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Co-based shandite Co3Sn2S2 is a ferromagnet hosting Weyl fermions in the layered Co kagome structure. The
band topology as well as the magnetism is predicted to vary drastically in the atomically thin films depending on
the thickness and surface termination, and as an extreme case, the quantum anomalous Hall state is expected in a
monolayer of the Co kagome lattice. Given that the bulk Weyl gap depends on the magnetization direction, here
we theoretically study how the topological nature and transport properties vary with the magnetization direction
in the systems with kagome monolayer, with both Sn and S surface terminations. By using ab initio calculations,
we find that in the Sn-end monolayer the anomalous Hall conductivity shows successive discrete changes
between different quantized values by rotating the magnetization, indicating several topological transitions
between the anomalous quantum Hall insulators with different Chern numbers. Notably, when the magnetization
is oriented in-plane and perpendicular to the Co-Co bond, the system exhibits a planar quantum anomalous Hall
effect. We clarify that these peculiar behaviors are due to topological changes in the band structures associated
with gap closing of the Weyl nodes. In contrast, the S-end monolayer shows rather continuous changes in the
transport properties since the system is metallic, although the band structure contains many Weyl nodes. Our
results pave the way for controlling Weyl fermions in atomically thin films of Co-based shandite, where the
topological nature associated with the Weyl nodes appears more clearly than the bulk.

DOI: 10.1103/PhysRevB.110.085112

I. INTRODUCTION

The Weyl fermion was predicted as a massless elemen-
tary particle, which has not yet been found in nature. In
condensed matter physics, however, Weyl fermions can ap-
pear as quasiparticles in particular crossing points of the
electronic band structure, called Weyl nodes [1]. The Weyl
nodes always appear in pairs and are regarded as emergent
monopoles and antimonopoles in momentum space, which
can be characterized by chirality +1 and −1, respectively
[2]. Their topological properties result in the so-called Fermi
arcs on particular surfaces of the system as a consequence of
the bulk-edge correspondence [3], and unconventional elec-
tromagnetic phenomena, such as the anomalous Hall effect
[3–5], the anomalous Nernst effect [6], and the negative mag-
netoresistance [4,7,8]. A pair of Weyl nodes is generated from
a Dirac node by lifting the spin degeneracy, as found in several
materials with spatial-inversion symmetry breaking [9–13] or
time-reversal symmetry breaking [5,6,14–16].

The Co-based shandite Co3Sn2S2, which has stacked
kagome planes composed of Co ions [Figs. 1(a) and 1(b)],
has attracted attention as a candidate for ferromagnetic Weyl
semimetal with Weyl nodes associated with spontaneous
breaking of time-reversal symmetry [17,18]. Indeed, this
material exhibits giant anomalous Hall and Nernst effects,
large negative magnetoresistance [17–21], and surface Fermi
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arcs [22]. Subsequently, it was proposed that a thin film with
Co kagome monolayer of this material realizes a Chern in-
sulator with the quantum anomalous Hall effect [23], which
has stimulated the fabrication of atomically thin films [24–28].
Furthermore, it was theoretically revealed that the electronic
and magnetic states, band topology, and transport properties
vary significantly depending on the number of kagome layers
and the surface termination in thin films [29].

In the bulk case, Co3Sn2S2 exhibits the ferromagnetic mo-
ment perpendicular to the kagome plane [17,18]. A theoretical
study based on an effective model showed that the Weyl nodes
form nodal rings when the magnetization is oriented in-plane
[30]. Furthermore, a previous ab initio study demonstrated
that the positions of the Weyl nodes in the energy-momentum
space can be tuned by controlling the direction of the magnetic
moment [31]. The magnetization angle dependence of the
anomalous Hall effect as well as the spin Hall effect was
also predicted for the effective model [32]. These results indi-
cate that the band topology in this bulk material is sensitive
to the magnetization direction. Given that the thin films of
this material show a variety of the electronic and magnetic
properties as mentioned above, it is interesting to clarify how
these properties vary with the magnetization direction in the
thin film case. It would be important not only for further
understanding the relation between the magnetism and the
band topology but also for further stimulating the experiments
on thin film fabrication.

In this paper, we study the electronic band structure and
transport properties based on the ab initio calculations for the
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FIG. 1. (a) Lattice structure of the bulk Co3Sn2S2. The black
box represents the conventional unit cell containing three primitive
unit cells. The inset shows the definitions of the polar and azimuthal
angles, θ and ϕ, respectively, which specify the direction of magne-
tization, with respect to the lattice vectors a, b, and c. aB, bB, and
cB are the primitive vectors for the bulk system. (b) Top view of
the Co kagome plane. The directions of ϕ = 0◦ and 90◦ are indi-
cated; the former (latter) is parallel (perpendicular) to a Co-Co bond.
(c) Two-dimensional Brillouin zone for monolayers (left). The cut
of the three-dimensional Brillouin zone for the bulk at kz = 0 is also
shown (right). [(d) and (e)] Side view of the (d) Sn-end monolayer
and (e) S-end monolayer. The crystal structures are visualized by
VESTA [33].

thin films with kagome monolayer of the Co-based shandite
while changing the direction of the ferromagnetic moment.
We consider two types of monolayers with Sn and S sur-
face terminations, following the previous studies [23,29]. We
find that the anomalous Hall conductivity σH, as well as the
anomalous Nernst conductivity αN, exhibits significantly dif-
ferent behaviors from the bulk system for the magnetization
rotation. In particular, in the monolayer with Sn termina-
tion, we find that σH shows several discrete changes between
different quantized values, suggesting topological transitions
between the quantum anomalous Hall insulators with differ-
ent Chern numbers. Interestingly, when the magnetization is
oriented in-plane and perpendicular to the Co-Co bond, σH

is nonzero at a quantized value, indicating a planar quantum
anomalous Hall effect. In contrast, in the monolayer with
S termination, σH shows more moderate changes without
showing quantization. We explain these contrasting behaviors
depending on the tilted direction of the magnetization and the
surface termination by the analyses of the band structure and
the Berry phase as well as the symmetry argument.

This paper is organized as follows. After describing the
details of ab initio calculations and the computations of trans-
port properties in Sec. II, we show the magnetization angle
dependences of σH and αN in Sec. III. To understand the

results, we discuss the electronic band structure and the Berry
curvature in Sec. IV, and also present the symmetry argument
in Sec. V. Finally, Sec. VI is devoted to the summary.

II. METHOD

The optimized lattice structures and electronic properties
are computed using the OpenMX code [34,35] within the
framework of the density functional theory. The Perdew-
Burke-Ernzerhof (PBE) generalized gradient approximation
(GGA) [36] is employed for the exchange-correlation func-
tional. We consider two types of thin films, each including
a Co kagome monolayer with different surface terminations:
One has Sn atoms at both surfaces [Fig. 1(d)], while the other
has S atoms [Fig. 1(e)]. We call the former and latter the Sn-
end and S-end monolayer, respectively. For these monolayers,
we employ the set of lattice vectors a and b indicated in the
inset of Fig. 1(b), while we use the primitive vectors aB, bB,
and cB in Fig. 1(a) for the bulk calculations. Following the
previous study [29], we perform the structural optimization
for the monolayers, starting from the lattice structures taken
from the bulk and assuming a spin-polarized state within the
nonrelativistic calculations. After the optimization, we sym-
metrize the structure to retain the original p3̄m1 symmetry. In
the bulk calculations, we use the experimental lattice struc-
tures [37].

To study the electronic states while changing the directions
of the ferromagnetic moment, we adopt the fully relativistic
calculation with a constraint functional Ecs = v

∑
i Tr[(Ni −

N (0)
i )2], where Ni and N (0)

i are the occupation matrices con-
sisting of two component spinors at a certain self-consistent
field loop and the target spin state, respectively [34]. Here, i is
the label of atomic site and we take v = 5 meV. We vary the
moment direction by changing the polar angle θ from 0◦ to
180◦ for the azimuth angle ϕ = 0◦ and ϕ = 90◦; see the inset
of Figs. 1(a) and 1(b). Note that the cases of θ = 0◦ and 180◦
correspond to the out-of-plane moments, and that the case of
θ = 90◦ for ϕ = 0◦ (90◦) corresponds to the in-plane moment
parallel (perpendicular) to a Co-Co bond in the kagome plane.
Note also that the resultant moments are roughly oriented in
the direction of the constraint, but not perfectly. Such slight
tilting leads to small deviations from the results expected from
the symmetry, as will be discussed in Sec. V. We take the
in-plane direction with ϕ = 0◦ (90◦) as the x (y) axis.

To investigate the band topology and the transport proper-
ties, we construct tight-binding models from the maximally
localized Wannier functions [38,39], which are obtained by
OpenMX [40], to reproduce the electronic band structure for
each tilting angle of the ferromagnetic moment. Following the
previous study [29], we employ Co 3d , Sn 5s and 5p, and S 3p
orbitals. The Berry curvature of the nth band at the momentum
k is calculated by

�n(k) = −
∑

m �=n

2Im[Jx,nmJy,mn]

[En(k) − Em(k)]2
, (1)

where m is the band index, En(k) is the nth eigenvalue of
the tight-binding Hamiltonian H (k), and Jnm = (Jx,nm, Jy,nm )
is the current operator defined by

Jnm = 〈nk|∇kH (k)|mk〉, (2)

085112-2



TOPOLOGICAL TRANSITIONS BY MAGNETIZATION … PHYSICAL REVIEW B 110, 085112 (2024)

FIG. 2. θ dependences of the anomalous Hall conductivity σH and the anomalous Nernst conductivity αN for (a) the Sn-end monolayer,
(b) the S-end monolayer, and (c) the bulk of the Co-based shandite. σH is calculated at zero temperature, while αN is at kBT = 5 meV. The
blue and red points represent the data for ϕ = 0◦ and ϕ = 90◦, respectively. The lines are guide for the eye. The orange arrows in the inset of
the upper panel of (a) denote the Co magnetic moments.

with the eigenvector of the Hamiltonian, |nk〉. The Chern
number of the nth band is calculated by

Cn =
∑

k∈BZ

�n(k), (3)

where the sum is taken for the momentum k within the first
Brillouin zone [Fig. 1(c)]. Then, based on the Kubo formula,
we compute the anomalous Hall conductivity σH and the
anomalous Nernst conductivity αN as

σH = − e2

h̄Vd

∑

k∈BZ

∑

n

f (En(k))�n(k), (4)

αN = ekB

h̄Vd

∑

k∈BZ

∑

n

s(En(k))�n(k), (5)

respectively, where e is the elementary charge, kB is the
Boltzmann constant, h̄ is Dirac’s constant, and Vd is a d-
dimensional volume of the system; f (ε) = (e(ε−μ)/kBT + 1)−1

is the Fermi distribution function, where T and μ are the
temperature and the chemical potential, respectively, and s(ε)
is the entropy density given by s(ε) = − f (ε) ln f (ε) − [1 −
f (ε)] ln[1 − f (ε)]. In the k summations, the number of the
k mesh in the first Brillouin zone is taken as 2000×2000 for
monolayers and 480×480×480 for bulk.

III. MAGNETIZATION ANGLE DEPENDENCE
OF TRANSPORT PROPERTIES

In this section, we discuss the magnetization angle depen-
dences of σH and αN while tilting the ferromagnetic moment
in the ϕ = 0◦ and ϕ = 90◦ planes. Figure 2 displays the results
for the Sn-end and S-end monolayers as well as the bulk.
Here, σH is calculated at absolute zero temperature, while αN

is obtained at kBT = 5 meV.
Let us first focus on the Sn-end monolayer [Fig. 2(a)].

In both cases of ϕ = 0◦ and 90◦, σH exhibits discrete step-
wise changes for θ . For ϕ = 0◦, σH changes between integer
values in unit of e2/h: +3, +1, −1, and −3, where h
is Planck’s constant. This behavior indicates that the sys-
tem undergoes successive topological transitions between the
quantum anomalous Hall insulating states with nonzero Chern
numbers C = −3, −1, +1, and +3. We can confirm this by
the plateaulike features in the chemical potential dependence
of σH; see Appendix A. In this case, σH as well as αN shows
almost antisymmetric dependence on θ with respect to θ =
90◦, indicating that the topologically trivial state with C = 0
is realized for the in-plane magnetization with θ = 90◦. In
contrast, in the case of ϕ = 90◦, both σH and αN are no longer
antisymmetric. In particular, σH shows stepwise changes from
+3 to +1 and to −3 in units of e2/h, without taking −1,
indicating that the system undergoes different sequences of
topological transitions from the case of ϕ = 0◦. Strikingly, σH
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FIG. 3. Electronic band structures near the Fermi level (E = 0) of (a) the Sn-end monolayer, (b) the S-end monolayer, and (c) the bulk for
selected values of the tilting angle θ . The upper and lower panels show the results for ϕ = 0◦ and ϕ = 90◦ cases, respectively. M(M′), �, and
K(K′) are the symmetric points defined in Fig. 1(c).

is quantized at +1 even for the in-plane magnetization with
θ = 90◦, suggesting a planar quantum anomalous Hall effect
[41–44]. The contrasting behaviors between ϕ = 0◦ and 90◦
will be discussed from the symmetry point of view in Sec. V.

Next, we discuss the results for the S-end monolayer
[Fig. 2(b)]. In this case, σH is no longer quantized at any
nonzero integer values and shows rather continuous changes
with θ for both ϕ = 0◦ and 90◦. This is because the system is
always metallic, as will be shown in Sec. IV. The complicated
θ dependences with sign changes are ascribed to the changes
of the band structure with several Weyl nodes. We note that the
θ dependences of σH and αN are again almost antisymmetric
with respect to θ = 90◦ for ϕ = 0◦, while they are not for
ϕ = 90◦, similar to the Sn-end case in Fig. 2(a).

For comparison, we also study the bulk case [Fig. 2(c)].
We observe rather smooth and monotonic θ dependences of
σH and αN compared with the monolayers. These behaviors
are qualitatively consistent with the previous studies [30–32].
Also in this bulk case, σH and αN are almost antisymmetric
for ϕ = 0◦, but not for ϕ = 90◦ [32]. The deviation is larger
in αN because it is related to the energy derivative of σH

through the generalized Mott’s relation [45], and thus detects
the asymmetry rather sensitively.

Consequently, our results highlight the distinctive trans-
port behaviors while changing the magnetization direction
in the monolayer systems. In particular, the Sn-end mono-
layer exhibits successive discrete changes of σH, indicating

topological transitions between different anomalous quantum
Hall insulators. In addition, this behavior appears differently
for ϕ = 0◦ and 90◦, suggesting that the topological transitions
take place in a different manner depending on the tilting di-
rection. These findings will be discussed from the viewpoints
of the electronic band structure and the Berry curvature in the
next section.

IV. ELECTRONIC BAND STRUCTURE
AND BERRY CURVATURE

In this section, we present the electronic band structures
obtained by the ab initio calculations, and discuss the rela-
tion between their magnetization angle dependences and the
results in the previous section. Figure 3 shows the electronic
band structures along the symmetric lines in the Brillouin
zones shown in Fig. 1(c) near the Fermi level set at zero while
changing the tilting angle θ for (a) the Sn-end monolayer, (b)
the S-end monolayer, and (c) the bulk. The upper and lower
panels display the results for ϕ = 0◦ and ϕ = 90◦, respec-
tively.

We first discuss the case of Sn-end monolayer [Fig. 3(a)].
In this case, the magnitude of magnetic moment is almost in-
dependent of θ , ∼1 μB per formula unit [23,29]. The magnetic
anisotropy between out-of-plane and in-plane ferromagnetic
states is estimated as ∼1 meV per formula unit [29], which
corresponds to the Zeeman field of ∼6 T. The band structure
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FIG. 4. θ dependences of the Berry curvature �n(k) in the first Brillouin zone of the band just below the Fermi level for the Sn-end
monolayer: (a) ϕ = 0◦ and (b) ϕ = 90◦. The changes of the Chern number C are also indicated. (i)–(v) represent the topological transitions
associated with the changes of C. The band index n for the Chern number is dropped.

around the Weyl gap is dominated by majority spin state,
similar to the bulk system. The system at θ = 0◦, namely, with
the out-of-plane magnetic moment, is an anomalous quantum
Hall insulator with the Chern number C = −3 with the Weyl
gap opening along the �-K line [23,29]. While tilting the
moment by increasing θ , the Weyl gap decreases and closes
around θ = 90◦ for ϕ = 0◦, as shown in the upper panel of
Fig. 3(a); see also Appendix B. In this case, the change of
the band structure is almost antisymmetric with respect to
θ = 90◦; for instance, the results for θ = 73◦ and θ = 108◦
are almost equivalent. Meanwhile, for ϕ = 90◦, the Weyl gap
similarly decreases and closes around θ = 69◦ as shown in the
lower panel of Fig. 3(a) [46].

In Fig. 4, we show the magnetization angle dependence of
the Berry curvature of the band just below the Fermi level
in the Sn-end monolayer. We present the Berry curvature of
the other bands near the Fermi level in Appendix B. In the
case of ϕ = 0◦ [Fig. 4(a)], we find that the sign reversal of the
Berry curvature associated with the Weyl gap closing occurs
(i) between θ = 76◦ and θ = 80◦, (ii) at θ = 90◦, (iii) between
θ = 101◦ and θ = 105◦. These correspond to the topological
transitions inferred by σH in Fig. 2(a) with the changes of the
Chern number as (i) C = −3 → −1, (ii) C = −1 → +1 via
C = 0 at θ = 90◦, and (iii) C = 1 → 3. We note that the Berry
curvature along the kx = 0 axis remains at θ = 90◦ since the
very small Weyl gap remains due to small local in-plane spin
canting presumably coming from the Dzyaloshinskii-Moriya
type mechanism [47]; the gap should be closed if the mag-
netic moments are perfectly parallel to the a axis; see the
symmetry argument in Sec. V. In contrast, in the case of
ϕ = 90◦ [Fig. 4(b)], there are two topological transitions (iv)
between θ = 69◦ and θ = 79◦ and (v) between θ = 93◦ and
θ = 99◦, where the Chern number changes as C = −3 → −1
and −1 → 3, respectively. These correspond well to the θ de-
pendence of σH in Fig. 2(a). The θ evolution of the Berry cur-
vature is asymmetric with respect to θ = 90◦, and the number
of topological transitions is one less than in ϕ = 0◦, because
the two pairs of Weyl gaps close simultaneously at the tran-
sition (v). The asymmetric change leaves the nonzero Chern
number at θ = 90◦ (see also Appendix B), which leads to the
planar quantum anomalous Hall effect discussed in Sec. III.

Next, we discuss the results for the S-end monolayer
[Fig. 3(b)]. In this case, the magnitude of the magnetization is
around ∼3 μB per formula unit [23,29], which is again almost
independent of θ . The magnetic anisotropy between out-of-
plane and in-plane states is ∼0.03 meV [29], corresponding to
the Zeeman field of ∼0.17 T, which is smaller than the Sn-end
case. The band structure around the Fermi level contains both
majority and minority spin states in contrast to the Sn-end
case as well as the bulk case, and is always metallic for both
ϕ = 0◦ and 90◦, which prevents σH from being quantized as
found in Fig. 2(b). Furthermore, there are a greater number of
gapped Weyl nodes at low energy than the Sn-end monolayer;
see also Appendix B. These Weyl gaps close and cause topo-
logical transitions at various magnetization angles, leading
to the complicated θ dependences in Fig. 2(b). Nevertheless,
for ϕ = 0◦, the band structure changes almost antisymmetric
with respect to θ = 90◦, as represented by almost the same
band structures for θ = 45◦ and θ = 135◦. This is consistent
with almost antisymmetric behavior of σH and αN in Fig. 2(b),
similar to the Sn-end case.

Finally, we briefly discuss the bulk result [Fig. 3(c)]. The
system is always metallic, similar to the S-end monolayer
case. Besides, the band structure around the Fermi level
is much simpler and the number of Weyl gaps are more
scarce than the S-end monolayer, leading to the simpler
θ dependences of σH and αN. We observe the gap clos-
ing on the M′-� line at θ = 90◦ and the �-K′ line at θ =
135◦ in the ϕ = 0◦ case, and the M′-� line at θ = 132◦ in
the ϕ = 90◦ case.

V. SYMMETRY ARGUMENT

Let us discuss the band topology from the symmetry point
of view. As mentioned in Sec. II, the lattice structures of the
monolayers are symmetrized after the optimization, which
have threefold rotational symmetry around the c axis, C3c,
twofold rotational symmetry around the a axis, C2x, the mirror
symmetry perpendicular to the a axis, Mx, and the spatial
inversion symmetry C2xMx.

We first focus on the ϕ = 0◦ case. When θ = 90◦ where all
the magnetic moments are perfectly oriented along the a axis
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FIG. 5. Schematic pictures of (a) the in-plane (ϕ = 0◦), (b) in-
plane (ϕ = 90◦), and (c) out-of-plane directions of the ferromagnetic
moments, which are parallel to a, c×a, and c, respectively. The
orange arrows represent the Co magnetic moments. The relevant
symmetries to our analysis are denoted in (a) and (b).

[Fig. 5(a)], C2x and Mx symmetries are preserved. Hence, in
this case, the Berry curvature should satisfy the relations

�(kx,−ky)|θ=90◦,ϕ=0◦ = −�(kx, ky)|θ=90◦,ϕ=0◦ , (6)

�(−kx, ky)|θ=90◦,ϕ=0◦ = −�(kx, ky)|θ=90◦,ϕ=0◦ . (7)

Note that the band index n for the Berry curvature is dropped
here and hereafter. These lead to the cancellation of the Berry

curvature in each band, and consequently, the disappearance
of the anomalous Hall and Nernst conductivities. In particu-
lar, these relations indicate �(kx, 0) = �(0, ky) = 0, meaning
that the Berry curvature vanishes on the kx and ky axes. These
arguments are indeed approximately satisfied in the ab initio
results in the previous sections. Note that in this case the
out-of-plane component of a net magnetization is prohibited
because of C2x and Mx symmetry.

We can extend the argument to general θ . Since the state
with θ = 90◦ − γ and θ = 90◦ + γ are related with each
other via the C2x or Mx operation, we obtain the relations

�(kx,−ky)|θ=90◦−γ ,ϕ=0◦ = −�(kx, ky)|θ=90◦+γ ,ϕ=0◦ , (8)

�(−kx, ky)|θ=90◦−γ ,ϕ=0◦ = −�(kx, ky)|θ=90◦+γ ,ϕ=0◦ . (9)

These are consistent with the results in Fig. 4(a). Equations (8)
and (9) lead to the relations of σH and αN as

σH|θ=90◦−γ ,ϕ=0◦ = −σH|θ=90◦+γ ,ϕ=0◦ , (10)

αN|θ=90◦−γ ,ϕ=0◦ = −αN|θ=90◦+γ ,ϕ=0◦ , (11)

respectively. These explain well our ab initio results in Fig. 2.
Next we consider the case of ϕ = 90◦. In Fig. 5(b), we

illustrate the situation of in-plane ferromagnetic state with
θ = 90◦ as a typical example. In this case, the system remains
invariant under the 
C2x and 
Mx operations, where 
 is a
time-reversal operator. This is because the magnetic moment
is parallel to the mirror plane. We note that the out-of-plane
component of a net magnetization is allowed from the sym-
metry, while we obtained negligibly small net moment from
our ab initio calculation without energy constraint. Since the
same argument can be made for general θ , the Berry curvature
should satisfy the relations

�(kx,−ky)|ϕ=90◦ = �(kx, ky)|ϕ=90◦ , (12)

�(−kx, ky)|ϕ=90◦ = �(kx, ky)|ϕ=90◦ , (13)

for all θ . These are consistent with the ab initio-based analysis
shown in Fig. 4(b) and allow the appearance of the anomalous
Hall and Nernst effects [31], including the planar quantum
anomalous Hall effect found in Fig. 2(a).

From the above discussion, we can predict the behavior
of transport properties when the magnetization is rotated in
the kagome plane (θ = 90◦). Since σH = 0 when ϕ = 0◦, it
should vanish when ϕ = (60n)◦ (n is an integer). Similarly,
σH/(e2/h) = ±1 when ϕ = (∓30 + 120n)◦. Thus, when the
magnetization is rotated in the kagome plane, σH changes
as 0 → +1 → 0 → −1 → 0 · · · in unit of e2/h with 120◦
period.

Finally, we comment on the case of out-of-plane moment
[Fig. 5(c)]. In this case, Eqs. (8) and (9) with γ = 90◦ give the
relations between the two cases of out-of-plane moments, θ =
0◦ and θ = 180◦. In addition, Eqs. (12) and (13) hold. These
relations are again consistent with the results in the previous
sections.

VI. SUMMARY

To summarize, focusing on the thin films of Co-based
shandite with Co kagome monolayer, we have investigated
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FIG. 6. Chemical potential dependences of [(a) and (c)] the anomalous Hall conductivity σH at zero temperature and [(b) and (d)] the
anomalous Nernst conductivity αN at the temperature of 5 meV in the Sn-end monolayer. The data are calculated for ϕ = 0◦ in (a) and (b), and
for ϕ = 90◦ in (c) and (d), at several tilting angles θ .

the magnetization angle dependences of the electronic state,
band topology, and transport properties. Using the ab initio
calculations, we revealed distinctive behaviors depending on
the surface termination of the films. In the Sn-end monolayer,
we found successive topological phase transitions between
the Chern insulating states with different Chern numbers
while rotating the magnetization direction, resulting in dis-
crete changes in the anomalous Hall conductivity σH between
the corresponding quantized values. Remarkably, we dis-
covered the planar quantum anomalous Hall effect: σH is
quantized with nonzero Chern number even when the mag-
netization is oriented in the in-plane direction perpendicular
to a Co-Co bond. In contrast, in the S-end monolayer, σH

as well as the anomalous Nernst conductivity αN shows
moderate changes without quantization as the system is
always metallic. We show the origins of these behaviors
by careful analyses of the Berry curvature distributions in
each band and the symmetry arguments. Our results pave
the way for controlling topological properties of the Weyl
semimetal toward device applications, by leveraging various
tuning methods for the magnetic anisotropy in thin films,
such as magnetostriction, substrate effects, and thickness
changes.
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APPENDIX A: CHEMICAL-POTENTIAL DEPENDENCES
OF TRANSPORT PROPERTIES IN THE SN-END

MONOLAYER

In this Appendix, we present the chemical potential de-
pendences of the anomalous Hall conductivity σH and the
anomalous Nernst conductivity αN for the Sn-end monolayer.
Figure 6 shows the results calculated for the band structures
at several values of θ , by changing the chemical potential in
Eqs. (4) and (5). As discussed in Secs. III and IV, the Sn-end
monolayer is in the Chern insulating states with different
quantized values of σH depending on the moment direction.
Correspondingly, we find integer plateaus around zero chemi-
cal potential: σH/(e2/h) = +3, +1, −1, and −3 for ϕ = 0◦
[Fig. 6(a)], and σH/(e2/h) = +3, +1, and −3 for ϕ = 90◦
[Fig. 6(c)]. These plateaus represent the Weyl gaps which
make the system being the Chern insulators. In addition, in
the case of ϕ = 0◦, we confirm that the relations in Eqs. (10)
and (11) are approximately satisfied at all values of the chem-
ical potential. We also note that αN shown in Figs. 6(b)
and 6(d) are approximately given by the chemical poten-
tial derivative of σH, as expected from the generalized Mott
relation [45].

APPENDIX B: BERRY CURVATURE IN EACH BAND

In this Appendix, we show the Berry curvature in each
band for Sn-end and S-end monolayers as well as the bulk.
Figures 7(a), 7(d), and 7(g) show that the Sn-end monolayer
is in the distinct Chern insulating states for the out-of-plane,
in-plane (ϕ = 0◦), and in-plane (ϕ = 90◦) moments, respec-
tively. We can also observe that the gap is almost closed on the
kx and ky axes in the in-plane x case from Fig. 7(d). Note that
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FIG. 7. Berry curvature with the band structure of [(a), (d), (g)] Sn-end monolayer, [(b), (e), (h)] S-end monolayer, and [(c), (f), (i)] kz = 0
cut of bulk for the [(a)–(c)] out-of-plane, [(d)–(f)] in-plane (ϕ = 0◦), and [(g)–(i)] in-plane (ϕ = 90◦) magnetic moments in the energy range
from −0.2 eV to 0.2 eV. The black lines on the gray hexagons in each panel represent the Fermi surfaces. The small panels in the row of S-end
monolayer and bulk present the results in each band separately.

the Berry curvatures at θ = 90◦ shown in Fig. 4 correspond
to the results in the lower band depicted in Figs. 7(d) and
7(g). In the S-end cases shown in Figs. 7(b), 7(e), and 7(h),
the distribution of the Weyl nodes where the Berry curvature

becomes intense is complicated as discussed in Secs. III and
IV. Figures 7(c), 7(f), and 7(i) are the similar plots for the
bulk in the kz = 0 cut, again showing the consistency with the
symmetry arguments.
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