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We present a density matrix renormalization group study of an extended t-J model with hopping to the first
and second neighbors—the one-dimensional t1-t2-J model. The full phase diagram as a function of the density
n and exchange strength J , for both positive and negative values of t2, is obtained. For t2 = −0.5 we observe
that, in the strongly interacting region, Nagaoka ferromagnetism is accompanied by a triplet pair density wave
(PDW) upon doping. As the spin exchange J increases, a charge density wave phase emerges and then gives
way to singlet superconductivity (SC). This phase behaves as a singlet PDW with vanishing spacial average of
the order parameter and a spin gap. When t2 = 0.5, the physics is basically reminiscent of the conventional t-J
model, undergoing a transition from a metallic to a SC phase as a function of J .
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I. INTRODUCTION

The role of particle-hole asymmetry in high-temperature
superconductors [1–7] has been a long-time puzzle. Some
properties in the low-energy regime can be reproduced by
Hubbard-like models and there is evidence pointing toward
doped cuprates possibly being described by an effective t1-t2-J
model with the hole (electron) asymmetry accounted for by
a second-neighbor hopping [6,8–16]. In the t1-t2 Hubbard
model, a particle-hole transformation changes the sign of t2
and maps the upper Hubbard band into the lower Hubbard
band. The t1-t2-J model in its original formulation can only
represent a hole-doped Mott insulator. However, it can be in-
terpreted as representing the electron-doped side after flipping
the sign of t2. Theoretical studies on these microscopic models
reveal that on the electron-doped side, the effect of second-
neighbor hopping is to enhance superconductivity, while the
superconducting order is suppressed in a large region on the
hole-doped side [17–19]. This discrepancy between theory
and experiment has not been fully resolved. Although most
of the numerical evidence suggests that hole doping does
not favor superconductivity, recent state-of-the-art large-scale
numerical studies of the t1-t2-J model on six and eight-leg
cylinders indicate the emergence of the d-wave SC [20–22].

Many questions remain that still do not have a satisfactory
answer, such as whether stripes or charge density waves are
coexisting or competing with superconductivity [23–33] or
determining the role of antiferromagnetic (AFM) fluctuations
in cuprate superconductors [34]. A recent study of an ex-
tended t-J model on wide cylinders (ladders of six to eight
legs) shows that AFM and singlet d-wave SC orders coexist at
low electron doping, while in the hole-doped regime the stripe
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order suppresses superconductivity [19]. Relevant studies on
the two-dimensional (2D) square lattice also suggests that on
the electron-doped side, AFM order is stabilized near half
filling but is absent on the hole-doped side [10].

In order to tackle these questions, a systematic study of
the phase diagram in the entire doping range for the one-
dimensional t1-t2-J model may shed some light on the possible
instabilities of the model in higher dimensions. As a recent ex-
ample, the one-dimensional cuprate Ba2−xSrxCuO3+δ exhibits
spectral features that cannot be simply explained by means of
the one-band Hubbard model [35,36].

While two-dimensional calculations for the whole doping
range are still not accessible by any numerical method, the
study of one-dimensional and quasi-one-dimensional systems
can be informative about the interplay between intertwined
and competing orders and their doping dependence. By in-
troducing the second-neighbor hopping, the single-particle
electronic band structure will be changed and, in the one-
dimensional case, it also changes the coupling between the
spin and charge channels [37,38].

The model realizes interesting physics in both high- and
low-doping regimes [37,39,40]. Most studies have been fo-
cused on the ferromagnetic (FM) phase in the small-J limit
(or large U in the Hubbard model) [41–43]. The possibility of
ferromagnetism in the Hubbard model was first proposed by
Nagaoka [44] in the limit of infinitely strong on-site Coulomb
interactions in two spatial dimensions. By introducing a nega-
tive second-neighbor hopping, Nagaoka’s FM can be extended
to the 1D Hubbard model [45]. Numerical studies have shown
that for a finite value of Ucritical, the FM transition happens
at a smaller electron density when increasing |t2| [46]; this
means that both the “single hole doping” and “infinite U”
conditions for Nagaoka FM can be relaxed. The t1-t2-U model
with t2 < −t1/4 is one of the few models that have been
found to have a fully polarized FM ground state [47,48]. Fur-
thermore, the existence of FM states opens the possibility of
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triplet superconductivity [49–51]. However a comprehensive
understanding and a full phase diagram in the whole range of
doping densities is still missing.

The main findings of this study are as follows: (i) for
t2/t1 = −0.5 we observe an FM metallic phase accompanied
by a triplet-SC order when J is small and a CDW phase when
J is of the order of t1, giving way to a superconducting phase
with pair density wave character by increasing J; (ii) when
t2/t1 = 0.5, we find a phase diagram qualitatively similar to
the one of the conventional t-J model. At large-enough J , we
always encounter phase separation.

The paper is organized as follows: In Sec. II, we introduce
the model Hamiltonian and the method used in this work;
in Sec. III we present the phase diagram for t2/t1 = ±0.5,
followed by a systematic study of the ground-state properties
in the different phases. We close with a discussion of our
findings.

II. MODEL AND METHODS

The t1-t2-J model we study in this work is written as:

Ht1−t2−J = −
∑
i, j,σ

ti j (c
†
i,σ c j,σ + H.c.)

+ J
∑

i

(
�Si · �Si+1 − 1

4
nini+1

)
, (1)

where c†
iσ is the electron creation operator on site i with spin

index σ =↑,↓, ni is the electron number operator, and �Si is
the spin S = 1/2 operator on site i. We set the first-neighbor
hopping ti j = t1 = 1 as our unit of energy, ti j = t2 when i, j
are next nearest neighbors, and zero otherwise. Double occu-
pancy is implicitly prohibited.

In order to determine the phase diagram and ground-
state properties, we study the problem numerically using the
DMRG method [52,53] for two system sizes: L = 64 and L =
96. By keeping the bond dimension m = 1600, we make sure
that the truncation error remains below 10−7. We compute
several correlation functions to characterize the ground-state
properties and determine the phase diagram. The spin-spin
correlations are given by:

S(r) = 〈
Sz

0Sz
r

〉
; (2)

the density-density correlations as:

D(r) = 〈n0nr〉 − 〈n0〉〈nr〉; (3)

the single-particle correlations as:

G(r) = 〈c†
0,↑cr,↑〉; (4)

and the local density distribution as:

N (r) = 〈c†
r,↑cr,↑ + c†

r,↓cr,↓〉. (5)

Pairing instabilities will be determined by calculating the sin-
glet pair-pair correlations:

Ps(r) = 〈�†
0�r〉, (6)

where �† operator creates a singlet pair on neighboring sites,

�
†
i = 1√

2
(c†

i,↓c†
i+1,↑ − c†

i,↑c†
i+1,↓). (7)

We also introduce the triplet pair-pair correlations:

Pt (r) = 〈�̃†
0�̃r〉 + 〈c†

0,↓c†
1,↓cr,↓cr+1,↓〉 + 〈c†

0,↑c†
1,↑cr,↑cr+1,↑〉,

(8)
where �̃† operator creates a triplet pair on neighboring sites:

�̃
†
i = 1√

2
(c†

i,↓c†
i+1,↑ + c†

i,↑c†
i+1,↓). (9)

These correlations are computed to characterize each phase
and establish the dominant order. Notice that in one dimen-
sion, their behavior can only be algebraic, or exponential
with distance. For instance, in the CDW phase one finds a
sharp peak in the density structure factor at the ordering wave
vector, and the density-density correlation dominates over all
other orders (meaning that it decays more slowly), while in
the charge density wave (CDW) + spin density wave (SDW)
phase both the density-density and spin-spin correlations are
comparable. The AFM phase is evidenced by a strong spin-
spin correlation peaked at momentum k = π , and the SC
phase displays strong pairing correlations. These cases will
be illustrated in detail in the next section.

III. RESULTS

The band structure and Fermi surface of the corresponding
tight binding model are very sensitive to the sign of t2 [54]:

ω(k) = −2t1 cos (k) − 2t2 cos (2k).

We focus our study on two cases: (i) t2/t1 = 0.5 and (ii)
t2/t1 = −0.5. For these values the system can realize four
Fermi points, depending on the position of the Fermi level
(or the density).

A. t2 = −0.5

We start by first discussing the phase diagram for t2/t1 =
−0.5, which is shown in Fig. 1. We obtain the ground-state
energy for each particle number N = 0, 1, . . . , L and use the
Maxwell construction to find the chemical potential μ that
minimizes the free energy E0 − μN . This procedure is re-
peated for each value of J . The results for N vs μ are shown in
Fig. 2. Different phases can be identified in this figure: When
the system is in the (FM) metallic phase, N vs μ increases
in steps of �N = 1; phase segregation is evidenced by a
discontinuity in N as a function of μ. For intermediate values
of J ∼ t , we observe jumps in steps of �N = 2 that can be
interpreted as possible evidence of pairing and a SC phase,
although it could also be a finite-size effect. Compared to the
conventional t-J model [55], the phase separation boundary in
the t1-t2-J model is shifted to a larger J in the low-density area
and to a smaller J in the high-density area (Fig. 1).

Phase separation is mostly a result of the strong tendency to
AFM with increasing J . For sufficiently large J , spins prefer
to be antiferromagnetically aligned and forming a domain of
localized, strongly bound electrons, separated from a metallic
“bubble.” On light doping, we can see in Fig. 9 that the
negative t2 favors antiferromagnetic order (S(k) peaks at π )
near half filling. However, in the conventional t-J model S(k)
is peaked at 2kF , so in the model with negative t2 phase
separation occurs earlier, with a smaller J . In the dilute limit,
phase segregation is between AFM and PDW phases. The
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FIG. 1. Phase diagrams of the t1-t2-J model with t2 = −0.5. Left:
Phase diagram with markers representing each phase where corre-
lations have been calculated. Right: Schematic phase diagram with
each phase indicated by the label. FM: ferromagnetic; CDW: charge
density wave; SDW: spin density wave; AFM: antiferromagnetic;
PDW: pair density wave; SG: spin gapped; and PS: phase separation.
The numbered circles indicate representative points used in the study.
The brown pentagon, purple circle, blue square, and green triangle
symbols on the left panel represent the data points corresponding to
the FM metal, CDW, CDW+SDW, and PDW+SG, respectively; the
yellow ×, pink plus, red star, and sky-blue diamond denote metal,
AFM, SDW, and PS, respectively.

fact that pairing survives to larger J may be interpreted as
evidence that in this regime the physics is dominated by the
kinetic energy; electrons are farther apart in the t1-t2-J model
than in the conventional t-J model. Because of the presence of
the extra term with t2, the kinetic energy is larger (in absolute
value) and a larger J is needed to destabilize this state.

By reading off the kinks on the N vs μ curves from the
Maxwell construction, we can determine the critical values of
the phase transitions. The kinks in the high-density region for
J = 0.1 and J = 0.5 represent the FM metal phase boundary.
We also notice a kink at n = 0.5 in these two curves. This
point is not a phase boundary but a sort of “Lifshitz transi-
tion,” where the number of Fermi points in the momentum
distribution changes from 4 to 2. Another feature that is worth
noticing is the plateau at n = 2/3 when J = 1.3, 1.7, and 2.1.
The position of this plateau is roughly on the line separating
the CDW and CDW+SDW phases in Fig. 1. At this particular
particle filling the charge correlations oscillate with period
3. Similarly, a CDW appears at quarter filling, where the
charge order has period 4. However, at quarter filling the spin
density wave is strong compared to the charge order, while at
n = 2/3 the charge order is dominant, as we deduce from the
correlations.

For small J , the (negative) second-neighbor hopping t2 be-
comes the dominant perturbation by introducing frustrations:
When J is not strong enough to induce antiferromagnetism,
the ground state is a fully polarized ferromagnet. In order
to investigate the dominant orders in this phase, we study

FIG. 2. Particle density as a function of the chemical potential for
different values of J , obtained by means of a Maxwell construction.
The value of J decreases from left to right.

the decaying behavior of the correlations. Our results suggest
strong triplet-superconducting correlations in the FM metal.
Depending on the doping concentration, three different types
of the pairing order emerge in this phase [56–61]. In Fig. 3 we
observe that the triplet pair-pair correlations exhibit a quasi-
long-range oscillating SC order in the lower-density regime
(Fig. 3(a)) but quasi-long-range PDW order at intermediate
densities (Fig. 3(b)), where the pair-pair correlations oscillate
around zero with vanishing spacial average. Eventually the
uniform SC order is stabilized at higher density (Fig. 3(c)).
We notice that PDW order has been proposed as a precursor
to superconductivity but has only been observed in a handful
of microscopic models [62–70], and the triplet PDW is even
rarer [71]. Interestingly, we find there is a small region of
phase separation in the high density area when J is very
small (less than 0.3); this is evidenced by the jump in the N
vs μ plot in Fig. 2. This means that the transition from the
AFM phase to the Nagaoka FM phase is abrupt and requires
a finite critical hole density. According to Nagaoka’s theo-
rem, this density should approach zero as J → 0 (or U → ∞
in the Hubbard model), which is precisely what we see in
Fig. 2.

Moving to larger J , away from the FM metal phase, we
encounter a very rich region with many competing phases.
At low particle density, several correlations have quasi-long-
range order with similar power-law behavior, and we conclude
that the system is in a metallic phase without a dominant
instability, which could be also due to the bottom of the
noninteracting dispersion becoming very flat in the presence
of negative t2. By increasing the particle concentration, the
system enters a CDW phase with dominant charge order, a
subdominant pairing order, and gapped spin sector. As shown
in Fig. 4, the density-density correlation fluctuates around
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FIG. 3. Spin-spin, charge-charge, and triplet SC correlations in
log-log scale for t2 = −0.5 and Sz = Nparticle/2. The parameter sets
in panels (a), (b), and (c) are marked as 1©, 2©, and 3© in the phase
diagram in Fig. 1. The insets show the raw data of triplet pairing
correlations in real space. These results correspond to chains of
length L = 64.

its average value (Fig. 4(b)), and we find sharp peaks in
the density structure factor at k = 2kF (Fig. 4(c)). In ad-
dition, the local density profile displays large oscillations,
unlikely to be due to Friedel oscillations or a boundary ef-
fect (Fig. 4(d)). As the density increases further, we observe
changes in both the charge and spin sectors. When the sys-
tem is in the CDW phase, the density structure factor D(k)
has an extra bump besides the dominant peak (red curve in
Fig. 5(c)), and this anomaly in D(k) eventually disappears as
shown in Fig. 5(c). This subtle change in the charge order can
also be observed in the local density profile (Fig. 5(b)), with
multiple modes contributing to the oscillating pattern. How-
ever, as the density increases, only dominant mode survives.
Meanwhile, the spin-spin correlation keeps getting enhanced
(Fig. 5(d)). At the transition point where the SDW emerges,
there is a plateau in the N vs μ curves (Fig. 2), which is an
indication of a charge-gapped phase. As we approach half
filling, AFM order eventually becomes dominant (Fig. 6(a))
and the spin structure factor peaks at π (Fig. 6(c)). However,
this AFM phase evolves into a metallic phase (Fig. 6(b))
without a leading order when increasing J . The emergence

FIG. 4. Correlation functions for a t1-t2-J chain of length
L = 96, density n = 0.625, t2 = −0.5, and J = 1.8, corresponding
to the point marked as 4© in the phase diagram, Fig. 1.

FIG. 5. Correlations for a t1-t2-J chain of length L = 96, J = 1.3,
and t2 = −0.5. The different densities n correspond to the points
marked as 5©, 6©, and 7© in the phase diagram in Fig. 1. κC and κs

represent the power-law decaying exponent of the charge and spin
orders, respectively. The thin dashed purple line corresponds to the
curve fitting with respective κ value.
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FIG. 6. Correlations for a t1-t2-J chain with L = 64, n = N/L =
0.875, and t2 = −0.5. The values of J correspond to the points
marked as 8©, 9©, and 10© in the phase diagram in Fig. 1.

of this metallic phase could be due to frustration since
the AFM order is incompatible with the instabilities at the
Fermi level.

Finally, at low particle density and large J , we encounter a
singlet pair density wave before entering the phase separation
region. This phase has dominant PDW quasi-long-range order,
as shown in Fig. 7, which has a periodic oscillation in real

FIG. 7. Left: Spin-spin, charge-charge, singlet, and triplet pair-
pair correlations in log-log scale. Right: Singlet pairing correlation in
real space. The results are for t2 = −0.5 corresponding to the points
marked as 11© in the phase diagram in Fig. 1.

FIG. 8. Phase diagrams of t1-t2-J model with t2 = 0.5. Left:
Phase diagram with markers representing each phase. Right:
Schematic phase diagram with each phase indicated by the label.
SC: superconducting; SG: spin gapped; and PS: phase separation.
The brown pentagon and purple triangle symbols on the left panel
represent the data points corresponding to the metal and SC+SG,
respectively.

space and vanishing spatial average. The boundary between
the CDW and PDW phase is not well defined and resembles a
crossover, with a narrow window where both order parameters
decay with similar power-law exponent. In Fig. 2, we can see
this paired phase displays jumps in the density in steps of 2 as
a result of binding. In other words, states with odd number of
electrons are not energetically stable due to pairing.

B. t2 = 0.5

By means of a particle-hole transformation, the hole-doped
t1-t2-J model with positive t2/t1 can be interpreted as the
electron-doped side of the Mott insulator.

By conducting the similar computation as in Sec. III A,
we have obtained the phase diagram for t2 = −0.5, which is
shown in Fig. 8. For a large region in this phase diagram the
system exhibits a metallic phase; by increasing J it enters a

FIG. 9. Spin structure factor comparing the cases with t2 = 0.5
and t2 = −0.5. Results are for a chain with length L = 64 and fixed
particle number N = 58.
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FIG. 10. Real space spin-spin, charge-charge, and singlet and
triplet pair-pair correlations in log-log scale for t2 = 0.5. The insets
show the raw data of spacial singlet pair-pair correlations, where the
gray lines mark the zero value.

spin-gapped superconducting region in the low-density area,
and, finally, when J is large the system phase separates.

While negative t2/t1 changes the noninteracting Fermi sur-
face at low densities, the physics of the positive t2/t1 case
qualitatively resembles that of the conventional t-J model.
The influence of the second-neighbor hopping on the Fermi
surface becomes more dominant near half filling where the
noninteracting band develops two local “maxima” away from
k = ±π .

The effects of the sign of t2 on magnetism can be observed
in the spin structure factors: Instead of the stable AFM π

peak observed on the hole-doped side, the spin structure factor
now peaks at 2kF , which means that upon doping, the system
exhibits a SDW instead of Néel-like AFM order (Fig. 9),
and all the correlations have similar scaling behavior. In the
metallic phase we do not encounter a dominant instability.
However, we find that the superconducting order parameter
oscillates in space, consistent with a PDW (inset of Fig. 10(a))
coexisting with spin and charge orders, and all correlations
with comparable scaling behavior.

Similarly to the original t-J model, a spin-gapped SC phase
emerges in the low-density region with large J (Fig. 10(b))
as an intermediate phase before the system phase separates.
Unlike the Luther-Emery phase discovered in the t-J model
[55], the SC phase is not accompanied by a charge order.

IV. CONCLUSIONS

We present a systematic study of the phase diagrams of the
t-J model with second-neighbor hopping using the DMRG
method. This model provides a simple and rich testbed to in-
vestigate the interplay among kinetic frustration, magnetism,
and superconductivity. In addition, by applying a particle-
hole transformation, it yields information about the physics

of hole-doped and particle-doped antiferromagnets. By tuning
the interaction J and filling factor n, as well as the sign of t2,
we obtained complex phase diagrams.

When t2/t1 is negative (−0.5), the system is AFM at half-
filling but becomes fully spin polarized upon doping in the
strongly interacting limit (small J). This FM metal phase is
also accompanied by a quasi-long-range triplet superconduc-
tivity order. In the single-particle picture, there are four Fermi
points below quarter filling. As a consequence, magnetic order
is frustrated and a CDW phase emerges. The CDW order be-
comes intertwined with a SDW order at larger particle density.
By further increasing J , they yield to a singlet-SC phase with
subdominant charge order and a spin gap.

When t2/t1 is positive (0.5), the phase diagram of the t1-t2-J
model qualitatively resembles that of the conventional t-J
model. The system realizes a large metallic phase at all den-
sities when J is smaller than the bandwidth, with all sectors
gapless. By increasing J , the pair correlations become more
dominant. Eventually, a spin-gapped superconducting phase
develops in the low-density regime.

It would be interesting to find analogs of the observed
phases in the phase diagram of the cuprate superconductors
[1–7]. The one-dimensional t1-t2-J model shares some sim-
ilarities with the two-dimensional materials, such as many
competing instabilities on the hole-doped side (t2 < 0), and
a SDW in the intermediate region between the AFM and su-
perconducting domains upon doping. In contrast, some of the
observed features are inconsistent with the phases observed in
high-Tc superconducting materials: In 2D cuprates, the AFM
domain is more robust on the electron-doped side, however,
for the 1D model, the AFM order is fragile and quickly being
replaced by an SDW instability upon electron doping. This
discrepancy between 1D and 2D may stem primarily from the
different definitions of the “second-neighbor hopping,” which
in a 2D lattice corresponds to hopping across square plaque-
ttes. Finally, we point out that singlet and triplet PDW may be
more common than usually recognized. Evidence in our work
point to the presence of multiple Fermi points as the culprits.
Even though these phases have short-range correlations in our
model, it would be interesting to understand the fundamental
ingredients to stabilize them in higher dimensions.
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