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We study the Yu-Shiba-Rusinov (YSR) states in materials with bulk band inversion such as iron-based
topological superconductors or doped topological insulators. We show that the structure of the YSR state
spectrum depends on the doping level relative to the chemical potential at which the band inversion occurs.
Moreover, we demonstrate that the transition from ferromagnetic to antiferromagnetic coupling and vice versa,
which is caused by the coupling of magnetic impurities through the overlap of YSR states, is highly dependent on
the doping level. Additionally, topological edge states may have a substantial impact on the YSR states, leading
to a decrease in YSR state energies and the creation of new states when the magnetic impurity approaches the
boundary.
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I. INTRODUCTION

The observation of superconductivity in doped topological
insulators [1], as well as the prediction of possible topological
superconductivity [2], has triggered extensive investigations
on superconducting doped topological insulators. In re-
cent years, the iron-based superconductor FeSe1−xTex (FST),
which shares similarities in its band structure with doped
topological insulators, emerged as a promising candidate to
realize topological superconductivity [3]. It was theoretically
predicted that similarly to superconducting doped topological
insulators [4], the band inversion in the electronic structure of
FST leads to the localized Majorana zero modes at the end of
the superconducting vortex [5]. The experimental realisation
of vortex zero modes in FST [6–10] led to extensive studies.
On another front, it was shown that the interplay between the
bulk and surface superconducting phases in doped topological
insulators leads to novel phenomena such as vortex phase
transitions [4,11,12], which emerge due to the electronic band
inversion [13] in the bulk bands. The latter results indicated
that the underlying connection of edge states and the bulk
band structure would affect the properties of defect modes in
the superconducting phase.

Another type of in-gap state in superconductors is the
Yu-Shiba-Rusinov (YSR) state which can form on the mag-
netic impurities [14–16]. Iron atoms are common magnetic
impurities in FST [17,18] and their corresponding YSR states
are observed [18–20]. The YSR states in FST have particu-
lar features, such as their robust appearance at zero energy,
which are not common in other superconducting materials.
Different theoretical models have attributed the anomalous
features of YSR states to phenomena such as the develop-
ment of anomalous vortices at magnetic impurity sites [21],
interaction between modes in different vortices [22], the effect
of topological band structure in the parent insulating phases

[23], and modification of the form of superconducting pairing
as a result of the Zeeman field of magnetic impurities [24].
On another front, interaction between magnetic impurities
arranged on a line in a superconductor can lead to forma-
tion of one-dimensional topological superconductors with the
potential for generating Majorana states [25,26]. Interaction
between magnetic impurities in superconductors results from
overlap between YSR states localized on different impurities.
It has been shown that the nature of the superconducting
state, as well as the presence of spin-orbit coupling [27–29],
could affect the interaction of magnetic impurities induced by
the YSR states. The possibility of YSR states going through
quantum phase transition has been also of particular current
interest [30,31].

In this paper we study the YSR states in superconducting
doped topological insulators. Our efforts are motivated by
previous results on the effects of doping level on vortex modes
in doped topological insulators and resulting vortex phase
transition. We show that the presence of band inversion in the
bulk bands has a crucial effect on the properties of YSR states
and coupling between magnetic impurities which is induced
through overlap of YSR states in superconducting phase. In
particular, anomalously strong dependence of magnetic cou-
pling on the doping level and local charge fluctuations arises
due to the band inversion in the bulk bands. The topological
edge states near the boundaries, even though they are gapped
by the superconductivity, push the YSR states closer toward
the middle of superconducting gap. The emergence of zero-
energy YSR states has drawn a lot of attention since they
may shed light on the emergence of Majorana zero modes,
which is promising for realizing fault-tolerant quantum
computing [32].

The rest of the paper is organized as follows: In Secs. II and
III we present the bulk model Hamiltonian and the resulting
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FIG. 1. Single-impurity YSR bound states as a function of chemical potential, for (a) nontopological case (m < 0) and (b) topological case
(m > 0). The critical chemical potential (μc

f = √
M/m) is indicated by the dashed line in the topological cases. We set M = 1, |m| = 0.5, and

J S = 20/π . (c) The low-energy bulk bands for the topological (blue) and nontopological (red) cases, respectively. The green dashed line in
each figure represents the critical chemical potential where (d) the topological mass M̃F changes sign.

YSR spectrum of magnetic impurities. In Sec. IV we examine
the coupling of magnetic impurities induced by overlap of
YSR states and its dependence on the chemical potential. In
Sec. V we examine the enhanced effect of charge disorder on
the magnetic coupling. In Sec. VI we show that the presence
of bulk band inversion leads to strong dependence of the type
of magnetic coupling on the chemical potential and leads to
transition between ferro- and antiferromagnetic coupling by
tuning the chemical potential.

II. MODEL HAMILTONIAN

In this paper, we use the following four-band tight-binding
Hamiltonian in a cubic lattice corresponding to a Z2 topologi-
cal insulator [33],

HL(K) = vp[sin(Kx )γ 1 + sin(Ky)γ 2 + sin(Kz )γ 3]

+ M(K)γ 5, (1)

where M(K)= −M0 + M1[cos(Kx )+cos(Ky)]+M2 cos(Kz ).
We have defined γ 1 = τ 1 ⊗ σ 1, γ 2 = τ 1 ⊗ σ 2, γ 3 = τ 1 ⊗
σ 3, and γ 5 = τ 3 ⊗ σ 0, where the Pauli matrices σ i and τ i

act on the spin and orbital degrees of freedom, respectively.
The model Hamiltonian in Eq. (1) is directly relevant for
two orbital topological insulators, e.g., Bi2Se3, whereas for
the iron-based superconductors with band inversion, such as
FeSexTe1−x, the effective Hamiltonian includes larger number
of orbitals [3,24,34]. With the parameters vp = 1, M0 = 2,
M1 = 1, and M2 = −1, HL(p) has a single band inversion
at Z = (0, 0, π ) between energy bands with opposite parities
which describes a Z2 topological band [13]. Therefore, with
this choice of parameters the surface Dirac cone emerges on
the edge. The band inversion in the bulk electronic bands,
which is captured by the Hamiltonian in Eq. (1), is the main
origin of the phenomena discussed in this paper. Given the
presence of band inversion close to the Fermi energy in
FeSexTe1−x, we expect similar phenomena to emerge in the
latter material as well. The effective bulk Hamiltonian for the
3D topological insulator near the band inversion point, i.e.,
Z = (0, 0, π ), in the continuum limit is given by the following

continuum Hamiltonian,

H (p) = v f p · γ + M̃(p)γ 5, (2)

where γ = (γ 1, γ 2, γ 3), p is the momentum relative to
the Z = (0, 0, π ) point, and p = |p|. M̃(p) = M − mp2 with
M = 3M1 − M0, and m = M1/2 is the momentum-dependent
mass gap. In the rest of the paper we set v f = 1, without loss
of generality. We note that 2M is the energy gap between
valence and conduction bands and is considered positive in
our model. The topological characteristic can be determined
by the sign of the parameter m as sgn(m) > 0 leads to band
inversion; otherwise, the band gap is topologically trivial
[Fig. 1(c)].

Similar to previous studies on the vortex mode spectrum in
doped topological insulators [4,11], we consider intraorbital
singlet superconducting pairing in the bulk, corresponding to
the following Bogoliubov–de Gennes (BdG) Hamiltonian:

HBdG = μ3[H (p) − μ f γ
0] + μ2γ 4�. (3)

Here, μi acts in Nambu particle-hole space, γ 0 = τ 0 ⊗ σ 0,
γ 4 = τ 0 ⊗ σ 2, and the s-wave pairing potential is �. The
chemical potential μ f can be tuned into the valence or con-
duction bands with significant impacts on the YSR bound
state energies near the impurity. The YSR states result from
adding magnetic interaction with the impurity spin of the
form V imp

i (r) = −J
∑

i Si · σ δ(r − ri ) to the Hamiltonian,
where the spin of the impurity is defined as S = Sẑ, J de-
termines the coupling strength between impurities and the
electrons, and the index i runs over all the impurities at
the position ri. This impurity potential corresponds to im-
purities with large spins which can be treated classically
in the limit S → ∞, while simultaneously J → 0, so that
J S = constant [35]. In this regime, we ignore the Kondo
scattering effect and the localized spin acts as a local mag-
netic field. We only consider the purely magnetic scattering
term.
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III. THE YSR SPECTRUM

To determine the YSR energy spectrum and the wave func-
tions, we start with the following Schrödinger equation:

[ω − HBdG]ψp =
∑

j

V imp
j e−ip·r j ψ (r j ), (4)

where ω is the energy of the YSR states and the sum is over
impurity potentials. Equation (4) can be written in terms of the
Green’s function (GF) in the following form [27,28,36–40],

ψ (ri ) =
∑

j

V imp
j G(ω, ri j )ψ (r j ), (5)

where ri j = ri − r j and G(ω, ri j ) = ∫ dp
(2π )3 eip·ri j G(ω, p) is

the Fourier transform of the momentum-space GF G(ω, p) =
(ω − HBdG)−1. The spectrum of the YSR states is then deter-
mined by requiring Eq. (5) to have a nontrivial solution. The
procedure above can be applied to a single or multiple impuri-
ties which incorporates the interaction between the impurities.
The GF for the BdG Hamiltonian in momentum space reads as

G(ω, p) = (ω − HBdG)−1

= μ3
[
η2H− − (

μ2
f − λ2

)
H+

] + �̂(η2 + H2
+)

(η2 + ε2+)(η2 + ε2−)
, (6)

where �̂ = ωμ0 + �μ1, H± = H (p) ± μ f , λ =√
p2 + M̃(p)2 , ε± = −μ f ± λ, and η = √

�2 − ω2. The
full GF in Eq. (6) can be written as the sum of G+(ω, p) and
G−(ω, p), where

G±(ω, p) = 1

2λ

μ3ε± + �μ1 + ω

ε2± + �2 − ω2
[λγ 0 ± M̃(p)γ 5 ± p · γ ]

(7)

correspond to the GFs where the contribution of the
conduction or valence bands are dominant, i.e., μF > M
or μ f < M, respectively.

Using the real-space GF at the origin (r = 0)
(Appendix A), and assuming that μ f > M, the spectrum
of YSR states associated with a single impurity is determined
by the roots of the equation det[1 ± J SG0(ω)] = 0, in which
G0(ω) is the local single-impurity GF described as

G0(ω) =
∫

dp
(2π )3

G+(ω, p)

= πν0

2η
(ω + �μ1)

(
γ 0 + M̃F

μ f
γ 5

)
, (8)

where M̃F is the topological mass term at the Fermi surface,
i.e., M̃F = M̃(p = pF ), and ν0 = p f μ f

2π2(1−2mM̃F )
is the density of

states. The resulting spectrum of YSR states is given by

ω±± = ±�
1 − β2

±
1 + β2±

, (9)

where β± = ν̃(1 ± M̃F
μ f

), and ν̃ = π
4 J Sν0. Note that at the

critical chemical potential μc
f = √

M/m where the topological
mass term changes sign, i.e., M̃(p = pc

f ) = 0, the two subgap
energies cross and lead to a degeneracy, i.e., ω+,+ = ω+,− and
ω−,+ = ω−,−.
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FIG. 2. The single-impurity-induced YSR bound state energies
as a function of impurity potential strength J S, at the critical chemi-
cal potential μc

f = √
2, higher than μc

f , i.e., μ f = 1.6, and lower than
μc

f , i.e., μ f = 1.2. The blue and red lines represent the topological
and trivial phases. We set the parameters M = 1, and m = 0.5 for the
topological case and m = −0.5 for the nontopological case.

Figure 2 shows the spectrum of YSR states as a function
of coupling strength with impurity spin and Fig. 1 shows
the spectrum of YSR states as a function of the chemical
potential for topological and nontopological doped insulators.
The YSR in-gap state energies are expressed in units of half
of the superconducting gap, i.e., ω/� in all figures. We note
that the size of the superconducting gap in FST, which is an
example of a superconductor with electronic band inversion
in the normal state, is reported as 2� = 2–3 meV [6]. It can
be seen in Fig. 1(b) that the YSR state spectrum is strongly
correlated with the chemical potential. In particular, the gap
between the YSR state energies in the particle sector vanishes
at the critical chemical potential where M̃(p) vanishes and
changes sign in the topological case. The critical chemical
potential, which identifies the band inversion point, is repre-
sented by the vertical dashed line in Fig. 1(b). The effect of
the band inversion on the vortex modes in superconducting
doped topological insulators and the associated vortex phase
transition was previously studied [4]. Experimental observa-
tion of the vortex phase transition is challenging due to the
large number of vortex modes and the small energy gap, which
is of the order of �2/ε f , where � is the superconducting
gap and ε f is the Fermi energy. The number of in-gap YSR
states is much smaller than the vortex modes. The YSR states
splitting gap given in Eq. (9), which is of the order of a
superconducting gap, is considerably larger than that of vortex
modes [41–43]. Consequently, the evolution of the YSR spec-
trum with chemical potential and the emergent degeneracy
at the critical chemical potential are much more promising
to be experimentally observed. Experimental determination
of the critical chemical potential through the variation of the
YSR spectrum by doping level makes it possible to verify the
phenomena predicted in this paper.

IV. EFFECT OF CHEMICAL POTENTIAL
ON YSR-INDUCED COUPLING
OF MAGNETIC IMPURITIES

The application of the coupled YSR states for the realiza-
tion of Majorana modes [25] has motivated extended studies
of the YSR-state-induced coupling of magnetic moments in
a superconductor [26,30]. The coupling of magnetic impu-
rities in the superconducting state can be examined through
the spectrum of multiple YSR states and its dependence on
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the separation of the impurities. According to Eq. (5), the
spectrum of YSR states induced by two magnetic impurities
(i, j = 1, 2) with impurity potentials V1(2) = −J Sz

1(2)σz cor-
responds to the nontrivial solutions of the equation below,

det

(
1 − G0(ω)V1 −G(ω, r)V2

−G†(ω, r)V1 1 − G0(ω)V2

)
= 0, (10)

where G0(ω) is the local GF and G(ω, r) is the nonlocal
two-site propagator GF, in which r = r1 − r2, and r = |r|
is the separation of the two impurities. In the absence of
G(ω, r), the diagonal part in Eq. (10) results in the YSR state
spectrum generated by each individual magnetic impurity.
The off-diagonal parts which depend on G(ω, r) modify the
energy of single YSR states by taking into account the effects
of the hybridization of YSR states between the impurities at
the distance of r. Accordingly, the main effect of interactions
is implemented through G(ω, r):

G(ω, r) = πν0

2

{[
�̂

η
f1(q) + μ3 f2(q)

](
γ0 + M̃F

μ f
γ 3

)

+ i

[(
�̂

η

p f

μ f
− η

μ f
μ3

)
f3(q)

+
(

μ3 p f

μ f
+ �̂

μ f

)
f4(q)

]
γ 3

}
. (11)

Here, q = r pF , and the r-dependent functions are defined as
f1(q) = sin q

q , f2(q) = cos q−1
q , f3(q) = sin q−q cos q

q2 , and f4(q) =
q sin q+cos q−1

q2 . Obviously, by separating two impurities to the
long distances r → ∞, the interacting GF, G(ω, r), will van-
ish by 1/r. The explicit derivation of Eq. (11) is given in
Appendix B. Given the dependence of the G(ω, r) on the mass
parameter M̃(p), and the fact that the dominant contribution
to the GFs comes from the states close to the Fermi surface,
we would expect that the binding energies in the topological
case have a dependence on the chemical potential due to the
band inversion, i.e., momentum dependence of M̃(p). As we
will show below the binding energy of magnetic impurities
strongly depends on the chemical potential when the separa-
tion of impurities is smaller than the superconducting coherent
length.

The binding term of the dimer YSR energies is given
by G(ω, r)G†(ω, r) [Eq. (10)], which can be split into two
general terms, i.e., A1r−a1 + A2r−a2(>−a1 ), respectively, where
A1 = ν̃2[1 − ( M̃F

μ f
)2]2 = ν̃2( p f

μ f
)4, and A2 = ν̃2( p f

μ f
)2. Then,

A1/A2 = ( p f

μ f
)2 < 1, which can approach its maximum value

at the critical chemical potential. Therefore, the slowly decay-
ing term is suppressed as the chemical potential moves away
from the critical chemical potential μc

f .

V. EFFECT OF CHARGE DISORDER ON YSR-INDUCED
MAGNETIC COUPLINGS

The presence of charge disorder can naturally lead to the
chemical potential fluctuations in the materials. In partic-
ular, the chemical potential variation has been reported in
FeSexTe(1−x) [44,45], which has been extensively studied in
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FIG. 3. Change in the lowest YSR energies of the two impurities
with respect to the lowest YSR state of a single impurity as a function
of their separation. As the separation increases, the energy of YSR
states approaches the energies of YSR states at the single impurity.
(a) and (b) correspond to ferromagnetic and (c) and (d) correspond to
antiferromagnetic arrangement. In (a) and (c) the chemical potentials
at the positions of the two impurities are the same. In (b) and (d) the
chemical potentials at the positions of the two impurities are above
and below critical chemical potential. We set M = 1, m = 0.5, v f =
1, and J S = 20/π . The decay rate is fitted to ω/� = ar−|b|. The
dimer exists in a longer range for smaller values of the power |b|. In
this figure, FM (AFM) stands for (anti)ferromagnetic.

recent years as an example of a superconductor with band
inversion in electronic bands. Interestingly, assuming a short-
range form for the impurity potential, the GF directly depends
on the chemical potential at the position of the impurity. As a
result, the effect of chemical potential variation can be exam-
ined using the GF method. The GF form of the Schrödinger
equation is given by

ψ (ri ) =
∑

j

V imp
j G

(
ω,μ

j
f ; ri − r j

)
ψ (r j ), (12)

which leads to(
1 − G0

(
ω,μ

(1)
f

)
V1 −G

(
ω,μ

(2)
f , r

)
V2

−G†
(
ω,μ

(1)
f , r

)
V1 1 − G0

(
ω,μ

(2)
f

)
V2

)(
ψ1

ψ2

)
= 0.

(13)
The above equation imposes the requirement that the deter-
minant of the matrix be zero, which results in a polynomial
equation of ω for each value of chemical potential μ f .
Figure 3 represents the output of the numerical calculations
employed to find the roots of the determinant for each ω

and μ f . We define the interaction energies of YSR states, as
indicated in Fig. 3, as subtracting the corresponding single-
impurity-induced YSR energies from the dimer YSR energies.
The results demonstrate how coupling of magnetic moments
can be significantly impacted by small fluctuations in the local
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chemical potential near the critical chemical potential. The
line ω/� = ar−|b| has been fitted to determine the decay rates
of the variation in the YSR energies at two impurities due to
their hybridization in the absence [Figs. 3(a) and 3(c)] or pres-
ence [Figs. 3(b) and 3(d)] of the chemical potential imbalance.
According to our numerical results shown in Fig. 3, when two
impurities have different chemical potentials in a way that one
is higher and the other is lower than the critical point μc

f , their
interaction energy decays much faster compared to when they
have the same chemical potential.

The effect of chemical potential fluctuations on YSR-state-
induced coupling of magnetic moments could be understood
by examining the overlap of YSR wave functions localized at
two impurities. The overlap wave function of two localized
YSR states with opposite signs of M̃F with μ f = μ1

f at r1 and
μ f = μ2

f at r2 is defined as

∫
�∗

μ1
f
(r − r1)�μ2

f
(r − r2)dr. (14)

The detailed derivation of the wave function of YSR states
at the position of r, i.e., �(r), is given in Appendix C.

In the limit of r1 → r2 and using the wave function com-
ponents in Appendix C, the overlap integral approaches∫

�∗
μ1

f
(r − r1)�μ2

f
(r − r2)dr

= 2ν̃1ν̃2√
N1N2

{(
1 + M̃1

F M̃2
F

μ1
f μ

2
f

)(
1 + ω1

η1

1 + ω2

η2
G1 + G2

)

+

⎡
⎢⎣

√√√√1 −
(

M̃1
F

μ1
f

)2
√√√√1 −

(
M̃2

F

μ2
f

)2
⎤
⎥⎦

×
(

1 + ω1

η1

1 + ω2

η2
G3 + G4

)}
, (15)

where η1(2) =
√

�2 − ω2
1(2) , Gi = ∫

f 2
i (q, α) r2drdαdφ, with

q = r p f , and the normalization factor of wave functions with
chemical potential μ

1(2)
f is given by

N1,2 = 2ν̃1,2

{[
1 +

(
M̃1,2

F

μ1,2
f

)2][(
1 + ω1

η1

)2

G1 + G2

]

+
⎡
⎣1 −

(
M̃1,2

F

μ1,2
f

)2
⎤
⎦

[(
1 + ω2

η2

)2

G3 + G4

]}
. (16)

Figure 4 shows the numerical calculation of the over-
lap integral [Eq. (15)] between two YSR wave functions
with μ1,2

f = μc
f ± δμ f . The real-space functions, fi(q, α), are

derived through numerical integration in momentum space
(detailed in Appendix C). Subsequently, we perform addi-
tional numerical integration over real space to obtain the Gi

coefficients, which are crucial components in the equation de-
scribing the overlap of wave functions [Eq. (15)]. Based on
the result represented in Fig. 4, if there are two impurities
with the same chemical potential at the critical value, then
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FIG. 4. Overlap integral of two wave functions with μ
1,(2)
f =

μc
f ± δμ f , where (a) μc

f = √
2, M = 1 (bottom of the band), and

m = 0.5, and (b) μc
f = 0.21, M = 0.1 (bottom of the band), and

m = 2.2. δμ f = 0 indicates that two impurities possess the critical
chemical potential. However, when δμ f approaches δμc

f = μc
f − M

corresponding to (a) 0.41 and (b) 0.11, μ(1)
f comes close to the bottom

of the band (μ(1)
f = M) while μ

(2)
f is in the band (μ(2)

f = 2μc
f − M).

δμ f = 0 or μ1
f = μ2

f = μc
f . On the other hand, when one of

the chemical potentials approaches the bottom of the band, it
leads to δμ f = μc

f − M, i.e., μ1
f = M, and μ2

f = 2μc
f − M.

According to the overlap integral in Eq. (15), the overlap of
two wave functions can be more suppressed when the critical
chemical potential μc

f is close to the bottom of the band and
simultaneously μ1

f < μc
f and μ2

f > μc
f . Figure 4(b) represents

the overlap integral for the critical point much closer to the
bottom of the band compared to (a). As we can see, there may
be more suppression in the overlap wave functions associated
with chemical potentials closer to the bottom of the band.

VI. TRANSITION BETWEEN FERROMAGNETIC AND
ANTIFERROMAGNETIC COUPLING OF MAGNETIC

IMPURITIES CONTROLLED BY CHEMICAL POTENTIAL

It has been shown that the magnetic order in a dimer
induced by YSR states could be ferromagnetic or antiferro-
magnetic [27,37,46]. In this section, we examine the effect
of chemical potential on the type of the magnetic coupling
between two impurities. To this end, we derive the binding
energy of ferromagnetically and antiferromagnetically ori-
ented impurities. The type of the coupling corresponds to the
configuration with lower energy. Figure 5 shows the YSR state
energy induced by two magnetic impurities for both ferro-
magnetic (blue), i.e., V1,V2 > 0, and antiferromagnetic (red),
i.e., V1 > 0,V2 < 0, configurations as a function of chemical
potential. Figure 6 illustrates the numerical calculations of
YSR energy states as a function of impurity potential J S for
the ferromagnetic case.

In Fig. 5, at the critical chemical potential, the two
ferromagnetic and the two antiferromagnetic phases are in-
dependently degenerate. The degeneracy could be understood
from Eq. (11). At the critical point when M̃F |μ f =μc

f
= 0, the

energy of YSR states corresponding to two eigenvalues of
the Pauli operator τ3 (which acts on the orbital space) are
degenerate. Therefore, the eigenstates corresponding to the
two possible ferromagnetic or antiferromagnetic configura-
tions are independently degenerate. In the GF framework the
degeneracy corresponds to the multiplicity of roots of the
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FIG. 5. YSR bound states near a dimer as a function of chemical
potential, for topological case [m > 0: (a), (c)] and nontopological
case [m < 0: (b), (d)]. The critical chemical potential is indicated by
the dashed red line. We set r = 5, J S = 20/π , and [(a), (b)] M = 1,
m = 0.5 and [(c), (d)] M = 1, m = 0.4. The blue and red lines indi-
cate the ferromagnetic and antiferromagnetic dimer configuration.

identifying polynomial in Eq. (10). The degeneracy is lifted
as the chemical potential deviates from the critical value,
leading the mass parameter M̃F to deviate from zero. Conse-
quently, away from the critical point the energy ω/� varies
with different slopes as the chemical potential varies and
leads to the crossing of ferromagnetic and antiferromagnetic
bound state energies. Such crossings indicate transitions be-
tween the ferromagnetic and antiferromagnetic ground states
of two magnetic impurities at specific chemical potentials.
The presence of band inversion in bulk bands is then crucial
for the realization of the latter transitions in the form of the
YSR-induced magnetic couplings. Figures 5(b) and 5(d) rep-
resent the dimer energy for the nontopological phase (m < 0)
with different parameters. In the absence of the bulk band
inversion, there is no crossing between two types of magnetic
coupling in the nontopological phase.
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0

1(a) (b) (c)
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1
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0

1

FIG. 6. The dimer-induced YSR bound state energies as a func-
tion of impurity potential strength J S, at the critical chemical
potential μc

f = √
2, higher than μc

f , i.e., μ f = 1.6, and lower than
μc

f , i.e., μ f = 1.2. The blue and red lines represent the topological
and trivial phases. We set the parameters M = 1, and m = 0.5 for the
topological case and m = −0.5 for the nontopological case.

VII. EFFECT OF THE EDGE

The experimental signature of topological phases is com-
monly in the form of robust edge states that develop on the
boundaries [47,48]. When the bulk bands are doped and con-
ducting, the edge states can scatter into the bulk but evidence
has been presented that the signatures of edge states could still
appear in the case of a superconducting doped topological
insulator. An example in this regard is the presence of a
zero-energy Majorana mode at the end of the vortex where
they cross the edge of the sample [4]. It is demonstrated that
this mode persists until the bulk doping reaches the critical
doping level. It is then important to determine whether the
distance of impurities from the edge could affect the YSR
states in the superconducting phase. To this end, we need
to develop a formalism to capture the boundary within the
GF method. Previously, the effect of the hard wall boundary
on the YSR states was captured by explicitly imposing the
vanishing of the wave function at the boundary through mod-
ification of the Green’s function [36]. The latter construction,
though, is not capable of capturing the effect of topological
insulator edge states when the bulk is doped. In this paper, we
adopt a different approach that models the hard wall boundary
by implementing the edge through an infinite potential in
the GF method. The Schrödinger equation in terms of the
GF with impurity potential at the position r j and an infi-
nite 2D impurity potential V HW = V μ3γ 5 placed at z = d is
written as

(ω − HBdG)ψ (r) =
∑

j

V imp
j δ(r − r j )ψ (r j )

+ V HWδ(z − d )ψ (r). (17)

The above Schrödinger equation can be written in terms
of the GF with the hard wall boundary by taking the limit of
V → +∞ in V HW (Appendix D):

ψ (0) =
∑

j

V imp
j

{
G(ω, 0)

−
∫

dp‖
(2π )2

G(p‖,−d )G(p‖, 0)−1G(p‖, d )

}
ψ (0),

(18)

where we consider r1 = 0 for the single-impurity case.
The GF with hard wall boundary reduces to

Gb(ω, d ) = G0(ω)

−
∫

dp‖
(2π )2

G(p‖,−d )G(p‖, 0)−1G(p‖, d ).

(19)

The derivation of Eq. (D5) is given in Appendix D. In the
presence of the boundary, the YSR states with energy ω satisfy
the following equation,

det
[
1 − V imp

1 Gb(ω, d )
] = 0, (20)

where d is the distance of the impurity from the boundary.
The solution of the above equation represents boundary-
induced modifications of YSR states as compared to the case
where an impurity is located in the bulk [when d → ∞, and
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FIG. 7. The YSR states as a function of chemical potential induced by single impurity [(a1), (a2)] in the bulk of a topological superconduc-
tor, and [(b1), (b2)] near its boundary. Their corresponding results for the nontopological cases are shown in [(c1), (c2)] for the trivial bulk and
[(d1), (d2)] near the trivial boundary. We set d = 3, M = 1, and |m| = 0.5 for topological (nontopological) m > 0 (m < 0), and J S = 26/π

for (a1) and (b1), J S = 20/π for (a2) and (b2).

Gb(ω, d ) → G0(ω)]. The results are shown in Fig. 7 for both
topological (top row with m > 0) and nontopological (bottom
row with m < 0) cases. Additionally, a comparison of the
YSR states is made between the situations in which an im-
purity is near the boundary [Figs. 7(b1), 7(b2)] and when it is
in the bulk [Figs. 7(a1), 7(a2)]. Our findings demonstrate that
when there is a band inversion in the bulk electronic bands,
the modification of YSR states caused by the boundary can
be significant. The main effect of the band is that, at certain
chemical potential ranges, the boundary drives the YSR state
to the lower energies. The primary effect of the edge would be
the breaking of translation symmetry, which would lead to the
formation of hybridization between YSR state orbitals. Such
hybridization would push the energy of lower states toward
zero energy.

The energy of YSR states depends not only on the dis-
tance away from the boundary but also explicitly depends
on the strength of the impurity potential, as we can compare
Figs. 7(b1) and 7(b2). As can be seen from the results in the
bottom row of Fig. 7, the YSR states in the nontopological
case are significantly more boundary independent.

VIII. CONCLUSION

In this paper, we studied the effect of bulk band inversion
on the YSR states in superconducting doped topological ma-
terials. Our results could potentially be realized in materials
such as superconducting Nb-doped Bi2Se3 [1] and topologi-
cal Fe-based superconductors [18]. In addition to identifying
novel phenomena in superconducting phases of materials with

topologically nontrivial electronic states, our results could ad-
dress some of puzzling features in the latter material [49,50].
We should note that the phenomena explored in this paper
result from a conventional type of intraorbital pairing in the
material. The novel property of the superconducting defect
modes results from the bulk band inversion rather than un-
conventional SC pairing. The strong tunability of YSR states
through the control of chemical potential points to the pos-
sibility of quantum phase transitions in magnetically doped
topological materials which are tuned by doping level. In
this paper we treated the impurity spin classically which is
relevant for large spins. Studies of impurities with small spin,
which should be analyzed quantum mechanically, as well as
the possibilities of doping-induced bulk magnetic phase tran-
sitions in the presence of dense magnetic impurities, are the
subjects of our future studies.

ACKNOWLEDGMENTS

We thank Rafael Fernandes and Ruixing Zhang for fruit-
ful discussions. We acknowledge support from NSF Grant
No. HRD-2112550 (NSF CREST Center IDEALS) and NSF
Grants No. DMR-1824265 (D.N. and P.G.), No. DMR-
2130544 (P.G. and S.H.), and No. DMR-2047193 (P.H.).

APPENDIX A: LOCAL GREEN’S FUNCTION

The superconducting GF corresponding to the Hamiltonian
HBdG = μ3(H (p) − μ f γ

0) + � μ2γ 4, where H (p) = v f p ·
γ + M̃(p)γ 5, is written as
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G(ω, p) = (ω − HBdG)−1 = μ3(η2(H − μ f ) − (μ2
f − λ2)(μ f + H )) + �̂(η2 + (μ f + H )2)

(η2 + ε2+)(η2 + ε2−)
, (A1)

where ε± = −μ f ± λ, λ =
√

v2
f p2 + M̃2

F , η = √
�2 − ω2,

H = M̃F γ 5 + p · γ , and �̂ = ωμ0 + �μ1. The full-band GF
in Eq. (A1) can also be written as a sum G+ + G− where

G±(ω, p) = 1

2λ

μ3ε± + �μ1 + ω

ε2± + �2 − ω2

× (λγ 0 ± M̃(p)γ 5 ± v f p · γ ). (A2)

The aforementioned G± is equivalent to the contribution of the
conduction and valence bands, respectively. They are valid for
chemical potentials that cross the bands where |μF | > M. The
real-space GF at the origin (r = 0) is given by

G0(ω) =
∫ ∞

0

d3 p

(2π )3
G+(ω, p), (A3)

leading to

G0(ω) = ν0

2

∫
μ3ε + �μ1 + ω

ε2 + �2 − ω2

(
λγ 0 + M̃(p)γ 5

λ

)
dε.

(A4)
Using the integrals

∫ +∞
−∞

ε
ε2+η2 dε = 0,

∫ +∞
−∞

dε
ε2+η2 = π

η
, where

η = √
�2 − ω2, and assuming the fact that most of the con-

tributions come from the Fermi surface p ∼ p f + ε/v f , the
local GF would be

G0(ω) = πν0

2η
(ω + �μ1)

(
γ 0 + M̃F

μ f
γ 5

)
. (A5)

APPENDIX B: NONLOCAL GREEN’S FUNCTION

The two-site GF propagator between spatial coordinates ri

and r j is given by

G(ω, r) =
∫

dp
(2π )3

eip·rG(ω, p), (B1)

where r = ri − r j . Having assumed that most of the contribu-
tions come from the Fermi surface, and r = rẑ, the interacting
GF is given by

G(ω, r) =
∫

d3 p

(2π )3
e−ir p(ε) cos θG+(ω, p)

= ν0

2

∫ �

−�

dε d cos θ e−ir p(ε) cos θ G+(ω, p), (B2)

where

G+(ω, p) = 1

2λ

μ3ε+ + �μ1 + ω

ε2+ + �2 − ω2
(λγ 0 + M̃(p)γ 5 + v f p · γ )

(B3)

is the conduction band GF. Using the following integrals,∫ +∞

−∞
dε

eip(ε)r cos θ

ε2 + η2
= π

η
exp(ip f r cos θ − η

v f
|r cos θ |)

(B4)

and∫ +∞

−∞
dε

ε ei(p f +ε/v f )r cos θ

ε2 + η2
= iπ sgn(r cos θ ) exp(ip f r cos θ

− η

v f
|r cos θ |), (B5)

the interacting GF would be

G(ω, r) = πν0

2

[(
�̂

η
f1(q) + μ3 f2(q)

)(
γ0 + M̃F

μ f
γ 3

)

+ i

{(
�̂

η

v f p f

μ f
− η

μ f
μ3

)
f3(q)

+
(

μ3 v f p f

μ f
+ �̂

μ f

)
f4(q)

}
γ 3

]
, (B6)

where we define q = r p f , and

f1(q) = sin q

q
, f2(q) = cos q − 1

q
,

f3(q) = sin q − q cos q

q2
, f4(q) = q sin q + cos q − 1

q2
.

(B7)

We assumed e−r/ξc ≈ 1 since r 
 ξc, in which ξc = v f /� is
the coherence length of the superconductor.

APPENDIX C: YSR WAVE FUNCTION

The wave function of YSR states at the position of r is
defined as

�(r) =
∫

dp
(2π )3

eip·rψ (p)

= ∓J Sν0

2

∫
dεp d cos θ eipr cos(θ−α)G+(ω, p)ψ (0),

(C1)

where ψ (0) is the wave function at the position of the im-
purity, and �(r, p) = θ − α. The r-dependent wave function
is then given by �(r) = 1√

N
{ψ+

1 |↑〉, ψ−
1 |↑〉, ψ+

2 |↑〉, ψ−
2 |↑〉},

where |↑〉 = (1, 0) and N = ∫
dr|ψ (r)|2. The components of

the wave function are given by

ψ±
1 = β±

(
ω′

η
f1(q, α) − f2(q, α)

)

+ iν̃
v f p f

μ f

(
ω′

η
f3(q, α) + f4(q, α)

)
,

ψ±
2 = β±

(
ω′

η
f1(q, α) + f2(q, α)

)

+ iν̃
v f p f

μ f

(
ω′

η
f3(q, α) − f4(q, α)

)
, (C2)
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where ω′ = ω + �, and

f1(q, α) = 1

2

∫ 1

−1
eiq cos(θ−α)d cos θ,

f2(q, α) = 1

2

∫ 1

−1
sgn(r cos θ ) eiq cos(θ−α)d cos θ,

f3(q, α) = 1

2

∫ 1

−1
cos θ eiq cos(θ−α)d cos θ,

f4(q, α) = 1

2

∫ 1

−1
sgn(r cos θ ) cos θ eiq cos(θ−α)d cos θ. (C3)

APPENDIX D: GREEN’S FUNCTION IN THE PRESENCE
OF HARD WALL BOUNDARY

The Schrödinger equation can be written in terms of the GF
with impurity potentials on the right-hand side. We consider
multiple impurities placed at the positions r j , and an infinite
2D impurity potential V HW = V μ3γ 5 placed at z = d acting
like the hard wall,

[ω − HBdG]ψ (r) =
∑

j

V imp
j δ(r − r j )ψ (r j )

+ V HWδ(z − d )ψ (r). (D1)

Using the identity ψ (r) = ∫ dp
(2π )3 eip·rψ (p), and multiplying∫

e−ip′ ·rdr from the left and then multiplying
∫

e−ip′ ·ri dp′
(2π )3 to

both sides, the above equation takes the form

ψ (ri ) =
∑

j

V imp
j G(ω, ri j )ψ (r j )

+
∫

dp‖
(2π )2

eip‖·r‖,i G(p‖,−d )V HWψ (p‖, d ), (D2)

where we assume the impurity is placed at the origin and the
boundary is at the distance of d . Using the previous proce-

dures, the wave function ψ (p‖, d ) can be obtained as

ψ (p‖, d ) = G(p‖, d )(1 − V HWG(p‖, 0))−1

×
∑

j

V imp
j ψ (r j )e

−ip‖·r‖, j . (D3)

Plugging ψ (p‖, d ) into Eq. (D2), and taking the limit of
V → +∞, we will get

ψ (ri ) =
∑

j

V imp
j

{
G(ω, ri j ) −

∫
dp‖

(2π )2
e−ip‖·r‖,i j

× G(p‖,−d )G(p‖, 0)−1G(p‖, d )

}
ψ (r j ), (D4)

where ri j = 0 for the single impurity. The boundary GF, there-
fore, reduces to

Gb(ω, d ) = G0(ω)

−
∫

dp‖
(2π )2

G(p‖,−d )G(p‖, 0)−1G(p‖, d ).

(D5)

Using the identity G(p‖, d ) = ∫ d pz

2π
eipzd G(p), and chang-

ing the integration over pz into the integration over energy ε,
i.e., d pz

2π
= F (ε, p‖)dε, with fixed p‖, we get∫

d pz

2π
eipzd G(p) =

∫
F (ε, p‖)e−ipz (ε,p‖ )d G(ε, p)dε (D6)

where

F (ε, p‖) = ε + μ f

2πv2
f pz(ε, p‖)(1 − 2mM̃(ε, p‖))

. (D7)

Given the weak-pairing type of superconductivity considered,
the dominant contributions to the in-gap states emerge from
electronic states with energy close to the chemical potential.
As a result, we can keep the terms up to the first order of ε,

F (ε, p‖) = F (0)(μ f , p‖) + F (1)(μ f , p‖)ε + O(ε2),

pz(ε, p‖) = p(0)
z (μ f , p‖) + p(1)

z (μ f , p‖)ε + O(ε2),
(D8)

which leads to the following integration,

∫
F (ε, p‖)e−ipz (ε,p‖ )dG(ε, p)dε = 1

2

{
F (0)(μ f , p‖)

(
γ 0 + M̃F

μ f
γ 5 + v f p‖ · γ

μ f

)
+ v f p(0)

z

μ f
F (0)(μ f , p‖)γ 3

}
e−ip(0)

z (p‖ )d

×
∫

e−ip(1)
z (p‖ )εd μ3ε + �̂

ε2 + η2
dε+ 1

2

{
F (1)(μ f , p‖)

(
γ 0 + M̃F

μ f
γ 5+ v f p‖ · γ

μ f

)
+ v f p(0)

z (p‖)

μ f
γ 3

}

× e−ip(0)
z (p‖ )d

∫
e−ip(1)

z (p‖ )εd ε �̂

ε2 + η2
dε. (D9)

Using the identities

∫
ε

ε2 + η2
e−ip(1)

z (p‖ )εd dε = −iπe−η

∣∣p(1)
z (p‖ )d

∣∣
sgn

(
p(1)

z (p‖)d
)
,

∫
1

ε2 + η2
e−ip(1)

z (p‖ )εd dε = π

η
e−η

∣∣p(1)
z (p‖ )d

∣∣
,

(D10)
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the boundary GF, G(p‖, d ), would be

G(p‖, d ) =
{

π

2

(
−iμ3sgn

(
p(1)

z (p‖)d
) + �̂

η

)(
F (0)(μ f , p‖)

(
γ 0 + M̃F

μ f
γ 5 + v f p‖ · γ

μ f

)
+ v f p(0)

z

μ f
F (0)(μ f , p‖)γ 3

)
,

+ π

2

( − i�̂ sgn
(
p(1)

z (p‖)d
))(

F (1)(μ f , p‖)

(
γ 0 + M̃F

μ f
γ 5 + v f p‖ · γ

μ f

)
+ v f p(0)

z (p‖)

μ f
γ 3

)}
e−ip(0)

z (p‖ )d e−η

∣∣p(1)
z (p‖ )d

∣∣
.

(D11)

In the above equations, we defined �̂ = ωμ0 + �μ1, γ 0 = τ 0 ⊗ σ 0, γ 1 = τ 1 ⊗ σ 1, γ 2 = τ 1 ⊗ σ 2, γ 3 = τ 1 ⊗ σ 3, γ 5 = τ 3 ⊗
σ 0, and γ = (γ 1, γ 2, γ 3), where the Pauli matrices σ i and τ i act on the spin and orbital degrees of freedom, respectively.
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