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We demonstrate that the optical conductivity of a Fermi liquid (FL) in the absence of umklapp scattering is
dramatically affected by the topology of the Fermi surface (FS). Specifically, electron-electron (ee) scattering
leads to rapid current relaxation in systems with multiple, or multiply connected, FSs, provided that the valleys
have different effective masses. This effect results from intervalley drag. We microscopically derive the optical
conductivity of a two-valley system, both within the FL regime and near a quantum critical point (QCP) of
the Ising-nematic type. In the FL regime, intervalley drag restores the Gurzhi-like scaling of the conductivity,
Reo (w) ~ °. This dependence contrasts sharply with the previously identified subleading contribution to the
conductivity of a two-dimensional FL with a single convex FS, where Rec (w) ~ @? In |w|. The vanishing of the
leading term in the optical conductivity is a signature of geometric constraints on ee scattering channels, which
are lifted for a multiply connected FS. A large differential response, dReo /d u with u being the chemical poten-
tial, is predicted at the Lifshitz transition from a single-valley to a multivalley FS, which should be observable
within the experimentally accessible frequency range. Near a QCP, intervalley drag leads to a |w|~*/3 scaling of
Reo (w) in two dimensions, thus providing a specific current-relaxing process for this long-standing conjecture.
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I. INTRODUCTION

In recent years there has been a revival of interest to
optical studies of various materials with a nontrivial band
structure, including graphene in different incarnations [1,2],
transition metal dichalcogenides (TMD) [3,4], and Weyl and
Dirac semimetals [5,6]. The latest advancements in opti-
cal spectroscopy, encompassing a broad frequency spectrum,
have provided a unique probe of intraband electron dynamics,
demonstrating how electron-electron (ee) interactions influ-
ence current relaxation and manifest themselves in distinct
patterns of frequency scaling of the conductivity [7-13]. To
a large degree, these studies are driven by an enduring interest
in the formation of novel quantum states.

The dissipative part of the optical conductivity of a non-
Galilean-invariant Fermi liquid (FL) at frequencies wt > 1,
where T o« T2 is the quasiparticle transport time, is believed
to be described by the Gurzhi formula [14],

4712T2)

ey

Reo(w, T) = 00<1 + 5
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with oy being the material-dependent constant. However,
recent studies have demonstrated that, in the absence of
umklapp scattering, the validity of the Gurzhi scaling is crit-
ically dependent on the Fermi surface (FS) geometry and
topology [11,15-21]. Specifically, an isotropic FS both in
two-dimensional (2D) and three-dimensional (3D) systems,
and a convex 2D FS gives rise to a dramatic suppression of the
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conductivity due to a slow current relaxation.! This unfolds as
follows.

Regardless of the method employed — be it equations of
motion for the current operator [15-17,19], Fermi Golden
Rule (FGR) [27,28], or diagrammatic expansion of the Kubo
formula [11,21] — the optical conductivity is ultimately pro-
portional to (Av)?, averaged over the FS with the scattering
probability, where

Av=v,+ vy — v — vy 2)

is a change of the total group velocity (proportional to the
total current) due to a collision of two electrons with ini-
tial momenta k and k', and final momenta p and p’. In a
Galilean-invariant system, v = k/m, and Av is equal to zero
identically by momentum conservation. The same happens
for an isotropic FS both in two and three dimensions, ex-
cept for in this case Av vanishes only on the FS rather than
identically [15-17]. For a convex FS in two dimensions, the
only allowed scattering channels are the Cooper channel,
in which k = —k’ and p = —p’, and the swap channel, in
which k' = p and p’ = k, and Av = 0 for both these channels
[22-25,29,30]. As long as Av = 0, the conductivity vanishes
to leading order for all the cases described above and, to
obtain a finite result, one needs to expand Aw either around
the FS (for an isotropic FS) or near the Cooper and swap
solutions (for a convex FS). This leads to a strong suppres-
sion of the conductivity compared to the Gurzhi formula:

In two dimensions, a slow current relaxation is the manifestation
of a more general effect: a long lifetime of odd harmonics of the
electron distribution function [22-26].

©2024 American Physical Society
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Reo (w, T) o« max{w?In |w|~!, T*In T~ /w?} in two dimen-
sions and Reo (w, T) o max{w?, T*/w?} in 3D.

The Gurzhi result for the conductivity is restored un-
der specific conditions. In three dimensions, this occurs
when anisotropic terms in the electron dispersion beyond the
quadratic level are taken into account. In two dimensions,
the Gurzhi result is valid for a concave FS, which allows for
scattering channels beyond the Cooper and swap ones with
Av # 0[19,21,29,30].

In this work, we consider another mechanism of fast,
Gurzhi-like current relaxation: ee scattering in systems with
multiple, or multiply connected, FSs with different effective
masses. At the phenomenological level, the case of a mul-
tivalley conductor with parabolic dispersions in each valley
can be analyzed via the classical equations of motion, in
which the intervalley interaction is accounted for by the drag
force, proportional to the difference of the drift velocities in
different valleys. The drag force renders the ee contribution
to the conductivity finite, both in the optical case and in the
dc case in the presence of disorder [11,31]. The dc case was
further analyzed in Refs. [29] and [30] via the semiclassical
Boltzmann equation. The goal of the present paper is to derive
the optical conductivity of a two-valley system microscop-
ically, both in the FL regime and in the situation when the
ee interaction drives the system to the quantum critical point
(QCP) of the Ising-nematic type [32].

We start with a simpler problem of a two-valley FL with
Coulomb interaction within and between two nonequivalent
valleys. Our model spans a wide range of 2D systems and
materials, from systems with non-parabolic spectrum and val-
ley imbalance, typical for TMDs, to systems with annular FS,
including biased bilayer and rhombohedral trilayer graphene.
We calculate the optical conductivity via the FGR and show
that it exhibits the Gurzhi scaling of Eq. (1). The interest of
such systems lies in the ability to manipulate the scattering
channels by electrical means, which promises large differen-
tial responses at the threshold of the channel opening, thus
crafting a unique experimental signature within the experi-
mentally accessible frequency range.

We proceed with a more intricate example of a two-valley
system, in which one of the valleys is tuned to an Ising-
nematic QCP, while the other valley plays the role of a
momentum sink for the first one. We demonstrate that the
intervalley conductivity scales with frequency as |w| /3 at the
QCP in 2D, which is the same as conjectured a long time ago
in Ref. [33] in the context of fermions interacting with a U (1)
gauge field.

II. TWO-VALLEY FERMI LIQUID AWAY
FROM CRITICALITY

A. The model

We start with an effective Hamiltonian of a two-valley
electron system”

1
H=) (ks = 16k G 5 D s @pyspge- ()
k,s qss’

2Extending our approach to accommodate an arbitrary number of
valleys is conceptually straightforward.

Here, ci  and pg,  represent the electron annihilation operator
and the density operator, respectively, & s is the electron dis-
persion, u is the chemical potential, and indices s, s’ = 1, 2
label distinct valleys. We ignore the electron spin if the valleys
do not result from spin splitting; if they do, s and s" label
the spin projection. The Hamiltonian captures two types of ee
interactions involving small momentum transfers: intravalley
interaction, denoted by uy(q), and intervalley drag, denoted
by u,y (q), but neglects the intervalley swaps of electrons. The
last assumption is justified if the valley centers are located far
away from each other or, for the case of concentric valleys, if
their Fermi momenta are widely different. For simplicity, we
will consider the case of isotropic but otherwise arbitrary e ;
adding anisotropy of the FS does not change the scaling form
of Reo (w, T). We focus on the 2D case first and discuss the
3D case at the end of this section.

The distinction between 1, uy and u;, becomes signifi-
cant near the QCP, a topic explored in detail in the Sec. III.
Here, away from criticality, we simplify the model by as-
suming uniformity of the interactions: u(q) = s (q) = %,.
In the static limit, we consider the 2D screened Coulomb
interaction in the Thomas-Fermi approximation,

27 e

= , k =2me*(Np1 + Nrp), “4)
lq| +«

U (q)

with Ng; being the density of states at the Fermi energy in
valley s. We assume that the interaction is sufficiently long-
ranged, such that the condition to neglect intervalley swaps is
satisfied.

The gradient part of the current operator is given by

: .
J= E Vk,sCp oo Vhks = Vieks = KUk, 5
k,s

where k = k/k.

The real part of the conductivity, o (@), can be derived via
the FGR (see Refs. [27,28] and Appendix A) up to the two-
loop order to give

2
Rea(@.7) = 3= (1— e—%)Z/m Dk, K, )
kk'q
X n(eergs — Qnler_gy — o + Q)

(1= e ) (1~ nlee—s.)
x 8(Q2+ Ex-15— 8k+%,s)
X 80— Q4 a0 — -1y, (6)

where 9, (k, k', q) is the matrix element of the Coulomb
interaction and n(gg ) = (e%;” + 1)~ is the Fermi function,
and D is the spatial dimensionality. Note that the conductivity
represents the sum of intravalley, oy, and intervalley, oy,
contributions, of which we are mostly interested in the latter.
For our case of a long-range interaction, the exchange part

of the matrix element can be neglected, and then

’ %( )Avss’
M, (k. K, q) = "T , )
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where
Avyy =Vpia s F Vg9 = Vpyty — Vg ®)

is the velocity change due to a two-electron scattering process
in a two-valley system. In contrast to the single-valley case,
Avgy # 0 even for the parabolic dispersions & ; = k% /2m;,
as long as m; # my.

B. Fermi surface geometry

The velocity change in Eq. (8) can be expanded, to the
leading order in the momentum transfer g, into the sum of two
qualitatively different terms, Av,y = Augy + Atogy, where

1 1
Auyy = q(ms o (k,)> , ©)
and
At —< L _ )12( k)
=\t o )7
] 1 o1 o
B (m:z(ko - Mk’))k SR

with 1/ms(k) = (1/k)dex,/0k and 1/m¥(k) = 3%ey ;/0k>
being the (inverse) density-of-states and band masses,
respectively.

We call two valleys ‘“equivalent”, if they have equal
density-of-states masses on the corresponding FSs, i.e., m; =
m(kp 1) = my = m(kg2). For equivalent valleys, Augy gives
zero when projecting k and k" onto the corresponding FSs.
In this case, the main contribution to the conductivity comes
from Atoge but, similarly to the single-valley case, this con-
tribution is suppressed as compared to the Gurzhi result of
Eq. (1).3

For nonequivalent valleys the situation is quite the oppo-
site; the dominant contribution to the conductivity is due to
Augy, and this dramatically affects the scaling form of the
conductivity.

C. Optical conductivity

The dissipative conductivity, to the leading order of the
interaction strength, is determined by all possible ee scattering
processes accompanied by the creation of two electron-hole
pairs.

Energy conservation in a process of ee scattering is ensured
by two § functions in Eq. (6):

Eprgs — k15 = 2,

L

To leading order in max{w, T}, one can set the right-hand
sides of the last two equations to zero. Then, at fixed ¢,
the allowed electron momenta k satisfy the equation ;_¢ =
&rya. Geometrically, the solutions correspond to the inter-
section points between two FSs, shifted by the momentum
transfer q.

Sklf%,x’ — 8k’+%,x’ =w— Q.

3Note that Ao,y = 0 for a parabolic dispersion.

Al

FIG. 1. The intersection points between two Fermi surfaces,
shifted by the momentum transfer q.

In what follows we assume that the electron dispersion
is even in k, i.e., &y = €_p . The time-reversal symmetry
guarantees this to be the case if spin-orbit interaction can be
neglected, regardless of whether the inversion symmetry is
present or not [34]. If so, the intersection points arise in pairs
at k and —k, like at points A and A’ in Fig. 1.

The dominant contribution to the conductivity at the small-
est energy transfer Q2 (which is of the same order as the photon
frequency w) comes from ee scattering in a close vicinity of
the intersection points. A channel of electron-electron scat-
tering is defined by any pair of the intersection points. The
contributions from distinct channels are being summed up in
the expression for the conductivity.

For a single circular (and, more general, convex) FS in two
dimensions, there are at most two intersections between the
shifted FSs. In this case, the only scattering channels for elec-
trons are the swap channel with k ~ k" (channels {4, A} and
{A’, A’} in Fig. 1) and Cooper channel with k &~ —k’ (channels
{A, A’} and {A’, A} ibid.)

The situation changes qualitatively for electrons residing in
nonequivalent valleys. The new scattering channels arise for
two electrons situated near the intersection points of distinct
FSs: {A, B}, {A, B}, etc. When two electrons are scattered
close to these points, their momenta align in the same or
opposing directions, k ~ k" or k ~ —k', but the absolute val-
ues of their momenta are no longer equal, |k| # |k|, in a
distinction from the swap and Cooper channels.

The intervalley (s’ # s) contribution to the conductivity
of Eq. (6) is determined by the factor Awv,y, evaluated for
k and k' on the corresponding FSs. In this case, the leading
contribution to Av comes from Aug = ¢é of Eq. (9), with
the mass mismatch

UFs Ufry 1

kF K kF s’ ms ms’ .
For nonequivalent valleys, § # 0.

It is crucially important that, in contrast to §to,y of Eq. (10),
Augy is not small when electron momenta are close to their
respective intersection points. This smallness, inherent in
Eq. (10), reflects the small-angle nature of the ee scattering,
and is enforced by the dot product of ¢ and k,

12)

(q'i{\)%v];1(8k+%,s_8k7%,s)’ (13)

which, according to Eq. (11), gives an extra power of fre-
quency to conductivity [see Eq. (21) below].
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Hence, the intervalley conductivity is given by

e’ —z 2 2
Reo,y () = 471603(1 —e T)Xq:/dsz%qmum/)

x ImPB (2, @) ImPBPy (0 — 2, q), (14)
with

n(exra s — Q)(1—n(exye ) .

s Qa =
EB ( q) Z Q+8k—%,s_8k+%,s+io

k

15)

Note that P, is distinct from the electron polarization ITj,
which arises from the interplay of “absorption” and “emis-
sion” processes, represented as n(l —n') —n'(1 —n). In
contrast, *J3; only involves the “absorption” component. Con-
sequently, its imaginary part is not an odd function of the

frequency.
In the limit of vg ;g > |2|, one gets
N Q
P, (2, q) = —5————. (16)
e 1 —1Vrsq
A subsequent integration over €2 yields
o0 Qw—RQ)dQ2 o 4n?T?
Q o-Q = ) 1+ o) .
—oo(e™T —1)e™ T —1) 6(1l—e7T7) a)
a7

In two dimensions, the integral over momentum trans-
fer is regularized by imposing the ultraviolet cutoff
A = min{kgy, kpy} to give

/ W dg = 2ne?) 1n<1+§)—L (18)
1%q 49 = K At |’

where the expression in brackets, &, interpolates between
€ = In(A/k) for A > k,and € = A2/ (2«?) for A < k.
This way, we obtain the intervalley conductivity in 2D,

©s2 2e2NpS 2Ng ¢ 47272
Ll T () 9)
w

PO = T s s
Remarkably, the signature of the FL state—the Gurzhi scaling
of Eq. (1)—is reinstated due to the drag between nonequiva-
lent valleys.

The 3D case can be considered along the same lines. Al-
though a generic 3D FS allows for infinitely many channels
of current relaxation, the intravalley contribution to the con-
ductivity still vanishes to leading order for the special case of
an isotropic FS. Indeed, the group velocity in this case is given
by v s = k/ms(k). Projecting all momenta in Eq. (8) onto the
FS, we obtain Awg|i—., = 0. A finite result is obtained by
expanding Awvg near the FS, and the resultant conductivity
is suppressed by a factor of max{w?, T*/w?} [17,35]. The
intervalley contribution differs from the 2D result (19) only by
a numerical coefficient due to a different form of the screened
Coulomb interaction.

D. Applications

Consider a two-valley Dirac metal with the dispersion
of &, = vlk| and valley imbalance—be it interaction-driven
or invoked by the Zeeman splitting—characterized by ¢ =

Aep /i = |er,1 — €p2|/pn. In this case the total intervalley
conductivity o = o, + 03 becomes

2012| In o] (1
2472

Reo(w) =e

47212 )
) (20)

w?

with the effective fine structure constant o = ¢2/v.
The intravalley contribution [17,35]

¢ o (| AT (8T
96072 8]2;,6_ w? w?
1 ¥KEs Q1)
x In ,
A

Reaxs (a)) =

with infrared cutoff A = max{w/v, T /v}, is suppressed by a
factor of max{w? Inw, T*1In T /w?}, as compared to Eq. (20).
The next example is given by a biased bilayer graphene,
which features a moat-band dispersion of the form [36]
74 2 4
& =5 — vig + S

Kt 22
2 12 12V (22)

where ¢, the interlayer hopping parameter and V' the voltage
drop across the layers. Provided that a single band is occupied,
a multiply connected annular FS, depicted in Fig. 1, arises if
V >2u.

Here, the mass mismatch between the inner and outer com-
ponents of the FS equals

4p* 4%y
§=—— (k2 +k2,) ~ ——, 23
l‘iV( Fs+ Fs) ti ( )

and € ~ (V — 2u)t? /4kc*v?V, for u close to 2V. This gives
rise to the conductivity exhibiting a threshold behavior, de-
scribed by the following expression:
4n’T?
L))

w?

Reo(w) = DOV —2p)(V — 2M)<1 +

where & represents a combination of the system parameters.
This threshold behavior marks the Lifshitz transition, at the
voltage V equal to 2u.*

The valence band of biased rhombohedral trilayer
graphene also features a moat-band dispersion. While the
low-energy Hamiltonian fully accounting for the moat-band
structure is yet to be derived from the many-band model [37],
for current purposes it is sufficient to approximate it by the
dispersion similar to Eq. (22), again neglecting the trigonal
warping effect. Then we obtain

Am?T?
) .25

w?

Reo(w) = D0Q2u —V)2u — V)(l +

In modern double-gate experimental setups, it is possi-
ble to independently adjust the voltage across layers without

“While the model predicts a sharp transition at this threshold, it
is important to note that at finite temperature, this transition is not
perfectly abrupt. Specifically, we assume that the temperature 7' is
much smaller than the Fermi energies T < min{er 1, €r2}, yet in
the vicinity of the transition it becomes large enough to introduce
a smearing around the threshold on the scale of T'.
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changing the electron concentration. This allows for the elec-
trical control of conductivity, according to Egs. (24) and (25),
at fixed electron density. Opening a new scattering channel
within the small FS by adjusting the chemical potential to
cross the peak of the “Mexican hat” gives rise to the jump in
the differential conductivity, which could be directly observed
through modulation spectroscopy [38].

III. QUANTUM-CRITICAL TWO-VALLEY SYSTEM
A. The Model

1. Charge currents

In this section, we consider a two-valley system near
an Ising-nematic quantum critical point. The interaction
part of the Hamiltonian is the same as in Eq. (3), except
for the form factors that project the interaction onto a

J

O = —ilH,J] = —i[Hin, J]
i

=—-= Z (Vig/2,s + Vp—g2,s — Vk—q/2,s — vp+q/2,s’)F:v(k)F:v’(p)uss’(q)clltﬁ_q/z’sc;_q/zy p+a/2.5 k—q/2,5

2

k.p.q.s.s

and

O Jan = —i[H, Jan] = —i[Ho, Jan]

channel with a given angular momentum. Accordingly,
ugy (q) — Fy(k)Fy (p)ugy (q). Due to these form factors, the
electric field couples not only to the free but also to the
interaction part of the Hamiltonian. Correspondingly, the
current contains the regular part, given by Eq. (5), and the
“anomalous” part [19,21]:

T =Y [(Vi+ V)EEF (p)lus (g)

k.p.q,s,s'
xcl , cf (26)

k+%,scp7 1.5 cer%,s’ ckf%,s'

The time derivatives of the current operators in Eqgs. (5)
and (26) show directly which processes contribute to current
relaxation. For the two-valley case, we obtain

(27a)

=1 Z (€k+q/2,s + epfq/2,s’ - Squ/2,s - 8p+q/2,s’)(Vk + Vp)Fs(k)Fs’(p)uss’ (q)c]t+q/2’sc;_q/2“g/Cp_;_q/z,yCk_q/zﬁy- (27b)

k,p.q,s,s'

We see that d,J,, in Eq. (27b) contains the difference
between the energies of two electrons before and after a col-
lision, which is equal to the photon energy, w. Therefore, the
corresponding contribution to the conductivity is suppressed
by a factor of ®?* [19,21]. On the contrary, d,J in Eq. (27a)
contains the difference of the velocities of the initial and
final states. This difference is nonzero for nondegenerate val-
leys, even if the electron spectrum in each of the valleys is
parabolic, and the corresponding contribution to the conduc-
tivity is not suppressed. For this reason, we will neglect the
anomalous part of the current. For the normal part of the
current, the form factors do not bring any qualitative changes,
and we will ignore them in what follows. Thus, the interaction
part of the Hamiltonian is reduced back to Eq. (3).

A FL near a QCP is strongly interacting, i.e., its Z factor
is much smaller than one (or, equivalently, the renormalized
mass is much larger than the bare one). To keep track of
the Z-factor renormalization, we employ the diagrammatic
treatment of the Kubo formula in this section, as opposed to
the FGR scheme employed in Sec. II.

2. Quantum criticality in a two-valley system

As in the previous part of the paper, we assume that valleys
are located sufficiently far from each other, such that the
exchange of fermions between the valleys can be neglected.
We adopt a model of Hubbard-like interaction (uyy = const)
and, for simplicity, assume that fermions in valley 2 do not
interact with each other (u; = 0). Then the only bare inter-
actions in the model are the intravalley interaction in valley
1 (u11) and intervalley drag (u;,). As before, we also assume

(

that the electron spectrum in each valley is isotropic but not
necessarily parabolic, but consider both the 2D and 3D cases
on the same footing.

Within the random phase approximation (RPA), the matrix
of dressed interaction is given by>

N

U =ad - 1), (28)

where
dPk
Mo (g, Q) =T ) g Otk + /2 v+ Q/2)

X GS’(k - q/2, Vim — Qm/z)s (29)

and Gq(k, v,,) is the Green’s function of valley s.
The solution of Eq. (28) for our case of u; = 0 is given by

ury + Ioa(q, 2m) 5

Ull(q7 Qm) = R Uy
(g, Qn)u?
__ un 2(q iy . (30a)
Rl(qa Szm) Rl(qa Qm)R(qa Qm)
U
UlZ(qv Q,) = UZI(q’ Q) = —1—, (SOb)
R(q, 2m)
nll(qv Qm)u%z
Un(q, Q) = ———=, (30¢)
“ R(g, Q)

SRPA is controllable if the number of fermionic flavors in each
valley, N, is large. We assume this to be the case but, for brevity,
do not display N in the formulas.
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where
Ri(q,2y,) =1 —uI111(q, Q2), (31a)
R(g, ) = Ri(q, ) — T111(q, L) Taa(g, ),
(31b)

The QCP in a two-valley system occurs when R(q — O,
Q,» = 0) = 0, which corresponds to the condition

14+ A —Ap =0, (32)
where

A1l = Ngjup

2
and )\12 = NF,INF,2M12

(33a)
(33b)

are the dimensionless couplings of the intra- and intervalley
interaction, respectively, and Ng; is the density of states in
valley s at the corresponding Fermi energy. For future conve-
nience, we singled out the first term in Eq. (30a), which is the
intravalley interaction in the absence of coupling between the
valleys.

In what follows, we will need the asymptotic forms of the
polarization bubbles for

12| K Vg K ks, (34)

which are given by

q |2
Hss(q’ Qm) = _NF,S 1 - S CD s (35)

qF.s UF.sq

where C; = 1, C3 = /2, and g, ~ kg,.°

Now we focus on the immediate vicinity of the QCP,
where R(q, 2) in Eq. (31a) is finite but small. According to
Egs. (31a) and (31b), the factor 1/R; in Eq. (30a) can be
then replaced by 1/T1;1(q, $2,,)[1xu3,, which in nonsingular.
Therefore, the first term in this equation can be neglected.
Keeping only the most singular terms in the rest of the in-
teractions in Egs. (30a)—(30c), we cast them into a familiar
Z = 3 critical form [40]:

1
Un(g, 2p) = —————, 36
11(q ) NeaR(q, ) (36a)
u
Ui2(q, 2,) = Uni(q, L) = I#EZ,,,)’ (36b)
Ne, 117,
Un(q, Q) = ———"——=—= (36¢)
2 R, Q)
with
RN €2,
R(‘I,Qm)—ﬁ q +qB+V7 . (37

A ¢? term in the free-fermion polarization bubble is present as long
as the band dispersion is neither parabolic nor linear. In addition,
the interaction between low-energy fermions generate extra g> terms
[39]. Tt is assumed that the ¢* term in Eq. (35) includes both the
free-fermion and interaction-induced parts.

Here, the parameters of the critical interaction are

% Gk, 4, Vi VR1 VR2
q*2
y=Co——, qg=0+%—2n)g? (38

F

where gp is the mass (the inverse correlation length) of or-
der parameter fluctuations. At the QCP, gg = 0. As long as
g > 0, the system is in the FL regime for v <« wpr, and in the
non-Fermi-liquid (NFL) regime for @ > wg, where

wrL = viga /g™ (39)

In the FL regime, the fermionic self-energy of the s™ val-
ley behaves as X,(vy) o iV,/q + iqg* Vil V| In(@r/ |V
in 2D [41], and as E;(vy,) o ivy In(@pL/|Vn]) + igg > V| Vil
in 3D.

A crossover to the NFL regime can be achieved by em-
ploying the space-time scaling of the Z = 3 critical theory
[42]. This allows us to replace gg — |v,,|'/?, which yields fa-
miliar results: X(v,,) o isgnv,,|v,|*/? in two dimensions and
25(Vy) o ivy, In |y, | in three dimensions. The justification for
this step is as follows.

For a single-valley case, the conductivity, calculated via
the fully dressed current-current correlation function, scales as
o'(w) x w;Lz/ ’F (w/wgy). This result was derived in Ref. [42]
under assumption that wpp is the only energy scale near
a nematic QCP, which is also the assumption we adopt in
the current paper. The scaling function F(x) is determined
such that wg_ drops out from the result in the quantum-
critical regime, where @ > wgp . This leads to F(x) oc x~%/3
as x — oo. This behavior implies that in the vicinity of the
QCP, the bosonic mass can be effectively replaced by w'/3,
with results in agreement with Refs. [33,43].

We conjecture that this same scaling behavior applies to the
two-valley case as well. However, this conjecture awaits con-
firmation through a detailed calculation of the fully dressed
current-current correlation function. In the next section, we
present a calculation of the optical conductivity in the FL
regime near a QCP.

B. Optical conductivity
1. Intravalley contribution

The leading-order diagrams for the contribution to the
conductivity from the interaction between valley-1 and
valley-2 fermions are shown in Figs. 2(a) and 2(b). The anal-
ysis of the single-valley case follows along the same lines
as in Refs. [11,17,19,21], with additional details provided in
Appendix B 1.

The real part of the optical conductivity is nonzero only
if the effective interaction is dynamic. For the self-energy
(SE) and Maki-Thompson (MT) diagrams (al—a3 and b1-b3
in Fig. 2), it implies that one can subtract off the static part
of the interaction, US(q) = U,(q, 0), such that the double
wavy and zigzag lines in these diagrams are replaced by the
corresponding dynamic interactions,

US™(g, Q) = Us(g, Q) — Uy(g, 0), (40)
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FIG. 2. Diagrams for the optical conductivity of a two-valley
quantum critical system. (a) Contribution from the intravalley in-
teraction in valley 1. Thick solid line: Green’s function of valley 1;
double wavy line: the U;; component of the interaction, Eq. (30a);
solid triangle: renormalized current vertex. The capital letters label
the D+ 1 momenta: P = (p, v,), K = (k,v,), O =(q, 2,), W =
(0, w,,). (b) Contribution from the induced intravalley interaction in
valley 2. Thin solid line: Green’s function of valley 2; zig-zag line:
Uy, component of the interaction, Eq. (30c); open triangle: renor-
malized current vertex. (c) Intervalley (drag) contribution. Double
dashed line: the U}, component of the interaction, Eq. (30b).

expanded to linear order in |€2,,|. In the FL regime, the Green’s
functions in all diagrams can be approximated by their quasi-
particle forms’

1
Gk, vi) = e

7. ks

s=1,2, (41)

"There is no double counting in adding self-energy corrections to
the renormalized Green’s functions in diagrams al and a2, and bl
and b2. Indeed, Eq. (41) accounts only for the real part of the self-
energy, while the double wavy line in these diagrams produces, after
analytic continuation, the imaginary part of the self-energy.

where Z; is the renormalization factor of valley s, and where
we have taken into account that the theory becomes local near
QCEP, i.e., the self-energy depends primarily on the frequency
but not on the momentum [44].

Filled and blank triangles in Fig. 2 represent renormalized
current vertices, Ay 5. For an isotropic spectrum and forward-
type scattering, such a vertex can be written as the product of
the bare group velocity and the charge vertex, while the latter
is related to the Z factor via the Ward identity [42]:

Vk,s
Aks:vksrs: -
) B 7

s

(42)

With Egs. (41) and (42) taken into account, the sum of the
SE and MT diagrams is reduced to (cf. Appendix B 1)

SE+MT
O * (wm)

2
e
= =5 2_(Vktas — W) US(Q)

m K .Q
X [2G4(K)Gs(K + Q) — G(K)G(K + Q0+ W)
— G(K+ Q)Gy(K + W), (43)

where K = (k,iv,), Q= (q,iQ2,), W =(0,iw,), Y =
)Pt [dv, [dPk, and Gy(K) = G,(k,v,). Here and
thereafter, we set w,, > 0 without loss of generality.

In contrast to diagrams al-a3 and b1-b3, the interaction
lines in the Aslamazov-Larkin (AL) diagrams [a4, a5 and b4,
b5 in Fig. 2] can be replaced by their static limit,

while dynamics comes from the Green’s functions forming
the triangles. The two AL diagrams can be combined into the
following expression (cf. Appendix B 2):

2
AL ¢ ZZ
(o2 w, = — v c — Vi) (Upg—Vp_g
) ( m) ZDG)% o ( k+q,s k,s) ( D.s P q,s)

x [U@] G/(PYG(P — 0)
x [2G,(K)G(K + Q) — Gy(K)G(K + Q0+ W)
—G(K 4+ Q)G(K +W)]. (45)
Combining Eqgs. (43) and (45), and taking into account that
typical momenta and energy transfers in the FL regime are in

the range (34), we obtain for the total intravalley contribution
(see Appendix C)

SE+MT AL
Ointra(@Wim) = Z (O’m * + 0 )

o Z €2CDNF,s@D dqu fde
h - 2Dw3 vp i ) (2m)P 2

X (|2 + Ol + 12 — @l — 2|2,])

xU(q, Q) (46)
where

f n S 2 n
U (g, Q) = U"(q, Q) — [U@)] IR (q, Q) (A7)
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is the effective intravalley interaction,

€2

n%"(g, Q,,) = CpNgs
UF,S

(48)

is the dynamic part of the polarization bubble, and m; =
kgs/vp is the density-of-states mass evaluated on the FS.
In the absence of the intervalley interaction, the intraval-
ley interaction is reduced to the first term in Eq. (30a).
In this case, U (q, Q,) vanishes and, to get a finite
conductivity, one needs to expand the electron velocities
near the FS. As a result, the conductivity is suppressed
by a factor of w?In|w,| in two dimensions and «?
in three dimensions [17-21]. For the case of coupled
valleys, however, Ufff(q, 2,,) is finite because the dy-
namic part of the critical interactions in Egs. (36a)—(36c)
comes from both valleys, while Hfsy (g, Q,,) comes only from
one of the valleys. Explicitly, we obtain

G q* 1 1\ (82
= &4t (1 1y

: Cph *4 1 1\ |2,
Usi (@, Q) = 2 —L— ( )' |

NF72 (6]2 + q23)2 v]’é B Vg2
~Corn g Q]

o (49b)
Ne2 (g2 +q3)” vr1d

Note that the two intravalley interactions are related by a
permutation of the valley indices 1 <> 2.

Performing straightforward integrations over g and €2,
and analytically continuing to real frequencies, we obtain the
intravalley part of the conductivity as

*4 1 1
q—(_—2 + _—2>, (50)

2
Reointra(w) - ADe )‘12 A—D
UF,1VE,2qp my m;

where A, = 1/4872 and A3 = 1/576.

2. Intervalley contribution

The intervalley contribution to the conductivity is depicted
graphically in Fig. 2(c). Note that the SE and MT diagrams are
absent for the intervalley case, because they involve swapping
of fermions between the valleys, which is not allowed in our
model. Therefore, we have to consider only the AL diagrams.
As with other AL diagrams, the full intervalley interac-
tion (the double-dashed line) is replaced by its static value
[cf. Eq. 36b)], U (q) = u12g**/(¢* + ¢3). As shown in Ap-
pendix B 2, the sum of diagrams in Fig. 2(c) can be written as

2 !
e
Ointer (W) = _Dw3 E E (Vg1 — Vi1) - (Vp2 — Vp_g2)
mEKQ P

x [U(@)] G2 (P)Ga(P — Q)
% [2G1(K)Gy(K + Q) — G1(K)G1(K + Q + W)
—Gi1(K+ O)Gi(K+W)]. (€28

The rest of the calculations is identical to those in Secs. III B 1
and Appendix C, and the final result for the intervalley part
reads

*4

2 q
Reoiyer(w) = —2Ape“Aiy —— 1
mmy Vg, 1VF,2qpg

- (52)
Note that vp; and vg, in the last equation are the absolute
values of the Fermi velocities in the corresponding valleys,
while masses m; and m, are positive for electron-like valleys
and negative for holelike valleys. Therefore, the intervalley
contribution to the conductivity is negative, if both valleys
are either electronlike or holelike, and positive, if one of the
valleys is electronlike and and another one is holelike. This
is exactly the same effect that one encounters in Coulomb
drag between two physically separate layers: the sign of the
drag conductivity depends on the sign of the relative charge
of the carriers in two layers [45]. Also note that, like the in-
travalley contribution, the intervalley one contains only the
density-of-states rather than the band mass. This means that
the intervalley (drag) contribution is nonzero even for the
Dirac single-particle spectrum, for which the band mass
vanishes but the density-of-state mass is finite. Therefore, the
result is not sensitive to whether the system has a particle-hole
symmetry or not.®

3. Total conductivity

Adding up the intra- and intervalley contributions,
Egs. (50) and (52), we obtain the total conductivity as

Reo (w) = Reojyra(w) + Reojper(w)

1 1)\? g
= Auez(_— - _—) My—————- (83)
mj my UF,1VF,29p

Note that the conductivity vanishes for the case of identical
valleys, i.e., for m; = iy, in agreement with the result of
Sec. IIC.

Employing the scaling argument given at the end of
Sec. III A 2, the frequency dependence of the conductivity is
obtained by replacing gg by |w|'/? in Eq. (53), which yields

1oy Ca
Reo (0) (_— - _—) Aalo| "GP, (54)
1 my
This recovers the scaling forms, @~ 23 in two dimensions

[33] and w~'/3 in three dimensions, obtained under the as-
sumption of a current-relaxing process of an unspecified type.

IV. CONCLUSIONS

We have investigated the impact of Fermi surface (FS)
topology and electron-electron interaction (ee) interactions on
the optical conductivity of a Fermi liquid (FL). Our findings
demonstrate that in a FL with a multivalley FS and distinct
effective masses in different valleys, ee scattering facilitates a
rapid current relaxation due to intervalley drag.

8The difference between the particle-hole symmetric and asymmet-
ric cases shows up only in subleading terms which contain higher
powers of frequency.
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(© @

FIG. 3. Amplitudes for creation of two electron-hole pairs.

‘We derived the optical conductivity of a two-valley system,
both in the FL regime and near the Ising-nematic quantum-
critical point (QCP). Our results show that in the FL regime,
intervalley drag restores the Gurzhi scaling form of the con-
ductivity, Reo (w, T) = 0¢(1 + 47>T?/w?). This restoration
occurs because the geometric constraints on ee scattering are
lifted in systems with multiply connected FSs, permitting
new scattering channels. Consequently, this effect generates
a significant differential response at the threshold of the chan-
nel opening, which emerges at the Lifshitz transition from
a single-valley to a multivalley FS. We propose seeking this
effect in biased bilayer and rhombohedral trilayer graphenes.

Near the QCP, the intervalley contribution to the conductiv-
ity scales as |w|~>/? in two dimensions and as |w|~!/? in three
dimensions, thus providing a specific current-relaxing process
that aligns with longstanding theoretical predictions [33].
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APPENDIX A: FERMI GOLDEN RULE

This Appendix provides a computation of the imaginary
part of the retarded current-current correlator, # (), to the
second order of perturbation theory in ee interactions. We use
the Kéllén-Lehmann representation, in essence applying the
FGR.

An elementary process contributing to % (w) involves the
excitation of two electron-hole pairs, one in each of valleys s
and s’, by a photon of frequency w. The contribution is given
by

SH" (@) =27 ) [ My (k. K, q)’]
q

X 6((’0 + Skfg,s + Ek'Jr%,s’ - 8k+%,s - Ek'fg,s’)'
(A1)

Here, the matrix element M,y (k, k', q) takes into account the
virtual states shown in Fig. 3.° The energy denominator com-
ing from the propagator & = (¢ + § — ek,%,s)f1 simplifies
to e+ 3 — (6 —5) = w for a process shown in Figs. 3(a)
[and similarly for 3(c)], and —w for processes in Figs. 3(b)
and 3(d), since the incoming electrons are on the mass shell.
Combining all four amplitudes, we get

mss’(ks k/’ ‘I)

Uy (q)
= ® (kar%,S + vk’f%,s’ - I)k'Jr%,s’ - kag,s) .

(A2)

The total contribution to Im% (w) sums over all electron-hole
pair creation and annihilation processes across both valleys,
integrating over all initial and final states to give

2
Im# (w) = TT[ Z |mxs’(k’ k/’ q)lz{nkfg,snk’-‘r%,s’(l - nk+%,s>(1 - nk/—%,x’) - (1 - nkfg,s)(l - nk’-&-%,s/)nkJr%,snk/—%,s/}

kk'q
ss’

X 5(60 + 8kf%,s + 8k/+%.,x’ - 8k+%,s - 8k/—%,x’) s

(A3)

with equilibrium distribution function ng ; accounting for the available states for electron transitions, and 1/4 accounting for
double counting. Finally, the dissipative component of the conductivity, Reo (), is determined via the Kubo formula to give

Eq. (6) of the main text.

The exchange processes are disregarded for a long-ranged interaction.

085139-9



YASHA GINDIKIN et al. PHYSICAL REVIEW B 110, 085139 (2024)

APPENDIX B: COMBINING THE CONDUCTIVITY DIAGRAMS

In this Appendix, we demonstrate how the diagrams for the optical conductivity in Fig. 2 can be grouped together in such a
way that the constraints imposed by momentum conservation become explicit.

1. Self-energy and Maki-Thompson diagrams

We begin with SE and MT diagrams in the intravalley channel, al-a3 and b1-b3 in Fig. 2. Introducing the fermionic self-
energy, %,(K) = — ZQ G;(K + Q)U(Q), we write the sum of two SE diagrams as

SE
O (wm) =

¢ 2 [2 2
s 2 Uikl GHEZ(KIGK + W) + G(K)GH (K + W) B (K + Q)] 5:(K). (B1)
s m g

where we took into account Eq. (42) for the current vertex and, as in the main text, K = (iv,,, k) and W = (iw,,, 0). Using the
identity

Gu(K)G(K + W) = 2-[G,(K) — Gy(K + Q)] (B2)
Eq. (B1) can be written as
o8 () = — Diﬁ Vs [Go(K) — G(K + W)I[Z(K + W) — Z,(K)]. (B3)
m K

Now we recall that the dissipative part of the conductivity comes only from the dynamic part of the interaction, as defined by
Eq. (40). Therefore, £,(K) — — Y, Gs(K + OUZ™(0).
Repeating the same steps for the MT diagrams, we obtain for the sum of the SE and MT contributions

2
oy ™M (wn) = — DewB D ks ks = Ve g UL (Q2G,(K)Go(K + Q) — Go(K)Go(K + 0+ W) — Go(K + Q)G (K +W)].
m K,Q

(B4)

The expression above can be rewritten in a more symmetric form. Relabeling K + Q — K and then Q — —Q, while keeping in
mind that Ufly (Q) is an even function of Q, we obtain an equivalent form of Eq. (B4):

2
oSEMT (4 ) = _De_3 Z Vkrgs * (Vkgs — v U (Q)
@;, K.0
X [26,(K + Q)G,(K) = Gu(K)G,(K + 0+ W) — G,(K + Q)G,(K + W), ()

Taking a half-sum of Egs. (B4) and (B5), we arrive at

2
— > (Wksgs — s UL QG (K + Q)Gy(K) = Gu(K + Q)Gu(K +W) = GulK + Q)Gu(K + W],
m K,Q

e
2D

SE+MT
O * (o) = —

(B6)

which is Eq. (43) of the main text. The advantage of the last equation is that the “transport factor”, (viyq s — vis)?, which
suppresses the contribution from small-g scattering, is now explicitly quadratic in g for ¢ — O.

2. Aslamazov-Larkin diagrams

We now turn to the AL diagrams, considering simultaneously the intravalley (diagrams a4, a5, b4, and b5 in Fig. 2) and
intervalley parts (diagrams c1-c4 in Fig. 2).

a. Particle-hole channel
The particle-hole (ph) diagrams a4, b4, and c1 can be written as

2

ph _ e . st 2 _ _
Oy (On) = DorZ. 7. Z Vi - Vp—q.e (U (@)] Go(K)Gy(K + W)Gy (P — Q)Gy(P — Q + W)Gy(K + Q)Gy(P),  (BT)
mLes s K.P.Q

where s = s/ = 1, 2 in diagrams a4 and b4, and s = 1, ' = 2 in diagram c1. Diagram c2 for 02p lh is a mirror image of diagram cl,
so that ¥ (@) = o™ ().
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Applying the identity (B2) to the two first pairs of the Green’s functions in Eq. (B7) and opening the brackets, we obtain

ph 62 st 2
o (@On) = p— D ks 0pg o [US@] [G(K) — Gy(K + W)I[Gy (P — Q) — G¢(P — Q + W)IGy (K + Q)G (P)
m K,P,Q

2
= Deaﬁ Z Ve Vp— .5 [US(@PIG(K)G (K + )Gy (P — Q)G (P) + Gy(K +W)G,(K + Q)G (P — Q +W)Gy(P)
m K,P,Q

— Gy(K)Gs(K + )Gy (P — QO+ W)Gy(P) — Gy(K + W)G(K + Q)Gy (P — )Gy (P)]. (B8)
In the second term of the last equation we relabel the momenta (under the sum over K and Q) as
Gy (K +W)Gy(K + QGy(P—Q+W)Gy(P) —  Gi(K)G(K+Q—W)Gy(P—Q+W)Gy(P)
K+W <K
= G(K)Gs(K + Q)G (P — Q)Gy (P), (B9)
0-We0
upon which it coincides with the first term. (Note that a replacement Q — W <« Q affects neither the velocity nor static
interaction, because W has only the frequency component.) Finally, relabeling Q — W < Q in the third term, we obtain

2
o @n) = 5= D s Upog UM @] RGUKIG, (K + Q) = GuK)G(K + 0+ W)
mgKPpQ

— G(K +W)Gs(K + DGy (P — Q)G (P). (B10)

b. Particle-particle channel
Next, we turn to the particle-particle (pp) diagrams a5, b5, ¢3, and c4 in Fig. 2. Algebraically,

2

o5 () = —ﬁ 3 ok vy UL @] G(K)GA(K + W)Gy (P)Gy (P +W)Gy(K + @+ W)Gy(P — Q). (B11)
més L’ K.P.O

where s = s’ = 1, 2 for diagrams a5 and b3, and s = 1, s’ = 2 for diagrams c3 and c4. As for the particle-hole case, diagram c4

is a mirror image of c3, such that O’2plp (wn) = Ulpzp (wm)- Applying Eq. (B2) to the first two pairs of Green’s functions, we obtain

2
oy (@n) = 1% 3" ok - e UL @] IG(K)GA(K + Q@ + WG (P)Gy (P — Q)

" K.P.Q
+ Gy(K + W)Gs(K + Q +W)Gy (P + W)Gy (P — Q) — G(K)Gs(K + Q + W)Gy (P +W)Gy (P — Q)
— Gy(K+W)Gs(K + 0+ W)Gy (P)Gy (P — Q)]. (B12)

In the second and third terms in the last equation, we relabel the momenta (under the sum over P and Q) as
2" G(K+W)G,(K+Q+W)Gy(P+W)Gy(P—Q) —  Gy(K+W)Gy(K+Q+W)Gy(P)Gy(P—Q—W)
P+W P
—  Gy(K+W)G(K + Q)Gy(P)Gy (P — Q),
0+W 0
34 GyK)Gy(K 4+ Q+W)Gy(P+W)Gy(P—Q) — Gy(K)G(K+Q+W)Gy(P)Gy(P—Q—W)
P+W P
—  Gy(K)G(K + Q)Gy (P)Gy (P — Q). (B13)
Q+W<Q
Finally, relabeling K + W < K in the fourth term, we obtain the same combination of the Green’s functions as in the final
expression for the particle-hole channel, Eq. (B10), but with an opposite sign:

2
De? Z (Vi - vy p)[2G(K)Gs(K + Q) — G(K)Gs(K + 0 + W) — Go(K + W)G(K + Q)]
m K.PQ

X Gy (P — Q)Gy (P). (B14)

Usli-lf) () = —

¢. Combined contributions of the particle-hole and particle-particle channels

The total AL contribution to the conductivity due to intravalley interaction in valleys 1 and 2 is given by the sum of the
ph and pp parts, which are diagonal in valley indices. Adding up Egs. (B10) and (B14) with s = s, we find for the intravalley
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contribution

o (m) = o (@n) + Ol (@n) = =5 Z Z Vs (0 = Vg U @] G (P)G,(P — Q)
“m ko P
X [2G(K)G(K + Q) — G,(K)Gs(K + Q + W) — G(K + Q)G(K + W), (B15)
where the prime over ), indicates that only the dynamic part of the result is to be retained.
The contribution to the conductivity due to intervalley interaction is given by sum of diagrams in Fig. 2(c):

inter (@) = 05 (@) + TR (@) + 02 (@) + 5P (@) = 2[00 (@) + 0% ()]

262 ' ‘
= =5 20 D vk (2 = 02 U @] Ga(PIGo(P — Q)
“m ko P
% [2G1(K)G1 (K + Q) = G1(K)G\(K + Q + W) — G\(K + Q)G (K + W)]. (B16)

d. Symmetrized form of the Aslamazov-Larkin contribution

Like the SE4+MT contribution, the AL contribution can also be rewritten in a more symmetric form. To obtain such a form
for the intravalley AL contribution, we relabel K + Q — K, P — Q — P, and Q — —Q in Eq. (B15) with the result

oi () = w3 Zkaﬂa Wp-g.s — vp.)[US @] G(P)G,(P — Q)
mpgQ P
x [2G(K)Gy(K + Q) — G{(K)Gi(K + Q + W) — G,(K + Q)Gi(K + W)]. (B17)

Taking a half sum of Egs. (B15) and (B17), we arrive at the symmetrized form

Som) = o ZZ(qus Vi) (g = Vg NUS@)] G(P)G,(P — Q)

“mn ko P
x [2G(K)Gy(K + Q) — G(K)Gy(K + O+ W) — Gy(K + Q)G(K + W)I. (B18)

As in the SE + MT case, the transport factor in the last equation is manifestly quadratic in g2, which is Eq. (45) of the main text.
Likewise, the symmetrized form of the intervalley contribution in Eq. (B16) can be reduced to

Oimee(Om) = = ZZ(vk+q1—vk1) (2 = Vp—g D[UB@] Go(P)G2(P — Q)

l‘ﬂ KQ P
X [2G1(K)G1(K + Q) — Gi(K)GI(K + Q + W) — Gi(K + Q)Gi1(K +W)], (B19)

which coincides with Eq. (51) of the main text.

APPENDIX C: INTRAVALLEY CONTRIBUTION TO THE CONDUCTIVITY OF A NEARLY-CRITICAL TWO-VALLEY
SYSTEM: COMPUTATIONAL DETAILS

In this Appendix, we present a detailed calculation of the conductivity of a nearly-critical two-valley system due to intravalley
interaction, given by the sum of Eqgs. (43) and (45) of the main text.
At the first step, we integrate over the frequency components of K and P, arriving at

eNE, [d s, do

SE+MT _ F,s qq°~ k.D dvn

R O / [ a0, [ 4 / ek s(Vk s — 5, PUS(Q)
X 16 (Eks) — (e 1,010, 6 R o+ Oy R — O

eNI? dqq de d@kD
oo = 5o (Zn)D/ [ doun [ 2 /dks/

X [U:;(Q)] [np(€k,s) — NF(Ektq,s)] [nF(Sp—q.s) — ne(ep.s)]

), (Cla)
dOpp

/dgps(vk+qs vks) (vps — Vp— qs)

X g?(ka q, Qma Qm + o, Qm - wm)gx(p —-q.9, Qma Qma O)a (Clb)
where
2 1 1
? (m q, w1, Wy, 603) = [N i, o iwy ’ (CZ)
7. — Em+q,s + Em,s 7: — Em+q,s + Em,s Z. Em+q.s + €m,s
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N is the density of the states of the s™ valley at the corresponding Fermi energy, ny(¢) is the Fermi function, d0y 3 =

sin ¢rdPrd g with ¢ € (0, ) and ¢ € (0, 2) being the polar and azimuthal angles of a spherical system in 3D, respectively,
O3 = 4n, dOy » = d¢y with ¢ € (—m, ) being the azimuthal angle of a polar system in 2D, and 0, = 2. Now we take into
account that typical momenta transfers are small: ¢ ~ gg < kg ;. Therefore, the dispersions and the Fermi functions can be
expanded to order O(q):

Ektq,s — Ek,s ~ VR sq COS Pk, Ep s — Ep—_gq,s ~° VF 54 COS Py, (C3)

and

nE(&x,s) — NE(Ektq,s) ~ 8(Ek,s)VF,sq COS P,
nE(ep—q,s) — NE(Ep.s) = 8(&p s )VE s COS Pp, (c4)

where all the angles are measured from the direction of g. Due to the last equation, the integrations over & ; and ¢,  project the
integrands onto the FS.

Next, we turn to the “transport factors” in Eqgs. (C1b) and (C1b). For an isotropic but otherwise arbitrary single-particle
dispersion, considered in this paper, the group velocity in the s™ valley can be written as

k
Vi = Végs = zS;(k), (C5)
where &;(k) = &x; and €, (k) = des(k)/dk. To linear order in ¢, we have
/ 7 7 /7 8;(]{)
Vitgs — Vs = (@ - V)Up s = %Ss(k) + (k- q)k<8$ (k) — T) (C6a)
_ q , ~ ~ " 8;(1))
Vps — Vpgs = ;a(p) +@-p| & (p)— - ) (Cob)

where k = k/k and p = p/p. Therefore, the transport factors, evaluated on the Fermi surface(s), are given by

sin? o cos® Py
(Vktqs — vk,s)z‘k:kh = qz(7 t— 5 ) (C7a)
1 1/1 1 1 1)
(Vktgs — Vis) - (Vp s — vl’*q’S)|k=p=kF_J = ¢ {m_% + (cos? ¢y + cos> ¢p)ﬁz_s <m_2‘ — rh_s) + COS ¢y cOS ¢y, COS Dy <m_j — ﬁz—) },
(C7b)
where ¥, = Z(k, p), and
1 1 UF. s
e e )y = B Cs
e kF,SE,( Nie=k, [ (C8a)
1 "
— = & (k) |k=ks, (C8b)
mS

are the (inverse) density-of-states and band masses of the s™ valley, respectively.

In the FL regime, typical momentum and energy transfers are such that |$2,,| ~ w,, < vrsq. Then, as it follows from Egs. (C2)
and (C3), the relevant values of cos ¢ and cos ¢, are small, i.e., | cos ¢ p| ~ w,,/VE,1g < 1, which means that ¢y , ~ £7 /2 in
two dimensions and ¢ , ~ 7 /2 in three dimensions. In this limit, the transport factors in Eqs. (C7a) and (C7b) are reduced to
to a simpler form

q2

2

(vk+q,s - vk,x) |k:kFA] = (vk-‘rq,x - vk,x) ' (vp,s - vp—q,s)|k=k'_,vl’p=k]:’] = % (C9)

The rest of the integrands in Egs. (C1b) and (C1b), cos ¢ and cos ¢, are linearized near ¢ , = 7 /2 in 2D and near

¢rp = /2 in 3D, respectively, and the angular integrals are solved to linear order in w,,/vE sq. Since U;iy“ and l'[‘f{n depend

only on the magnitude of g, the integration over 0, p simply gives a factor of Op. Adding up the SE + MT and AL contributions,
we obtain

eZCD@DNF dqu d2 2
intra\@Wm ) = > “ Qm m Szm_ 'm —ZQm Udyn ’Qm - USt l—[dyn ’Qm )
ton) = 32 S | G [ G onl 190 o200 {U2 0 )~ [T T )

(C10)

where C; = 1 and C; = 7 /2, which coincides with Eq. (46) of the main text.
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APPENDIX D: “HIGH-ENERGY” APPROACH
TO QUANTUM CRITICALITY

In the previous section, we treated all intra- and interval-
ley interactions on the same footing, within the RPA, while
quantum criticality was imposed by tuning the interaction in
valley-1 to the critical value. We will refer to this approach as
to a “low-energy” one. Another widely accepted way to con-
struct an effective theory of quantum criticality is to assume
that critical bosons are formed out of “high-energy” fermions
with energies comparable to the ultraviolet scale of the model.
Bosons are assumed to be described by the Ornstein-Zernike
susceptibility

xo(q) = (DD

nw
7+ a5
which incorporates the static part of IT;;(g). In general, xo(q)
also contains 2 term coming from the internal dynamics of
bosons, but we assume that it is less important than Landau
damping by low-energy fermions. We will refer to this ap-
proach as to a “high-energy” one.

The goal of this section is to show that the high-energy
approach has to be treated with extra caution when applied
to a two-valley system. One reason for caution is the renor-
malization of gg by intravalley interaction u;,. Another, more
fundamental reason, is the need to keep the static IT;;(q) in
the formulas.

Indeed, a formal extension of the high-energy approach to
the two-valley case yields the action of the following form:

S = S0 + S0 + St + Sint.12 + Sint.22, (D2)

where

St = Z/dTZcM(r)(a e (D3)

s=1,2

is the action for free fermions with dispersions &5 (s = 1, 2),

/ Z Pq(D)p—¢(7)

D4
x0(q) e

is the the bosonic part,

Sy = u/dr Zch]tJr%Yl(t)ck,%’l(r)go_q(t) (D5)
k.q

describes the coupling of valley-1 fermions to critical bosons,
and

Sint,12 = Mlz/df Z Ck+" 1(T)e -1 2(T)Cp+" 2(T)CkJ 1(7),

k.p.q
(D6a)
u
Sint22 = E/df ch+" 2:(T)Cp—1 2(T)Cp g 2(T)Ck—g 2(T),
k.p.q
(D6b)

describe noncritical interactions between valleys 1 and valley
2, and in valley 2, respectively.

Integrating out bosons via the Hubbard-Stratonovich trans-
formation, we obtain

1 _ _
Sin, 11 = E/dT Z w11 (@)Chi1.1(T)Cp— g 1(T)Cp—1.1(T)

k.p.q

X Cprg (7). (D7)

where

uii(q) = —u’xo(q) = — (D8)

w
9’ + g3
is the g-dependent effective interaction with valley 1 with
w = u?p. As we said earlier, the static part of IT;;(g) is incor-
porated into u1;(q) as a portion of gg. Other parts of the action
are not affected by the Hubbard-Stratonovich transformation.
The full action can now be written as

S = SfO + = /df Z Z M.SY’(q)Ck+q S(T)Cp 4 (T)

k,p.qss'=1,2
X Cp+%,s’(r)ck7%,s(7:)v (D9)
where
. un(q)  up
= , D10
) ( up Mzz) ( )

is a 2x2 matrix of “bare” interactions. In this formulation,
interaction between low-energy fermions introduces Landau
damping, but there are no interaction terms that would contain
static I11;(q). As the consequence, if we extract the effective
interactions from the the action, we would obtain

011(11» Qm) = Ull,a(qa Qm) + 011,!;(% Qm)a (Dlla)
- ui1(q)
Or1.a(@, ) = e
1 - Mll(Q)H (‘I, m)
w
- , (D11b)
a* + g5 + v1Ql/q
P u2 H ( E) m)
Unip(g, Q2n) = 12204 5
[1 —Mll(CI)H (‘1, m)]
Neoidy (a2 + a3)’
- _ F.2 lZ(q qB) =, (D11¢)
(@*+a} + vIQul/q)
. u
U12(q. ) = 2
1-”11(‘1)1—I (g, Q)
q +CIB
=up , (D11d)
P+ g5 +vIQul/q
2 dyn
_ u (g, 2n)
U22(q» Qm) - 12 q
1—M11(Q)H (g, Q)
_ upy (2 +93)vIQul/q Dl1e)

w q>+qf +vIQml/q

where y = CpwNE,1/vr,1 and where we neglected the differ-
ence between R; and R in Eqgs. (31a) and (31b).

Comparing with Egs. (30a), (30b), and (30c) we see
that U”,a(q, 2,,) is the same as the first term in the last
line in Eq. (30a), but other terms are different. The dif-
ference is twofold. First, all denominators are powers of
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1 — 11 (@)1 (g, ), which is the same as R, in Eq. (31a).
The denominators in Egs. (30a), (30b), and (30c) contain
R, which differs from R; by I1;;(q, 2,,)I1(q, Qm)ufz, see
Eq. (31a). Second, the terms in Eq. (D11e) all contain small
u11(q) in the numerator, while the corresponding terms in

Egs. (30a), (30b), and (30c) contain the bare u;;. The two
terms differ by a static I1;;(q): ul_ll (@) = ”1_11 — I1;1(q). This
static piece is missing if we formally extend the high-energy
approach from a one-valley case, where it is valid, to the
two-valley case.

[1] N. M. R. Peres, Colloquium: The transport properties of
graphene: An introduction, Rev. Mod. Phys. 82, 2673 (2010).

[2] M. Gmitra and J. Fabian, Graphene on transition-metal
dichalcogenides: A platform for proximity spin-orbit physics
and optospintronics, Phys. Rev. B 92, 155403 (2015).

[3] S. Manzeli, D. Ovchinnikov, D. Pasquier, O. V. Yazyev, and A.
Kis, 2D transition metal dichalcogenides, Nat. Rev. Mater. 2,
17033 (2017).

[4] G. Wang, A. Chernikov, M. M. Glazov, T. F. Heinz, X. Marie,
T. Amand, and B. Urbaszek, Colloguium: Excitons in atomi-
cally thin transition metal dichalcogenides, Rev. Mod. Phys. 90,
021001 (2018).

[5] P. Hosur and X. Qi, Recent developments in transport phenom-
ena in Weyl semimetals, C. R. Phys. 14, 857 (2013).

[6] N. P. Armitage, E. J. Mele, and A. Vishwanath, Weyl and Dirac
semimetals in three-dimensional solids, Rev. Mod. Phys. 90,
015001 (2018).

[7] E. L. Ivchenko, Optical Spectroscopy of Semiconductor Nanos-
tructures (Alpha Science International Ltd., Oxford, 2005).

[8] D. N. Basov and T. Timusk, Electrodynamics of high-7,. super-
conductors, Rev. Mod. Phys. 77, 721 (2005).

[9] D. N. Basov, R. D. Averitt, D. van der Marel, M. Dressel,
and K. Haule, Electrodynamics of correlated electron materials,
Rev. Mod. Phys. 83, 471 (2011).

[10] C. E. Klingshirn, Semiconductor Optics (Springer Science &
Business Media, New York, 2012).

[11] D. L. Maslov and A. V. Chubukov, Optical response of corre-
lated electron systems, Rep. Prog. Phys. 80, 026503 (2017).

[12] N. P. Armitage, Electrodynamics of correlated electron systems,
lecture notes from the 2008 Boulder school for condensed mat-
ter and materials physics, arXiv:0908.1126.

[13] D. B. Tanner, Optical Effects in Solids (Cambridge University
Press, Cambridge, 2019).

[14] R. N. Gurzhi, Mutual electron correlations in metal optics,
Sov. Phys. JETP 35, 673 (1959).

[15] A.Rosch and P. C. Howell, Zero-temperature optical conductiv-
ity of ultraclean Fermi liquids and superconductors, Phys. Rev.
B 72, 104510 (2005).

[16] A.Rosch, Optical conductivity of clean metals, Ann. Phys. 518,
526 (2006).

[17] P. Sharma, A. Principi, and D. L. Maslov, Optical conductivity
of a Dirac-Fermi liquid, Phys. Rev. B 104, 045142 (2021).

[18] H. Guo, A. A. Patel, I. Esterlis, and S. Sachdev, Large-N theory
of critical Fermi surfaces. II. Conductivity, Phys. Rev. B 106,
115151 (2022).

[19] S. Li, P. Sharma, A. Levchenko, and D. L. Maslov, Optical
conductivity of a metal near an Ising-nematic quantum critical
point, Phys. Rev. B 108, 235125 (2023).

[20] H. Guo, Fluctuation spectrum of 241D critical fermi surface
and its application to optical conductivity and hydrodynamics,
arXiv:2311.03458.

[21] Y. Gindikin and A. V. Chubukov, Fermi surface geometry and
optical conductivity of a two-dimensional electron gas near an
Ising-nematic quantum critical point, Phys. Rev. B 109, 115156
(2024).

[22] R. N. Gurzhi, A. I. Kopeliovich, and S. B. Rutkevich, Electrical
conductivity of two-dimensional metallic systems, Sov. Phys.
JETP Lett. 32, 336 (1980).

[23] R. Gurzhi, A. Kopeliovich, and S. B. Rutkevich, Electric con-
ductivity of two-dimensional metallic systems, Sov. Phys. JETP
56, 159 (1982).

[24] R. N. Gurzhi, A. I. Kopeliovich, and S. B. Rutkevich, Kinetic
properties of two-dimensional metal systems, Adv. Phys. 36,
221 (1987).

[25] R. N. Gurzhi, A. N. Kalinenko, and A. I. Kopeliovich, Electron-
electron momentum relaxation in a two-dimensional electron
gas, Phys. Rev. B 52, 4744 (1995).

[26] P. J. Ledwith, H. Guo, and L. Levitov, The hierarchy of excita-
tion lifetimes in two-dimensional Fermi gases, Ann. Phys. 411,
167913 (2019).

[27] E. G. Mishchenko, M. Y. Reizer, and L. 1. Glazman, Plasmon
attenuation and optical conductivity of a two-dimensional elec-
tron gas, Phys. Rev. B 69, 195302 (2004).

[28] P. Sharma, A. Principi, G. Vignale, and D. L. Maslov, Optical
conductivity and damping of plasmons due to electron-electron
interaction, Phys. Rev. B 109, 045431 (2024).

[29] D. L. Maslov, V. I. Yudson, and A. V. Chubukov, Resis-
tivity of a non-Galilean—invariant Fermi liquid near Pomer-
anchuk quantum criticality, Phys. Rev. Lett. 106, 106403
(2011).

[30] H. K. Pal, V. I. Yudson, and D. L. Maslov, Resistivity of non-
Galilean-invariant Fermi- and non-Fermi liquids, Lith. J. Phys.
52, 142 (2012).

[31] V. E Gantmakher and Y. B. Levinson, Carrier Scattering in Met-
als and Semiconductors (North-Holland, Amsterdam, 1987).

[32] E. Fradkin, S. A. Kivelson, M. J. Lawler, J. P. Eisenstein, and
A. P. Mackenzie, Nematic Fermi fluids in condensed matter
physics, Ann. Rev. Condens. Matter Phys. 1, 153 (2010).

[33] Y. B. Kim, A. Furusaki, X.-G. Wen, and P. A. Lee, Gauge-
invariant response functions of fermions coupled to a gauge
field, Phys. Rev. B 50, 17917 (1994).

[34] G. L. Bir and G. E. Pikus, Symmetry and Strain-Induced Effects
in Semiconductors (Wiley, Hoboken, NJ, 1974).

[35] A. P. Goyal, P. Sharma, and D. L. Maslov, Intrinsic op-
tical absorption in Dirac metals, Ann. Phys. 456, 169355
(2023).

[36] E. McCann and M. Koshino, The electronic properties of bi-
layer graphene, Rep. Prog. Phys. 76, 056503 (2013).

[37] A. Ghazaryan, T. Holder, E. Berg, and M. Serbyn, Multi-
layer graphenes as a platform for interaction-driven physics
and topological superconductivity, Phys. Rev. B 107, 104502
(2023).

085139-15


https://doi.org/10.1103/RevModPhys.82.2673
https://doi.org/10.1103/PhysRevB.92.155403
https://doi.org/10.1038/natrevmats.2017.33
https://doi.org/10.1103/RevModPhys.90.021001
https://doi.org/10.1016/j.crhy.2013.10.010
https://doi.org/10.1103/RevModPhys.90.015001
https://doi.org/10.1103/RevModPhys.77.721
https://doi.org/10.1103/RevModPhys.83.471
https://doi.org/10.1088/1361-6633/80/2/026503
https://arxiv.org/abs/0908.1126
https://doi.org/10.1103/PhysRevB.72.104510
https://doi.org/10.1002/andp.200651807-809
https://doi.org/10.1103/PhysRevB.104.045142
https://doi.org/10.1103/PhysRevB.106.115151
https://doi.org/10.1103/PhysRevB.108.235125
https://arxiv.org/abs/2311.03458
https://doi.org/10.1103/PhysRevB.109.115156
https://doi.org/10.1080/00018738700101002
https://doi.org/10.1103/PhysRevB.52.4744
https://doi.org/10.1016/j.aop.2019.167913
https://doi.org/10.1103/PhysRevB.69.195302
https://doi.org/10.1103/PhysRevB.109.045431
https://doi.org/10.1103/PhysRevLett.106.106403
https://doi.org/10.3952/physics.v52i2.2358
https://doi.org/10.1146/annurev-conmatphys-070909-103925
https://doi.org/10.1103/PhysRevB.50.17917
https://doi.org/10.1016/j.aop.2023.169355
https://doi.org/10.1088/0034-4885/76/5/056503
https://doi.org/10.1103/PhysRevB.107.104502

YASHA GINDIKIN et al.

PHYSICAL REVIEW B 110, 085139 (2024)

[38] B. Voigtlinder, Scanning Probe Microscopy: Atomic Force
Microscopy and Scanning Tunneling Microscopy (Springer,
New York, 2015).

[39] D. L. Maslov, P. Sharma, D. Torbunov, and A. V. Chubukov,
Gradient terms in quantum-critical theories of itinerant
fermions, Phys. Rev. B 96, 085137 (2017).

[40] J. A. Hertz, Quantum critical phenomena, Phys. Rev. B 14, 1165
(1976).

[41] D. Pimenov, A. Kamenev, and A. V. Chubukov, Quasiparticle
scattering in a superconductor near a nematic critical point:
Resonance mode and multiple attractive channels, Phys. Rev.
Lett. 128, 017001 (2022).

[42] A. V. Chubukov and D. L. Maslov, Optical conductivity of
a two-dimensional metal near a quantum critical point: The
status of the extended Drude formula, Phys. Rev. B 96, 205136
(2017).

[43] A. Eberlein, I. Mandal, and S. Sachdev, Hyperscaling violation
at the Ising-nematic quantum critical point in two-dimensional
metals, Phys. Rev. B 94, 045133 (2016).

[44] A. V. Chubukov, Self-generated locality near a ferromag-
netic quantum critical point, Phys. Rev. B 71, 245123
(2005).

[45] B. N. Narozhny and A. Levchenko, Coulomb drag, Rev. Mod.
Phys. 88, 025003 (2016).

085139-16


https://doi.org/10.1103/PhysRevB.96.085137
https://doi.org/10.1103/PhysRevB.14.1165
https://doi.org/10.1103/PhysRevLett.128.017001
https://doi.org/10.1103/PhysRevB.96.205136
https://doi.org/10.1103/PhysRevB.94.045133
https://doi.org/10.1103/PhysRevB.71.245123
https://doi.org/10.1103/RevModPhys.88.025003

