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The quantum Mpemba effect is the counterintuitive nonequilibrium phenomenon wherein the dynamic
restoration of a broken symmetry occurs more rapidly when the initial state exhibits a higher degree of symmetry
breaking. The effect has been recently discovered theoretically and observed experimentally in the framework
of global quantum quenches, but so far it has only been investigated in one-dimensional systems. Here we
focus on a two-dimensional free-fermion lattice employing the entanglement asymmetry as a measure of sym-
metry breaking. Our investigation begins with the ground-state analysis of a system featuring nearest-neighbor
hoppings and superconducting pairings, the latter breaking explicitly the U(1) particle-number symmetry. We
compute analytically the entanglement asymmetry of a periodic strip using dimensional reduction, an approach
that allows us to adjust the extent of the transverse size, achieving a smooth crossover between one and two
dimensions. Further applying the same method, we study the time evolution of the entanglement asymmetry
after a quench to a Hamiltonian with only nearest-neighbor hoppings, preserving the particle-number symmetry
which is restored in the stationary state. We find that the quantum Mpemba effect is strongly affected by the
size of the system in the transverse dimension, with the potential to either enhance or spoil the phenomenon
depending on the initial states. We establish the conditions for its occurrence based on the properties of the

initial configurations, extending the criteria found in the one-dimensional case.
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I. INTRODUCTION

Nonequilibrium physics usually defies our intuition, as we
are generally used to near-equilibrium processes. One of the
most counterintuitive and puzzling out-of-equilibrium phe-
nomena is the Mpemba effect: the farther a system is from
equilibrium, the faster reaches it. Suppose, for example, that
we wish to lower the temperature of a system immersed in
a heat bath. If we gradually decrease the temperature of the
bath, then the system passes by different near-equilibrium
states until it reaches the desired temperature. Therefore, the
larger the difference between the initial and final tempera-
tures, the longer the time to cool the system. But what happens
if we instantaneously change the temperature of the bath to
the final value? Surprisingly, in this case, it may occur that
the higher the initial temperature of the system is, the faster
it cools down. Although the Mpemba effect was adverted
even thousands of years ago, it has only recently been taken
seriously [1]. Nowadays we know that it occurs in a wide
variety of systems and circumstances [2-7]. Its study has
been specially boosted by the theoretical framework within
Markovian dynamics developed in Ref. [8] (see also [9-13]),
which has been proved experimentally in a controlled setting
[14], as well as for the reverse version [15]. However, nu-
merous questions regarding when and why it occurs are still
unanswered and subject to ongoing debate [16,17].

It is quite natural to be curious about the occurrence of
the Mpemba physics in quantum systems. Here two different
research lines have surged. On the one hand, it has been
analyzed in few-body open quantum systems after a quench
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of the temperature, both theoretically [18-25] and experi-
mentally [26,27]. On the other hand, a phenomenon similar
to the Mpemba effect has recently been found in isolated
many-body quantum systems at zero temperature that evolve
unitarily [28]. More specifically, the system is prepared in a
state that breaks a U(1) symmetry and it is suddenly quenched
to a Hamiltonian that respects the symmetry. The symmetry
may not only be dynamically restored at large times in a
subsystem but, unexpectedly, it may be faster restored when
it is initially more broken. For generic one-dimensional free
and interacting integrable systems, the origin and conditions
under which this effect occurs have been understood in terms
of the transport properties [29] exploiting the space-time du-
ality approach [30-32] and employing the rule 54 cellular
automaton and the Lieb-Liniger model as illustrative exam-
ples. Essentially, the quantum Mpemba effect occurs when,
for the initial state that breaks more the symmetry, the charge
is mainly carried by the fastest modes. The mechanism behind
the quantum Mpemba effect has been also studied in the XY
spin chain [33], where it is related to the Cooper pair content
of the initial states. Additionally, investigations have been
conducted in the presence of gain and loss dissipation [34].
Last, the quantum Mpemba effect has been experimentally
observed in an ion trap that simulates a nonintegrable model
[35]. However, a theoretical understanding of the physical
mechanism of the Mpemba effect for ergodic systems is still
lacking.

The basic tool for diagnosing the quantum Mpemba effect
is the entanglement asymmetry, an observable based on the
entanglement entropy that measures how much a symmetry

©2024 American Physical Society
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FIG. 1. Schematic illustration of the 2D free-fermionic system
of size L, x L. The terms longitudinal and transverse refer to the
directions along x and y, respectively. Employing the entanglement
asymmetry, we investigate the extent of particle-number symmetry
breaking in the periodic strip A of width £. This analysis is conducted
for both the ground state of (1) and after a sudden global quench to
the Hamiltonian (2).

is broken in a portion of an extended quantum system [28].
Apart from characterizing the quantum Mpemba effect, the
entanglement asymmetry provides new lenses to understand
the nonequilibrium dynamics of extended quantum systems;
for example, when the subsystem relaxes to a non-Abelian
generalized Gibbs ensemble [36] and the symmetry is not
restored, or when the symmetry is discrete [37,38]. It has
been also used to explore confinement phenomena in spin
chains [39]. The properties of the entanglement asymmetry at
equilibrium have been studied for generic compact Lie groups
in matrix product states [40] and in critical systems described
by a conformal field theory [41] (see also Ref. [42]). In partic-
ular, in Ref. [41], the entanglement asymmetry is connected
with nontopological defects. The entanglement asymmetry
of Haar random states breaking a U (1) symmetry has been
studied in the context of the information paradox of black hole
evaporation [43].

So far the investigation of the quantum Mpemba effect
has been restricted to one-dimensional (1D) systems. In this
paper, we wonder about the fate of this phenomenon when we
add another spatial dimension. To facilitate the comparison
with the known results, we take a setup analogous to the one
studied in Ref. [33] in the 1D case: a two-dimensional (2D)
lattice of free fermions with translationally invariant nearest-
neighbor hoppings and superconducting terms. This system
breaks the U(1) particle-number symmetry. We consider a 2D
periodic lattice in both directions, i.e., a torus, and we take as a
subsystem a periodic strip, as depicted in Fig. 1. This choice of
the subsystem has the advantage that, since the configuration
remains translationally invariant in one direction, the reduced
density matrix factorizes into decoupled 1D factors. We can
then exploit the exact knowledge of the entanglement asym-
metry in the 1D configurations [29,33] to infer the 2D results.
The dimensional reduction approach, introduced in Ref. [44],
has been employed to study the (symmetry-resolved)
entanglement entropy at equilibrium [45,46] and, more re-
cently, after quantum quenches [47] (see also [48]).

Using dimensional reduction, we are going to derive ex-
act analytic expressions first for the entanglement asymmetry
in the ground state of the system with hoppings and super-
conducting pairings and then for its time evolution after a
quench to a Hamiltonian with no pairing terms, which respects
the particle-number symmetry. As in 1D, the appearance of
the quantum Mpemba effect hinges on the initial state that we
choose, but here there is another crucial ingredient: the size
of the system in the transverse direction. By varying it, the
quantum Mpemba effect can be either enhanced or spoiled
depending on the initial configurations. Using the analytic
results obtained for the entanglement asymmetry, we relate
the occurrence of the Mpemba effect to the density of occu-
pied modes in the initial state, extending the criteria found in
1D [29,33].

The paper is organized as follows. In Sec. II, we introduce
the setup and some basic quantities, including the entangle-
ment asymmetry. In Sec. III, we describe how to calculate it
in terms of the charged moments of the reduced density matrix
using dimensional reduction. With this machinery, in Sec. IV,
we analyze the entanglement asymmetry at equilibrium and,
in Sec. V, we examine its time evolution after the quench. In
particular, we consider concrete initial states and show that the
quantum Mpemba effect may occur. In Sec. VI, we determine
the microscopic conditions for its occurrence and give their
physical interpretation. We finally summarize our results in
Sec. VII. We also include three Appendixes, where we derive
some of the formulas presented in the main text.

II. SETUP AND DEFINITIONS

We consider a system of free fermions on a 2D square
lattice of size L, x L, described by the quadratic Hamiltonian

1 .
Hy = ) Z Z (tualrevai + yvai'JrevaiT +H.c.) +hz aj a;.
i v=xy i
6]

where i = (iy, iy) labels a site of the lattice, e, = (1, 0) [e, =
(0, 1)] is the unit vector in the longitudinal (transverse) di-
rection, and g (aiT ) is the annihilation (creation) operator
of a fermion at the site i. The parameter % is the chemical
potential and #,(,), ¥, are the amplitudes of hopping and
superconducting pairing in the longitudinal (transverse) direc-
tion, respectively. We impose periodic boundary conditions
along both directions.

For y, # 0, the Hamiltonian (1) explicitly breaks the
U(1) symmetry associated with the particle number Q =
Zi(aiT a; — %) because [Hy, Q] # 0. Our main goal is to inves-
tigate the fate of this symmetry after a sudden global quench
from the ground state |GS) of the Hamiltonian (1) to the
Hamiltonian

H = —% 3> 4, ai+He., )

i v=xy

which commutes with Q and, therefore, respects the U(1)
particle-number symmetry. The same problem and set up have
been considered in Ref. [33] in the 1D case L, = 1. Here we
will extend the results to L, > 1.
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After the quench, the whole system evolves unitarily as
|W(t)) = e " |GS). Therefore, it never globally relaxes and
the U(1) particle-number symmetry is not restored at infinite
time. However, we can focus on a subsystem A like the pe-
riodic strip of width ¢ depicted in Fig. 1. This subsystem is
described by the reduced density matrix

pa(t) = Tra[[W@OXP@)I], 3

where Trj stands for the partial trace over A, the comple-
ment of A. In the thermodynamic limit in the longitudinal
direction L, — 00, pa(t) is expected to relax into a station-
ary state at large times [47,49-60] that generically respects
the U(1) particle-number symmetry. In other words, if Q4 =
ZieA(aiT a; — %) is the restriction of Q to the subsystem
A, the reduced density matrix ps(t) is expected to satisfy
limt—>oo[pA(t)7 QA] =0.

To monitor the time evolution of the U(1) symmetry in
A, we can employ the Rényi entanglement asymmetry [28],
which quantifies how much the symmetry is broken in the
subsystem. This observable is defined as

A = Sulpao(®)] = S,lpa(1)]. @

where S,[p] = log(Tr[p"])/(1 — n) is the Rényi entropy of
p. The matrix ps o(#) is the symmetrization of p4(¢) and is
defined as p4,o(t) = Zq 1, 04 ()I,, with I, the projection
operator onto the eigenspace of Q4 with eigenvalue g. Taking
the limit » — 1 in Eq. (4), we obtain the von Neumann en-
tanglement asymmetry, which is the relative entropy between
pa(t) and pa o(2):

AS" := Tr{pa(r)[log pa(t) — log pao®l}).  (5)

The Rényi entanglement asymmetry is definite positive,
ASX') > 0, and vanishes if and only if [p4(¢), Q4] = 0, i.e.,
pa(t) is symmetric [61,62]. For integer n > 2, it can be
obtained experimentally using the randomized measurement
toolbox as done in [35] in an ion trap.

Diagonalization of the Hamiltonian

Here we diagonalize the Hamiltonian (1) and determine
its ground state as the first step in the analysis of the en-
tanglement asymmetry. Readers who are familiar with the
diagonalization of quadratic fermionic Hamiltonians using
Bogoliubov rotations can skip this section.

Since the Hamiltonian (1) is quadratic and translationally
invariant in both directions, we introduce the Fourier modes

ag = L Z e g (6)
q— i»
L.Ly =
with quasimomenta ¢, =2nn,/L, (n,=0,1,...,L, — 1)
and g, =2nn,/L, (n,=0,1,...,L, —1). In the Fourier
space, the Hamiltonian (1) reads as

1 .
- t
Hy = 3 Eq (%-qa;aq + lAqat‘la—q +He), @

where &g =h—1t,cosqg, —t,cosq, and Aq = y,sing, +
yysing,. As well known, the Hamiltonian (7) can be

diagonalized by the Bogoliubov transformation [63]

Nq cos %“ isin ‘%“ aq
L il WS ¢ P ®)
N—q isinst cos5 [ \d_q

where ¢ = arctan(Aq/§q) + T O(—&,), with ®(x) being the
Heaviside step function. Using Eq. (8) in Eq. (7), we obtain

1
Hy=Y " [&2+ Aﬁ(ngnq — E)' ©)
q

Therefore, the ground state |GS) of the Hamiltonian (1) is the
vacuum state annihilated by nq for all q. From this condition,
nq |GS) = 0, we obtain its explicit form

x71
GS) = (X) IGS,,). (10)
n,=0
where
b
p bqg . . Pq ;
IGS,,) = ® (cosj‘l —1isin ?qaan_q 0g),  (11)

n,=0

and |Oq) is the fermionic vacuum state that is annihilated
by aiq, i.€., a+q |0q) = 0. Equation (11) implies that Cooper
pairs consisting of fermions with opposite momenta are con-
densed in |GS) in analogy to the BCS wave function of
superconductors [64]. The emergence of Cooper pairs is in-
duced by the superconducting pairing terms in Eq. (1) and
implies that |GS) breaks the U(1) particle-number symmetry.

In terms of the Fourier modes (6), the postquench Hamil-
tonian (2) is diagonal

H=""eqalay. (12)
q

where €q = — cos g, — cos g, is the single-particle dispersion
relation.

III. CHARGED MOMENTS
AND DIMENSIONAL REDUCTION

In this section, we describe the methods to calculate the
Rényi entanglement asymmetry both in the ground state of the
Hamiltonian (1) and after the quench to (2). Readers who are
familiar with the calculation of the entanglement asymmetry
in fermionic Gaussian states and dimensional reduction or are
only interested in the main results can skip this section.

Let us first relate the Rényi entanglement asymmetry (4) to
the charged moments of p4(¢). Using the Fourier representa-
tion of the projection operator IT,,

2
da .
I = W(QA*‘I)’ 13
q /0 27_[6 (13)

the symmetrized reduced density matrix p4,o(f) can be
written as

2 da . )
pao(t) = / 3¢ a0, (14)
0
Plugging it into Eq. (4), we obtain

d"a Z,(o,t)
AS™ — lo [ / - } 15)
4 8 loany QY Z0(0.1)

1—n
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where Z, (e, t) are the charged moments

Zy(a, 1) =Tr 1_[ pA(l‘)eio‘jJHQA , (16)
j=1

and o jy1 = a; — ajp With @,y = 0.

The state |W(z)) after the quench satisfies Wick theorem
(because it is a free evolution of a Gaussian initial state) and,
consequently, the reduced density matrix p4(¢) is Gaussian.
Hence the time-evolved reduced density matrix p4(¢) is uni-
vocally determined by the restriction to A of the two-point
correlation matrix [65]

Tii (1) = 2 (W(1)| afay [W()) — &, a7

with a; = (aiT, ai) and i,i’ € A. This is a 2V, x 2V, matrix,
where V4 = L, is the volume of subsystem A.

Note that the operators e®i+194 that enter in Eq. (16) are
also Gaussian. Thus, the charged moments Z, (e, t) are the
trace of a product of Gaussian operators. Applying the com-
position rules of Gaussian operators [66,67], as described in
detail in Appendix A, we find that

J 1T\
Zn(oc, t) = [/det [(T) [I + Wn(a, t)]:|, (18)

where

"I+ T@) .
Wala, 1) = l_[ +—()e'°‘f'>f+"®"f. (19)
=1

I1—-T()

Note that the expression (18) for the charged moments is exact
and can be applied to any subsystem geometry.

Given that the system is translationally invariant in both
directions and the subsystem A is periodic in the y axis, the
charged moments can be further factorized into the ones of
L, decoupled 1D chains [44,47]. To this end, it is convenient
to introduce creation and annihilation fermionic operators in
the mixed space-momentum basis by taking the partial Fourier
transform in the transverse direction,

Ci,nq;- = — Z e_'q”"‘a,-x,,-v. (20)

In terms of them, the entries of the two-point correlation
matrix (17) read as (g, = 27n,/L,)

—1
1 : iﬂ(g,'{)
%wmm=526“’*GwM, 1)
y —

where I',, are 2¢ x 2¢ matrices that, in the thermodynamic
limit L, — o0, are block Toeplitz and take the form

2 dq g Gi—i')
Lo, (D]ii, = el 5(@), 22
[T, @]t /0 . e Gigean (1) (22)
with 2 x 2 symbol

COS g

Goan @ =1 . s .
(e ie?"éa sin Pg

Notice that the dependence on n, is encoded in the transverse
momentum g, = 27w ny/Ly.

—COoS g

S

Equation (21) shows that the two-point correlation matrix
I'(r) is block diagonal in the transverse momentum sectors,
labeled by n,, due to the translational symmetry of [W(¢))
in that direction [44]. This implies that the reduced density
matrix p4(t) factorizes as

L1

pa(t) = @) pan, 1), (24)

ny=0

where py4 ,, (¢) is the reduced density matrix of a single interval
of length ¢ in an infinite 1D free-fermionic chain, univo-
cally determined by the two-point correlation matrix I',, (¢),
introduced in Eq. (22). By simple algebra, we find that the
operators €%+ in Eq. (16) can also be written as

L—1
eiaQA — ® eiaQAﬂ,\’, (25)

ny=0

where  Qan, =Y, o4 €i,.q,0:C] o/2 with ¢ g = (c} a
Ci.q,)- Plugging Egs. (24) and (25) into Eq. (16), the charged
moments factorize into the transverse momentum sectors as

L1
Zn(“» t) = l_[ Zn,ryV (O[, t)a (26)
n,=0
where
Zn,rpV (o) =Tr l_[ PA,n, (t )eiaj'jHQA’"" 27

j=1

are the charged moments of the 1D state p4 ,, (¢).

Since p4., (t) is determined by the two-point correlation
matrix Iy, (t), its charged moments can be calculated with a
formula similar to Eq. (18), replacing I'(¢) by I';, (¢),

/ I—T, 1)\
Zn,n}- (“s t) = det [(T‘) [1 + an,nv (oc, t)]i| ) (28)

where

1—[ 1+ Fﬂ‘ (t) 1a/_j+11®02. (29)

W (0, t)
o - T, @)

As Zn,ny (e, t) are the charged moments of the 1D state
Pan, (), we can get exact analytic expressions for them ap-
plying the results for 1D free-fermionic systems obtained in
Refs. [29,33]. In what follows, we will combine them with
the machinery developed in this section to compute first the
entanglement asymmetry in the ground state of the Hamilto-
nian (1) (Sec. IV) and then its time evolution after a quench to
the Hamiltonian (2) (Sec. V).

IV. ENTANGLEMENT ASYMMETRY IN THE GROUND
STATE OF THE PAIRING HAMILTONIAN

In this section, we study the entanglement asymmetry of
the periodic strip A in the ground state (10) of the Hamiltonian
(1). This will be the initial state in the quench protocol.

As we have seen in the previous section, the Rényi en-
tanglement asymmetry can be calculated from the charged
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moments of p4. According to Eq. (26), they factorize in the
charged moments of an interval £ of L, decoupled infinite
1D fermionic chains in the states described by the two-point
correlation functions of Eq. (22). The analytic expression of
the charged moments for a large interval £ in this kind of 1D
chains has been obtained in Ref. [33]. It reads as

Zam (@) ih, @)

, 30
Znn,(0) 0
where
T dgy
A (@) = /0 g ;fq(aj,Hl) 31
and
fq(a) =log(cosa + i cos g sin o). 32)

Therefore, using Eq. (26), the charged moments in the ground
state of the Hamiltonian (1) for the periodic strip of Fig. 1
behave when L, — oo and ¢ is large as

Z,(a) XD Ay (@)
2% et Dot @ 33
Z0 &)

Inserting this result in Eq. (15), we can derive the Rényi entan-
glement asymmetry. For £ >> 1, the n-fold integral in Eq. (15)
can be solved by performing a saddle-point approximation as
we describe in Appendix B. We eventually obtain

1
1 Vioconm—Tm
(n) AQc
ASA = 5 IOg T, (34)
where
L—1
1§ n dq. . ,
0. = fy ’12:;)/0 o sin” @q. 35)
In the von Neumann limit n — 1, Eq. (34) reduces to
1 \% 1
ASY ~ ~log TAT 4 (36)

2 4 2

Since sin? ¢q = | (GS| aqga_q |GS) | is the mode occupa-
tion of Cooper pairs, o. is the density of Cooper pairs in the
ground state. Therefore, Eq. (34) shows that the Rényi entan-
glement asymmetry increases logarithmically with the density
of Cooper pairs o, that the state contains. This result is quite
natural because, as we have already mentioned, the conden-
sation of Cooper pairs originates from the explicit breaking
of the U(1) particle-number symmetry in the Hamiltonian (1)
[64]. Equation (34) generalizes to L, > 1 the result for the
ground state of (1) in the 1D case L, = 1 [33]. Equation (34)
is compatible with the results of Ref. [40], which indicate that
the entanglement asymmetry for generic compact Lie groups
grows with the logarithm of the subsystem size. The prefactor
is proportional to half of the Lie group dimension, which for
U(1) is precisely % (see also Ref. [41]).

In Fig. 2, we check the validity of the saddle-point approx-
imation (34) for the case of isotropic pairing y, = ¥, =y,
and hopping 7, = t, = 1, by comparing it with the exact re-
sult obtained by evaluating numerically the charged moments
using Eq. (28). We plot the Rényi entanglement asymmetry
for n =2 as a function of & and fixed y (left panels) and

L,=2 —k-L[,—3 =—a&=L,=4 L,=5 —4L,=6]

3.0
25
2.0
1 10,

0.0 05 1.0 1.5 20 25 3.0 35 40

0.
0.0 05 1.0 1.5 20 25 3.0 35 40

h » ol )

FIG. 2. Rényi entanglement asymmetry for Rényi index n = 2
in the ground state of the Hamiltonian (1) witht, =, =1 and y, =
¥y = ¥. We take as subsystem A the periodic strip of Fig. 1, with
£ = 100 and different lengths L, of the transverse dimension. The
symbols are the exact value computed numerically using Eq. (28),
the solid lines have been obtained from the analytic expression of the
charged moments in Eq. (33) and the dotted lines are the saddle-point
approximation of Eq. (34).

vice versa (right panels) taking a strip of width £ = 100 and
different values for the transverse dimension L,. We observe
in general a good agreement between Eq. (34) (dashed lines)
and the exact result (symbols), except for 2 > 1 and L, small;
in the latter case £ must be large enough to find a good
agreement. We also plot the Rényi entanglement asymmetry
obtained by integrating numerically in o the analytic expres-
sion for the charged moments in Eq. (33), instead of using the
saddle-point approximation. The resulting curves (solid lines)
perfectly match the exact result in all the cases considered. We
observe that the Rényi entanglement asymmetry decreases as
h increases and when y decreases. The explanation lies in the
fact that the Hamiltonian (1) becomes symmetric for |h| — oo
and when y, =y, = 0.

A peculiar feature emerging neatly from Fig. 2 at fixed
y is the presence of a nonanalyticity in h. For L, =1 and
fixed pairing y (left panels), the asymmetry is constant for
h < 1 and varies for & > 1. In fact, 1 = 1 is the critical point
where the mass gap vanishes. For all L, > 1, the nonana-
lytic point moves to 4 = 2 and it is slowly smoothed as L,
increases. Indeed, the critical point is now at & = 2 for all
L, > 1, as clear from the dispersion relation in Eq. (12). We
can understand why the nonanalyticity smears as L, increases
from Eqgs. (34) and (35). According to them, the entangle-
ment asymmetry is given by the Cooper-pair density o,
which decomposes into the sum of the contributions of L, 1D
fermionic chains labeled by the transverse momentum sectors
n,=0,1,...,L, — 1 and with the single-particle dispersion

relation w,, ,, = NG 2“2”"‘_ i+ Ailﬂnv s1,- Observe that, at
the critical point 2 = 2, all these 1D chains have a nonzero
mass gap except for the one corresponding to n, = 0. The
nonanalyticity of the entanglement asymmetry at 7 = 2 comes
from the contribution of the n, = 0 gapless 1D chain, while

the rest of them give a smooth contribution since they are
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gapped. For small L,, the term n, = 0 in Eq. (34) is dominant
and its nonanalyticity at 1 = 2 is well visible. As we increase
Ly, the smooth contribution from the terms n, # 0 becomes
dominant, hiding the nonanalyticity.

V. TIME EVOLUTION OF THE ENTANGLEMENT
ASYMMETRY AFTER THE QUENCH

In this section, we apply the dimensional reduction ap-
proach of Sec. III to determine the time evolution of the
Rényi entanglement asymmetry in the periodic strip A after
a quench to the Hamiltonian (2) from the ground state of the
Hamiltonian (1). We then examine in detail the quenches from
some specific physical choices of the parameters of the initial
Hamiltonian (1).

A. Quasiparticle picture for the charged moments
and the entanglement asymmetry

In Refs. [29,33], the time evolution of the charged moments
has been studied for an interval £ of an infinite 1D free-
fermionic chain in a state as the ones in which our reduced
density matrix factorizes in Eq. (26). The direct application of
the results obtained in those works tells us that the charged
moments associated with the n, longitudinal mode behave,
in the ballistic regime ¢,7 — oo, with ¢ =1¢/¢ fixed and
L, — o0, as

Zn,ny (as t)

= LA ny (00, 5) 37
Zum@,1) € ’ 7)

where

27 dqx n
Ap (@0, 0) = /0 Equ@);fq(a,,;,ﬁn. (38)

In this expression, x, (¢) = 1 — min(2¢|v,, |, 1) and v, is the
group velocity of the excitations of the postquench Hamilto-
nian in the longitudinal direction v, = 9, €q. The function
Jq(@) is defined in Eq. (32).

Combining Eqs. (37) and (26), the charged moments for
the periodic strip A evolve after the quench as

Zy(a, 1) = 020 Anny (@) (39)
Z,(0,1)

This expression can be interpreted in the light of the quasi-
particle picture, originally developed for the entanglement
entropy in 1D integrable models [68—71] and recently also
extended to 2D free-fermionic systems [47,48]. Since Z, (e, t)
factorizes into the charged moments of a single interval of
decoupled 1D free-fermionic chains, we can readily apply the
quasiparticle interpretation elaborated in Refs. [28,33,34] for
the charged moments and the entanglement asymmetry in 1D.
In each decoupled 1D chain, the quench generates uniformly
pairs of entangled excitations that propagate ballistically with
opposite momentum =g, and velocity v, . Since the correlator
(aga—_q) is not zero, they form a Cooper pair that contributes
to the breaking of the U(1) symmetry in the interval ¢ and,
therefore, to the entanglement asymmetry as long as both
excitations are inside the interval. Applying this interpretation
in Eq. (38), the function £x,, (¢ ) counts the number of Cooper
pairs with momentum |g,| inside an interval of length ¢ and

> j Ja(aj j+1) quantifies the contribution of each pair to the
charged moments. We refer the reader to Ref. [34] for a full-
fledge description of 1D charged moments and entanglement
asymmetry using the quasiparticle picture that also encom-
passes the case of multiplets.

Inserting (39) in Eq. (15), we can determine the time evo-
lution of the Rényi entanglement asymmetry. According to
Eq. (38), the time-evolved charged moments Z, (e, t) not only
factorize in the transverse momentum modes n, but also in
the number of replicas n. Exploiting this property, the Rényi
entanglement asymmetry can be written in the form

1 o0
AS™ (1) = 1 T |, 40
3 (@) = —log k;wk() (40)
with
2 d ) Ly-1
.Ik(t) :/ _ozew‘keeZ:n,:oAl,uy(ohf)7 (41)
0 2

as we show in Appendix C, generalizing the results in 1D [29].
In Eq. (40), we can analytically continue the Rényi index » to
real values and then take the replica limit n» — 1. We find (see
Appendix C)

ASP () =~ ) RelJi(t) log i (1)), (42)

k=—00

We will now consider the evolution of the entanglement
asymmetry after the quench to (2) starting from the ground
state of the Hamiltonian (1) for different values of the param-
eters 1y, ty, Yx, ¥y, and h. We will use the analytic expressions
that we have just obtained, which we will check against the
exact values computed numerically using Eq. (28).

B. Partially filled product states

In the space of parameters of the Hamiltonian (1), a rele-
vant subset for analyzing the U(1) particle-number symmetry
is constituted by those whose ground state is a partially filled
product state built from the 1D cat state

|PF) = (16) —1-6)), (43)

1
I —T
V2 + 2(cos 0)F
where |0) is the product state

L-1

16) = ® <cos g + sin gﬂ) 10;). (44)

i=0

Here |0;) is the local fermionic vacuum state at ith site on the
1D chain of length L. Notice that we need to use a cat state
as in Eq. (43) in order to have a Gaussian state. Indeed |PF)
is the ground state of the 1D version of our Hamiltonian (1)

with y = 1?:;2 s and i = lzjrccc(’:sf |9 (see Refs. [72,73]).

The 1D states (44) correspond to the tilted ferromag-
nets that have been employed as the prototypical initial
configurations to study the entanglement asymmetry and
the quantum Mpemba effect both theoretically [28] and

experimentally [35].
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The angle 6 € [0, =] tunes the probability of finding a
fermion at the ith site and, therefore, controls how much the
U(1) particle-number symmetry is broken [28]. At 6 = 0 and
7, the state (44) is fully empty or occupied, respectively,
and it is symmetric. The symmetry is instead broken when
0 € (0, m).

From the 1D cat state (43), we can build two different types
of configurations in the 2D square lattice that are ground states
of the Hamiltonian (1) for specific subsets of the parameters
and for which the Rényi entanglement asymmetry exhibits
qualitatively different behavior after a quench to the Hamil-
tonian (2). Below we analyze them separately.

1. Partially filled product state 1

Let us denote by |PF; ) the |PF) state on the i, row of the
2D lattice and let us consider the configuration

,—1
IPF) = (X) IPF,,), (45)
i,=0

which is a product in the transverse direction of partially filled
cat states in the longitudinal one. Being |PF) the ground state
of a 1D chain, |PFy) is the ground state of a 2D model with
vanishing transverse couplings, i.e., it is the ground state of
the Hamiltonian (1) for

_ sin? 6
" 1+4cos?f’

_ 2|cosd| b el fev—0
T Ttcos2g T HENWER

(46)

Vx

The Rényi entanglement asymmetry of this state is given
by Eq. (34). Using the parameters (46) in Eq. (35) and in-
tegrating over g,, we find that the Cooper-pair density is
0c = sin” /2. Therefore,

" 1 Vini1 7 sin? @
AS ~ 5 log AT 47
In Fig. 3, we plot Eq. (47) as a function of 6 for the Rényi
index n =2 and several sizes L, of the transverse direction
(solid lines). It agrees well with the exact value (symbols)
obtained by evaluating numerically Eq. (28). We observe
that the Rényi entanglement asymmetry monotonically in-
creases as the angle 6 approaches 7 /2, at which the U(1)
particle-number symmetry is maximally broken, and then
monotonically decreases until & = 7, angle at which the U(1)
particle-number symmetry is respected again.

We now analyze the time evolution of the Rényi entangle-
ment asymmetry after a quench to the Hamiltonian (1). We
can use the analytic expression (40) with the parameters (46).
We plot the resulting curves in Fig. 4 as a function of time for
n = 2 and several values of the initial angle 6, taking L, = 8.
We also represent some exact values of the entanglement
asymmetry (symbols) computed numerically using Eq. (28).
As expected, the Rényi entanglement asymmetry tends to zero
at large times and the U(1) particle-number symmetry broken
by the initial state is restored. We also observe in Fig. 4
that, for any pair of initial angles 6, the curves described
by the Rényi entanglement asymmetry cross at a finite time.
This means that the more the state (45) breaks the particle-
number symmetry, the faster the symmetry is restored after

151 &
91 & eL,=3 »L,=7
1.0+ Ly=4 wL,=8
0.5 AL,=5 ¢L,=9
<«L,=6 ¢L,=10
0.0 . . . . . i
0.0 0.2 0.4 0.6 0.8 1.0

0/m

FIG. 3. n =2 Rényi entanglement asymmetry in the partially
filled product state I [cf. Eq. (45)] as a function of the angle 6 for
a strip of width £ = 100 and several values of the transverse length
L,. The solid lines have been obtained using the analytic prediction
for the charged moments (33) in Eq. (15), the symbols are the exact
value of the entanglement asymmetry calculated numerically using
Eq. (28). The dashed lines correspond to the saddle-point approxi-
mation of Eq. (47).

the quench. As we have already said in the Introduction, this
phenomenon has been dubbed quantum Mpemba effect [28].
This plot shows that it can also occur in 2D systems and, for
the set of initial states (45), it is robust when we increase the
length of the transverse dimension L. Notice that in Fig. 4 the
curves for the smallest tilting angle 6 do not perfectly match
with the numerics. This is not surprising since already in 1D
it was noted [33] that, when the relaxation is slow, one needs
to go to larger values of £ (and so of ¢) to match the asymp-
totic results. In the 2D case, this is numerically demanding
and does not add any physical insight to our findings. This

0=m/4
0.5ra0=m/3
0‘0_49:‘7r/2 . . ) . : .
0 50 100 150 200 250 300 350 400

t

FIG. 4. Time evolution of the n = 2 Rényi entanglement asym-
metry in the quench from the state (45) for different values of the
angle 6. We consider a strip A of size L, =8 and £ = 100. The
solid lines correspond to the ballistic prediction (40) and the sym-
bols are the exact entanglement asymmetry calculated numerically
with Eq. (28). The inset is a zoom of the main plot at large times.
The dashed lines correspond to the asymptotic behavior (68) for
large ¢ /2.
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3.5
3.0
2.51
=201
S«
Y2 151
<] oL, =3 »L,=7
1.0 L,=4 wL,=38
0.5 - AL,=5 ¢L,=9
24 <L, »
0.0+ : : — S
0.0 0.2 0.4 0.6 0.8 1.0

0/m

FIG. 5. n =2 Rényi entanglement asymmetry in the partially
filled product state II [Eq. (48)] as a function of the angle 6 for
a periodic strip A of size £ x L, with £ = 100. The solid lines are
obtained using the analytic prediction (33) for the charged moments
in Eq. (15). The symbols are the exact numerical values obtained
using (28). The dashed curves are the saddle-point approximation
(34).

phenomenon will also manifest with certain other initial states
and will not be discussed further.

2. Partially filled product state 11

From the 1D cat state (43), we can also construct the
configuration

Li—1
IPFy) = (X) | PF,), (48)
iy=0

where |PF; ) is the |PF) state on the iy column of the 2D lattice.
Hence |PFy) is a product state in the longitudinal direction,
instead of in the transverse one as |PF;). Since |PF;) and
|PFy) are both built from a nonseparable cat state, (45) and
(48) are not equivalent. In fact, (48) is the ground state of the
Hamiltonian (1) for the set of parameters

0 f—1 _ sin’f _ 2|cosf)
FERED L= J/y_l—i—cosze’ " 14cos?e’
(49)

which are different from those in Eq. (46).

The Rényi entanglement asymmetry of the state |PFp)
behaves as Eq. (34) for large £. For L, > 1, we can replace
the summation over n, in Eq. (35) by an integral; in that case,
the density of Cooper pairs is o = sin® § /2. Therefore, for L,
and ¢ large enough, the Rényi entanglement asymmetries of
the states |PFy) and |PFy) coincide [cf. Eq. (47)]. For finite
L,, the sum over n, in Eq. (35) cannot be explicitly done.
In Fig. 5, we plot the saddle-point approximation (34) as
a function of the angle 6 for several values of L, (dashed
lines) and we compare it with the exact values (symbols)
obtained using the determinant formula (28). We have also
represented (solid curves) the result of integrating directly in
o the analytic prediction of Eq. (33) for the charge moments
without performing a saddle-point approximation. In general,
we obtain a good agreement between the three approaches. As

o
t
T

0.5F @0 =n/6 A =17/4
0=m/5 40 =n/3
0'OO 50 100 150 200 250 300 350 400

t

FIG. 6. Time evolution of the n = 2 Rényi entanglement asym-
metry after a quench from the state (48). We choose a system of
transverse length L, = 8 and as subsystem a periodic strip of width
£ = 100. The solid lines correspond to the analytic prediction (40) in
the ballistic regime and the symbols are exact entanglement asym-
metry obtained by evaluating numerically Eq. (28). In the inset, the
dotted curves are the asymptotic expression (68) of the entanglement
asymmetry for large times.

in the other partially filled product state (45), the entanglement
asymmetry monotonically increases with 6 until 6 = 7 /2,
at which it behaves nonanalytically when L, = 3, and then
monotonically decreases.

The Rényi entanglement asymmetry after the quench to the
Hamiltonian (2) can be obtained with the analytic prediction
(40). In Fig. 6, we plot it as a function of time (solid lines) for
the Rényi index n = 2 and taking several initial angles 6 and
L, = 8. Apart from the good agreement with the exact numer-
ical values (symbols), we can see that the Rényi entanglement
asymmetry monotonically tends to zero at large times but the
curves do not intersect. Namely, the quantum Mpemba effect
does not occur for this set of initial states, unlike for the states
|PFy) considered in Fig. 4.

C. Isotropic couplings

So far we have studied the time evolution of the Rényi
entanglement asymmetry for the initial states of Eqgs. (45) and
(48), which represent a very restricted subset of couplings of
the Hamiltonian (1). Let us consider now as initial configu-
rations the ground state of the Hamiltonian (1) with isotropic
hoppings and pairings,

L=t=1, yv=yp=v. (50)

The Rényi entanglement asymmetry for some configurations
of this kind is already shown in Fig. 2.

In Fig. 7, we analyze the evolution of the Rényi entangle-
ment asymmetry after quenches from the ground state of the
Hamiltonian (1) for different couplings satisfying Eq. (50).
We consider Rényi indices n = 1, 2, and 3 [Figs. 7(a), 7(b),
and 7(c), respectively]. The solid curves correspond to the
analytic prediction of Eq. (42) for n = 1 and of Eq. (40) for
n = 2,3, while the symbols are the exact value calculated
numerically using Eq. (28). The qualitative behavior of the
entanglement asymmetry does not depend on the Rényi index
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100

—0.2 0.0
Q)T

[-.-7:0.5,%1:2.5

7:0,6,}1:1,1-‘-7:1.67h:2.2-<-fy:0.6,h:2.2]

FIG. 7. (a)—(c) Time evolution of the Rényi entanglement asymmetries for Rényi indices n = 1, 2, and 3 after a quench to the Hamiltonian
(2) starting from different ground states of the Hamiltonian (1) with couplings #, =, =1 and y, = y, = y. The solid lines in (a)-(c) cor-
respond to the analytic predictions (42) for n = 1 and (40) for n = 2, 3. The symbols in (b) and (c) are the exact value of the entanglement
asymmetry obtained computing numerically the charged moments with the determinant formula (28). We take as subsystem A the periodic
strip of Fig. 1 with £ = 100 in all the panels, varying the transverse dimension L,. In (d), we represent for the initial states considered in the
other panels the function Y, that determines the occurrence of the quantum Mpemba effect according to Eq. (67).

n but it does change as the transverse system length L, varies.
For example, for L, = 2, the curves corresponding to (y, h) =
(0.6, 1.1) (orange line) and (y, k) = (0.6, 2.2) (red line) cross
at a certain time and there is quantum Mpemba effect. On
the other hand, for the same initial states, this phenomenon
disappears if L, =4 or 6 since their entanglement asymme-
tries do not cross. It is also remarkable the case of the initial
states (v, h) = (0.6, 1.1) (orange line) and (y, k) = (1.6, 2.2)
(green line), for which there is no quantum Mpemba effect
when L, = 2 or 6, but it occurs in the intermediate size L, = 4.
This observation adds one new player in the Mpemba game:
the occurrence of the crossing is not only due to the initial
states as in 1D [28,29,33,35], but could depend also on the
system geometry.

D. Anisotropic couplings

To show the rich phenomenology of the quantum Mpemba
effect in 2D, we now consider as initial configurations the
ground state of the Hamiltonian (1) with anisotropic pair-
ing terms y, # ), and isotropic hopping f, =, =1. In
Figs. 8(a)-8(c), we plot the time evolution of the Rényi en-
tanglement asymmetries for several of these states. The solid
curves correspond to the analytic prediction in Eq. (42) for
n =1 [Fig. 8(a)] and in Eq. (40) for n = 2,3 [Figs. 8(b)
and 8(c)]. The symbols are the exact numerical value ob-
tained using the determinant formula (28). We see a behavior
completely opposite to that of Fig. 7: here there is no quantum
Mpemba effect for L, =2, as the curves do not intersect,

while, if we increase L,, some of them cross. These crossings
are robust for larger values of L,.

VI. CONDITIONS FOR THE QUANTUM MPEMBA EFFECT

In Sec. V, we have seen that the quantum Mpemba effect
does not always happen for any pair of couplings of the
initial Hamiltonian (1). Moreover, whether it takes place or
not depends not only on the initial configurations but also on
the size of the system in the transverse direction L. In this
section, we delve into the reasons for this behavior and we
derive the microscopic conditions for the quantum Mpemba
effect to occur from the analytic prediction for the Rényi
and von Neumann entanglement asymmetries in Egs. (40)
and (42).

Let us consider the quench from the initial states |GS;)
and |GS;) and assume that the first breaks more the U(1)
particle-number symmetry than the second. In this case, their
entanglement asymmetries satisfy

AS{) (= 0) > AS{)(t = 0). (51)

According to Eq. (34), the inequality above implies that the
density of Cooper pairs is larger in the state |GS;) than in
|GSy):

Oc,1 > Oc,2- (52)

This result is intuitive because the condensation of Cooper
pairs is induced by the breaking of the U(1) particle-number

085126-9



YAMASHIKA, ARES, AND CALABRESE

PHYSICAL REVIEW B 110, 085126 (2024)

-0 50 100 150 200 250 300 "0 50 100 150 200 250  3C

1.0

(@)
0.175
0.150 Ly =2
0.125
5 0.100
o
~ 0.075
0.050
0.025
0.000
~04 —02 00 02 04
0.14 L =6
0.12 Y
0.10
£ 008
~ 0.06 —
0.04
0.02
0.00
50 100 150 200 250 300 —04 —02 00 02 04
0.14 L. =1
0.12 Y 0
0.10
& 0.08
& 006
0.04
0.02
0.00
~04 —02 00 02 04
4/

(@ =034, =21,nh=31

e = 19,7, =0.2,h = 2247, = 29,7, = 05,h = 3.5 7, = 1.2,7, = 1.8,h = 4.3]

FIG. 8. (a)—(c) Time evolution of the Rényi entanglement asymmetry for n = 1, 2, and 3 after a quench to the Hamiltonian (2) starting from
the ground state of (1), choosing different parameters t, = t, = 1 and y, # y,. The solid lines in (a)—(c) correspond to the analytic predictions
(42) for n = 1 and (40) for n = 2 and 3. The symbols in (b) and (c) are the exact value obtained by evaluating numerically Eq. (28). In all the
panels, we take a periodic strip of width £ = 100 and we vary the transverse system length L,. In (d), we represent for the initial states studied
in the other panels the function Y, that appears in the condition (67) for the occurrence of the quantum Mpemba effect.

symmetry and thus the number of Cooper pairs increases as
more the symmetry is broken.

In this setup, the quantum Mpemba effect occurs if and
only if there exists a time #y; after which the reduced density
matrix p4 1(¢) is always more symmetric than ps 2(¢), i.e.,

ASTN(1) < ASUN(E) Vi >y (53)

Therefore, to determine the conditions under which the in-
equality (53) holds, we need to analyze the behavior of the
entanglement asymmetry at large times, i.e., at £ = ¢/ > 1.

Let us consider the analytic prediction found in Eqgs. (40)—
(42) for the time evolution of the Rényi and von Neumann
entanglement asymmetries. Since x; () — 0 when # — oo,
the exponent A, (@, ¢) inside the function J;(t), introduced
in Eq. (41), tends to zero in that limit. We can then expand
that exponential function and restrict us to the first-order term.
Using that approximation, in Appendix D we find that at large
times the Rényi entanglement asymmetry behaves as

ASY (1) =~ - " logJo(t) (54)
—n
and, in the case n — 1, as
ASD (1) = —[1 = Jo()]log[1 — Jo(t)]. (55)

Thus, the condition of Eq. (53) for the occurrence of the
quantum Mpemba effect can be recast in terms of Jy(z) as
(here Jp,; and Jy » refer to Jy in the states 1 and 2, respectively)

Jo,1(t) > Jopo(t), Vit >tu, (56)

which is independent of the Rényi index n. This result can
be physically interpreted following the reasoning presented in
the 1D case in [29]. The n = 1 charged moment Z; (o, 1) =
Tr[pa(t)e'*9] is the full counting statistics, the cumulant
generating function of the charge Q4 [32,74,75]. From it, we
can extract the probability P(g) of measuring a charge g in the
periodic strip A in the initial state from the formula

2
da .
Plg) = f 42 iz, 0). (57)
0 27
For large ¢, Z;(«, 0) behaves as

Zi(@,0) = ' Zn=oAin @0, (58)

By comparing Eqs. (41) and (57) and (58), we can conclude
that Jy(0) is precisely the probability of finding a charge g = 0
in A in the initial state. Observe that, when ¢ > 0, the func-
tion x, (¢) that appears in the exponent Ay, («, &) of Ji(¢)
vanishes, x, (¢) = 0, for the modes with longitudinal velocity
2|vg, |¢ > 1; that s, it filters out the contribution of the modes
with the fastest group velocity in the longitudinal direction
v,, - Therefore, as ¢ increases, only the modes with the slowest
longitudinal velocity contribute to Jo(¢). This implies that

Ly-1 .
&t D=0 ALy (@,0) ~ Tr[pa (O)ew‘Qsl], (59)

where Qy represents the charge of the slowest modes. Thus,
for large ¢, Jy(¢) can be interpreted as the probability that the
longitudinally slowest modes carry zero charge. Bringing this
picture to the inequality (56), we conclude that the quantum
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Mpemba effect occurs when in the state that breaks more the
symmetry there are more modes with the slowest longitudinal
velocity transporting zero charge than in the initial state that
breaks it less.

We can determine for which pairs of ground states of
the Hamiltonian (1) the condition (56) is satisfied, and the
quantum Mpemba effect occurs, from their mode occupation
of Cooper pairs. When ¢ — oo, the function Jy(#) behaves as
(see Appendix D)

L,—1

J(t)~1—e/2ﬂdq* 3 60
0 — o Equ(g) gqx,qu ( )

ny=0

where

1 14 ,/1 —sin’ ¢,
=——1log——M—M, 61

g‘thy 2Ly 0g 2 ( )
and sin? @q = | (GS|aqa_q |GS) |2 is the mode occupation of
Cooper pairs in the initial state, as we have already mentioned.

Inserting Eq. (60) in (54) and taking into account that
X4, () — 0 when ¢ — oo, we find that the Rényi entangle-
ment asymmetry decomposes at large times as

L—1
ASP () = Y ASY (1), (62)
ny=0

where ASX?BLV (¢) is the contribution from the n, sector of the
transverse modes to the entanglement asymmetry,

nv, T d
ASY) () = /0 x (O (63)

Since x,,(¢) = 0 for 2|v,, [¢ > 1, the modes that contribute
to the entanglement asymmetry at large times are those with
the slowest longitudinal group velocity v, , which in our case
are those around ¢, = 0 and 7 since v, = sin g,. Therefore,
Eq. (62) can be rewritten as

nV, fqi({) dq.

ASX”(I): — (1 =2¢|vg DYy, (64)

n—1J g 27
with
L—1
qu = Z (g‘ln‘lv + gq.x+ﬂ~qy) (65)

n,=0

and ¢}(¢) = arcsin[1/(2¢)]. Applying this expression, the
condition (53) for t > £\ can be reexpressed as

;) 45 (¢)
/ dg Vg1 < / dq: Yy, 2. (66)
—q;(5) —q3(&)

According to its definition in Eq. (61), the function g, _, is
positive definite and even in g,. Therefore, there always exists
a large enough time #; at which the integral expression in the
inequality (66) can be replaced by

qu,l < TqX,Z v qx € [_Q:(IM/K)v q:(tM/Z)] (67)

This condition can also be directly derived using (60) in the
condition (56) for Jy(t). Since t); can be very large, it is

enough that this inequality is satisfied in the neighborhood of
qx = 0.

Inequalities (52) and (67) are the necessary and sufficient
conditions to observe the quantum Mpemba effect within our
setup. They are a generalization to 2D free fermions of the
ones obtained in Ref. [33] in the 1D case. According to them,
the quantum Mpemba effect occurs if in the state that initially
breaks less the symmetry and, therefore, contains a smaller
number of Cooper pairs [inequality (52)], the contribution
to the asymmetry from the modes with slowest longitudinal
velocity (i.e., around g, = 0 and 1) is larger [inequality (67)]
than in the initial state that breaks it more.

In panel (d) of Figs. 7 and 8, we plot the function Y, _that
enters in the inequality (67) in terms of g, for the initial states
considered in the other panels of those figures. We find that,
whenever the condition (52) is met for a pair of couplings
(¥x» ¥y, h) that also satisfies the condition (67), their entan-
glement asymmetries intersect at a certain time, signaling the
occurrence of the quantum Mpemba effect. Since Y, contains
the contribution of all the transverse momentum sectors, it
depends on the length L,. We observe that the form of Y,
around g, = 0 can change a lot as we vary L,. This explains
why the occurrence of the quantum Mpemba effect is strongly
affected by modifying the length of the system in the trans-
verse direction.

In closing this section, it is interesting to obtain the explicit
behavior of ASX')(I) at large times. This is determined by the
behavior T, close to g, = 0, with different power laws if Y
vanishes or not. Indeed, in Eq. (64), by expanding ¢*(¢) as
q*(¢) ~ 1/(2¢) and calculating explicitly the integral, we find

- =0 or L, =2
ASX’)(I) ~ _nVy % | e and h #£ 2 ’
7T(7’l — 1) To .
g otherwise

(68)

where Y, =9, Yy,
For n — 1, combining Egs. (55) and (60) and following

steps analogous to Egs. (62)—(64), we eventually obtain

Y »w=0 o L,=2
ASV (1) ~ Va o | 1o log(Vag?), and h # 2
i 4T_§ log(V4¢), otherwise.

(69)

Equations (68) and (69) show that, for L, > 2, the behavior
of the Rényi entanglement asymmetry at large times changes
qualitatively depending on whether y, is zero or not: If y, = 0,
it decreases as ¢ > (or £ ~*log ¢? in the limit n — 1), while if
¥y # 0 its decay is algebraically slower, as ¢! (or ¢! log ¢
when n — 1). We check the asymptotic behavior (68) for
the partially filled product states I (y, = 0) and II (y, # 0)
in the insets of Figs. 4 and 6, respectively. This difference in
the asymptotic behavior means that, if we consider as initial
states one with y, = 0 and another more symmetric one with
¥y # 0 (taking different values of y, and & for each one), then
the symmetry is always restored faster in the first configu-
ration. In this case, since their asymmetries follow a power
law with different exponents, the phenomenon can be seen as
a strong quantum Mpemba effect [33], in analogy with the
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classical situation, in which the equilibrium can be reached
exponentially faster under certain circumstances [9].

VII. CONCLUSIONS

In this paper, we have initiated the study of the entan-
glement asymmetry and the quantum Mpemba effect in 2D,
extending the results obtained in Ref. [29], and in particular in
Ref. [33], for 1D free-fermionic chains. We have considered
a periodic 2D lattice of free fermions with nearest-neighbor
hoppings and superconducting pairing. This system breaks
the U(1) particle-number symmetry. We have obtained the
corresponding entanglement asymmetry for a periodic strip in
the ground state. As in the 1D case [33,41], we have found that
it grows logarithmically with the size of the strip and with the
number of Cooper pairs that the state contains. We have then
examined how the entanglement asymmetry evolves after a
sudden global quench to a Hamiltonian with no pairing terms,
which preserves the number of particles. We have derived
analytic expressions for the time-evolved Rényi entanglement
asymmetry in the ballistic regime and interpreted them by
extending the quasiparticle picture developed for 1D systems.

One important goal of our analysis was to check whether
the quantum Mpemba effect occurs after the quench; that is,
if the symmetry is restored in the strip faster when the initial
state breaks it more. We have shown that this phenomenon can
occur in our setup but, as in 1D, its occurrence depends on the
initial states that we consider. In addition, we have found that
the transverse size of the system plays a very relevant role.
The change of this length can obliterate or, on the contrary,
give rise to it in a nontrivial way, depending on the initial
configurations.

To elucidate the reasons of this behavior, we have ana-
lyzed how the entanglement asymmetry reaches the stationary
regime. At large times, the symmetry restoration is governed
by the quasiparticle pairs that propagate with the slowest ve-
locity in the longitudinal direction. Similarly to (interacting)
integrable models in 1D [29], we have concluded that the
quantum Mpemba effect occurs for a couple of initial states
when, in the less symmetric initial configuration, the longi-
tudinally fastest modes carry more charge than in the more
symmetric initial state. To determine when this happens, we
have obtained the contribution to the entanglement asymmetry
of the modes with the slowest longitudinal velocity in terms
of the density of Cooper pairs in the initial state, extending the
analysis carried out in Ref. [33] for the 1D chain. Since all the
transverse momentum sectors contribute additively, it features
an intricate dependence on the system size in the transverse
direction, explaining why the quantum Mpemba effect is very
sensitive to the second dimension.

A crucial point in our study is the choice of a periodic strip
as subsystem. This has allowed us to make use of the dimen-
sional reduction and exploit the 1D results of Refs. [29,33]
to extract exact analytical expressions for the entanglement
asymmetry at equilibrium and after the quench. This strategy
might be useful for calculating the entanglement asymmetry
in other d > 1 systems. For example, in d > 1 spin systems,
the spin-wave theory is expected to be valid and, if so, the
original Hamiltonian can be approximated as a free-boson
model. For free-boson systems, the techniques to compute

the entanglement asymmetry presented in this paper based
on dimensional reduction and the Gaussianity of the state
are expected to be applicable, as in Refs. [76,77], where the
entanglement entropy of the ground state of 2D spin sys-
tems is obtained in this way. It would also be interesting to
choose other subsystems and study the entanglement asym-
metry, adapting, for example, the methods to investigate the
entanglement entropy in 2D free fermions of Ref. [48]. Of
course, it would not be difficult to apply the dimensional
reduction employed in this paper, and also in Ref. [47] for
the entanglement entropy, to other closely related quantities
for which there are results in 1D, such as the full counting
statistics [31,32,75] or the symmetry-resolved entanglement
entropies [31,78-80].

Our analysis of the quantum Mpemba effect in 2D can
also stimulate its investigation in other models, not only the-
oretically but also experimentally, since the methods used to
observe it in a 1D ion trap [35] could be readily implemented
in other platforms such as higher-dimensional arrays of atoms
in optical lattices or superconducting qubits [§1-83].
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APPENDIX A: DERIVATION OF EQS. (18) AND (19)

In this Appendix we present a detailed derivation of
Egs. (18) and (19). The following arguments are based on
Ref. [33].

To obtain Eq. (18), we have to evaluate the trace of the
product of p4 el?ii+194  Since the reduced density matrix p4 is
Gaussian, it can be written as

I
pA = e 2

i @i(Ha)i 2} ,
Z

(AD)

where

7 = Tr(e™ ZireauHakivay ) (A2)

is the normalization constant and H, is the single-particle
entanglement Hamiltonian, which in terms of the two-point
correlation matrix I" reads as [65]

I+T
Hy = —log (Ii__l")

The number operator Q4 is quadratic and, therefore, €9 can
be also cast in the form

(A3)

90 _ 30 Yicy Moza) (A4)
Employing the Baker-Campbell-Hausdorff formula, we
obtain

i Qs — le% Zi,i’eA ai(HA(a))i,i’a:r ,

pae (AS)
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with Hy (a) = log(e™H4¢%/®7:) In the same way, one readily
finds that
HPAEW”“QA — 1 — 2 3 i ai(Ha(@)); ./a, (A6)
A
with
Hy(er) =log | [ [e et sint® | (A7)
j=1

Finally, applying the trace formula for a generic non-
Hermitian matrix M [67],

Tr(e2 Ziwer®Mivary — \ /det(I + M), (A8)
to Eq. (A6) and using Eq. (A3), we obtain
Zy(00) = Z7"2 /det[I + W,(a)], (A9)

where W, (a) was introduced in Eq. (19). Finally, rewriting the
normalization factor Z in terms of I" using Egs. (A3) and (AS8),
we arrive at Eq. (18).

APPENDIX B: DERIVATION OF EQ. (34)

In this Appendix, we give a detailed derivation of Eq. (34).
Plugging the analytic prediction (33) for the charged moments
into Eq. (15), the Rényi entanglement asymmetry at ¢t = 0 is
given by the n-fold integral

e(l —n)AS/(\'XJ — /. d"a el Zﬁ;;(l) An.rl),- (a) (B 1 )
027y )"

To evaluate this integral, we introduce the new set of variables
oy, ifi=0
Bi = : (B2)
o] — o, otherwise.
In terms of them, Eq. (B1) is written as

S1-mASY _ / B T Ay (B AL (S5 )
iy Q1)
(B3)

where the domain of integration Rg is given by the conditions

Zﬁ,\ 7,

Since the integrand in Eq. (B3) is independent of S, the
integral over this variable can be easily done. This results in

Rg: 0< on—1. (B4)

n—1
eI-mAsy _/ . ﬂﬂ(ﬂ)
=27, 27y (27)"
< e CY oI Ay (=B +A Ly (X2 Iﬁ,)] (B5)

where

max | 0,27 — max
ie[0,n—1]

w(p) =

2.5
j=1

i

+ min ;

iel0,n—1] 2‘31
=

is the measure of the domain of By for the constraints in
Eq. (B4).

Since the exponent of the integrand in Eq. (B5) is propor-
tional to £, the integral over 8 in Eq. (B5) can be evaluated
when ¢ > 1 with the saddle-point approximation [84]. The
saddle points of the integrand can be obtained by solving the
saddle-point condition

Ly—

ZAIM Bi)+ AL Zﬂ, =0, (B6)
8'BJn—O

j=1

with j =1,...,n — 1. By solving this set of equations, one
finds that there exist 3"~! saddle points g = BB
with /3;.“ = 0, . Among them, there are 2" — 2 saddle points
at which u(g*) =, e.g., /3;‘ = md;, and one saddle point
B* = (0, ...,0) at which u(B*) = 27. Around these saddle
points, the exponent of the integrand in Eq. (B5) has the same
expansion at quadratic order of B*. For the rest of the saddle
points, u(B*) = 0. Taking into account all these factors, the
right-hand side of Eq. (B5) can be approximated as

S-mASy 2,,71/ a1 o= A e Bify (B7)
[Oooo]n1(27'[)" ¢ ’

where g, is given in Eq. (35) and V4 = £L,. This is a Gaussian
integral that can be calculated with the standard formulas. We
then arrive at Eq. (34).

APPENDIX C: DERIVATION OF EQS. (40) AND (42)

In this Appendix, we describe how to obtain Egs. (40)
and (42) of the main text following the steps presented in
Ref. [29] for the 1D case. We start by rewriting the moments
of the symmetrized reduced density matrix p4,(#) using the
variables B; = ajp —aj, j=1,...,n,

Trlpa,o®)"] —/ 'p )
pr.o ~ Joaap Quyrt

where §(x) is the 277 -periodic Dirac delta function.

The time evolution of the charged moments is given by
Eq. (39). Changing variables to 8; and plugging the obtained
result in Eq. (C1), we have

(1-m)ASY f
e = E
[0,27]" (27T )n 1 ﬂj

ef py Zn;‘;o Alny (ﬂjsf)' (C2)

> Bi|Zu(B.1), (CD)
j=1

Using the Poisson summation formula for the 2m-periodic
delta function,

n oo n
> B zi D exp|ikd gi]. (€3
j=1 L — j=1

we directly obtain Eq. (40). To find the von Neumann en-
tanglement asymmetry (42), we have to take the analytic
continuation n — z € R in Eq. (40). Since in our case the
functions Ji(¢) are real [29], the analytic continuation J; >
e“°2/k is unique according to the Carlson theorem [85]. Taking
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it in (40) and calculating the limit z — 1 using L’Hdpital rule,
we directly find (42).

APPENDIX D: ENTANGLEMENT ASYMMETRY
AT LARGE TIMES

In this Appendix, we derive the asymptotic behavior at
large times of the Rényi and von Neumann entanglement
asymmetries reported in Eqs. (54) and (55), respectively.

In Eqgs. (40) and (42), we have obtained the time evolution
of the Rényi and von Neumann entanglement asymmetries in
terms of the function J (¢) defined in Eq. (41). Since x4, (¢) —
0 when ¢+ — oo, the exponent A, , (o, ¢) in the integrand of
Ji(t) becomes small at large times. Therefore, in that limit, we
can expand the exponent in Ji(f) and restrict us to the first-
order term

27 da . L-1
Je(t) =~ 8o+ 6/ ge‘“k > A (. 0). (DD
0

ny=0

Taking in this expression k = 0 and performing the integral in
o we obtain Eq. (60) in the main text.

If we replace Ay, (o, ¢) in Eq. (D1) by its explicit expres-
sion (38) and we take into account that x, (¢) is zero for the
modes that satisfy 2¢|v, | > 1 with v, = sin g, then

=

Tty = H/Zﬂd“ iak/Z' dg
~ —e
¢ 0 0 27 L 4m

L1

X Z [f‘b"‘lv(a) + qu—t-ﬂ,qy(a)]-

n,=0

)

(1 _2C|vqx

(D2)

Expanding the integrand around g, = 0 up to second order
and calculating explicitly the integral in ¢, we find that

Ji(t) = 80 + di X (£), (D3)
where
| =0 o L,=2
X() = { Wz and h 72 (D4)
#, otherwise
2
do .
di =t / 22 gika
0 2
L =0 or L, =2
o 2020 [£0lg, (@) + fi 4 ()], and h # 2
Yoo [fo.4, (@) + frg ()], otherwise,
(D5)

with fé/ () = Bi fq(a).

At large time { — 00, X(¢) — 0 and so the contribution
to the Rényi entanglement asymmetry (40) of the terms k # 0
is subleading with respect to the term k = 0. Consequently,
plugging (D3) into (40) and expanding in X (¢) < 1, we find
the result in the main text

n n
log Jo(t) =~
—n 1—n

ASY) ~ . doX (7). (D6)

In the case of the von Neumann entanglement asymme-
try, plugging Eq. (D3) into (42) and expanding in terms of
X(¢) < 1, we obtain

ASV (1) = —[1 — Jo(1)] log[1 — Jo(t)]
>~ doX (¢)log[—doX (2)],

where we neglected the subleading terms in X (¢).

(D7)
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