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We investigate the near-field radiative heat transfer between a normally and/or laterally shifted nanoparticle
and a planar fused silica slab coated with a strip graphene grating. For this study, we develop and use a scattering
matrix approach derived from Fourier modal method augmented with local basis functions. We find that adding
a graphene sheet coating on the slab can already enhance the heat flux by about 85%. We show that by patterning
the graphene sheet coating into a grating, the heat flux is further increased, and this happens thanks to the a
topological transition of the plasmonic modes from circular to hyperbolic one, which allows for more energy
transfer. The lateral shift affects the accessible range of high-k modes and thus affects the heat flux, too. By
moving the nanoparticle laterally above the graphene grating, we can obtain an optimal heat flux with strong
chemical potential dependence above the strips. For a fixed graphene grating period (D = 1 µm) and not too
large normal shift (separation d < 800 nm), two different types of lateral shift effects (e.g., enhancement and
inhibition) on heat transfer have been observed. As the separation d is further increased, the lateral shift effect
becomes less important. We show that the lateral shift effect is sensitive to the geometric factor d/D. Two distinct
asymptotic regimes are proposed: (1) the inhibition regime (d/D < 0.85), where the lateral shift reduces the heat
transfer and (2) the neutral regime (d/D � 0.85) where the effect of the lateral shift is negligible. In general, we
can say that the geometric factor d/D ≈ 0.85 is a critical point for the lateral shift effect. Our predictions can
have relevant implications to the radiative heat transfer and energy management at the nano/microscale.
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I. INTRODUCTION

Recently, the study of near-field radiative heat transfer
(NFRHT) has seen a surge in interest, motivated by both
theoretical investigations and practical uses. When the sepa-
ration distance is comparable to or smaller than the thermal
wavelength λT = h̄c/kBT , near-field effects can cause the ra-
diative heat flux to exceed the Planckian blackbody limit by
several orders of magnitude [1–4]. Theoretical investigations
of NFRHT have extensively covered a variety of geometric
configurations [5–18], some of which have been confirmed by
pioneering experimental studies [19–29].

Particularly, the excitation of high-order diffraction chan-
nels in grating structures can significantly affect the fluc-
tuational phenomena, such as the NFRHT [30–32] and the
Casimir interaction [33,34]. Additionally, the special elec-
tromagnetic conductivity feature of graphene enables a wide
modulation of the radiative heat transfer [35–41], as well as
other fluctuational phenomena, like the Casimir pressure at
and out of thermal equilibrium [42–44]. It is interesting to
explore whether the combination of grating geometry and the
unique electromagnetic properties of graphene could induce
new behaviors in NFRHT not observed with conventional
materials. Recent investigations on the NFRHT between two
identical and perfectly aligned graphene gratings have shown
that patterning the graphene sheets opens additional energy
transfer channels [45–47]. Furthermore, the effect of twisting
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gratings on NFRHT has also been investigated [48]. It is
worth noting that the effective medium theory, often used
to study the NFRHT between substrate-supported graphene
strips, treats the graphene grating as an homogeneous whole
[49] and thus cannot account for the lateral shift effect. There-
fore, a more accurate numerical method is needed to treat
the NFRHT for structures with lateral shifts. More recently,
a significant lateral shift induced modulation of the NFRHT
between two identical misaligned graphene gratings has been
reported [50], where the Fourier modal method equipped with
local basis functions (FMM-LBF) has been applied [51–54].

On another note, the NFRHT between nanoparticles and
mere slabs has been studied in Refs. [55–58] but the situation
between nanoparticles and gratings (two dissimilar structures)
remains unexplored. As for the materials used in this work,
we noticed that the fused silica (SiO2) is widely used in the
radiative heat transfer community, e.g., in Ref. [59], the SiO2

nanosphere is used as a nanoemitter in the near-field scanning
thermal microscope (SThM) setup. Because the SiO2 is a typi-
cal type of dielectric material with unique optical properties in
the Reststrahlen band, which is well matched with the thermal
Planckian window. Thus, we use SiO2 nanosphere with the
same radius as that in the Ref. [59].

In this work, we investigate the effect, of the lateral shift,
on the NFRHT between a nanoparticle and a planar fused
silica slab covered with a graphene grating (see Fig. 1). The
paper is organized as follows: In Sec. II, we present the
physical model for the nanoparticle and planar fused silica
slab covered with graphene grating with relative normal and
lateral shifts (d and xA), and the theoretical models using the
scattering approach for radiative heat transfer. In Sec. III, we
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FIG. 1. Structure diagram of the supported graphene grating and
a proximate small particle.

analyze the effects of various influencing factors (e.g., filling
fraction, chemical potential, and grating period) on the lateral
shift-mediated NFRHT and propose asymptotic regimes for
the effect of normal and lateral shifts.

II. THEORETICAL MODELS

The physical system under consideration is shown in Fig. 1
where we consider the NFRHT between bodies 1 and 2 that
are considered at fixed temperatures T1 and T2, respectively,
while the environment is at the same temperature as body 1.
Body 1 is a planar fused silica (SiO2) slab (with thickness h)
covered with a graphene grating whose period is D and where
the width of one single graphene strip is a (thus giving a filling
fraction f = a/D). Body 2 is a small SiO2 particle (with
radius R). It is located at position RA = (rA, zA) = (xA, 0, zA)
(we choose yA = 0 by virtue of the translation invariance
along the strips in y-axis). The separation between bodies 1
and 2 is thus d = zA.

The optical data of SiO2 are taken from Ref. [60], and the
electromagnetic properties of graphene in body 1 are taken
into account through its conductivity σg which depends on
temperature T and on chemical potential μ. It is the sum of an
intraband and an interband contributions (σg = σintra + σinter )
given by [61–63]

σintra = i

ω + i/τ

2e2kBT

π h̄2 ln

[
2 cosh

(
μ

2kBT

)]
,

σinter = e2

4h̄

[
G

(
h̄ω

2

)
+ i

4h̄ω

π

∫ +∞

0

G(ξ ) − G(h̄ω/2)

(h̄ω)2 − 4ξ 2
dξ

]
,

(1)

where e is the electron charge, τ is the relaxation time
(we use τ = 10−13 s), G(ξ ) = sinh(ξ/kBT )/[cosh(μ/kBT ) +
cosh(ξ/kBT )], h̄ is the reduced Planck constant, ω is the
angular frequency, and kB is the Boltzmann constant.

The net power flux ϕ received by body 1 (energy per unit
time) can be defined as [64]

ϕ =
∑

p

∫
d2k

(2π )2

∫ +∞

0
(	(ω, T2) − 	(ω, T1))

dω

2π

〈p, k|O|p, k〉, (2)

where p is the polarization index, p = 1, 2 corresponding to
TE (transverse electric) and TM (transverse magnetic) po-
larization modes respectively, 	(ω, T ) = h̄ω/(eh̄ω/kBT − 1) is
the mean energy of the Planck oscillator, k = (kx, ky), k =√

k2
x + k2

y , kx and ky being the wave vectors in the standard
(x, y, z) cartesian coordinates system. The operator O in the
(TE, TM) basis is given by [64]

O = U (2,1)[ f−1(R(2)−) − T (2)−P (pw)
−1 T (2)−†]

× U (2,1)†
[

f1(R(1)+) − T (1)−†P (pw)
1 T (1)−]

, (3)

where U (2,1) = (1 − R(2)−R(1)+)−1,R(1)+ and R(2)− (T (1)−
and T (2)−) are the reflection operators (transmission oper-
ators) of the grating and the nanoparticle in the (TE, TM)
basis, † stands for the conjugation operation and the φ = ±
superscripts in the reflection and transmission coefficients
correspond to the propagation direction with respect to the
z axis. 〈p, k|P (pw/ew)

ζ |p′, k′〉 = kζ
z 〈p, k|∏(pw/ew)|p′, k′〉, kz =√

k2
0 − k2 , k0 = ω/c,

∏(pw) (
∏(ew)) is the projector on the

propagative (evanescent) sector, and the auxiliary function
fζ (R) is given by [64]

fζ (R)

=
{
P (pw)

−1 −RP (pw)
−1 R†+RP (ew)

−1 −P (ew)
−1 R†, ζ = −1,

P (pw)
1 −R†P (pw)

1 R+R†P (ew)
1 −P (ew)

1 R, ζ = 1.

(4)

According to Ref. [31], the periodicity along the x axis
makes it natural to replace the mode variable kx with
kxn = kx + 2πn/D, kz becomes kzn =

√
k2

0 − k2
xn − k2

y , and k
becomes kn =

√
k2

xn + k2
y , where n ∈ Z, kx is in the first Bril-

louin zone (− π
D , π

D ), and ky ∈ R. Let’s state, from now on,
that during the numerical implementation, integer n will be
restricted to the interval [−N, N], where N is the so-called
truncation order.

The calculation of the reflection and transmission operators
R(1)+ and T (1)− of body 1 (needed for our calculations) is
obtained using the FMM-LBF and it is given in details in
our recent work [47,50,54]. Operators R(2)− and T (2)− of
body 2 [small particle at position (rA, zA) = (xA, 0, zA)] can
be obtained within the dipole approximation (the separation
d is much greater than the particle radius [55,65,66]) cor-
responding to the reference structure shown in Fig. 1. We
have two types of dipoles, i.e., an electric dipole with mo-
ment p and a magnetic dipole with moment m. As reported
in Refs. [7,10,67,68], the eddy-current Joule dissipation (of
magnetic dipole origin) and the displacement current dissi-
pation (of electric dipole origin) cooperate with each other
to determine the heat dissipation in the particle. It has been
shown, that in order to properly describe the radiative heat
transfer between a metallic particle and a metallic slab, it is
necessary to use both m and p [7,65]. However, in the case of
a dielectric particle and dielectric slab, it is sufficient to use
the dielectric moment p [55,56,66].

In this work, we aim to explore the radiative heat transfer
between a dielectric SiO2 particle and a dielectric SiO2 slab
covered with a graphene grating. For the SiO2 nanoparticle,
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we verified that the imaginary part of its electric polarizability
(electric dipole) is much larger than that of its magnetic polar-
izability (magnetic dipole) by about five orders of magnitude.
The imaginary part of the polarizability is highly relevant to
the radiative heat flux for the nanoparticle-involved configu-
rations [65]. Hence, even if there is a graphene (supporting
surface plasmons) coating on the SiO2 slab, the electric
dipole contribution still dominates the radiative heat transfer.
We are safe to describe the dielectric SiO2 particle as an
electric dipole moment p(ω) = ε0α(ω)E(RA, ω), where α(ω)
is the polarizability of the small particle given by α(ω) =
4πR3[ε(ω) − 1]/[ε(ω) + 2] in the Clausius Mossotti form
[69,70], ε0 is the vacuum permittivity, ε(ω) is the relative per-
mittivity of the particle, and E(RA, ω) is the incident electric
field at position RA at angular frequency ω. Then, the reflec-
tion operator R(2)− and the modified transmission operator
T̃ (2)− can be written under the following form [64]:

〈p, k, n|R(2)−(ω)|p′, k′, n′〉 = iω2α(ω)

2c2kzn

× [ê−
p (k, ω, n) · ê+

p′ (k′, ω, n′)]

× ei(k′
xn′ −kxn )xA ei(kzn+k′

zn′ )zA ,

〈p, k, n|T̃ (2)−(ω)|p′, k′, n′〉 = iω2α(ω)

2c2kzn

× [ê−
p (k, ω, n) · ê−

p′ (k′, ω, n′)]

× ei(k′
xn′ −kxn )xA ei(kzn−k′

zn′ )zA , (5)

where the polarization vectors êφ
p (k, ω, n) have the following

expressions:

êφ

TE(k, ω, n) = 1

kn
(−kyx̂ + kxnŷ),

êφ

TM(k, ω, n) = 1

k0

(
−knẑ + φkzn

kxnx̂ + kyŷ
kn

)
. (6)

In particular, in the limit of the absence of the small parti-
cle, R(2)− = 0 and T̃ (2)− = 0. According to the Ref. [64],
we can write the transmission operator as the sum of the
identity operator (describing the incoming field propagating
unmodified) and of the modified transmission operator T̃ ac-
counting only for the scattered part of the field. Thus, the final
transmission operator T (2)− of the small particle becomes
T (2)− = 1 + T̃ (2)−.

The effect of the relative lateral shift (xA) and vertical
separation (d = zA) between bodies 1 and 2 on the radiative
heat transfer is naturally included in the definitions of the
reflection and transmission operators in Eq. (5).

When the filling fraction f = 0 or 1, body 1 reduces to the
limit cases: bare slab ( f = 0) or graphene sheet covering the
whole slab ( f = 1). In these two limit cases, the net radiative
heat flux ϕ between the bodies 1 and 2 can be divided into
the propagating modes contribution and the evanescent modes
contribution as [55,57,58,65]

ϕ = ϕprop + ϕevan, (7)

with

ϕprop = 2
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(2π )2
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(8)

and
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where γ =
√

k2 − k2
0 for the evanescent mode, kz0 =√

k2
0 − k2 for the propagative mode, rs and rp (ts and tp)

are the s- and p-polarized Fresnel reflection (transmission)
coefficients of body 1 [when there is a graphene sheet coating
(i.e., f = 1) or without graphene (i.e., f = 0)] and are given
in Ref. [71].

III. RESULTS AND DISCUSSION

The separation d between the particle and the slab is at least
5 times the particle’s radius, which guarantees the validity
of the dipole approximation for small particle [55,65]. The
thickness of SiO2 slab substrate h = 20 nm, T1 = 290 K,
T2 = 310 K, SiO2 particle radius R = 20 nm.

A. Effect of graphene coating

We start with the simple limit cases for the general coating,
i.e., (1) limit case 1: body 1 is a bare SiO2 slab ( f = 0)
with no coating, and (2) limit case 2: body 1 is a SiO2 slab
with a full graphene sheet coating ( f = 1). The radiative heat
flux spectra (HFS) ϕω(ω) of the two considered limit cases
are shown in Fig. 2. We compare the HFS obtained by two
different methods: (1) by using Eq. (2) and fixing f = 0, and
(2) by using Eq. (7) for the radiative heat flux between a
small particle and a planar structure. The separation distance
d is set to 100 nm. The two different methods yield identical
results, which means that the general Eq. (2) works accurately
for the limit cases f = 0 and f = 1. In addition, when using
the general grating-involved Eq. (2) for these limit cases,
two truncation orders have been used, N = 5 and 10, to show
that the convergence of HFS is already reached. That is, a
small truncation order is sufficient to obtain an accurate result
for the limit cases. However, due to the complex scattering
details in the more general case (i.e., f 	= 0 and f 	= 1), it
is expected to have a different convergence behavior with
respect to the truncation order.

To see that, we consider the dependence of the heat flux ϕ

on the truncation order N for the four cases shown in Fig. 3:
(1) limit case 1, (i.e., f = 0), (2) limit case 2, (i.e., f = 1),
(3) a general case with filling fraction f = 0.5 and chemi-
cal potential μ = 0.5 eV, and (4) Another general case with
filling fraction f = 0.5 and chemical potential μ = 0.2 eV.
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FIG. 2. Comparison between the radiative heat flux spectra ob-
tained by two different methods: (1) by using Eq. (2) and fixing
f = 0 for a bare SiO2 slab substrate (SiO2 slab substrate with a full
graphene sheet coating) and (2) by using Eq. (7) for d = 100 nm.

The separation distance is d = 100 nm, the lateral shift is
xA = 0 nm and the graphene grating period is D = 1 µm.
We can see that for the two limit cases, the truncation order
N = 10 is sufficient to have a convergent result, which corre-
sponds to the observations in Fig. 2. However, for the general
graphene grating coating cases, as expected, the convergence
is slower. After many computational experiments, we found
that the truncation order N = 40 is sufficient to obtain con-
vergent results. Therefore, in the following, we fix N = 40 to

FIG. 3. Dependence of the radiative heat flux between 1 and 2
on the truncation order N. Four configurations are considered for
body 1: (1) Bare SiO2 slab (i.e., f = 0), (2) SiO2 slab with a full
graphene sheet coating (i.e., f = 1), (3) SiO2 slab covered with a
graphene grating with filling fraction f = 0.5 and chemical potential
μ = 0.5 eV, and (4) The same configuration as (3) but with a differ-
ent chemical potential μ = 0.2 eV. Here d = 100 nm, xA = 0 nm,

and D = 1 µm.

guarantee convergent results (with a relative error less than
1% on ϕ).

When a graphene sheet coating is applied to a bare SiO2

slab, the heat flux between bodies 1 and 2 increases by about
a factor of 1.85 compared to the bare slab case (see Fig. 3).
This enhancement is due to the contribution to heat transfer
induced by the low-frequency graphene surface plasmon po-
laritons (SPPs) [35,36,47] [See the significant increase of the
HFS when coating the bare slab configuration ( f = 0) with
a graphene sheet ( f = 1) in Fig. 2]. This graphene coating
induced enhancement of the heat flux between a small particle
and planar structure is similar to that observed for two planar
structures with graphene coating [35,47,50]. When patterning
the graphene sheet into a grating ( f = 0.5, μ = 0.5 eV, d =
100 nm, D = 1 µm), we can further enhance the heat flux by
about 6%. We also note that for the graphene grating coated
configurations, varying μ from 0.5 to 0.2 eV brings another
enhancement of the heat flux by about 16%.

To understand this patterning-induced enhancement, we in-
troduce an energy transmission coefficient Tr(O) to describe
the contributions of all polarizations to the heat flux in the
(kx, ky) space. Tr(O) is the sum over the two polarizations
of the photon tunneling probabilities, which is a counterpart
of the one usually used to analyze the mechanisms behind
the NFRHT between two gratings [47,50,72,73]. The opera-
tor O is defined by Eq. (3). In Fig. 4, we show the energy
transmission coefficient Tr(O) in the (kx/k0, ky/k0) plane at
the angular frequency ω = 5 × 1013 rad/s (where the con-
tribution of graphene to the NFRHT spectrum is important)
for the system of a small particle and a slab with graphene
coating. Two configurations are considered: (a) a SiO2 par-
ticle and a SiO2 substrate fully covered with a graphene
sheet ( f = 1), and (b) the same structure but with a graphene
grating coating (rather than a graphene sheet coating) with
f = 0.5, μ = 0.5 eV, d = 100 nm and D = 1 µm. The dotted
curves represent the dispersion relations obtained from the
poles of the reflection coefficient [49,74].

Similar to what happens in the configuration of two
identical graphene-involved planar structures studied in
Refs. [45,47,50], the configuration of a nanoparticle and a
graphene-involved finite planar slab, will, upon graphene
sheet patterning, lead to a topological transition for the sur-
face plasmon polaritons from circular to hyperbolic one. For
the graphene grating case corresponding to the hyperbolic
modes, there are more accessible high-k modes, while for the
graphene sheet configuration (circular ones), the accessible
wavevector region is relatively smaller. Consequently, the slab
coated with a graphene grating gives rise to a greater transfer
of energy compared to the slab coated with a graphene sheet.

B. Effect of the filling fraction f on the NFRHT
with lateral shift ϕ(xA)

In this section, we will discuss how the relative lateral
shift xA affects the radiative heat transfer for different filling
fractions f of the graphene grating. The dependence of the
heat flux ϕ on the lateral shift xA is shown in Fig. 5 for a
configuration with D = 1 µm, d = 100 nm, and μ = 0.5 eV.
Three different filling fractions are considered, f = 0.3, 0.5,
and 0.7, that correspond to graphene strip widths a = 300,
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FIG. 4. Energy transmission coefficient for a SiO2 particle and
a SiO2 substrate with two different coatings: (a) a graphene sheet
coating, and (b) a graphene grating ( f = 0.5) coating. Here μ =
0.5 eV, d = 100 nm, and D = 1 µm. The dotted curves represent
the dispersion relations.

500, and 700 nm, respectively. The vertical dashed lines are
added to indicate the corresponding graphene strip widths a.

The particle laterally shifts in one typical grating period
(0 < xA < D). The whole period D can be divided into two
regions: (1) the graphene strip region (0 < xA < a) and (2) the
bare SiO2 slab region (a < xA < D). The heat flux ϕ varies
when laterally shifting the particle in the whole period. In the
two regions, the dependence of ϕ on the lateral shift xA is very
different. For a fixed grating period D and a lateral shift xA,
changing the filling fraction f (and thus the graphene strip
width a) will change the scattering details, which results in
a radically different heat flux ϕ for the three configurations.
In the considered configurations, the variation range of heat
flux is much larger in the bare SiO2 slab region than that in
the graphene strip region. In the graphene strip region, it is
the graphene SPPs that contributes to the heat transfer, which
does not vary too much when xA ranges from 0 (edge) to a/2
(strip center). However, in the bare SiO2 slab region, when xA

ranges from a (edge) to (D + a)/2 (slit center), the dominant
contribution to heat transfer moves from the graphene SPPs
to the surface phonon polaritons (SPhPs) supported by the
substrate.

FIG. 5. Dependence of the radiative heat flux on the lateral shift
xA. Body 2 is an SiO2 small particle. Three filling fractions are
considered for the body 1: (1) f = 0.3, (2) 0.5, and (3) 0.7. The
width of one single graphene strip is shown as the dot line. Here
d = 100 nm, D = 1 µm, and μ = 0.5 eV.

To understand this lateral-shift-induced variation of the
heat flux ϕ, we take the configuration with f = 0.5, for ex-
ample, and show the energy transmission coefficient Tr(O)
in Fig. 6 for three different lateral shifts, xA = 250, 500, and
750 nm and for ω = 5 × 1013 rad/s (where the contribution
of graphene to the NFRHT spectrum is important). The other
parameters are μ = 0.5 eV, d = 100 nm, and D = 1 µm. The
dotted curves represent the dispersion relations obtained from
the poles of the reflection coefficient [49,74].

When shifting the particle from the center of the graphene
strip region (0 < xA < a) to the center of the bare SiO2 slab
region (a < xA < D), the shape of the accessible mode region
(the highlighted region in the figure) remains largely un-
changed, but the value of the energy transmission coefficient
for accessible modes changes significantly. The accessible
range of high-k modes for the configuration with xA = 500 nm
is the largest of the three configurations considered. The
accessible range of high-k modes for the xA = 250 nm con-
figuration (particle located at the center of region 1) is much
larger than that for the xA = 750 nm configuration (particle lo-
cated at the center of region 2). Whether the lateral shift exists
or not, the supported surface plasmon polaritons are always
the hyperbolic one. Whereas the patterning of graphene sheet
into a grating brings a topology transition of the accessible
range of high-k modes, the lateral shift will affects these ac-
cessible range of high-k modes for the configuration of a small
particle and graphene-grating coated planar structure, which
is similar to that observed for the configuration of two shifted
identical graphene-gratings coated planar structures [50].

C. Effect of chemical potential μ on the NFRHT
with lateral shift ϕ(xA)

In this section, we will discuss how the chemical poten-
tial μ gets involved in the lateral shift, induced modulation,
of heat transfer. The dependence of the heat flux ϕ on the
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FIG. 6. Energy transmission coefficient for a SiO2 particle and a graphene grating coated SiO2 substrate with three different lateral shifts:
(a) xA = 250, (b) 500, and (c) 750 nm. Here f = 0.5, μ = 0.5 eV, d = 100 nm, and D = 1 µm. The dotted curves represent the dispersion
relations.

lateral shift xA is shown in Fig. 7 for five configurations with
different chemical potentials, μ = 0, 0.2, 0.4, 0.5, and 1.0 eV,
respectively. Here, we took D = 1 µm and d = 100 nm. The
dashed line marks the position corresponding to the strip
width: a = 500 nm (in this case).

From Fig. 7, we can see the dependence of the heat flux
ϕ(xA) on the parameter that is the chemical potential μ. Let’s
consider the two regions separated by the value a and analyze
the behavior with respect to μ in each of them. For a fixed
lateral shift xA in the graphene strip region (0 < xA < a),
when comparing the μ = 0 eV configuration and μ = 0.2 eV
configuration, we see that the heat flux ϕ increases rapidly
with μ. However, as μ is increased to 0.4, 0.5, and 1.0 eV, the
heat flux ϕ decreases gradually. We also note that ϕ decreases
to the valley and then rises back with increasing xA for the
chemical potential μ � 0.4 eV. It is worth noting that when
the chemical potential μ is increased, the dependence of ϕ

FIG. 7. Dependence of the radiative heat flux between on the
lateral shift xA. Here f = 0.5, D = 1 µm, d = 100 nm, five chemical
potentials are considered for body 1, μ = 0, 0.2, 0.4, 0.5, and 1.0 eV.
The dashed line marks the position corresponding to the strip width
a = f D = 500 nm.

on the lateral shift xA also changes. For configurations of μ

between 0.5 to 1.0 eV, the depth of the valley changes signif-
icantly. In addition, the dependence of ϕ on the lateral shift
xA for configuration of μ = 0.5 eV is much complicated than
that of the configuration of μ = 1.0 eV. For the former, we
also can see a slight increase of ϕ when shifting nanoparticle
off the edge of the graphene strip. While for the later, we
cannot see this kind of increase near the edge of the graphene
strip. This is due to the change of scattering details induced by
the chemical potential change from 0.5 to 1.0 eV. For a fixed
lateral shift xA in the bare SiO2 slab region (a < xA < D),
especially for the particle located at around the center of this
region [xA ≈ (D + a)/2], the heat flux tends to be independent
of the chemical potential. This is because in this region the
particle is far away from the graphene coating part, where the
SPhPs supported by the bare plate (certainly independent of
the chemical potential μ of the graphene coating) dominate
the heat transfer rather than the graphene SPPs.

Then, in order to see in more details the dynamics of ϕ

with respect to μ, we show, in Fig. 8, the dependence of the
heat flux ϕ on the chemical potential μ for three typical lateral
shifts, xA = 250 (center of the graphene coating region), 500
(edge), and 750 nm (center of the bare SiO2 slab region). For
the xA = 750 nm configuration, the maximal relative deviation
Rϕ = (ϕmax − ϕmin)/ϕmin ≈ 10%, where ϕmax is at μ = 1 eV
and ϕmin is at μ = 0 eV. The weak μ-induced dependence
of heat flux observed for the whole range of μ confirms that
observed in Fig. 7. This relative deviation reaches Rϕ ≈ 88%
and 185% for the xA = 500 nm and xA = 250 nm configura-
tions, respectively. For xA = 500 nm, ϕmax is at μ = 0.25 eV
and ϕmin is at μ = 0 eV, while for xA = 250 nm, ϕmax is at
μ = 0.125 eV and ϕmin is at μ = 1 eV. When the particle is
shifted in the graphene coating region, one can modulate the
heat flux by simply tuning the chemical potential μ. Further-
more, it is worth noting that the value of μ optimizing the
heat flux varies with xA. That is, a configuration of a different
lateral particle shift will require a different μ to ensure an
optimal heat flux.

In Fig. 8, we can also see two crossing points whose posi-
tions are indicated by two vertical solid lines. The curves of
the xA = 250 nm and xA = 500 nm configurations cross at the
first crossing point at μ ≈ 0.37 eV. When μ is fixed at the first
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FIG. 8. Dependence of the radiative heat flux on the chemical
potential μ. Here f = 0.5, d = 100 nm, three different lateral shifts
are considered (xA = 250, 500, and 750 nm). The vertical lines
(μ = 0.37 and 0.82 eV) indicate the position of the crossing points.

crossing point, the heat flux changes only slightly when the
particle is moved in the graphene coating region (0 < xA < a).
This intersection point is also a critical point: (1) before this
point the heat flux of the xA = 250 nm configuration (particle
located at the center of the graphene coating region) is larger
than that of the xA = 500 (particle located at the edge), and
(2) after this point the heat flux of the xA = 250 nm config-
uration is smaller than that of the xA = 500 nm. The curves
of configurations xA = 250 nm and xA = 750 nm cross at the
second crossing point with μ ≈ 0.82 eV. When moving the
particle over the strip and the slit, the heat flux will decrease
to the valley and then rise back. In general, the depths of the
two valleys are different. It is worth noting that fixing μ at
the second crossing point (μ ≈ 0.82 eV) results in a nearly
identical valleys depths for the heat flux curve in both regions.

To understand the transition behavior around the critical
point μ ≈ 0.37 eV, we show the HFS in Fig. 9 for con-
figurations of two different chemical potentials, μ = 0.2 eV
and 0.6eV, respectively. For the μ = 0.2 eV configuration in
Fig. 9(a), between the two main peaks of the spectra, the curve
of the xA = 250 nm configuration is above that of the xA =
500 nm configuration, which accounts for the higher heat flux
for the xA = 250 nm case than for the xA = 500 nm case.
However, the opposite happens for the μ = 0.6 eV configu-
ration. In addition, for the whole range of angular frequency,
the curve of the xA = 750 nm configuration is below those of
the other two configurations, which confirms the observations
made in Fig. 8.

D. Asymptotic regimes for the normal
and lateral shift effect on NFRHT

In this section, we consider a nanoparticle and an SiO2 slab
coated with a graphene grating and discuss the dependence
of the NFRHT between on the normal shift of the particle,
and that for different lateral shifts. We will try to propose

FIG. 9. Radiative heat flux spectra for two different chemical
potentials: (a) μ = 0.2 and (b) 0.6 eV. Here f = 0.5, d = 100 nm,
three different lateral shifts are considered (xA = 250, 500, and
750 nm).

an asymptotic regime map to quickly tell the existence of
the lateral shift effect or not, which is a natural extension of
our previous work on the asymptotic regime map for the two
identical graphene gratings configuration [50]. To start, the
dependence of the heat flux on the normal shift (separation)
d is shown in Fig. 10 for a few separate and different lat-
eral shifts, xA = 0, 100, 250, and 750 nm, where D = 1 µm,
μ = 0.5 eV, f = 0.5, and the normal shift (separation) d ∈
(100 nm, 1000 nm).

For large normal separations (d > 800 nm), configurations
with four different lateral shifts show a quasi-identical heat
flux. That is, when d > 800 nm, the nanoparticle sees the
graphene grating as an effective whole rather than a grating
with its details, and thus the lateral shift effect on the heat
transfer becomes less important. For short normal separations
(d < 800 nm), the dependence of the heat flux on d is differ-
ent within each configuration of the considered four different
lateral shifts xA. In a wide range of short normal separations,
compared with the result of the configuration without a lateral
shift (red square curve), we can see two distinct kinds of
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FIG. 10. Dependence of the radiative heat flux on the normal
shift d . Four different lateral shifts are considered: xA = 0, 100, 250,
and 750 nm. Here D = 1 µm, μ = 0.5 eV, and f = 0.5.

lateral shift effects on the heat flux: (1) the favorable one
(black solid curve), corresponding to the configuration with
xA = 250 nm (center of graphene strip), and (2) the inhibitive
one (purple left triangle curve), corresponding to the config-
uration with xA = 750 nm (center of bare SiO2 slab region).
It is worth noting that we still can observe an exception for
the very short cases (approximately d = 100 nm), i.e., no
favorable lateral shift effect is present in the figure. According
to Fig. 5, when shifting the nanoparticle around the center
of the graphene strip region in the configuration of a fixed
normal shift (d = 100 nm), the heat flux only shows a slight
deviation. This observation is shown to be more general for
a wider range of normal shifts in Fig. 10, where we find that
the dependence of the heat flux ϕ on d is similar between the
xA = 100 nm and xA = 250 nm configurations.

To clearly show the effect, on the heat flux, of shifting the
nanoparticle in both x and z directions, we show, in Fig. 11,
the ratio ϕ/ϕ(xA = 0 nm) in the plane (xA, d) for D = 1 µm,
μ = 0.5 eV and f = 0.5. The dashed line xA = 500 nm is
added for reference. Along the x axis, the nanoparticle is
shifted over one full grating period, i.e., 0 < xA < D while
along the z axis, it is normally shifted in the range 100 nm(=
0.1D) < d < 1000 nm(= D). According to the value of the
ratio ϕ/ϕ(xA = 0 nm) in this figure, we can tell out two
distinct zones: (1) An enhancement zone [the ratio ϕ/ϕ(xA =
0 nm) > 1, the lateral shift improves the heat transfer], and (2)
An inhibition zone [the ratio ϕ/ϕ(xA = 0 nm) < 1, the lateral
shift hinders the heat transfer]. For a sufficiently large normal
shift of the nanoparticle (d > 800 nm), these two zones are
no longer apparent. It is also important to remark that shifting
the nanoparticle along the y axis does not affect the heat flux
between the two bodies, according to the invariance of body 1
along this axis.

We then show, in Fig. 12, the dependence of the ra-
diative heat flux on xA for three different grating periods:
D = 100 nm, 500 nm, and 1 µm, respectively, with f =
0.5 and μ = 0.5 eV. The dashed line marking the position

FIG. 11. Dependence of ϕ/ϕ(xA = 0 nm) on the normal shift d
and lateral shift xA. Here D = 1 µm, μ = 0.5 eV, f = 0.5. xA = a =
500 nm is shown as the dashed line. a is single graphene strip width.

corresponding to a = 500 nm (for D = 1 µm) is added for
reference.

For a normal shift fixed at d = 100 nm, as the period
D increases from 100 nm to 1 µm, the dependence of the
heat flux ϕ on xA changes significantly. For the D = 100 nm
configuration, the heat flux ϕ remains nearly constant as the
nanoparticle is shifted laterally. However, for the other two
configurations (D = 500 nm and 1 µm), the lateral shift sig-
nificantly affects the heat flux. That is, for a fixed normal
shift (separation) d , when the period of graphene grating D is
gradually decreased, the nanoparticle tends to see the grating
as an effective whole whose structure invariance occurs in the
plane (not only along the y axis but also along the x axis).

FIG. 12. Dependence of the radiative heat flux on xA. Three
different grating periods are considered: D = 100 nm, 500 nm, and
1 µm, respectively, with d = 100 nm, f = 0.5, and μ = 0.5 eV.
The width of one single graphene strip of the configuration with
D = 1 µm is shown as the dashed line.
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FIG. 13. Dependence of the ratio ϕ[xA = (D + a)/2]/ϕ(xA =
0 nm) on the normal shift d and period D. Here f = 0.5 and
μ = 0.5 eV. The line (geometric factor d/D = 0.85) is added for
reference.

A natural question is the existence of a critical grating
period D, for the configurations with a fixed normal d , where
the lateral shift effect disappears. Furthermore, is it possible
to propose a regime map of the lateral shift effect for the heat
transfer between the nanoparticle and graphene grating coated
structure, similar to that of the two identical graphene grating
coated slabs reported in our previous work [50]?

To answer these questions, following the method used in
Ref. [50], we use the geometric factor d/D to unveil the
lateral shift effect regime map. In Fig. 13, we show the
ratio ϕ[xA = (D + a)/2]/ϕ(xA = 0 nm) in the plane (d, D)
with f = 0.5 and μ = 0.5 eV. The line [geometric factor
d/D = 0.85(dashed line)] is added for reference. According
to the value of the ratio ϕ[xA = (D + a)/2]/ϕ(xA = 0 nm)
in the figure, we can tell out two distinct regimes: (1) the
lateral shift effect regime [LSE region, d/D < 0.85, the ra-
tio ϕ[xA = (D + a)/2]/ϕ(xA = 0 nm) < 1, the lateral shift
is against the heat transfer], and (2) the negligible lateral
shift effect regime [non-LSE region, d/D � 0.85, the ratio
ϕ[xA = (D + a)/2]/ϕ(xA = 0 nm) ≈ 1]. In general, we can
say that the geometric factor d/D ≈ 0.85 is a critical point
for the lateral shift effect.

IV. CONCLUSION

We studied the effect of normal and lateral shifts on
NFRHT between a nanoparticle and a finite-thickness planar
fused silica slab coated with a graphene grating by using the
FMM-LBF. Graphene sheet coating on a slab can enhance the
heat flux by about 85%. By patterning the graphene sheet coat-
ing into a grating, the heat flux will increase further by about
6% (e.g., f = 0.5, μ = 0.5 eV, d = 100 nm, D = 1 µm),
which is due to the a topological transition for the accessible
modes from circular to hyperbolic one, allowing for more
energy transfer. When laterally shifting the nanoparticle over

one period, according to the effect of lateral shift on heat
flux, we observed two regions: (1) graphene strip region (14%
reduction of heat flux, see f = 0.3 configuration in Fig. 5)
and (2) bare SiO2 slab region (50% reduction of heat flux).
The heat flux variation induced by the lateral shift in these two
regions is different in each case. The lateral shift significantly
affects the value of the energy transmission coefficients, but
does not affect the shape of the accessible region for the high-k
modes and thus affects the heat flux, unlike the patterning of
graphene sheet into a grating which brings a topology transi-
tion of the accessible range of high-k modes. In general, the
chemical potential affects significantly the heat flux, however,
the chemical potential dependence of the heat flux is different
for each lateral shift. When laterally shifting the nanoparticle
in the former region, we can get an optimal (peak) heat flux
by tuning the chemical potential, whose peak position changes
with xA. When laterally shifting the nanoparticle in the second
region, the chemical dependence becomes weak and the heat
flux tends to be constant.

For a fixed graphene grating period (D = 1 µm) and not
too large normal shift (separation d < 800 nm), the lateral
shift effect on heat transfer is of two types, enhancement
and inhibition. When increasing further the separation d , the
lateral shift effect becomes less important. We also show that
for a fixed normal shift (d = 100 nm), the lateral shift depen-
dence of the heat flux is different when changing the grating
period. For D = 100 nm (d/D = 1), the heat flux remains
nearly constant when laterally shifting the nanoparticle. As the
period (D) increases (d/D decreasing), the lateral shift effect
becomes more and more important. We find that the lateral
shift effect is sensitive to the geometric factor d/D (see Fig. 13
for the regime map of the lateral shift effect). According to the
value of the ratio ϕ[xA = (D + a)/2]/ϕ(xA = 0 nm) in the fig-
ure, we can distinguish two regimes: (1) the lateral shift effect
regime [ d/D < 0.85, the ratio ϕ[xA = (D + a)/2]/ϕ(xA =
0 nm) < 1, the lateral shift is against the heat transfer], and
(2) the negligible lateral shift effect regime [d/D � 0.85, the
ratio ϕ[xA = (D + a)/2]/ϕ(xA = 0 nm) ≈ 1]. In general, we
can say that the geometric factor d/D ≈ 0.85 is a critical point
for the lateral shift effect.

Till now, we already studied the lateral shift effect on
NFRHT in the configuration of two identical grating struc-
tures in our recent work [50], as well as the configuration
of two dissimilar structures (nanoparticle and grating) in this
work. When it meets the dissimilar materials, the scatter-
ing details of the configuration will change significantly and
become more complicated. It is interesting to know the lat-
eral shift effect in this kind of configuration of dissimilar
materials.
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