal stiffnesses χ1,2,ω and the uniform dynamic
susceptibility χ̄ zz

0,ω in the local coordinate frame. Using our
definition of Eq. (28) we extract temporal spin stiffnesses as
χ1,ω = m2/(χ yy

Q,ωn
ω2

n ) and χ2,ωn = 2m2/(χ xx
0,ωn

ω2
n ). The results

of the numerical calculations are shown in Fig. 3. We find
that in the incommensurate phase away from half-filling the
frequency dependence of temporal stiffnesses becomes even
more essential than in the AFM phase. With the increase of
doping the temporal stiffnesses χ1,2(ωn) develop a sharp peak
at ωn = 0, with different height for longitudinal and trans-
verse channels. The susceptibility χ̄ zz

0,ω (together with χ̄+−
2Q,ω

component, not shown) continuously increases with doping,
and its zero-frequency component diverges at the incommen-
surate magnetic to paramagnetic transition, which provides a
possibility of passing from Eq. (35) to (39) and formation of
a single soft mode on the paramagnetic side. We have verified
that the components of the susceptibility χ̄0,ω and χ̄±Q,ω in the
local reference frame, computed within DMFT, coincide with

FIG. 3. The frequency dependencies of the out-of-plane χ1,ω

(a) and in-plane χ2,ω (b) temporal stiffnesses in the incommensurate
case, as well as the component of the susceptibility χ̄ zz

0,ω (c) for
various fillings.

the corresponding analytical results (30), including the off-
diagonal contributions to the local susceptibility χ̄±y, which
have parameter-free analytic form ±m/ω.

The momentum dependencies of inverse susceptibilities
are shown and compared to the results of Ward identities in
Fig. 4. It can be seen that in the incommensurate case two
Goldstone modes result in four different spatial stiffnesses,
corresponding to the in-plane and out-of-plane fluctuations
along qx and qy directions. The obtained spin stiffnesses ap-
pear to be equal to the long-wavelength limit of the current
correlation functions Mq→0. At finite doping the susceptibility
is not well described by quadratic dependence, apart from the
small-|q| values. Also in the incommensurate case using the
momentum-dependent current-current correlation functions
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FIG. 4. Wave-vector dependence of the in-plane κ̄xx (a) and out-
of-plane κ̄yy (b) components of the static inverse susceptibility in the
local reference frame in the incommensurate case for hole-doping
levels x = 0.13. Blue circles and orange stars correspond to the
DMFT result in different directions, dashed-dotted and dotted lines
show the long-wavelength limit q → 0, following from the Ward
identities.

Mq instead of the respective spin stiffnesses does not signifi-
cantly improve the description of the momentum dependence,
in contrast to the commensurate case. This feature might be
a consequence of the suppression of bubble contributions and
nonvanishing vertex corrections in the incommensurate case
(see below).

As well as in the commensurate case, the vertex correc-
tions Kφ,L,C

0,0,yy and �ρ2,y to the respective spin stiffnesses ρn,y,
determined by the components of the modified kernel Myy,
vanish by symmetry since they are related to the components
of the current along the direction of Qy = π component. We
also find vanishing of vertex corrections KL,xx

0,0,xx − KC,xx
0,0,xx to the

respective spin stiffnesses ρ1,x. The respective contributions
to the Mxx components of the modified kernel at iωn = 0,
which determine ρ1,x and ρ2,x stiffnesses, are plotted as a
functions of x in Fig. 5. We find the U -reducible contribu-
tion KL − KC + �ρ2,n (containing also the contribution of
the z component �ρ2,n) is negligibly small. Despite partial
cancellation of the bubble part of paramagnetic response K0

q

and its diamagnetic part Kd , for Mxx
xx component these bare

contributions constitute substantial part of the spatial spin
stiffness. Yet, the U -irreducible vertex correction contribution
Kφ , which occurs due to dynamic effects, is also nonzero in

FIG. 5. The bar graph, showing various contributions to the spa-
tial out-of-plane spin stiffness ρ1,x (a) and the in-plane spin stiffness
ρ2,x (b) Red part is the sum of bare paramagnetic and diamagnetic
contributions, blue part is the U -irreducible vertex correction Kφ ,
the remaining green part, which originates from the U -reducible
vertex correction KL − KC , together with the contribution �ρ2,n,
is negligibly small for the in-plane mode and vanishes for the
out-of-plane mode. Vertical dashed lines mark the commensurate-
incommensurate and incommensurate-paramagnetic transitions.

this case, and provides approximately 1
3 to 1

4 amount of the
respective spin stiffness. On the other hand, for Myy

xx com-
ponent in the incommensurate case the U -irreducible vertex
part provides the major part of the spin stiffness. Therefore,
neglecting dynamic vertex corrections in that case would yield
a dramatic underestimate of spin stiffness.

Finally, we provide the doping dependence of the respec-
tive spatial spin stiffnesses in Fig. 6. One can see that in
the DMFT approach with the deviation from half-filling the
spin stiffnesses first decrease and vanish at the commensurate-
incommensurate transition. This vanishing of spin stiffness
can be easily understood considering the incommensurate
case in the vicinity of such a transition, where Goldstone
modes are present at both wave vectors q = ±Q in the global
reference frame [see Eq. (35)]. Therefore, approaching the
commensurate phase necessarily yields q4 behavior of the
inverse susceptibility, which implies vanishing of the spin
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FIG. 6. Spatial stiffness as a function of doping level x in DMFT
(triangles, circles, stars) and mean-field (rhombus) approaches. Ver-
tical dashed lines mark the commensurate-incommensurate and
incommensurate-paramagnetic transitions.

stiffness (see Appendix F). With further increase of doping
the spin stiffnesses first increase, and then decrease again
to zero at the incommensurate magnetic-paramagnetic transi-
tion, where their smallness compensates the smallness of the
numerator in Eq. (39).

For comparison, we show the results of the mean-field
approach in the antiferromagnetic phase, where stable mag-
netic excitations exist in this approach. One can see that
the mean-field spin stiffness quickly decreases with doping,
and vanishes at a few percent of doping. At larger dopings,
we were not able to find stable incommensurate magnetic
solution, in agreement with earlier results [38–41]. Quick dis-
appearance of static long-range order in mean-field theory is
reminiscent of the experimental data on high-Tc compounds.
At the same time, the persistence of stable magnetic exci-
tations in dynamical mean-field theory shows that dynamic
nature of electronic correlations allows for preserving incom-
mensurate magnetic order in the chargon sector in a broad
doping range. With account of spinon fluctuations (see, e.g.,
Ref. [15]), this corresponds to the short-range magnetic or-
der of the entire system. We note that strong suppression
of correlation length near the commensurate-incommensurate
transition was observed for La2−xSrxCuO4 in Ref. [50],
which agrees with the obtained suppression of the spatial
spin stiffnesses near this transition. Therefore, the dynamical
mean-field theory appears more appropriate for description of
short-range magnetic order.

V. CONCLUSIONS

In summary, we have derived corrected Ward identities for
the frequency and momentum dependence of the suscepti-
bilities in the commensurate and incommensurate magnetic
phases. It was shown that Ward identities relate the temporal
spin stiffnesses, which are in general dynamic, and spatial
stiffnesses to the respective quantities, which can be extracted

from the microscopic analysis. The obtained results for the
spatial spin stiffnesses contain contributions of the bare para-
magnetic and diamagnetic terms, as well as the two types
(U -irreducible Kφ and U -reducible KL) of vertex corrections,
together with two additional correction terms KC and �ρ.

We have verified obtained identities numerically in the
framework of dynamic mean-field theory for the two-
dimensional Hubbard model with nearest- and next-nearest-
neighbor hopping in the antiferromagnetic and incommen-
surate cases. In particular, we have obtained temporal and
spatial spin stiffnesses for various hole dopings. Several im-
portant results were obtained. First, with increasing of doping,
temporal stiffnesses acquire strong frequency dependence,
their static limit differs significantly from the high-frequency
asymptotics. Second, spatial stiffness was found to vanish at
the transition from antiferromagnetic to the state with spiral
magnetic order. Third, our calculations show that although
there are no vertex corrections to the spatial spin stiffnesses in
the antiferromagnetic case, these corrections are finite in the
incommensurate state. Their effect is different for the differ-
ent excitation modes and different spatial directions. Vertex
corrections are absent along commensurate direction, while
they are finite along incommensurate direction. U -irreducible
dynamic vertex corrections contribute significantly to the spa-
tial spin stiffness, while the effect of the U -reducible vertex
corrections was found to be numerically small. The obtained
vertex corrections to the spatial spin stiffness, which are ab-
sent in the static mean-field theory, seem to be the reason of
stabilization of incommensurate long-range magnetic order in
the chargon sector, obtained previously in Ref. [30]. There-
fore, strong dynamic effects are essential for stabilization
of magnetic order, especially incommensurate, at significant
doping levels.

The incommensurate long-range magnetic order in the
chargon sector, obtained in this study, is observed as the
short-range magnetic order in cuprate high-Tc compounds.
With obtained spin stiffnesses this short-range order can be
straightforwardly described, considering fluctuations in the
spinon sector according to the 1/N expansion for CPN−1

model [15,16,51–53] or O(N )/[O(N − 2) × O(2)] nonlinear
sigma model [54,55] for magnetic degrees of freedom. This
represents the topic for the forthcoming study. The performed
study shows that the dynamic effects in the chargon sector,
as well as frequency dependence of the resulting temporal
spin stiffness, are crucial for this study. The generalization and
application of the obtained results to the frustrated magnetic
systems is also of certain interest. The derivation of corrected
Ward identities for systems with broken symmetry can also be
applied for the superconductivity case in the future studies.

Note added in Proof. Recently, we were informed about
the Erratum [55] to Ref. [28], which also suggests introduc-
ing small external, generally nonuniform, magnetic field for
derivation of the corrected form of Ward identities for both,
commensurate and incommensurate types of magnetic order.
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APPENDIX A: GENERAL DEFINITIONS AND
DERIVATION OF THE CURRENT, SPIN

SUSCEPTIBILITIES, AND GAUGE KERNEL

We use the definition of spin operators

Sα
i = 1

2 c+
i σαci. (A1)

After the Fourier transformations

ck =
∑

i

e−ikri ci, c+
k =

∑
i

eikri c+
i (A2)

this results in the following expression for Fourier compo-
nents:

Sα
q =

∑
i

e−iqri Sα
i =

∑
k

c+
k

σα

2
ck+q, (A3)

and Sα+
q = Sα

−q. The spin susceptibility

χ
α,β

q,q′ = −〈〈
Sα

q

∣∣Sβ

−q′
〉〉 = 〈

Sα
q Sβ

−q′
〉 − δq,0δq′,0

〈
Sα

q=0

〉〈
Sβ

q′=0

〉
(A4)

reads as

χ
α,β

q,q′ = −1

4

∑
k,k′

〈〈
c+

k σαck+q|c+
k+q′σ

βck
〉〉

= 1

4

∑
k,k′

[〈
c+

k,σ σ α
σ,σ ′ck+q,σ ′c+

k′+q′,σ ′′′σ
β

σ ′′′,σ ′′ck′,σ ′′
〉

− δq,0δq′,0δσ,σ ′δσ ′′′,σ ′′
〈
c+

k,σ σ α
σ,σ ′ck,σ ′

〉
× 〈

c+
k′,σ ′′′σ

β

σ ′′′,σ ′′ck′,σ ′′
〉]
. (A5)

The current operators are defined similarly to the U(1) case
(see, e.g., Ref. [31]). We start with the respective part of the
action

S0 = −
∑

i j

c+
i ti jR+

i R jc j (A6)

and rewrite it in the form where Hermiticity is explicit and
j = i + �m, where m indicated direction m ∈ x, y, assuming
t�m = t−�m

S0 = − 1

2

∑
i

∑
�m

t�m (c+
i+�m

R+
i+�m

Rici

+ c+
i R+

i Ri+�m ci+�m ). (A7)

This part of the action can be rewritten in the form

S0 = −1

2

∑
i

∑
�

t�c+
i [e�m (

←−
∂ m+iAim ) + e�m (

−→
∂ m−iAim )]ci,

(A8)

where � enumerates all neighbors connected by finite hop-
ping t�,

←−
∂ m and

−→
∂ m are generators of left and right lattice

translations in the directions m = x, y, respectively. Aim is
defined according to (3).

If we consider only slowly varying fields Aim we can ne-
glect the contributions coming from derivatives of Aim fields.
In this case action simplifies to the usual form of Peierls
substitution,

S0 ≈ −1

2

∑
i

∑
�

t�(c+
i+�e+i�mAim ci + c+

i e−i�mAim c+
i+�).

(A9)

It can be further expanded in series with respect to the powers
of Aim field

S0 = − 1

2

∑
i,�

t�(c+
i+�ci + c+

i ci+�)

− i

2

∑
i

∑
�

t��m(c+
i+�Aimci − c+

i Aimci+�) (A10)

+ 1

4

∑
i

∑
�

t��m�n(c+
i+�AimAi,nci

+ c+
i AimAi,nci+�) + · · · . (A11)

Then we get current operator which is explicitly Hermitian,

Jα
im = i

2

∑
�

t��m

(
c+

i+�

σα

2
ci − c+

i

σα

2
ci+�

)
, (A12)

with the respective Fourier transform

Jα
q,m = 1

2

∑
k

(
tm
k − tm

−k−q

)
c+

k

σα

2
ck+q, (A13)

where tm
k = −i

∑
ri j

ti jrm
i j e

−ikri j = ∂εk/∂km, εk = ∑
ri j

e−ikri j ti j . In

the presence of inversion symmetry εk = ε−k, tm
−k = −tm

k , and

Jα
q,m =

∑
k

T m
k,qc+

k

σα

2
ck+q, (A14)

where T m
k,q = (tm

k + tm
k+q)/2. It can be easily verified that

Jα+
q,m = Jα

−q,m, as it should be for a Fourier transform of a
Hermitian operator.

Defining T 0
k,q = i, the gauge kernel (including its temporal,

i.e., spin components) then takes the form

Kα,β

q,q′;μ,ν =
∑

j

∫
dτ

δW

δAα
i,μδAβ

j,ν

eiq(x j−xi )

= 〈〈
Jα

q,μ

∣∣Jβ

−q′,ν

〉〉+Kd
μν,

where〈〈
Jα

q,μ

∣∣Jβ

−q′,ν

〉〉
= −1

4

∑
k,k′

T μ

k,q

〈
c+

k,σ σ α
σ,σ ′ck+q,σ ′c+

k′+q′,σ ′′′σ
β

σ ′′′,σ ′′ck′,σ ′′
〉
T ν

k′,q′ ,

(A15)

Kd
μν = −1

4

∑
k

tμν

k

〈
c+

k σ 0ck
〉
(1 − δμ0)(1 − δν0) (A16)

are the paramagnetic and diamagnetic contributions to the
current correlation function tmn

k = ∂2εk/(∂km∂kn).
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APPENDIX B: GAUGE TRANSFORMATION
AND WARD IDENTITIES

The dependence of the action on the matrix R has the form

S[c, c+,R] =
∑

i j

∫ β

0
dτ c+

i

[(
∂

∂τ
− μ + R+

i

∂

∂τ
Ri

)
δi j

− ti jR+
i R j

]
c j + U

∑
i

∫ β

0
dτ ni↑ni↓. (B1)

The gauge transformation parametrized by SU(2) field Vi(τ )
applied to the fields Aμ reads as

Aμi → ViAμiV+
i + iVi∂μV+

i . (B2)

For infinitesimal transformations we obtain Eq. (8) of the
main text.

1. Ward identities for the functional W

The Ward identities are derived from the condition
δW [R[V]] = 0. The main Ward identity for the functional W
was derived in Ref. [28]. The variation of the functional W
takes the form (integration over imaginary time and summa-
tion over lattice indices are implicitly assumed)

δW = δW

δAa
μ

δAa
μ

δVb
δVb + δW

δAa
μ

δAa
μ

δ(∂νVb)
δ(∂νVb). (B3)

The variational derivatives of the fields Aμi(τ ) over gauge field
Va take the form

δAa
μ

δ(∂νVb)
= −δa,bδμ,ν,

δAa
μ

δVb
= εabcAc

μ. (B4)

Then the condition δW = 0 yields

∂μ

(
δW

δAa
μ

)
− εabc

δW

δAb
μ

Ac
μ = 0. (B5)

Equation (B5) coincides with that derived in Ref. [28]. It
describes motion of spins in the external magnetic and current
fields. We note that this equation does not contain explicitly
the internal (mean) fields. By differentiating over Ad

ν we obtain
the equation

∂μ,xKad
μ,x;ν,x′ + εacbAc

μ,xKbd
μ,x;ν,x′ + εabd jb

ν,xδx,x′ = 0, (B6)

where jb
ν,x = −δW /δAb

ν,x is the spin current (including the
ν = 0 spin density component). For ν = n > 0 the last term
in the left-hand side vanishes in the equilibrium and we find
Eq. (9) of the main text. Restricting the nonzero component
of the gauge field in the equilibrium to A0,x only (which
is proportional to the external nonuniform magnetic field),
setting ν = 0 in Eq. (B6), we find Eq. (10) of the main text.

In the commensurate antiferromagnetic case the transverse
susceptibilities χab with a, b = x, y are decoupled from χ zz.
However, the diagonal susceptibilities χ xx,yy are coupled to
the off-diagonal ones χ xy,yx by the dynamic terms. The general
form of the transverse susceptibility at q, q′ = 0, Q, allowed

by the Ward identity (10), together with the conjugated one,
obtained by the interchange x ↔ x′ in the basis a, b = x, y
takes the form

χab
qq′,ω = 1

ω2

⎛⎜⎜⎜⎜⎝
.....................

hry
Q,ω

h2χ
yx
Q,ω

−ωhχ
yx
Q,ω

ωry
Q,ω

h2χ
xy
Q,ω

hrx
Q,ω −ωrx

Q,ω ωhχ
xy
Q,ω

· · · · · · · · · · · · · · · · · · · · · · · · · · · ·· · · · · · · · · ·
ωhχ

xy
Q,ω

ωrx
Q,ω ω2χ xx

Q,ω ω2χ
xy
Q,ω

−ωry
Q,ω −ωhχ

yx
Q,ω ω2χ

yx
Q,ω ω2χ

yy
Q,ω

⎞⎟⎟⎟⎟⎠,

(B7)

where ra
q,ω = m − hχaa

q,ω, χab
Q,ω ≡ χab

QQ,ω and the 2 × 2 blocks
correspond to the values q, q′ = 0, Q. The staggered compo-
nents χQ,ω are not fixed by Ward identities, and have to be
determined from the microscopic theory. In the main text we
express them in Eq. (23) through the frequency dependence
of χω, which appears to be equal to the uniform transverse
susceptibility according to Eq. (24).

2. Ward identities for the Legendre transformed functional �

Using Eq. (13), we obtain the Ward identity

∂μ

(
δ

δAa
μ,x

)
− εabc

[
δ

δAb
m,x

Ac
m,x − φb

x

(
iAc

0 + δ

δφc
x

)]
= 0,

(B8)

which is equivalent to that used in Refs. [15,28,29]:

∂μ

(
δ

δAa
μ,x

)
− εabc

(
δ

δAb
μ,x

Ac
μ,x + δ

δφb
x

φc
x

)
= 0. (B9)

Differentiating over φd
x′ and Ad

n,x′ we obtain

∂m
δ2

δAa
m,xδφ

d
x′

+ εabcφ
b
x

δ2

δφc
xδφ

d
x′

= i
(
∂τ δad − iεadcAc

0,x

)
δxx′,

(B10)

∂m
δ2

δAa
m,xδAd

n,x′
+ εabcφ

b
x

δ2

δφc
xδAd

n,x′
= 0. (B11)

From Eqs. (B10) and (B11) we obtain the Ward identity (18)
for the second derivatives.

APPENDIX C: MEAN-FIELD THEORY AT HALF-FILLING

As an example demonstrating the importance of the exter-
nal staggered field for obtaining correct uniform susceptibility
we consider the mean-field approximation for considering the
chargon sector at half-filling. The mean-field equations were
derived in Refs. [56,57]; in Ref. [30] it was shown how they
can be obtained in the local reference frame; they read as

m = 1

2

∑
k

�

Ek

[
f
(
E v

k

) − f
(
Ec

k

)]
,

n =
∑

k

[
f
(
E v

k

) + f
(
Ec

k

)] = 1, (C1)

where � = Um + h, Ek =
√

(ε−
k )2 + �2, ε±

k = (εk ±
εk+Q)/2, Ec,v

k = ε+
k ± Ek − μ, h is the external staggered

085153-14



ANTIFERROMAGNETIC AND SPIN SPIRAL … PHYSICAL REVIEW B 110, 085153 (2024)

FIG. 7. The frequency dependence of the uniform χ
yy
00 and χ

yy
QQ transverse susceptibilities for the half-filled Hubbard model in the mean-

field approximation.

magnetic field. The transverse susceptibility is given by
[56,57]

χ+−
qq,ω

= χ+−,0
qq,ω

(
1 − Uχ+−,0

q+Q,q+Q,ω

) + U
(
χ+−,0

q,q+Q,ω

)2(
1 − Uχ+−,0

qq,ω

)(
1 − Uχ+−,0

q+Q,q+Q,ω

) − U 2
(
χ+−,0

q,q+Q,ω

)2 ,

(C2)

χ+−
q,q+Q,ω

= χ+−,0
q,q+Q,ω(

1 − Uχ+−,0
qq,ω

)(
1 − Uχ+−,0

q+Q,q+Q,ω

) − U 2
(
χ+−,0

q,q+Q,ω

)2 ,

(C3)

where

χ+−,0
qq,ω = 1

4

∑
k

(
1 − ε−

k ε−
k+q − �2

E−
k E−

k+q

)

×
[

f
(
E v

k

) − f
(
Ec

k+q

)
iω − Ec

k+q + E v
k

+ f
(
Ec

k

) − f
(
E v

k+q

)
iω − E v

k+q + Ec
k

]
,

(C4)

χ+−,0
q,q+Q,ω

= 1

4

∑
k

�(E−
k + E−

k+q)

E−
k E−

k+q

×
[

f
(
Ec

k

) − f
(
E v

k+q

)
iω − E v

k+q + Ec
k

− f
(
E v

k

) − f
(
Ec

k+q

)
iω − Ec

k+q + E v
k

]
,

(C5)

and +− refer (only in this subsection) to Sx ± iSy basis. For
h = 0 we find vanishing susceptibility χ+−

00,ω
, which occurs due

to cancellation of the first and second terms in the numerator
of Eq. (C2). At the same time, for finite staggered field the
cancellation does not occur, and in the limit ω → 0 the first
term in the numerator remains finite (being proportional to

the staggered field), while the second term, related to the
susceptibility χ+−,0

q,q+Q,ω, vanishes. The resulting static uniform
susceptibility is given by the random phase approximation
(RPA) equation

χ+−
00,ω→0 = χ+−,0

00,0

1 − Uχ+−,0
00,0

, (C6)

in agreement with the derivation of the nonlinear sigma model
in Ref. [25] and previous Ward identity approach [28,29]. The
latter approach, however, derived Eq. (C6) for zero external
magnetic field, which, as we explain in the discussion above,
is not correct. The reason for this discrepancy is in our opinion
missing the off-diagonal terms [like the second terms in the
numerator and denominator of Eq. (C2)] in the approach of
Refs. [28,29].

In Fig. 7 we show field dependence of several components
of dynamical susceptibility for the two-dimensional Hubbard
model with U = 7.5t , t ′/t = 0.15, and their compliance to the
form, dictated by Ward identities (24). Note that apart from
explicit field dependence in Eq. (24), the static susceptibility
χ also implicitly depends on magnetic field, saturating, how-
ever, at finite value in the limit h → 0.

APPENDIX D: TRANSFORMATION TO LOCAL
COORDINATE FRAME

1. Transformation of the fermion operators
and electron Green’s functions

The transformation to the local reference frame is obtained
by [30]

d =
(

d↑
d↓

)
= Rθ

(
c↑
c↓

)
= Rθc, (D1)

where

Rθ = exp

(
i
θ

2
σ y

)
=

(
cos(θ/2) sin(θ/2)

− sin(θ/2) cos(θ/2)

)
. (D2)
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The corresponding transformation in momentum space reads
as [30]

ck↑ = (Dk−Q/2,+ + Dk+Q/2,−)/
√

2, (D3)

ck↓ = (Dk−Q/2,+ − Dk+Q/2,−)/(
√

2i), (D4)

where we introduce the operators (Grassmann variables)

Dk,± = (dk,↑ ± idk↓)/
√

2. (D5)

We furthermore define

ck,± = (ck↑ ± ick↓)/
√

2 = Dk∓Q/2,±.

The D operators reduce the single-electron Green’s functions
to the 2 × 2 form:

〈〈ck,+|c+
k,+〉〉 = 〈〈Dk−Q/2,+|D+

k−Q/2,+〉〉 = Gk−Q/2,++, (D6)

〈〈ck−Q,−|c+
k−Q,−〉〉 = 〈〈Dk−Q/2,−|D+

k−Q/2,−〉〉 = Gk−Q/2,−−,

(D7)

〈〈ck,+|c+
k−Q,−〉〉 = 〈〈Dk−Q/2,+|D+

k−Q/2,−〉〉 = Gk−Q/2,+−,

(D8)

〈〈ck−Q,−|c+
k,+〉〉 = 〈〈Dk−Q/2,−|D+

k−Q/2,+〉〉 = Gk−Q/2,−+.

(D9)

The inverse of the lattice Green’s function Gk,αα′ =
−〈T Dkα (τ )D+

kα′ (0)〉 reads as [30]

G−1
k,αα′ =

(
φν − εk+Q/2 −(�ν,↑ − �ν,↓)/2

−(�ν,↑ − �ν,↓)/2 φν − εk−Q/2

)
, (D10)

φν = iν + μ − (�ν,↑ + �ν,↓)/2. The above-mentioned rela-
tions allow for obtaining transformation rules from global to
the local coordinate frame:

c+
kσ σ±

σσ ′ck+q,σ ′ = 2Dk±Q/2,∓Dk∓Q/2+q,±
= d+

k±Q/2σ
±dk∓Q/2+q, (D11)

c+
kσ σ

y
σσ ′ck+q,σ ′ =

∑
α=±

αDk+αQ/2,αDk+αQ/2+q,α

= [d+
k+Q/2(σ y + σ 0)dk+Q/2+q

+ d+
k−Q/2(σ y − σ 0)dk−Q/2+q]/2, (D12)

c+
kσ σ 0

σσ ′ck+q,σ ′ =
∑
α=±

Dk+αQ/2,αDk+αQ/2+q,α

= [d+
k+Q/2(σ 0 + σ y)dk+Q/2+q

+ d+
k−Q/2(σ 0 − σ y)dk−Q/2+q]/2, (D13)

where σ± = σ z ± iσ x.

2. Transformation of the current and spin operators

Let us consider the transformation of current operators
(A14). Let us introduce the notation

T μ±
k,q = T μ

k−Q/2,q ± T μ

k+Q/2,q

2
. (D14)

We obtain the following transformation rule using
Eqs. (D11)–(D13):

Ĵμ0
q =

∑
k

d+
k

(
T μ+

k,q

σ 0

2
+ T μ−

k,q

σ y

2

)
dk+q, (D15)

Ĵμx
q = 1

2

∑
k,α=±

T μ

k+αQ/2,qd+
k

(
σ x

2
+ αi

σ z

2

)
dk+q+αQ, (D16)

Ĵμy
q =

∑
k

d+
k

(
T μ−

k,q

σ 0

2
+ T μ+

k,q

σ y

2

)
dk+q, (D17)

Ĵμz
q = 1

2

∑
k,α=±

T μ

k+αQ/2,qd+
k

(
σ z

2
− αi

σ x

2

)
dk+q+αQ. (D18)

For spin and charge operators we have T μ=0
k,q = T μ=0,+

k,q = i,

T μ=0,−
k,q = 0.

3. Transformation of the gauge kernel

In the local coordinate frame the momentum is conserved
and all correlation functions become diagonal with respect to
the wave vectors q, q′, so they depend on the only wave vector
q, which greatly simplifies the calculations. Introducing the
paramagnetic space-time part of the kernel in the local refer-
ence frame

K̄ab
q;μν,ss′ =

∑
k,k′

T μ,s
k 〈〈d̂+

k σ ad̂k+q|d̂+
k′+qσ

bd̂k′ 〉〉T ν,s′
k′ ,

a, b = 0, y (D19)

K̄ab
q;μν,ss =

∑
k,k′

T μ

k+sQ/2

× 〈〈d̂+
k σ ad̂k+q+αQ|d̂+

k′+q+αQσ bd̂k′ 〉〉T ν
k′+sQ/2,

a, b = x, z (D20)

(s, s′ = ±), the components of the kernel in the global refer-
ence frame can be expressed as given by Eqs. (47) of the main
text. On the other hand, the diamagnetic part is expressed as
given by Eq. (57) of the main text with

K̄d,ab
μν,s = −δab

∑
k

T μν,s
k 〈d̂+

k σ ad̂k〉, (D21)

which is equivalent to Eq. (58).

APPENDIX E: APPLICATION OF WARD IDENTITIES FOR
OBTAINING SUSCEPTIBILITIES IN THE

INCOMMENSURATE PHASE

In the case of spiral incommensurate order, an explicit
form of Ward identities is conveniently written in the lo-
cal coordinate frame (see Appendix D), where the spins are
aligned along the local z axis (see also Refs. [28–30]). The
susceptibilities in the local coordinate frame are diagonal with
respect to momenta. The corresponding q = 0 block of the
susceptibilities in the local reference frame, determined by
Ward identity (10) in the basis Sx

q, Sy
q, Sz

q, takes the form

χ̄ab
q=0,ω = 1

ω2

⎛⎜⎝ω2χ̄ xx
0,ω ωr̄x

0,ω ω2χ̄ xz
0,ω

−ωr̄x
0,ω hr̄x

0,ω hωχ̄ xz
0,ω

ω2χ̄ zx
0,ω

−hωχ̄ zx
0,ω

ω2χ̄ zz
0,ω

⎞⎟⎠
x,y,z

, (E1)
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where r̄a
q,ω = m − hχ̄aa

q,ω and the bars stand for the local co-
ordinate frame and the index x, y, z refers to the respective
spin reference frame. The blocks at the momenta q = ±Q are
written in the basis S+

q , Sy
q, S−

q (S±
q = Sz

q ± iSx
q) as

χ̄ab
q=−Q,ω = 1

ω2

⎛⎜⎜⎝
ihωχ̄

+y
−Q,ω

ω2χ̄
+y
−Q,ω

ω2χ̄+−
−Q,ω

−iωr̄y
−Q,ω

ω2χ̄
yy
−Q,ω

ω2χ̄
y−
−Q,ω

hr̄y
−Q,ω

−iωr̄y
−Q,ω

ihωχ̄
y−
−Q,ω

⎞⎟⎟⎠
+,y,−

.

(E2)

The susceptibility χ̄q=Q,ω can be obtained via Hermitian
conjugate as χ̄q=Q,ω = χ̄+

q=−Q,ω
. The components of the sus-

ceptibility χ̄ab
0,ω with a, b = x, z and χ̄

yy
αQ,ω are not fixed by

Ward identities, and have to be determined from the micro-
scopic theory. The form of the χ̄ xx

0,ω and χ̄
yy
αQ,ω components

is parametrized by the frequency dependence of the temporal
stiffnesses in Eq. (28) of the main text. The frequency depen-
dence of the component χ̄ zz

0,ω is determined directly from the
microscopic approach since it is nonsingular in the ordered
phase, but has a finite discontinuity at ω = 0. Finally, the
components χ̄ xz,zx

0,ω vanish by symmetry.
To determine momentum dependencies of susceptibilities,

we consider the general form of the susceptibilities [Eqs. (33)
and (34) of the main text], which includes the zeroth (charge)
components allowed by the symmetry [28,29]. Relating
the corresponding coefficients to those in the momentum de-
pendent κ̄q,ω and using again Ward identities (19) for the
functional , written in the local coordinate frame, we find
equations for the coefficients Anl and Bnl :

κ̄
yy
±Q+q,ω

= h

m
+ Bnl

qnql

m
= h

m
+ 2qnql

m2
Mxx,zz

q;nl , (E3)

κ̄xx
q,ω = h

m
+

(
Anl + 1

d0zχ zz
0

DnDl

)
qnql

m
= h

m
+ qnql

m2
Myy

q;nl .

(E4)

Couplings Cn and Dn can also be computed from the
knowledge of current-spin correlation functions. The nonzero
off-diagonal components of the susceptibilities are fixed by
the identity (10), which takes the form

mδax = K̃ay
q;0νqν + hχ̄ax

q , (E5)

mδax = −K̃ya
q;ν0qν + hχ̄ xa

q , (E6)

where in the kernels K̃ya
q,ν0 and K̃ay

q,0ν we pass to the local
coordinate frame with respect to the spin index a only. Using
Eq. (40) of the main text, the identities (E5) and (E6) can be
written as

qνφ̃
t,ya
q;ν0 = (2Um + h)φ̄xa

q −mδa,x,

φ̃
ay
q;0νqν = mδa,x − (2Um + h)φ̄ax

q . (E7)

Calculating the derivatives (∂qn φ̄
xz
q )q=0 and (∂qn φ̄

x0
q )q=0 from

Eq. (33) of the main text, we find

(h + 2mU )
(
∂qn φ̄

xz
q

)
q=0

= Cn
(
d0zχ̄ zz

0 − 2mU
) + Dnd0zχ̄ z0

0

d0z − 4mU 2 − 2d0zU
(
χ̄00

0 − χ̄ zz
0

)
= φ̃

t,yz
0;n0, (E8)

FIG. 8. The form of the dependence λmin
q along the border of the

Brillouin zone q = (qx, π ) computed for a state with hole-doping
level x = 0.09 (points); the line shows the fit by Eq. (F1).

(h + 2mU )
(
∂qn φ̄

x0
q

)
q=0

= Cnd0zχ̄ z0
0 + Dn

(
d0zχ̄00

0 + 2mU
)

d0z − 4mU 2 − 2d0zU
(
χ̄00

0 − χ̄ zz
0

)
= φ̃

t,y0
0;n0. (E9)

From this we obtain

Cn = φ̃
t,y0
0,n0d0zχ̄0z

0 − φ̃
t,yz
0,n0

(
d0zχ̄00

0 + 2mU
)

m
,

Dn = φ̃
t,yz
0,n0d0zχ̄0z

0 − φ̃
t,y0
0,n0

(
d0zχ̄ zz

0 − 2mU
)

m
. (E10)

Using these results and assuming that the kernels φ
yz,y0
n0

are nonvanishing only along one of the directions qx,y cor-
responding to the incommensurate direction Qx,y �= π , we
obtain Eqs. (44) and (46) of the main text.

APPENDIX F: DETERMINATION OF STABLE MAGNETIC
CONFIGURATION IN THE CHARGON SECTOR

To determine thermodynamically stable magnetic config-
uration we require positivity of the spectrum of magnetic
excitations, determined by inverse susceptibility in the lo-
cal coordinate frame χ̄−1

q,iωn
, given by Eq. (40) of the main

text. In particular, the minimal eigenvalue λmin
q of the matrix

1 − Uφq,0 should be non-negative everywhere in the Brillouin
zone. The points q = ±Q where this eigenvalue is equal to
zero determine the ordering wave vector Q in chargon sector
and correspond to Goldstone modes. To find these points
we performed the iterative procedure where at every step
we have executed a DMFT calculation for a trial magnetic
wave vector Q(n) and the wave vector of next iteration Q(n+1)

was determined by the q point, which provides minq λmin
q .

This procedure rapidly converged to a stable magnetic wave
vector Q.

In Fig. 8 we show the typical form of the obtained mo-
mentum dependence of eigenvalues λmin

q along the direction
q = (qx, π ). The obtained dependencies can be well approxi-
mated by

λmin
q = C[(Qx − π )2 − (qx − π )2]2, (F1)
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where C is a numerical constant. The out-of-plane spatial spin
stiffness in the x direction ρ1,x is proportional to the second
derivative of minimal eigenvalue

ρ1,x ∝ ∂2λmin
q

∂q2
x

∣∣∣∣∣
qx=Qx

= 8C(π − Qx )2. (F2)

For Qx → π (i.e., when the order in the chargon sector ap-
proaches commensurate one) the spin stiffness approaches
zero.

The argumentation presented above is directly applica-
ble also to the in-plane spatial spin stiffness in the x

direction ρ2,x, for which λmin
q should be considered near

q = ±(π − Qx, 0) points, where the in-plane mode is located
in the local coordinate frame. At the incommensurate-
commensurate transition full symmetry of the susceptibilities
should be restored. Thus, all four spin stiffnesses should
become equal. This is only possible if all four spatial spin
stiffness components vanish simultaneously. By continu-
ity of the dependence of spatial stiffnesses on the doping
level x, at the commensurate-incommensurate transition point
at finite doping the spin stiffnesses therefore vanish ap-
proaching the transition also from the antiferromagnetic
side.
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