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We theoretically investigate the entanglement between two well-separated quantum emitters (QEs) mediated
by dark-gap-plasmon waveguides. Both the plasmon-QE coupling strength and the energy transfer efficiency
between QEs are crucial for entanglement based on analytical results. To overcome the low energy transfer
efficiency brought by common plasmonic waveguides, we construct a simple dark-gap-plasmon waveguide.
Such a structure consists of two parallel silver nanowires, where dark plasmon modes are formed in the gap
between the two nanowires. The leaky (or radiative) feature of propagating plasmons is highly suppressed,
which results in the quality factors of the dark plasmon modes reaching the material limit. Thus, the energy

transfer efficiency can reach more than 94% with a distance even over ten working wavelengths (> 10 um).
Meanwhile, by introducing a tip dimer structure in the nanowire gap, the plasmon-QE coupling can reach a
strong coupling regime with realistic parameters. The influences from the geometric parameters of the system
are also considered. The energy transfer efficiency is robust to the geometric variations due to the dark feature

of the plasmon responses.
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I. INTRODUCTION

Controlling the interactions between photons and quantum
emitters (QEs) such as molecules or quantum dots is impor-
tant for many applications including quantum information,
nanolasers, and chemical reactions [1-5]. Among the pho-
tonic structures, plasmonic nanostructures have become an
attractive platform to achieve desirable couplings with QEs,
especially at room temperature [6—12]. This is due to the
well-known high near-field concentration ability accompanied
by surface plasmon resonances [13]. The coupling strength
between a plasmon mode and a single QE is a fundamen-
tal parameter that has attracted many researchers. Besides
involving a QE with a large enough transition dipole mo-
ment, one efficient way is to squeeze the mode volume of a
plasmonic nanostructure. This is usually achieved by intro-
ducing a small gap between plasmonic structures [6-8]. In
recent years, significant progress has been made in achieving
larger plasmon-QE coupling strengths. The coupling strength
between the plasmon modes and a single QE can now reach
the strong coupling regime at room temperature [6-9,14—17],
which means the energy can transfer back and forth between
the plasmons and a QE.

Achieving efficient entanglement between two QEs rep-
resents an important step towards quantum control of QEs
and is crucial for applications such as quantum informa-
tion [18-22]. Short-distance entanglement can be achieved
through a single optical cavity that mediates two QEs [23-30],
where the plasmon-QE coupling strength plays a key role
in the entanglement amplitude. Despite these theoretical
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advancements, there have been almost no experimental
reports of entanglement between two QEs mediated by plas-
monic nanostructures. The main reason could lie in the fact
that the QEs are spatially too close to each other experimen-
tally. One experimentally feasible way is to establish efficient
entanglement between two distanced QEs so that the exci-
tation and measurement can be carried out at well-separated
locations [23]. More importantly, the entanglement between
two qubits with a long enough distance may also be nec-
essary for the application of quantum information [31-41].
In fact, efforts have been devoted to theoretically studying
the entanglement between two distanced QEs mediated by
plasmonic nanostructures including wedge waveguides, and
single nanowires [42—49]. In such systems, in addition to
the plasmon-QE coupling strength, another typical important
parameter is the energy transfer efficiency between two QEs.
The limited energy transfer efficiency is a disadvantage factor
for entanglement, and it is usually induced by the material loss
and radiative loss of a plasmon resonance. Thus, the energy
transfer efficiencies in the proposed strategies reduce quickly
with distance and remain less than ~ 0.9 after propagating
only one or two working wavelengths [49]. Furthermore, the
coupling strengths in those systems are relatively lower than
those with subwavelength plasmonic cavities. A tricky issue is
that by narrowing the gaps between QEs and plasmonic struc-
tures, the plasmon-QE coupling strength could be increased
while the energy transfer efficiency would usually drop even
further [49,50].

In this study, we construct dark-gap-plasmon modes within
plasmonic nanostructures to facilitate quantum entanglement
between two distanced QEs. Our approach utilizes two par-
allel silver (Ag) nanowires to generate dark plasmon modes
within their gap. Correspondingly, the leaky (or radiative)
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feature of propagating plasmon is highly suppressed in such a
system and the quality (Q) factor of the dark plasmon modes
is almost purely determined by the material loss. Remarkably,
the energy transfer efficiency can be maintained over 94%
even when the QEs are separated by a distance exceeding ten
working wavelengths (>10 um). More calculations show that
the energy transfer efficiency is almost only affected by the
material loss and is robust to the geometric variations due to
the dark feature of the plasmon responses. Furthermore, by in-
troducing a tip dimer around the QE in the dark-gap-plasmon
waveguide, the plasmon-QE coupling strength can reach a
strong regime with realistic parameters. We also consider the
effects of geometric parameters on the entanglement within
this system.

II. THEORETICAL METHODS

The dynamic evolution of QEs coupled to a lossy plasmon
nanostructure can be characterized in the form of a well-
known quantum master equation
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where p is the density matrix describing the state of the
system, H is the Hamiltonian of the system, and the Lindblad
superoperator L can be used to describe the loss in the system.
In the model involving the entanglement of two QEs mediated
by a plasmonic waveguide, each QE is a two-level system,
namely, a ground state |g) and an excited state |e). The number
of photons in the plasmon waveguide can be represented by s.
The wave function representing the state of the system can
be expressed as |W(r))=|q1)]|q2)|s), where g; = e or g, and
the number of photons s =0, 1,2 - - spax. Then, the density
matrix p can be expressed as [23]
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Under the rotational wave approximation, the Hamiltonian

H of the system can be expressed as [51,52]
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where @, denotes the dipole transition frequency of a QE and
w. denotes the resonance frequency of the plasmon mode.
It is assumed that the QEs are in resonance with the plas-
mon mode (wy = w,). 6;(67,-) represents the raising (lowering)
operator of the ith QE, l;%(lA)) represents the generation (an-
nihilation) operator of a plasmon, g; represents the coupling
strength between the ith QE and the waveguide, and B rep-
resents the energy transfer efficiency between the two QEs.
B is included due to the fact that the energy can transfer
between the QEs through a waveguide; the proportion of
energy returned to a QE in each round (g t) is 2. The
Lindblad superoperator describes the plasmon loss, QE spon-
taneous radiation loss, and dephase caused by the external
environment. Thus, it can be given by the following equation

[11,53]:
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where y, represents the decay rate of a plasmon mode, yy
represents the decay rate of an individual QE in vacuum, and
ya4 represents environmental dephasing decay constant.

By solving the master equation, Eq. (1), one can obtain
the density matrix p(¢) as a function of time. As for the
entanglement between QEs, it is necessary to reduce the pho-
ton number states in the plasmon waveguide (details of the
derivation can be found in the Supplemental Material [54]),
and the reduced density matrix for the states of two QEs can
be written as

pra(t) =Y {sIp(0)ls™). )

s=0,1

The entanglement between two QEs is measured by the
degree of concurrence [55], which can be obtained by the
reduced density matrix p»(t),

C(p12(t)) = max{0, Ay — Ay — A3 — A4}, (6)

where Ay, Ay, A3, A4 are the square roots of the four eigen-
values of the matrix ,olz(t)plz(t) in descending order, where
plz(t) is the spin-flipped state of pj»(¢) (see details in the
Supplemental Material [54]).

The plasmon-QE coupling strength g; and the energy
transfer efficiency B are greatly dependent on the prop-
erties of plasmonic waveguides which are highly tunable.
The contributions from an electromagnetic mode in a plas-
mon waveguide to the spectral density can be expressed as

|8(@0)* = 2 Im[p;G(ri, ri, o)), Where p; denotes the
electric dlpole moment of QE;, and the Green’s function
G(ri,rj, wg) describes the dipole interaction between QEs.
The coupling strength can be approximated by a Lorentzian
2_ &

near a resonance [56] [g(wo)|” = 3£ — )2+(yv) Here, 7 is
the reduced Planck constant, ¢ is the speed of light, and &g
is the dielectric constant in a vacuum. So, the resonant g;

2
can be expressed in terms of the Green’s function as 4}/&

;S—Zlem[u;kG(ri, ri, wo));]. For a general plasmonic structure,

the Green’s function cannot be solved analytically. On the
other hand, the Green’s function can be numerically obtained
based on the electric field E (r;) generated at the r; by a dipole
light source located in the r;. For example, the electric field
can be simulated by the finite time-domain difference method
(FDTD; see more details in the Supplemental Material [54]),
and then the Green’s function G(r;, r;) can be obtained based
on [49]

E(ri, wo) = oyuoG(ri,rj, wo)p;, @)

where 1o is the vacuum permeability and p; is the electric
dipole moment of the QE;.
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FIG. 1. (a) Top: schematic of a Ag nanowire waveguide structure with two QEs. Bottom: the evolution of the excited state population of
QEs over time. Here, we assume a given loss y, (= 2go) for a plasmonic system and the QE-plasmon coupling strength g=g¢. g1=g» and S is
taken to be § = 0.95. (b) Top: populations of the Bell states S and A in the above two QEs systems. Bottom: the evolution of concurrence in two
QE systems over time. (c) Effects of coupling strength g on concurrence evolution, 8 = 1, g;=g,=g. (d) Effect of B factor on concurrence
evolution, g1=g,= go. (¢) The peak value of concurrence as a function of g and g, g1=g>=g. (f) Top: populations of the Bell states S and A

in a two QE system under the condition of ;‘;—T = 217

figures, we have y; = 0.1y, and y, = 1074y,.

The energy transfer efficiency § is obtained based on the
decay rate enhancements of the QEs in the plasmonic waveg-
uide structure. The decay rate enhancements of the QEs can
also be calculated based on the Green’s function. The decay
rate y; of QE; due to self-interaction in a plasmon waveguide

is also known as the spontaneous radiation rate y = A‘yﬁ. The

decay rate y;; due to the interaction between QEs can be
expressed as [48,55-57]
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The energy transfer efficiency B represents the ratio of y;;
to yii:
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By combining the simulation results from FDTD with
Eq. (7), one can obtain the coupling strength g; and energy
transfer efficiency 8. Alternatively, g; can also be obtained by
the Purcell factor F, which represents the enhancement of the
spontaneous radiation of QE. It can be expressed in terms of
the Green’s function as [48,58]

6
F=2 = Zmpi G, ri. wo)ml. (10)

Yo wo

A Bottom: the evolution of concurrence in two QEs systems over time. g;=go. For all

The spontaneous emission rate of a QE in vacuum is given

3 2
by v = ;;;’L’;;lw where (. is the transition dipole moment.
According to Fermi’s golden rule, at the weak coupling limit,

F can be expressed as a function of g; as [23,59]

4g?

VsYo

For a general plasmonic structure, F' can be easily simu-
lated by the FDTD directly. It should be noted that although
Eq. (10) only holds with a weak coupling strength, the Green’s
function itself remains the same with different ;. In the
FDTD simulations, the u; is always small enough to ensure
the validity of Eq. (10). Thus, Eq. (11) can be safely used for
the calculation of g; even under the strong coupling condition,
as Eq. (10) is just used to obtain the Green’s function for
gi- One needs to recognize that if a system is in the strong
coupling regime, Eq. (10) cannot be used for the calculation
of the Purcell factor anymore, as this concept does not hold in
this situation.

F (11)

III. RESULTS

To specifically reveal the impacts of the plasmon-QE
coupling strength g and the energy transfer efficiency g
on the entanglement, we analytically consider two identical
two-level QEs placed within a general plasmonic waveg-
uide structure [Fig. 1(a)]. The initial state of the system is
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FIG. 2. The decay rate enhancement and energy transfer efficiency g with different waveguides. The length, width, and height of a nanowire
for each configuration are 12 um, 50 nm, and 50 nm, respectively. (a) Top: the schematic of a dark-gap-plasmon waveguide and the charge
distributions. The separation between the two nanowires is 90 nm. The length b for a triangle is » = 10 nm and the tip is rounded with a disk
of diameter @ = 1 nm. Bottom: the distribution of the imaginary part of the normalized electric field Im[E,] in the waveguide at the resonant
wavelength A = 1130 nm. (b) A single wire waveguide and the resonant field distribution of normalized Im[E,] at A = 1135 nm. (c) The same
content as (b) while the tip is removed. In all configurations, the QE-metal distance is the same (2 nm) for the sake of comparison. The decay
rate enhancements v /vy (¥11/%0), v12/vo and the energy transfer efficiency 8 corresponding to the structures in (a), (b), and (c) are shown in

(d), (e), and (f), respectively.

assumed to be that QE; is in the excited state |e), QE, is
in the ground state |g), and the number of photons in the
plasmon waveguide is 0, namely, |¥(0))=|e)|g)|0). In this
case, the energy emitted by QE; can be transferred to QE;
via the waveguide. Figure 1(a) also shows the dynamics
of a typical system based on the quantum electrodynamics
[51] as described by Eq. (1). The QEs exchange energy
without interruption and transition between the ground state
and the excited state. The population of the two QEs on
the Bell states can help us better understand the dynam-
ics of entanglement. The concurrence can be expressed as
C(t) = V(p14+ — p——)* + 4Im(p,_)?, where p is the pop-
ulation of the Bell state S = %(IlO) + |01)) and p__ is the

population of the Bell state A = \%(HO) —|01)). When the
initial state of the system is |W(0))=|e)|g)|0), Im(p;+_) = 0.
Then, C(¢) can be simplified as C(¢t) = v/ (o4++ — ,0__)2 =
|p++ — p——| [Fig. 1(b)]. Therefore, the Bell state can also
well reflect the degree of entanglement between QEs.

Figures 1(c) and 1(d) show the effects of the coupling
strength g; and the energy transfer efficiency 8 on the con-
currence between QEs. Here, we have assumed the coupling
strength between QE; and a waveguide (g;) is the same as
that between QE, and the waveguide (g,), namely, g,=g,=g.
At the same time, it can still reflect the main feature of the
influence of coupling strength g on the entanglement. g and
B can both significantly affect the entanglement behaviors
of the two QEs. The maximal entanglement as a function of
g and B is shown in Fig. 1(e), where the coupling strength
g is varied in a realistic range based on current plasmonic

systems, namely, 2g/y, ~ 1 [17]. More calculations show that
the maximal entanglement can be further increased by further
increasing the coupling strengths and making the coupling
strengths g, and g, different. For the most common initial
state of the system |W(0))=|e)|g)|0), the entanglement be-
tween QEs can be optimized by setting i% = ﬁ (see Fig.
S1 in the Supplemental Material [54]). The concurrence value
will become relatively almost twice larger than the situation
with g; = g» [Figs. 1(b) and 1(f)]. As mentioned earlier, the
coupling strength g and energy transfer efficiency 8 are highly
dependent on the properties of the plasmonic waveguide. On
the other hand, in most plasmonic waveguides the optimiza-
tions of g and B are usually in conflict with each other [49,50].
In the following part of this paper, we will take the assumption
g1=g>=g as a default condition for simplicity. We note that
the concurrence under this condition will be obviously smaller
than 1, while this value can be easily increased by tuning the
ratio of g; and g».

Here, we construct a simple plasmon waveguide composed
of two parallel Ag nanowires [Fig. 2(a)]. The Ag nanowires
are separated by a certain distance and a tip dimer structure is
designed at the location of each QE to enhance the couplings
between QEs and the waveguide. Here, choosing the geomet-
ric parameters highly relies on their influences on the g and 8,
which will be discussed in detail later. In such a structure, the
charges are opposite on the two sides of the gap, and a dark-
gap-plasmon resonance is formed in the gap at A = 1130 nm
[Figs. 2(a) and 2(d)]. Correspondingly, the plasmon energy is
well confined between the two nanowires [Fig. 2(a)], which
can efficiently suppress the transmission loss and results in a
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FIG. 3. (a) The total (y /) and radiative (y,/yy) decay rate enhancement for the dark-gap-plasmon waveguide (structure A). The ratio of
y,/y is also shown. The results for single wire waveguides of structures B and C are shown in (b) and (c), respectively. The structures A, B,
and C are the same as those in Fig. 2. (d) Q factors as a function of working wavelength corresponding to plasmon modes in the three different
waveguides and the theoretical prediction of maximum values of Q determined by material properties. (e) The relation between the 1/(QA)
and 1—p8 corresponding to each plasmon mode in three different Ag waveguides. (f) The relation between the 1/(QX) and normalized 1—8
corresponding to each plasmon mode in the dark-gap-plasmon waveguide with different lengths, where L, is taken as Ly = 12 um.

high energy transfer efficiency of 94.1% with a long distance
of 12 um [Fig. 2(d)]. This length is more than ten working
wavelengths. Furthermore, the coupling strength g can be
greatly enhanced by introducing the tip dimer surrounding
the QEs. Here it can be verified based on Eq. (11) that g is
larger than y, /2 indicating a strong coupling regime under
this situation [17,52]. This is due to the fact that the gap
formed by the two small triangular structures can localize
the electromagnetic field energy in a small area, which can
enhance the coupling between the QE and the plasmon. On
a whole, both a large coupling strength and a high energy
transfer rate can be obtained.

In contrast to the above configuration, if the tip structure is
broken or removed, the decay rate enhancement drops almost
one order of magnitude [Figs. 2(d)-2(f)]. Furthermore, as the
dark-gap-plasmon configuration is broken, the energy trans-
fer efficiency B also decreases significantly [Figs. 2(d)-2(f)].
The leaky feature of the propagating plasmon in a single
nanowire without the dark-gap-plasmon feature is also obvi-
ously demonstrated by the near-field distributions [Figs. 2(b)
and 2(c)]. The energy transfer efficiency S of the two parallel
wires waveguide without the sharp tips is only around 65%
(see Fig. S2 in the Supplemental Material), which is even
significantly lower than the cases in Fig. 2(c).

Due to the formation of dark gap plasmons, the radiative
losses can be greatly suppressed during the plasmon energy
transfer between QEs. This is directly confirmed by the sim-
ulations as shown in Figs. 3(a)-3(c). The ratio of radiative
decay rate to the total decay rate of a QE drops from ~50% for
a single nanowire to less than 20% for the dark-gap-plasmon

waveguide at the working wavelength corresponding to a plas-
mon resonance. This value is close to the baseline which could
be caused by the tails of other modes. As the radiative decay
channel is largely suppressed, the plasmon energy transfer
factor B should be dominated by the loss of the material itself.
This is also confirmed by the numerical calculations.

It is known that in metal nanostructures, when the radiative
loss is negligible, the quality factor Q of a plasmon mode can
be expressed as [60]

12)

where s;n (e;) is the real (imaginary) part of the dielectric
function of a metal. The Q factor can also be expressed as
[60] O = 5% = % One finds that the Q factor of the dark
plasmon mode is close to that determined by the material limit
[Figs. 3(d) and S2]. On the other hand, if the radiative loss
takes an increasing role for the loss of a plasmon mode, the
Q factor will drop obviously as illustrated by the cases with
single wire waveguides [Figs. 3(d) and S3].

In a plasmon mode, if the energy decay is only determined
by the material loss, the relation between y, and § should
satisfy y; o« 1—g. Then, one finds

1 1 A
S (13)
1-8 vy mc

namely,
1
1—-8x —.

on (14)
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FIG. 4. The energy transfer efficiency 8 and the coupling strength g with different lengths (a), gaps of the tip dimer (b), and the transition
dipole moment of each QE (c). In each figure, the other parameters of the dark-gap-plasmon waveguide are the same as that in Fig. 2(a). The
transition dipole moment of each QE is 20 D in (a) and (b). The concurrence of QEs as a function of time corresponding to different cases in

(a), (b), and (c) are shown in (d), (e), and (f), respectively.

Figure 3(e) shows the results of the 1—8 and 1/(QA) as
a function of wavelength for a dark-gap-plasmon waveguide.
Here, the results of 1—g are directly simulated by the FDTD
and that of 1/(QA) are calculated based on the Ag material
properties [Eq. (12)]. They agree well and verify the validity
of Eq. (14) in such a dark-gap-plasmon system. In contrast,
as the resonant radiative decay takes an important role in
the plasmon transmission loss for a single wire waveguide,
the energy transfer efficiency B does not follow the trend
of material loss well [Fig. 3(e)]. Figure 3(f) shows the rela-
tionship between the 1—8 and 1/(Q)) of dark-gap-plasmon
waveguides with different lengths. They all follow the trend
of material loss well due to the highly suppressed radiative
decay rate enhancements near resonances. Since the transfer
efficiency g is highly determined by the material loss, it can
also be verified that if the Ag is replaced by another common
material, gold (Au), the 8 will drop obviously due to the
higher material loss of Au (see Fig. S4).

The energy transfer efficiency § and the coupling strength
g can be affected by the geometries of the plasmon waveg-
uide and the transition dipole moment of a QE. Figure 4(a)
illustrates that the energy transfer efficiency B can reach
99.2% when the distance between QEs is about 2 um (~1.7
times the working wavelength). g remains 94.1% when the
distance is increased to 12 pum, which ensures that the en-
ergy between QEs can be efficiently transmitted through the
waveguide. The increase in the waveguide length will also
lead to a decrease in the coupling strength g between the QE
and the waveguide. This is closely related to the fact that
the light concentration ability usually decreases with rela-
tively increased volume [17,61]. As expected, the ability to
concentrate the electromagnetic field decreases by increasing

the gap between two triangle tips, and the coupling strength
g becomes smaller correspondingly as shown in Fig. 4(b).
We also considered the influences from other parameters in-
cluding the width/height of the nanowire and the geometry
of a triangle. Those parameters can largely affect the g. For
example, g will decrease obviously when the distance between
two wires is either greater or less than 90 nm (see Fig. S5). In
contrast, 8 is robust to those parameter variations in a certain
range (see Fig. S5). Another parameter that can greatly affect
the coupling strength g is the transition dipole moment of a
QE. The coupling strength g increases proportionally with the
transition dipole moment [Fig. 4(c)]. Figures 4(d), 4(e), and
4(f) show the concurrence as a function of time with some
of the cases in Figs. 4(a), 4(b), and 4(c), respectively. As
expected, the concurrence varies faster with time and reaches
a larger maximal value by increasing g and .

The concurrence time is in picosecond scale. Such a fast
period of time is mainly due to the large Ohmic loss in
plasmonic nanostructures. On the other hand, this timescale
is acceptable and common in the field of ultrafast optical
measurement. Regarding the issue of fast decoherence in the
pursuit of potential applications in quantum computing, one
may consider two solutions. First, the required quantum com-
puting operations can be implemented within the picosecond
scale, for example, by accelerating the characteristic time of
quantum computation to the femtosecond scale. This may
require a well-designed structure just around the QEs or
QESs with larger enough transition dipole moments to achieve
larger coupling strength g [6-8,17]. The relevant work still
requires further efforts. Based on our results, the future de-
signs (like the tips in this work) could possibly not affect the
energy transfer efficiency 8 with the dark plasmon waveguide
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here. Second, one may also consider adding a gain medium to
effectively compensate the loss in the plasmonic waveguide,
thereby significantly increasing the maintenance time of larger
entanglement.

IV. CONCLUSION

We analytically consider a general case of the entangle-
ment dynamics between two QEs mediated by a plasmon
waveguide. Our results show that both the coupling strength
g and the energy transfer efficiency B are crucial for the
entanglement magnitude. On the other hand, achieving high
values for both g and B simultaneously remains challenging
within a common plasmon waveguide system. In light of this,
we proposed a dark-gap-plasmon waveguide consisting of two
parallel Ag nanowires. Dark plasmon modes can be formed in
the gap between the nanowires in such a waveguide, where
the leaky (or radiative) feature of propagating plasmon is
highly suppressed. This is also reflected by the Q factor of
a plasmon mode which is pushed to the material limit. As

a result, the B factor can maintain more than 94% with a
distance between QEs over ten operating wavelengths. More
results show that B is almost only determined by material
loss and is robust to geometry variations of the waveguide.
Furthermore, by introducing a tip dimer around each QE in
the waveguide, the plasmon-QE coupling strength can reach
the strong coupling regime. Our results demonstrate that by
engineering dark plasmon, it is possible to simultaneously
achieve high coupling strength and energy transfer efficiency
for two well-separated QEs. This approach opens the door to
the experimental realization of efficient entanglement between
two QEs and may hold significant potential for applications in
quantum information.
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