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We found a mistake in the original paper, namely, the statement that the second derivative of the I functional with respect
to the gauge field returns the gauge kernel [Eq. (10) of the original paper]. The Ward identities (WIs) presented in the original
paper are nonetheless correct, provided that one does not interpret the object labeled as K, as the gauge kernel but as the second
derivative with respect to the gauge field of the generating functional I' computed at zero fields. The physical meaning, the
usefulness, and the computation of such object are left for future research. In the following, we present a revised derivation of
the WIs for the actual gauge kernel K, both for the case of a U(1) and of an SU(2) symmetry.

I. U1) SYMMETRY

We consider a fermionic theory, described by the Grassmann fields v and ¥ and coupled to a U(1) gauge field A, and
governed by the action S[v, ¥/, A,,]. We define the U(1) gauge kernel as

Ky (x, x") = (ju () ju(xX))e + (P (x, X)), )]

. . _§S . _ 528 . .
with j,(x) = m| 4,=0 the paramagnetic current operator, Py, (x, x") = _WIAFO the diamagnetic current operator,

and where the (connected) average is taken by means of the path integral defined by S. The gauge kernel can also be defined as
the second derivative at zero source fields of the G-generating functional of the original paper [Eq. (1)]

821, T, A,]

K A, ! = T A Tovsa o )
n (x, x) SAH(X) SA,(x") J=J*=A,=0
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The U(1) gauge kernel obeys the relation
8MKM,,(.X, )C/) = 07 (3)

even in presence of spontaneous symmetry breaking. This can be readily derived from Eq. (7) of the original paper. The above
relation is somewhat obvious as it implies charge conservation, which must be fulfilled even in the superconducting state [1].
Fourier transforming Eq. (3), one obtains

iwKo, ((l, a)) - ianav(qs C()) =0, (4)

where o is only a spatial index and a sum over it is implied. Here and henceforth we use Einstein’s convention for repeated
indices, unless otherwise specified. Note that for the derivative in Eq. (3) to make sense, A, needs to be defined on a continuous
space-time, which implies, in case of a lattice system, that Eq. (4) is valid only for those values of |q| that are much smaller than
the inverse lattice spacing. Setting v = 0, q = 0, and v = g (with g also a spatial index), @ = 0, respectively, one gets

Koo(q=0,0) =0, (5a)
ey (g, 1[5 (q)gs]
Jys(Q)qy,qs

where J,4(q) is a function approaching the superfluid stiffness for ¢ — 0 in the superconducting state. Equation (5b) is the most
general form that K, 4(q, 0) can take to obey ¢,K,5(q, 0) = 0. The above relations clearly show that Eqs. (19) of the original
paper cannot be correct if the correlator K appearing there is the gauge kernel. While §G/8A,, = 6I"/8A,, descends from the
properties of the Legendre transform, a similar relation does not apply to the second derivative of the G and I" functionals with

Kaﬁ(qv w = 0) = Jaﬂ(q) - (Sb)
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respect to the gauge field. The correct form of Eq. (10) is
8°r

__or — Ka(n )+ / Lo X)X (& X)L p (s ), ©)
SAM(X)SAV(X/) Au=¢=0 " XX " b

with

82
g (7N

L/L,a(x’ )C/) = -

A, =J=0

A proof of this relation is given in Appendix. This proves that the K correlator in Eq. (10) of the original paper is not the gauge
kernel. Thus, in Egs. (15)—(20) of the original paper one should replace K,,,(q, @) with (minus) the right-hand side of Eq. (6).

Equation (20) of the original paper, despite being correct if one properly replaces K,,,(q, w), is not particularly useful as it
is not clear how to compute the second derivative of the I functional with respect to the gauge field within a diagrammatic
approach. In the following, we present a revised and more useful derivation of the Ward identities making use of the sole G
functional.

We consider Eq. (7) of the original paper using the parametrization in Eqgs. (8). We write J;(x) = h + 8J;(x), where A is a
uniform symmetry-breaking field. Taking the derivative of Eq. (7) of the original paper once with respect to A, and once with
respect to J, and setting A, = J, = 8J; = 0, we obtain

9K, (x,x') = =2hL} ,(x', x), (8a)
Lk 5(x, x') = =2hxl(x, x') + 208 (x — x'), (8b)
where ng(x,x’), X;'b(x,x/) = W"”‘ —h=A,=0> <p0 %lgllzhzfgﬂzo, and LZ’a(x, x') are the gauge kernel, sus-

ceptibility, condensate fraction, and L correlator, respectively [see Eq. (7)], computed in presence of a uniform explicit
symmetry-breaking field 4. Combining the two equations above, we obtain

h
3,0, K (x, x') = 4h <X§2(x,x’) — (/;l—O(S(x —x’)), ©)

where 9, is a derivative over x'.
Considering the global U(1) symmetry of the problem, one can obtain a relation similar to Eq. (7) of the original paper:

5 5
/x [fwx)J =5, (x)JZ(x):| =0, (10)

where fx is an integral over the spatiotemporal coordinates. From the above relation, one readily obtains

o
P
This, combined with the properties xé’z(—q, w) = thz(qs —w) = xzi’z(q, ), implies that the Fourier transform of the right-hand

side of Eq. (9) is at least quadratic in frequency and/or momentum. We can thus assume the following small-q and small-w
expansions of sz (q, w):

Xh(@=0,0=0)= (11)

4((/)/1)2
h 0
L W) . 12
x20(q, @) X+ T oduds T ] (12)
Taking the Fourier transform of Eq. (9), one gets
: h 2 12 m2 Lo 1
lim K3(0, ) = —4h -a ox 0, 0)| o= —xr = —4(ef) an(m> (13a)
21, 1
th (q,0) = —4h2 xo(@,0)| =Tl =4(e}) 50 (—) (13b)
af 2 q% 22 |q 0 B ( 0) 2 “4adp ng(q’ 0)
Finally, taking the &4 — 0 limit, we obtain
= lim lim K{}(0, ©) = —4( )2132 _ (14a)
— w _ Z
Xn =100 o oo 002 % 30, ) 00
1
Jop = lim lim K”4(q, 0) = 4 —_— 14b
p = jim hm 25(q, 0) = 4(g0)’ 3 qaqﬂ(xzz(q’o)) (14b)

where x, and J,g are the coefficients of the expansion (12) obtained in absence of a symmetry-breaking field. In particular, Jug
is the superfluid stiffness. Also, ¢p and x2,(q, w) are the condensate fraction and susceptibility obtained for zero 4.
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The equations above are a more useful version of the Ward identities presented in the original paper. The calculation of
limy,_,¢ KZV can be performed in the same way as one computes the gauge kernel, introducing a symmetry-breaking field, and
sending it to zero at the end of the calculation. The equations above also clearly prove that the dynamical [Eq. (14a)] or static
[Eq. (14b)] limits do not commute with the 4 — 0 limit in the gauge kernel. Inverting their order, one would obtain Egs. (5)
instead of those above.

II. SU(2) SYMMETRY

Most of the considerations above also apply to the case of a spontaneously broken SU(2) symmetry, with minor modifications.
The SU(2) gauge kernel has a similar definition to its U(1) counterpart. Also in this case, the SU(2) gauge kernel can only be
obtained by taking the derivative of the G functional (and not from the I" functional).

Relations similar to Egs. (6) and (7) can be obtained for a system with SU(2) symmetry, making, also in this case, Eq. (40) of
the original paper not useful for practical calculations. In the following, we derive W1s for the actual SU(2) gauge kernel.

The analog of Eq. (7) is, in the SU(2)-symmetric case,

(Sg alm 8g m 8g m —
8<8A—()> —e [am)’ @+ SAfL(x)A“(X):| =0 4

We now set J,(x) = h,(x) + 8J,(x), where h,(x) is a symmetry-breaking field. Its spatial dependence must take the same form
as the spin condensate Sg(x) = —38G/8J4(x)|a,=ss=0. In essence, for every point X, we have SZ(X) = (<p(’)’ /h)h,(x), where h =

ha(X)h,(x) and <p6’ are constants.

With some algebra, we can derive from Eq. (15) the following set of equations:

KPP (x, x') = LIV )y (x) + e BI ()8 (x — ), (16a)
ALy 0, X') = & x (6, X Y (x) — £ S} (X)8(x — X, (16b)
3B (x) = ™S} (X)hy(x) = 0, (16¢)

where the first (second) equation has been obtained deriving (15) with respect to A, (x") [J(x")] and setting A, = 8J = 0. The
third equation can be derived from (15) setting A,, = 8J = 0. Its right-hand side is zero because we have assumed SZ(X) and
h,(x) to be parallel. We have also defined

Ly (x.x) jad (172)
L x)= —————— , a
w.b BAG(x)8JP (') |5, —s7=0
8
BM(x) = — g . (17b)
8AL X |4, =s7=0
K SV“” and :‘b are the gauge kernel and spin susceptibility in presence of a symmetry-breaking field.
Combining all Egs. (16), we get
30y Kb (x, x') = e x 1y (x, XV ()R (X) 4 (284086m — SamBpt — SapSem)Sy (X (X)8(x — x')
atm bpr h o / ha(X)hy,(x) (18)
— gatmgbp X[I;(Z(x’ X))y, (X)h, (X)) + h(pg (T — b |-

Similarly to the previous section, one can derive a functional identity for G descending from the global SU(2) symmetry of the
system, reading as

alm 8g _
/xe SJg(x)JM(x) =0. (19)

Taking a functional derivative with respect to J,(x"), multiplying by sb”ph,,(x’), summing over n and p, setting 8J, = A}, =0,
and integrating over x’, we obtain

h
/ / M b 3, 3 (R () = 20 / SavSom — SatSom Ve (X (X). (20)
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A. Spiral order
In the case of spiral order, we have h(x) = A(cos(Q - x), sin(Q - x), 0) and §"(x) = <pg(cos(Q - X), sin(Q - x), 0). Equa-
tion (20) then gives
X22(0 0) = (21a)
X53(Q,0) = ¥3(—Q, 0) = (21b)

where X/, is the susceptibility in a rotated spin basis, and it is connected to x " with relations similar to Eqgs. (55) of the original
paper. Setting a = b = 1, 2, 3 in Eq. (16), Fourier transforming and using the above relations, one obtains

2
lim K36 (0. w) = lim K3 (0, w) = — 4 0 X35(Q, @), (22a)
lim K!5'(q.0) = lim K@, 0) =~ 830,% %5 (q, 0)lg—q- (22b)
li h;33 0 _ h2 2 0
lim K357 (0, @) = = —-8,335(0, @), (22¢)
h;33 h2
lim Ky°(a. 0) = =507, 4, %2(a. O)lg—o, (22d)

where, as in the original paper, Kj; 9 (q, w) is the translational invariant component of the SU(2) gauge kernel.
Assuming the following forms for the susceptibilities,

~ 4
(@ ) = —g— ( ,‘j) (23a)
_Xdyn w4+ J ap 9o4p + h(po

~h (‘po) /2
T (g, ) = : : : (23b)
¥ ; —Xpwa? + I (g — nQ)u(q — 1Q)p + hel/2

one can prove, following the steps performed in the U(1)-symmetric case, the final form of the Ward identities for a spiral magnet

L A il N 22 (90)* ., 1
i = fm i 5110 =l i K570, = =558 e
Jh = lim hm K"“(q 0) = lim lim K"?*(q, 0) = (“’0)232 _ (24b)
ap > h0 w0 aB ’ 2 “dadp 733((1’ 0) q_>Q’
1
1 — 1' 1 Kh;33 - _ 202 24
Xiyn = lim lim Ko™ (0, @) = —(¢0)"9,, 20| (24c)
1
JY = lim li K (q. 0 . — 24d
ap = lim lim (q,0) = ()0 qaqﬂ 2(q.0) (24d)

Also in this case, the static or dynamic limit does not commute with the # — 0 limit.

B. Néel order

The Ward identities in the case of Néel order can be straightforwardly derived following the steps performed in the previous
subsection. Assuming Sh(x) = (p{)’(—l)"(l, 0, 0) and A(x) = h(—1)*(1, 0, 0), they read as

- . 1
Hagn = lim lim K72(0, ) = —(wo)zai(m> " (25a)
= lim lim K} 07 N = 25b
Jup lim lim (q,0) = (o) (Mﬁ(xﬁ(q, O)> . (25b)

where now Q takes the form (77, 7). The above equations remain valid upon exchanging the index “2” with “3.”
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III. EXPLICIT CALCULATION FOR A SPIRAL MAGNET

Section III of the original paper is fully correct, as the microscopic expressions for the spin stiffnesses and dynamical
susceptibilities correspond to those derived in presence of a small symmetry-breaking field that is sent to zero at the end of
the calculation.

A misprint is present in Eq. (A4) of the original paper. Its correct form is

A h "(EF h "(E7) h E7)— f(EX
Kjl(()):—Z/k{[i(akdgk)ﬂaknhk)}f( ")+[ k(akagk)—(aknhk)}f( k)+—§(akugk)M}, (26)

ek ek 9R €x €k

that is, compared to the original paper, the prefactor is A and not AZ.

IV. NOTE

In Ref. [2] the expressions for the spin stiffnesses and dynamical susceptibilities derived in the original paper have been used.
Even though it was not explicitly stated, they have been derived applying a small symmetry-breaking field to the system and
sending it to zero after performing the dynamical or static limit. The expressions in Ref. [2] are therefore correct within the
(renormalization group improved) random phase approximation employed in the paper.

During the review process of this Erratum, Ref. [3] appeared, which presents a similar derivation of the Ward identities above,
and, as also discussed here, identifies the presence of an infinitesimal symmetry-breaking field as crucial to obtain the correct
formulas for the spin stiffnesses.
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APPENDIX: DERIVATION OF EQ. (6)

In this Appendix, we present a derivation of Eq. (6). The identity

ST 8G
8AL(x)  8A,(x)

(AD)

descends directly from the properties of the Legendre transform that connects G and I'. Taking a further derivative with respect
to the gauge field in the above equation, we get

82r 82 82 8T, (x"
_ &g L 0 w2
8AL(x)8A,(x")  8A,(x)6A, (X)) o 6A, (X)8J,(x") SA,(x')
Setting the fields to zero, we obtain
8r 8J,(x"
L =—&M&ﬂ—/LM@JU SRI (A3)
SAM(X)BA\J(X ) Au=¢=0 X" 8A,(x") Au=¢=0

with L, ,(x, x”) defined as in Eq. (7). At this point, one needs to express the source field J,(x) in terms of the “classical” field
¢4(x), which T" depends on. Since we only need its derivative with respect to the gauge field at zero sources, we are allowed to
expand the relation connecting ¢, (x) and J,(x) to linear order in the fields:

Pa0) =~ = A Q0.a +/[xab(x, XWp(X) + Ly o', 0)A, (D] 4 - -+, (A4)
with o , = —% |7=a,=0 the condensate fraction. Solving for J,(x), we obtain
5Ja(x) / —1 i ’on
= — 9’ L ) 9’ AS
Ao RZCERUNEES (AS)
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with the inverse susceptibility Xa_;,l (x, x") obeying

/ Xae (6, X)X O, x) = 8(x = X )b (A6)

X

Inserting Eq. (AS) into (A3), we obtain Eq. (6).
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