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Isolated flat bands with significantly quenched kinetic energy of electrons could give rise to exotic strongly
correlated states from electron-electron interactions. More intriguingly, the interplay between topology and flat
bands can further lead to richer physical phenomena, which have attracted much interest. Here, taking advantage
of the recently proposed intertwined Dirac states induced from the anisotropic coupling between the top and
bottom surface states of an antiferromagnetic topological insulator thin film, we show the emergence of a
high-Chern-number (quasi)flat-band state through moiré engineering of the surface states. Remarkably, the flat
bands are isolated from other bands and located near the Fermi level. Furthermore, topological phase transitions
between trivial and nontrivial flat-band states can be driven by tuning the out-of-plane electric field. Our work
not only proposes a scheme to realize high-Chern-number flat-band states, but also highlights the versatility of
the intertwined Dirac-cone states.
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I. INTRODUCTION

Recently, the seminal experimental findings of unconven-
tional superconductivity and correlated insulator behavior in
twisted bilayer graphene (TBG) [1,2] have ignited a surge
of research interest in condensed-matter systems hosting flat-
band electronic structures. In these flat bands, the kinetic
energy of electrons is significantly quenched, and electron-
electron interactions become dominant, which could give
birth to exotic strongly correlated states, such as the frac-
tional quantum Hall effect (FQHE) [3], fractional Chern
insulators, and fractional topological insulators (TIs) [4–11].
Interestingly, it has been shown that flat bands possessing a
high Chern number (C > 1) could generate many new states
[12–15] beyond the Landau-level-like case with C = 1 in
the FQHE. This renders realistic platforms possessing iso-
lated high-Chern-number flat bands very attractive and highly
desired [16].

As for the realization of flat-band states, moiré engineering
of two-dimensional van der Waals heterostructures, e.g., TBG
[17,18] and twisted transition metal dichalcogenide multilay-
ers [19–22], has proved to be a versatile tool, where the twist
angle plays a very crucial role. Moreover, moiré engineering
has also been applied to other Dirac materials, in particular
the Dirac-cone surface state (DSS) of three-dimensional TIs
[23–25]. However, since the DSS in TIs is anomalous and
protected by time-reversal symmetry, it remains gapless and
cannot be disconnected from other bands under the moiré
superlattice potential. To circumvent this issue, a natural way
is to gap the DSS by magnetism, from which isolated moiré
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flat bands could be obtained [26,27]. To this end, the recently
discovered intrinsic magnetic TI MnBi2Te4 and its family
materials [28–56] could serve as promising platforms. In-
triguingly, when the TI film becomes very thin, the coupling
between the top and bottom DSSs cannot be neglected and
usually turns out to be critical in the low-energy physics
[57–60]. It is worth mentioning that a recent work [61] by
some of the authors proposes that anisotropic couplings be-
tween the DSSs of an antiferromagnetic (AFM) TI thin film
could give rise to emergent new Dirac cones, dubbed inter-
twined Dirac-cone states, away from the � point. It is thus
straightforward to expect that the interplay between mag-
netism, DSS coupling, and moiré engineering can lead to rich
new phenomena.

In this paper, based on the effective model analysis, we
show the emergence of high-Chern-number (C = n) flat-band
states through moiré engineering of the two DSSs of an
AFM TI film respecting the n-fold (n = 2, 3, 4, 6) rotational
symmetry in the presence of an out-of-plane electric field.
The intertwined Dirac-cone states induced from anisotropic
couplings are found to play a significant role in this process.
Furthermore, the flat bands are electrically tunable, and tak-
ing the n = 3 case as an example, we explicitly demonstrate
the topological phase transition between trivial (C = 0) and
nontrivial (C = 3) flat-band states. Our work not only pro-
poses a route to obtain high-Chern-number flat bands, but also
highlights potential applications of the intertwined Dirac-cone
states.

II. MODEL DESCRIPTION

We consider a thin film of AFM TI with opposite out-
of-plane (z-axis) magnetic moments on its top and bottom
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FIG. 1. (a) Schematic of the twisted antiferromagnetic topolog-
ical insulator thin film under an out-of-plane electric field, where
a clockwise (counterclockwise) rotation with angle θ/2 is imple-
mented for the top (bottom) surface layer. (b) Two-dimensional
Brillouin zones (BZs) of the top (orange lines) and bottom (blue
lines) surface layers after the twist, and the moiré reciprocal vectors
(purple dashed lines) and corresponding moiré BZ (purple solid
lines). (c) Illustration of the emergent intertwined Dirac-cone states
from the coupling between the top and bottom Dirac surface states
(DSSs). (d) The first-shell approximation taken in the moiré recip-
rocal lattices for calculating the interlayer moiré hopping, where the
gi’s are the six smallest moiré reciprocal vectors.

surfaces, e.g., an even-layer MnBi2Te4 film with A-type AFM
order, as schematically shown in Fig. 1(a). Apart from the
combined PT symmetry from inversion P and time-reversal
operation T , the AFM TI film is assumed to preserve an ad-
ditional n-fold (n = 2, 3, 4, 6) crystalline rotation symmetry
(Cnz) along the z direction and a combined symmetry MxT
from mirror (Mx) and time-reversal (T ) operations. When an
electric field E is applied along the out-of-plane direction, the
precedent PT symmetry of the AFM TI film is broken. Fur-
ther, we implement a clockwise (counterclockwise) rotation
of angle θ/2 for the top (bottom) surface layer, leading to a
relative twisting angle of θ between them.

To lay a foundation for later discussion, we start from the
untwisted case with θ = 0, where the low-energy physics of
the AFM TI film can be captured by the top and bottom DSSs
and the coupling between them. In the ordered basis of |t,↑〉,
|t,↓〉, |b,↑〉, |b,↓〉, where t (b) represents the top (bottom)
DSS, the Hamiltonian can be described as

H =
[

ht + Uσ0 hcoup

h†
coup hb − Uσ0

]
, (1)

with

ht (b) = ±
[
v(kxσy − kyσx ) + mσz + Rw

2
(kn

+ + kn
−)σz

]
,

hcoup = (� − Bk2)σ0 − Ra

2
(kn

+ − kn
−)σ0. (2)

Here, k = (k2
x + k2

y )1/2 and k± ≡ kx ± iky. σi’s (i = x, y, z) are
Pauli matrices acting in the spin subspace, and σ0 is a 2 × 2

identity matrix. U is the effective staggered potential caused
by the electric field between the top and bottom DSSs. The
first term in ht (b) describes the helical DSS, with v denot-
ing the Fermi velocity. The mσz term represents the Zeeman
coupling between the DSS and its surrounding magnetic mo-
ment, where the coupling strength |m| is simply assumed to
be the same for the two DSSs but with opposite signs due
to the opposite surface magnetic moments in the AFM TI.
The Rw term in ht (b) comes from the warping effect imposed
by the rotation symmetry Cnz [62,63]. As for the coupling
term hcoup, it should be emphasized that besides the isotropic
coupling up to k2 order [57–60,64,65], we have taken into
account a symmetry-allowed anisotropic coupling, namely,
the Ra term. Remarkably, we have shown that the introduction
of the anisotropic Ra term can give birth to 2n Dirac-cone
states located away from the � point, as schematically shown
in Fig. 1(c). These Dirac cones are termed intertwined Dirac
cones, since they are induced from the hybridization of top
and bottom DSSs. Furthermore, based on the intertwined
Dirac-cone states, a high-Chern-number phase with C = n can
be achieved by tuning the potential U [61], which paves the
way for designing high-Chern flat bands by twisting the AFM
TI thin film as we show below.

Considering the fact that the most well-studied (magnetic)
TIs up to now are Bi2Te3 and MnBi2Te4 family materials
respecting the threefold rotational symmetry C3z, henceforth
we choose the n = 3 case in our paper, and the main results
should remain valid for other cases of n. Correspondingly, the
parameters in our effective model calculations of our paper are
chosen in the same order of magnitude as those used in Bi2Te3

and MnBi2Te4 family materials [58,62,63,66]. Figure 1(b)
schematically shows the twisted Brillouin zones (BZs) of the
top (orange lines) and bottom (blue lines) surface layers, and
the moiré BZ (purple lines), where high-symmetry points are
explicitly labeled. The moiré reciprocal vectors �bim (i = 1, 2)
are given by the difference between the rotated reciprocal
vectors of the bottom and top surfaces as �bim = �bi,t − �bi,b. The
length of �bim can be obtained as |�bim| = 8π sin(θ/2)/(

√
3a0),

where a0 is the lattice constant of the surface layer. The
Hamiltonian after the twist can be written as

Hθ =
[

ht,−θ/2 + Uσ0 T
T † hb,θ/2 − Uσ0

]
, (3)

where ht (b),∓θ/2 = R†
∓θ/2ht (b)R∓θ/2, with R∓θ/2 = e±iθσz/4. T

represents the spatially periodic intersurface moiré hopping
potential, and it suffices [43] to Fourier expand it to the lowest
order as

T = T0 +
6∑

j=1

Tje
i �g j ·�r . (4)

Here, g j’s are the six smallest moiré reciprocal vectors which
can be generated from �b1m by sixfold rotations, as shown in
Fig. 1(d). In the moiré reciprocal lattice, the above approxima-
tion amounts to considering the couplings within the first-shell
reciprocal lattices spanned by gj’s.

III. HIGH-CHERN-NUMBER QUASIFLAT BANDS

For later reference, we first briefly review the emergence of
high-Chern-number state in the untwisted case, the details of
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FIG. 2. (a) Band structures with increasing electric potential U
for the two intertwined Dirac-cone states located along the K-�-K
path in the original untwisted case, where the two Dirac states
have the same (opposite) fractional Chern number for U− < U < U+
(U < U− or U > U+). (b) Typical phase diagram with the twist
angle θ and the electric potential U for a twisted AFM TI thin film
preserving the C3z symmetry. A high-Chern-number state with C = 3
in the intermediate regime of U persists for the concerned twist
angles. Representative band structure (c) and corresponding Berry
curvature distribution (d) in the moiré BZ for the high-Chern-number
(C = 3) state hosting two quasiflat bands near the Fermi level under
a very small twist angle of 0.75◦. In the above numerical calcula-
tions, the parameters are chosen typically as follows: lattice constant
a = 2 Å, m = 0.04 eV, U = 0.045 eV, v = 1 eV Å, � = 0.02 eV,
B = 60 eV Å2, Ra = 200 eV Å3, Rw = 200 eV Å3, and for simplicity
only a k-independent constant coupling with a strength of �/2 is
considered in Tj’s ( j = 1, 2, . . . , 6).

which can be found in Ref. [61]. As shown in Fig. 2(a), when
the potential U is smaller than U− or larger than U+, with U±
given by [61]

U± =
√

v2�/B + [m ± Rw(�/B)3/2]2, (5)

the two intertwined Dirac-cone states (the other four Dirac-
cone states are related by C3z rotations) located along � → K
and � → K directions, respectively, have opposite fractional
Chern numbers ±1/2. As a result, the total Chern number
C equals zero at the Fermi level, whereas when U− < U <

U+, the above two Dirac-cone states have identical fractional
Chern numbers (C = 1/2), leading to a high-Chern-number
state with C = 3.

After the twist between the top and bottom surface layers,
the original band structures will get significantly modified
in the moiré BZ. First, the critical electric fields U± where
topological phase transitions happen accompanying the gap
closing-and-reopening processes of the intertwined Dirac-
cone states are no longer fixed and instead change with θ . A
typical topological phase diagram as a function of θ and U
is presented in Fig. 2(b), where both U+ and U− are found
to increase with decreasing θ . Second, since the moiré BZ is

)b()a(

(c) (d)
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40 meV
50 meV

60 meV

U
U
U
U

FIG. 3. Band structures in the moiré BZ of the twisted AFM TI
thin film with U = 50 meV and gradually reduced twist angels of
(a) θ = 2◦, (b) θ = 1.2◦, and (c) θ = 0.75◦. A significant reduction
of the dispersion of the highest valence and lowest conduction bands
near the Fermi level can be clearly seen, which become nearly flat
in (c). (d) The evolution of the bandwidth of the highest valence
band with decreasing twist angle θ . Besides θ and U , the other
parameters in the numerical calculations are the same as those
in Fig. 2.

much smaller than the original BZ, the moiré band structures
are expected to have a much reduced bandwidth with less
dispersive bands, as will be discussed in detail below. Most
importantly, for a very small twist angle (θ < 1◦), a C = 3
high-Chern-number state hosting almost flat bands near the
Fermi level can emerge. This is exemplified by the band struc-
ture of θ = 0.75◦ and U = 45 meV, shown in Fig. 2(c), where
the bandwidths of the highest valence band (HVB) and the
lowest conduction band (LCB) become smaller than 25 meV.
We have also plotted the corresponding Berry curvature dis-
tribution in the moiré BZ in Fig. 2(d), and it can be seen
that Berry curvatures are still mainly concentrated around
the intertwined Dirac points located along the Mm-�m-Mm

directions.

IV. TWIST-ENGINEERED BAND STRUCTURES

By tuning the twist angle, the band structure of the AFM TI
can be engineered in two aspects. On the one hand, the band-
width can be reduced by decreasing θ , and the bands could
become nearly flat for quite small θ . Figures 3(a)–3(c) show
the evolution of a typical band structure for U = 50 meV with
gradually decreased values of θ = 2◦ [Fig. 3(a)], θ = 1.2◦
[Fig. 3(b)], and θ = 0.75◦ [Fig. 3(c)], where a significant
reduction of the bandwidth can be clearly seen from the
particle-hole symmetric HVB and LCB. Moreover, we have
explicitly plotted the bandwidth of the HVB with decreasing θ

for different values of the potential, as shown in Fig. 3(d). All
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FIG. 4. Electrically tunable flat-band structures (first column)
and corresponding Berry curvatures (second column) of the twisted
AFM TI thin film at θ = 0.8◦ with U = 40 meV (C = 0, first row),
45 meV (C = 3, second row), and 50 meV (C = 0, third row),
respectively. The other parameters in the numerical calculations are
the same as those in Fig. 2.

of them exhibit a monotonous decrease of the bandwidth with
gradually reducing θ until it reaches a small critical value,
beyond which the band becomes quite flat with its width
around 20 meV. On the other hand, according to the phase
diagram in Fig. 2(b), topological phase transitions between
trivial (C = 0) and nontrivial (C = 3) could be induced by
simply tuning the twist angle.

Further, we show that the topological property of the quasi-
flat bands formed by the HVB and LCB near the Fermi
level at small twist angles can be easily tuned by the elec-
tric field. With increasing the potential U , two successive
gap closing-and-reopening processes are found to occur at
U− and U+ from the intertwined Dirac states located along
the �-Mm (and other two C3z-symmetry related paths) and
�-Mm directions, respectively, in the moiré BZ. As an ex-
ample, we have plotted the band structures at θ = 0.8◦ for
three representative values of U , namely, U < U− [Fig. 4(a)],
U− < U < U+ [Fig. 4(c)], and U > U+ [Fig. 4(e)]. The cor-
responding Berry curvatures of the HVB are presented in
Figs. 4(b), 4(d) and 4(f), respectively. The Berry curvature
around the intertwined Dirac state along �-Mm reverses its
sign from negative to positive across the transition point of
U−, as can be seen from Figs. 4(b) and 4(d). This contributes

a total change of +3 for the Chern number of the occupied
bands, thus driving a phase transition from a trivial flat-band
state with C = 0 to a high-Chern-number (C = 3) nontriv-
ial flat-band state. Similarly, the sign change of the Berry
curvatures from positive to negative around the intertwined
Dirac states along �-Mm across U+ changes the Chern number
by −3, and the flat-band system returns to the trivial C = 0
state.

V. SUMMARY AND DISCUSSION

In summary, based on the effective model analysis, we
have proposed realizing high-Chern-number (C = n) flat-
band states near the Fermi level in twisted AFM TI thin
films preserving an n-fold rotational symmetry. The inter-
twined Dirac-cone states induced by anisotropic intersurface
coupling are found to play a crucial role in forming these non-
trivial flat bands through the twisting procedure. Furthermore,
we have also demonstrated that an out-of-plane electric field
could drive topological phase transitions between nontrivial
(C = n) and trivial (C = 0) flat-band states. Our work not
only sheds light on the significance of the recently proposed
intertwined Dirac-cone states, but also open an avenue to
realize high-Chern-number flat bands.

It is noteworthy that the C = 3 phase has already been
confirmed in MnBi2Te4/(Bi2Te3)m/MnBi2Te4 (m = 0, 1, 2)
heterostructures through first-principles calculations [61], and
thus the proposed flat-band states could hopefully be real-
ized in these materials by moiré engineering. As for the
experimental realization, the electric field (displacement field)
can be applied and changed through the commonly used
dual-gate technique, where both the displacement field and
charge density can be simultaneously tuned [67,68]. To
be more specific, the electric field potential for the typi-
cal high-Chern-number flat-band state of our work lies in
the range between 40 and 50 meV, and when taking a 4-
septuple-layer MnBi2Te4 thin film with a thickness of ∼5
nm (∼1.36 nm per septuple layer) as an example, the re-
quired electric field corresponds to the displacement field
between 0.08 and 0.1 V/nm (a typical dielectric constant
and screening factor of ∼10 has been considered), which
is easily accessible in experiments [67,68]. Notably, when
considering lattice relaxation effects [69,70], such as an en-
hancement of the Fermi velocity and the change of interlayer
distance with modified interlayer couplings, the correspond-
ing critical electric field strength may get slightly changed.
Nevertheless, since the Chern-insulator state corresponds to
a charge neutrality single-particle gap, no correlation effects
or fine-tuning fractional fillings are required, thus ensuring
its stability and feasibility for observation. Interestingly, if
electron-electron interactions are considered, exotic states
such as a fractional Chern insulator and chiral superconductiv-
ity may emerge in these systems, which will be left for future
work.
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