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Excess heat capacity in magnetically ordered Ce heavy-fermion metals
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We study the magnetic heat capacity of a series of magnetically ordered Ce-based heavy-fermion materials,
which show an anomalous T 3 heat capacity in excess of the phonon contribution in many materials. For
compounds for which magnon models have been worked out, we show that the local-moment magnon heat
capacity derived from the measured magnon spectra underestimates the experimental specific heat. The excess
heat capacity reveals increasing density of states with increasing energy, akin to a pseudogap. We show that
this anomalous temperature-dependent term is not associated with proximity to a quantum critical point, but
is strongly correlated with TN , indicating the anomalous excitations are governed by the magnetic exchange
interaction. This insight may hold key information for understanding magnetically ordered heavy fermions.
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I. INTRODUCTION

First discovered in the 1970s [1,2], heavy fermions are a
prototypical problem of strongly correlated electron systems
[3–8]. Deriving their name from an anomalously large effec-
tive electron mass at low temperatures, these materials display
a variety of strongly correlated quantum phases, including
non-Fermi liquids [8,9], unconventional superconductivity
[7], volume collapse [10], topological Kondo insulators [11],
and hidden order [12]. Many share similar phenomenology
of quantum criticality, summarized by the famous Doniach
phase diagram [13]. It is known that heavy-fermion behav-
ior arises from the interactions between local and itinerant
electrons. Yet, despite decades of work, there is no micro-
scopic model able to account for their behavior. This signifies
key gaps in our understanding of superconductivity, non-
quasiparticle transport, and fundamental many-body quantum
physics.

As the list of heavy-fermion materials continues to grow
but theory is still lacking, one route to explaining heavy
fermions is looking for trends across materials families
[14,15]. In this paper, we focus on the heat capacity of mag-
netically ordered Ce heavy-fermion materials [16]. Beginning
with CeIn3, we show that a common feature of these com-
pounds is an anomalous density of states at low energies (in
addition to a T -linear Sommerfeld coefficient), often taking
the form of an approximate T 3 term in heat capacity. In certain
cases, where a rigorous magnon model has been worked out,
we show that the experimental heat capacity far exceeds the
bosonic magnon heat capacity at low temperatures. Correla-
tion analysis shows this density of states to be uncorrelated
with proximity to quantum criticality but strongly correlated
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with the ordering temperature. Thus, these anomalous excita-
tions are related to the magnetic exchange interaction.

II. EXPERIMENTS AND ANALYSIS

A. CeIn3

By way of introduction, let us begin by examining the
heat capacity of the magnetically ordered heavy-fermion
system CeIn3. This compound magnetically orders at TN =
10.23(1) K [17], and has superconducting and non-Fermi-
liquid properties under pressure [18,19]. We measured its heat
capacity using a Quantum Design physical property mea-
surement system (PPMS) from 0.4 to 20 K that utilizes a
quasiadiabatic thermal relaxation method, and the data are
shown in Fig. 1. Plotting the data on a C/T vs T 2 graph shows
a nearly straight line below TN , indicating T 3 heat capacity
(slope) with a T -linear term (y-axis offset). The T -linear term
is explicable (at least phenomenologically) as a Sommerfeld
term from the enhanced fermion mass [20]. The T 3 term,
however, is much larger than the phonon heat capacity (ap-
proximated by the nonmagnetic LaIn3 [21]) and is more of a
challenge.

In theory, gapless linear dispersive magnons in three di-
mensions in the low-temperature limit give T 3 heat capacity

cmol = NAv0
4π2

15
kB

(
kBT

hv

)3

, (1)

where v0 is the volume of the unit cell, h is Planck’s constant,
and v is the velocity of the modes [20]. Recent CeIn3 neu-
tron scattering studies have shown gapless linear dispersive
magnons with a velocity of v ≈ 600 m/s [22]. However, the
calculated heat capacity from such modes via Eq. (1), shown
in Fig. 1(a), underestimates the specific heat by two orders
of magnitude. (The slope of heat capacity suggests a magnon
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FIG. 1. CeIn3 heat capacity compared to magnon models.
(a) shows the simplistic heat capacity from Eq. (1), with the low-
energy velocity from the neutron-derived magnon model v ≈ 600
m/s [22]. This is two orders of magnitude smaller than experiment.
Also shown is the heat capacity of nonmagnetic analog LaIn3 from
Ref. [21]. (b) shows the calculated heat capacity from a more so-
phisticated model, integrating over the whole Brillouin zone for the
magnon band structure (blue) and the electron band structure (green).
Both significantly underestimate the low-energy density of states
compared to the electronic specific heat Ce. (c) shows the [001]
field-dependent heat capacity, with (d) as a closer view of the low-T
behavior. Application of a 9 T field makes almost no difference to
the T 3 heat capacity, contrary to expected magnon behavior.

velocity v ≈ 130 m/s, inconsistent with the neutron results.)
We can improve this calculation by instead integrating over
the full magnon band structure rather than just the bottom
of the dispersion. Taking the CeIn3 magnon dispersion from
Ref. [22], one can more rigorously calculate the heat capacity
by numerically integrating over the entire Brillouin zone,

cv = kB

∑
s

∫
dk

(
h̄ωs(k)

kBT

)2 eh̄ωs (k)/kBT

(eh̄ωs (k)/kBT − 1)2
, (2)

summing over s magnon modes where ωs(k) are the mode
dispersions [20]. The results of these calculations are shown
in Fig. 1(b), where Ce is the electronic (phonon-subtracted)
specific heat. The calculated heat capacity comes close to the
Ce(T )/T data near 5 K (where the validity of the theory is
questionable—the expansion is only valid when the moment
size is near saturation, likely T � TN

2 ), but the calculated heat
capacity is far too small below ∼3 K. (For magnetic materi-
als where this calculation matches well, cf. RbMnF3 [23,24]
or Nd2Zr2O7 [25].) Clearly, the anomalously large T 3 heat
capacity cannot be explained by the derived local-moment
magnon model.

Further evidence against the T 3 heat capacity being
magnons is found in the field-dependent data, shown in
Figs. 1(c) and 1(d). Ordinarily, a magnetic field shifts gap-
less magnon bands up in energy, decreasing the low-energy
density of states and suppressing the low-temperature Eq. (2)

heat capacity [26,27]. However, the heat capacity below TN is
barely affected by a magnetic field, indicating this density of
states is not from local moment magnons.

As a final attempt to explain the CeIn3 T 3 heat capacity, we
calculate the electron band structure with density functional
theory (DFT). Using the CeIn3 experimental crystal structure,
we performed DFT calculations by using a full-potential lin-
earized augmented plane wave (FP-LAPW) as implemented
in the WIEN2K code [28]. On top of the generalized gradi-
ent approximation (GGA) [29] for the exchange-correlation
functional, we used a value of Hubbard Ueff = 6.0 eV on Ce-
4 f electrons for a G-type antiferromagnetically ordered state
with the magnetization imposed along the (111) direction. The
spin-orbit coupling was included in a second variational way.
A plane-wave cutoff RKmax = 8 was taken with 12 × 12 × 12
k points. The resulting heat capacity, calculated via Eq. (2)
but with fermionic statistics, is shown as the green line in
Fig. 1(b). Not only does it vastly underestimate the Sommer-
feld γ term (γ = 9.88 mJ/mol K2), it has virtually no T 3

dependence with a T 3 prefactor 2.37(3) × 10−5 J/mol K4 for
T 2 < 50 K2, six orders of magnitude smaller than CeIn3’s
fitted T 3 prefactor 10.31(11) J/mol K4. [If we renormalize
the DFT band-structure energy to a yield larger density of
states (DOS) near the Fermi energy and match the empiri-
cal γ = 130 mJ/mol K2, this still falls far short with a T 3

prefactor 1.76(2) × 10−2 J/mol K4 for T 2 < 10 K2, still three
orders of magnitude too small.] Thus, DFT electronic band
structures are unable to explain the T 3 heat capacity. This is
not so surprising, as DFT often struggles to capture strong
correlations between electrons.

Clearly, there is some significant density of states at low
energy that pure magnon and pure electron band theory fails to
capture. The strong correlations in CeIn3 produce a substantial
energy-dependent density of states (i.e., T 3 specific heat), not
merely an enhanced electron mass (which would give T -linear
specific heat).

B. Other compounds

Having observed such behavior in one magnetically or-
dered heavy-fermion material, a natural question is how
general is this behavior. In Fig. 2, we compare experimen-
tal lattice-subtracted heat capacity to magnon heat capacity
for five magnetically ordered heavy-fermion materials for
which a magnon model exists: CeRhIn5 [31], CePd2Si2 [32],
CeCu2Ge2 [33], and CePt3Si [34] (see the Supplemental Ma-
terial [35], and also Refs. [36,37] therein). The data from these
compounds, and the calculated magnon specific heat [Eq. (2)],
are shown in Figs. 2(a)–2(e). (For CeCu2Ge2 a proper magnon
model does not exist, and the calculated magnon heat capacity
is from an Einstein mode with the energy of the flat band
measured in Ref. [33].)

In every case, there is a large temperature-dependent spe-
cific heat term in the experimental data that can be not
accounted for by the magnon model. This is made more ev-
ident by the lower row of Figs. 2(f)–2(j), where the magnon
calculated specific heat has been subtracted from the experi-
mental heat capacity. In all compounds, the residual specific
heat has a peak at low temperatures, which vaguely resembles
a Schottky anomaly (indicated by the red lines). This is true
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FIG. 2. Electronic heat capacity of five different magnetically ordered heavy-fermion materials for which a magnon model is available.
(a)–(e) show the raw data, which has had the lattice contribution subtracted (red) compared to the calculated magnon heat capacity (green).
The bottom row (f)–(j) shows the data with the magnon model subtracted (Ce−m), compared to a Schottky anomaly offset by a γ term. In each
case the extra density of states has the character of a (pseudo)gapped density of states. Contrast this with the Kondo effect heat capacity, where
C/T monotonically decreases with temperature [30].

even for CeRhIn5, which has the smallest γ value of the five
compounds. This suggests some kind of (pseudo)gap in the
density of states, wherein the density of states increases with
increasing energy—or equivalently, a depletion of density of
states at the lowest energies. In each compound, the excess
heat capacity rises to 20%–50% of the γ value (T → 0 K), by
no means a small contribution. Furthermore, the pseudogap
energy is consistently the same order as TN (see the Supple-
mental Material [35]), suggesting an energy scale governed by
the magnetic order.

The five compounds in Fig. 2 had the luxury of a fitted
magnon model, but we gain more insight by extending this
analysis to a broader set of compounds. In Table I we examine
17 different magnetically ordered Ce-based heavy-fermion
materials. Taking their heat capacities below TN from the

literature, we fit the lowest-temperature data to

c = γ T + NakB

(
T

Tβ

)3

, (3)

where Na is Avogadro’s number and Tβ serves as a mag-
netic analog of the Debye temperature. (This is not meant
to imply that the true nonmagnon specific heat is T 3 over
many decades, but is meant to capture the lowest-temperature
behavior which, as Fig. 2 shows, is mainly preserved when the
local-moment magnon contribution is subtracted.) The fits are
shown in the Supplemental Material [35], and the fitted values
are listed in Table I.

Interestingly, we find many Ce-based heavy-fermion mate-
rials with a large low-temperature T 3 heat capacity. In some

TABLE I. Experimental properties of various magnetically ordered Ce heavy-fermion materials. γ (Sommerfeld coefficient), Pc (critical
pressure), and TN (Néel temperature) are taken from the literature, but Tβ is fitted to the data found in the reference indicated. *Note that
CeRh6Ge4 is a ferromagnet with Tc rather than TN .

Compound γ (mJ/mol K2) Pc (GPa) TN (K) Tβ (K)

CeIn3 130 2.65 [19] 10.23(1) [17] 9.31(3)
CeRhIn5 70 [38] 2.3 [39] 3.8 [40] 7.41(7) [41]
Ce2RhIn8 400 [42] 1.36 [43] 2.8 [42] 4.445(14) [41]
CePt2In7 50 [44] 3.5 [44] 5.5 [44] 7.02(7) [44]
CePd5Al2 56 [45] 10.8 [45] 2.87 [45] 3.274 [46]
CePd2Si2 131 [47] 2.87 [48] 9.3 [47] 8.072(15) [47]
CeRh2Si2 22.8[49] 0.97[48] 36[50] 56(5) [51]
CeCu2Ge2 77 [52] 7.7 [53] 4.15(5) [52] 3.51(2) [52]
Ce2Ni3Ge5 90 [54] 3.9 [55] 4.3 [54] 3.551(7) [54]
CeNiGe3 76 [56] 5.5 [57] 5 [56] 5.166(9) [56]
CePt3Si 335 [58] 0.6 [58] 2.25 [58] 3.659(9) [58]
CeRhSi3 110 [59] 2.36 [60] 1.6 [59] 3.44(2) [59]
CeIrSi3 105 [61] 2.63 [62] 5 [61] 9.5(3) [61]
CeCoGe3 32 [63] 5.5 [63] 21 [64] 28.0(9) [64]
CePdAl 250 [65] 0.92 [66] 2.7 [65] 2.862(7) [65]
CeRh6Ge4 250 [67] 0.85 [68] 2.5 [67]* 4.19(5) [67]
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FIG. 3. Correlations between physical properties for various
magnetically ordered heavy-fermion materials. (a) Sommerfeld co-
efficient γ vs critical pressure Pc, showing a clear trend of increasing
γ as Pc decreases. (b) T 3 term β vs Pc, showing no clear correlation.
Colors indicate families of materials. Data for this plot are shown in
Table I.

cases this exists over a full decade in temperature. One might
wonder if this is correlated with how “close” the system is
to quantum criticality. If we take the critical pressure Pc (at
which magnetic ordering temperature goes to T = 0) as a
measure of this, we can answer this question empirically.

Figure 3 plots the γ and Tβ terms of the various com-
pounds against Pc. For γ , there is a clear trend: The closer
to criticality, the larger is the γ (with one outlier, CeRh2Si2,
which also has an anomalously large TN ). This is as expected
for mass renormalization driven by quantum criticality. For
Tβ , however, there is no apparent trend: The T 3 specific heat
appears to be uncorrelated with Pc.

We can be more precise about these trends by using Pear-
son’s R correlation coefficient. Applying this to the logarithm
of the data (to account for nonlinear trends) in Table I yields a
correlation matrix, plotted in Fig. 4. This reveals a very strong
correlation between Tβ and TN , weak correlation between
Tβ and γ , and virtually no correlation between Tβ and Pc.
Therefore, the T 3 heat capacity is not dependent on prox-
imity to quantum criticality, but instead seems to be closely
related to TN (indeed, in the Supplemental Material [35], we
show this relationship is essentially linear). Thus, this excess
density of states seems to be governed by magnetic exchange
interactions.

This is consistent with the behavior of CeRhIn5 under
hydrostatic pressure: As this compound approaches the QCP,
the γ value grows but Tβ shrinks as TN is suppressed [38].

FIG. 4. Correlation matrix between physical properties as indi-
cated by the Pearson R coefficient. Red indicates positive correlation,
and blue indicates negative correlation. Tβ is strongly correlated only
with TN , and weakly correlated with γ , but essentially uncorrelated
with Pc, indicating that it is not a function of proximity to a quantum
critical point (QCP).

This was interpreted as “decreasing spin-wave stiffness,” but
our results here indicate that it is not spin waves at all, but of
some other origin.

One weakness of the above correlation analysis is that it
does not consider how much of the T 3 heat capacity comes
from magnons alone. However, the examples of CeIn3 and
other compounds in Fig. 2 show the local-moment magnons
come nowhere near explaining the heat capacity in the
magnetically ordered state, suggesting it holds across the
heavy-fermion family.

One additional example, not included in Fig. 2, is
CeRh6Ge4. This material is a ferromagnet [67], which should
have T 3/2 heat capacity at low temperatures because of its
quadratic magnon dispersion [20], but the magnetic specific
heat is also definitively T 3 below TN (see the Supplemental
Material [35]). This alone signals a significant discrepancy,
but because there is no magnon model it is difficult to say how
severe is the difference between the measured and magnon
heat capacity.

III. DISCUSSION

At this point, we are left with a quandary. We have shown
that a large number of magnetically ordered Ce heavy-fermion
materials have an anomalous temperature-dependent heat ca-
pacity which often approximates T 3 as T → 0, and this term
is not related to QCP proximity. It is tempting to invoke
heretofore unobserved Dirac fermions to explain these density
of states. After all, a Dirac cone dispersion (linear dispersing
bands) generically produces T 3 specific heat, and proposed
Weyl-Kondo semimetal states in heavy fermions predict pre-
cisely such a density of states at the Fermi energy [69–71].
If this explanation is correct, it indicates that such behavior
is far more common in the heavy fermions than previously
thought. However, this explanation does not readily explain
the correlation with TN . Furthermore, because the velocity
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would have to be very small, it constrains the linear crossing
to be close to the Fermi energy, for which no mechanism is
known.

Generically, coupling to bosonic fluctuations (e.g.,
electron-hole pairs, magnons, or phonons) will also create a
T 3 ln T contribution to the specific heat of a Fermi liquid [72].
However, such a Fermi-liquid correction from electron-hole
pairs can be ruled out because the correction is the wrong sign
from that which is observed. A correction due to coupling to
magnons can also be ruled out on the basis that a magnetic
field will gap out the magnons, while the CeIn3 experimental
heat capacity is essentially unchanged up to 9 T [Fig. 1(c)]
(a similar low-field independence is observed in the other
Fig. 2 compounds [47,52,58,73]). Finally, a correction from
coupling to phonons appears inconsistent with the observed
correlation between Tβ and TN , which suggests a magnetic
origin; and the size of the excess heat capacity relative to
the electronic term implies something beyond a perturbative
correction to the Sommerfeld term.

This observation of a pseudogapped density of states in
magnetically ordered heavy fermions begs for an explanation.
As it cannot be explained by electrons, magnons, or phonons
alone, it suggests an entanglement between various degrees
of freedom. For instance, it could be that the excess T 3 heat
capacity arises from coherent spin waves in the itinerant elec-
tron bands that lie below the particle-hole continuum [74].
If such physics could be produced by a staggered field of
magnetic order (which remains to be seen), one could have
density of states governed by magnetic exchange but in the
itinerant electron bands—but this is speculation at this point.

An interesting question, but beyond the scope of this pa-
per, is how common the pseudogap feature is in other types
of compounds. A similar pseudogapped density of states
has been observed in nonmagnetically ordered Ce3Bi4Pd3

[75] and elemental plutonium [76], indicating generic heavy-
fermion behavior even beyond magnetically ordered systems.

Another interesting question which may be addressed with a
broader survey of compounds is whether the pseudogapped
density of states correlates with the sharpness of the magnetic
transition.

IV. SUMMARY AND CONCLUSION

In summary, we have shown that a large number of
magnetically ordered Ce heavy fermions display anomalous,
substantial T 3 specific heat inside their magnetic ordered
phases. Comparison to the few materials for which magnon
models exist shows that this heat capacity is not due to local-
moment magnons. The T 3 term is not correlated with the
critical pressure, indicating this effect is not due to QCP prox-
imity, but is strongly correlated with the ordering temperature
TN , indicating the effect is governed by the magnetic exchange
interaction. These results highlight a behavior: A Sommerfeld
∼γ T term is insufficient to capture the density of states of the
magnetically ordered Ce materials. Although it is perhaps not
surprising that simplistic local-moment models fail to describe
strongly correlated systems such as magnetically ordered
heavy fermions, this paper highlights exactly how such mod-
els fail, and shows the fruitfulness of examining correlations
across materials families. More importantly, the identified
pseudogap will hopefully sharpen the theoretical studies of
this fascinating class of strongly correlated materials.
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