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Thermal signature of a helical molecule: Beyond nearest-neighbor electron hopping
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We investigate, for the first time, the thermal signature of a single-stranded helical molecule that is described
beyond usual nearest-neighbor electron hopping, by analyzing electronic specific heat. Depending on the
hopping of electrons, two different kinds of helical systems are considered. In one case the hopping is confined
within a few neighboring lattice sites which is referred to as short-range hopping helix, while in the other case,
electrons can hop in all possible sites making the system a long-range hopping one. These two helices accurately
emulate the structures of single-stranded DNA and protein molecules, respectively. Each helix geometry is
exposed to a transverse electric field applied perpendicular to the helix axis. Due to this field, the system
transforms into a correlated disordered one, resembling the well-known Aubry-André-Harper (AAH) model.
The interplay among the helicity, higher-order hopping, and the electric field has significant impact on thermal
response. Our comprehensive theoretical analysis reveals that, under low-temperature conditions, the short-range
hopping helix exhibits greater sensitivity to temperature compared to the long-range hopping helix system.
Conversely, the scenario reverses in the high-temperature limit. The thermal response of the helices can be
modified selectively by means of the electric field, and the difference between the specific heats of the two
helices gradually decreases with increasing the field strength. The molecular handedness, whether left-handed
or right-handed, on the other hand does not have any appreciable effect on the thermal signature. In addition, we
also explore a significant application of electronic specific heat (ESH). If the helix contains a point defect, then
by comparing the results of perfect and defective helices, one can estimate the location of the defect, which might
be useful in diagnosing bad cells and different diseases. Finally, we discuss the results of ESH by considering

the spin degree of freedom and in the context of real biological helical systems.
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I. INTRODUCTION

During the past few years, helical molecules have been
actively used for designing different efficient nanoscale
charge and spin-based electronic devices [1-3]. Starting
from spin-specific electron transmission, current rectifica-
tion, magneto-resistive behavior, and many other operations
are performed with great efficiency [4-21]. All these func-
tionalities are directly involved with the unique and diverse
characteristic features of helical molecular systems. Depend-
ing on the physical parameters, essentially two different kinds
of helical molecules are defined. In one case, electrons are
able to hop from one atomic site to its few neighboring sites,
making the system a short-range hopping helix [8]. Whereas,
in another case, electrons can hop in all possible atomic sites
yielding a long-range hopping helix [8,9]. Structurally, the
most common and realistic examples of long-range hopping
(LRH) helices are single-stranded protein molecules, while
short-range hopping (SRH) helices are typically exemplified
by DNA molecules [9]. Due to the existence of higher-
order electron hopping, these systems exhibit several unusual
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phenomena compared to the traditional nearest-neighbor hop-
ping model.

While significant progress has been achieved in investigat-
ing electron and spin-dependent transport phenomena across
various real biological and custom-designed ‘helical’ systems
[22-24], the thermal signature of helical systems remains
unexplored to the best of our knowledge. This gap in research
undoubtedly requires proper attention and exploration. In a
study conducted in 2015, Kundu and Karmakar investigated
[25] the thermal response of a double-stranded DNA (ds-
DNA) molecule by analyzing the behavior of ESH within
a tight-binding framework. Their research focused on four
distinct sequences of ds-DNA, considering variations in dis-
orderness. The central objective was to explore the role of
the backbone structure, in conjunction with environmental
interactions. The DNA molecules were characterized using
only the nearest-neighbor hopping model, with no consider-
ation given to helicity effects. Several additional studies are
also available [26-36], with each one limited to the nearest-
neighbor hopping of electrons. However, none of these studies
have endeavored to investigate the thermal response of a
system that incorporates higher-order electron hopping along
with helicity.

In this current study, we explore the thermal signature
of a physical system that extends beyond the conventional

©2024 American Physical Society
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FIG. 1. Schematic view of a right-handed single-stranded helical
molecule, where R denotes the radius, A¢ represents the twisting
angle, and Ah corresponds to the stacking distance between the
neighboring lattice sites. The helix is subjected to a perpendicular
electric field of strength E,. In the presence of this field, the system
becomes a correlated disordered one.

nearest-neighbor electron hopping, incorporating the effect
of helicity. Two different kinds of single-stranded helices,
SRH and LRH, are taken into account depending on the
electron hopping range. For a possible tuning of ESH and
in order to inspect the role of disorder, an electric field is
applied perpendicular to the helix axis (see Fig. 1). Because
of the helicity, site energies of the system get modulated
[37,38] in a cosine form, following the well-known Aubry-
André-Harper model [39-44]. This is a special class of
disorder (correlated) that exhibits several non-trivial signa-
tures in the context of electronic localization [45-48]. Unlike
a one-dimensional random (uncorrelated) disordered lattice
where all the eigenstates are localized irrespective of the
disorder strength for the nearest-neighbor hopping model
[49,50], an AAH system goes to the localized phase from the
conducting phase beyond a finite disorder strength [40—42].
More interesting phenomena are observed when the system
is described beyond the nearest-neighbor hopping [51]. The
modulation in site energies directly influences the energy
eigenspectrum, and thus, the electronic specific heat. It will

be very interesting and important as well to check the in-
terplay between the helicity, higher-order electron hopping,
and the electric field on ESH. Here it is relevant to point
out that, in their work Kundu and Karmakar have studied
[25] the response of ESH in presence of ‘substitutional dis-
order’ introducing disorder in the backbone sites attached to
the ds-DNA molecule. Both quasiperiodic and random forms
were taken into account. But in our chosen physical sys-
tem, substitutional disorder is absent, and instead the disorder
arises from the helicity of the geometry in the presence of
an external electric field. Furthermore, the disorder follows
the AAH form, imparting distinctive features, particularly in
situations where the system involves higher-order electron
hopping [51].

The helical molecular system is described using a tight-
binding (TB) framework, which always provides a straight-
forward level of description [8,10,19]. Diagonalizing the
Hamiltonian matrix for the helix, we determine the average
energy. Subsequently, by computing the derivative of the aver-
age energy with respect to temperature, we obtain the specific
heat [25,28,31]. Through our comprehensive numerical analy-
sis, we find that the sensitivity of an SRH helix to temperature
surpasses that of the LRH helix in the low-temperature range.
Conversely, as temperature rises, the response becomes in-
verted. Despite the presence of an electric field, the distinctive
characteristics of both temperature regimes persist, albeit with
a gradual reduction in the disparity of specific heats between
the SRH and LRH helices as the field strength increases. It
is noteworthy that the electric field can selectively modify
the thermal response, but the handedness exhibits no signif-
icant impact. Our work critically examines all these aspects,
providing compelling arguments for our findings. In the end,
we focus on a significant application of ESH. Notably, the
concept of ESH has been identified as a potential tool for diag-
nosing various neurodegenerative diseases such as Parkinson,
Alzheimer, Creutzfeldt-Jakob, and others [52]. In our study,
we introduce a point defect at an arbitrary lattice site within
our helices and endeavor to identify the defect’s location by
comparing the outcomes of perfect and defective helices. This
approach holds promise in the diagnosis of defective cells and
various diseases, contributing to the potential application of
this protocol in medical contexts.

It is worth noting that most of the results in this work are
analyzed for custom-designed helical geometries for spinless
electrons. However, for the sake of completeness, we also
discuss results considering (i) real biological systems with
random sequences of DNA bases, adenine (A), thymine (T),
guanine (G), and cytosine (C), and (ii) the spin degree of
freedom, in the appropriate subsections.

The novel and crucial aspects of our ESH study include:
(i) exploring the interplay among helicity, higher-order hop-
ping, and electric field, (ii) investigating the combined effects
of temperature and the range of electron hopping, and (iii)
determining defective lattice sites.

The remaining portion of the work is structured as
follows. The helical systems and the theoretical frame-
work used for the calculations are given in Sec. II. Sec-
tion III presents and meticulously examines all numerical
results. Finally, Sec. IV encapsulates a summary of the
findings.
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II. PHYSICAL SYSTEM, TIGHT-BINDING HAMILTONIAN
AND THEORETICAL FORMULATION

A. Helix geometry and tight-binding Hamiltonian

The physical system, whose thermal signature is the sub-
ject of discussion in this work, is illustrated schematically in
Fig. 1. It is a right-handed helix. Two crucial parameters that
fundamentally characterize a helical structure are the twisting
angle A¢ (indicating the degree of geometric twist) and the
stacking distance Ah between two consecutive lattice sites
[8,19]. Depending on the value of Ah, two types of helices are
typically considered. When the distance between neighboring
sites is small (i.e., Ah is low), electrons can easily traverse
from one site to all other possible sites in the geometry, defin-
ing the system as a long-range hopping helix. Conversely, in
the case where A# is high, indicating large atom separation,
electron hopping is confined to a few neighboring atomic
sites, characterizing the system as a short-range hopping he-
lix. Although LRH and SRH helices may appear structurally
identical, their behaviors differ significantly. In this study,
one of our objectives is to investigate the distinct roles of
these two forms of electron hopping in influencing the thermal
signature.

An electric field is applied perpendicular to the helix axis.
There are two primary motivations for applying such a field.
Firstly, in the presence of this field, the system transforms
into a correlated (nonrandom) disordered state [19,37] from
an ordered one. Consequently, the impact of disorder can be
systematically examined. Exploring the interplay between dis-
order and the range of electron hopping on thermal response
could yield intriguing observations. Secondly, the aim is to
investigate how the externally tuned parameter can modify the
thermal response. These aspects have not been explored in the
existing literature.

A tight-binding framework is presented to elucidate the
helical system. The general form of the TB Hamiltonian for
a N-site helix, whether it is short-range or long-range, is
expressed as [8]

N—1 N—i

H = Z eicjci + Z Z(tjcchH_j + t;cjﬂc,-), €))]
i

i=1 j=I

where €; denotes the site energy of an electron at ith lattice
site, and c[T, ¢; represent the fermionic creation and annihila-
tion operators, respectively. ¢; is the hopping strength between
the sites i and (i + j). t; is the complex conjugate of 7;, and
in our case, it is identical to ¢;, since ¢; is real. In terms of the
nearest-neighbor hopping strength ¢, #; can be expressed as
[10,53]

tj =tnexpl—(; — L)/l 2

where [. is the decay constant and [; is the distance of
separation between the sites i and (i 4 j). /; measures the
nearest-neighbor distance. The length /; is expressed in terms
of the structural parameters of the helix as [10,53]

l; = V2Rsin(jAG/2)2 + (jAR), 3

where R represents the radius (see Fig. 1). It is important
to note that in our chosen tailored helical systems, we as-
sume that the hopping strength depends only on the distance

between two sites, without considering site energy depen-
dence. However, in real molecular systems like DNA and
proteins, electron hopping depends on the specific sites as
well as the distance between them [54-57]. When we will
be discussing thermal response of real biological molecules
in the later part of this work, these effects will be taken into
account.

Now, when an electric field is applied perpendicular to the
helix axis, the site energies undergo modulation in a specific
form following the relation [37]

€ = ¢ + eVycos (iAd — B). S

Here, e is the electronic charge and V, is the gate voltage that
is responsible for producing the field. The gate voltage and
the electric field are related by the equation V, = EgR [37].
The parameter 8, referred to as the phase factor, describes the
field direction with respect to the positive X axis. At this point,
it is noteworthy to highlight that the aforementioned repre-
sentation of site energies bears a resemblance to the widely
recognized Aubry-André-Harper model [40-42], wherein eV,
measures the strength of cosine modulation. Consequently,
our system exhibits a substantial equivalence to the AAH
model, incorporating higher-order hopping of electrons.

B. Theoretical formulation

The electronic specific heat is determined by calculating
the first order derivative of average energy of the system with
respect to temperature 7. At constant volume it is defined as
[25,28,31]

OE

C, = —,
YT

(%)
where E is the average energy, and it is expressed as
[25,28,31]

N
E =Y (E—wf(E). ()

i=1

The average energy is obtained by taking the weighted aver-
age of the energy levels, where the weights correspond to the
probabilities of finding electrons in these energy levels having
eigenenergies E;. The eigenvalues are determined by numer-
ically diagonalizing the TB Hamiltonian matrix of the helix
system. In the above expression (Eq. (6)), u is the electro-
chemical potential and f(E;) is the Fermi-Dirac distribution
function. At temperature T, f(E;) is given by

FE) = (1 + et ), %)

where Kp is the Boltzmann constant. Substituting f(E;) in
Eq. (6), and doing some straightforward algebra we get the
form of the electronic specific heat, C,, as

Gy

N 2 Eizn
1 (E; — p)-e®s”
= KoT?2 Z Eizn : ®
B i—=1 (1 + e KsT )2
Since C, is intricately linked to the electronic density of
states (DOS) of the system, we additionally calculate it to
provide a lucid depiction of our findings. The density of states,
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TABLE 1. Physical parameters of the right-handed SRH and
LRH helices.

TABLE II. Few neighboring distances for the SRH and LRH
helices, considering the physical parameters given in Table L.

Helix R (A) Ah (A) A¢ (rad) I.(A)  Helix I b L Iy Is
SRH 7 3.5 z 0.9 SRH 5.502 10.675 15.242 19.033 22.023
LRH 25 15 sz 09 LRH 4113 5.766 5.148 6.239 8.850
denoted as p(E), is acquired through the relation [58] electron hopping is confined to a few neighboring atomic sites.
1 In contrast, the LRH helix presents a markedly different sce-
p(E)=— ;Im[Tr[G(E )1, O] nario, with distances remaining relatively comparable even as

where G(E) represents the Green’s function of the helix sys-
tem. The Green’s function is defined as [58,59]

G(E) = (10)

E+in—H’

where n — 0.

III. NUMERICAL RESULTS AND DISCUSSION

In this section, we present our numerical results encom-
passing the characteristic features of the electronic specific
heat for both custom-designed and realistic LRH and SRH
helices, in scenarios with and without an applied electric
field. Throughout the calculations, energies are measured
in electron-volt (eV), temperature is measured in Kelvin
(K), and the Boltzmann constant Kp is set at 8.6173303 x
10~ eV/K. For the custom-designed helices, unless explicitly
specified otherwise, we choose the site energy €; = 0 and the
nearest-neighbor hopping strength #; = 0.02eV. The reason
for selecting #; in this range is to make it comparable to real
helical biological systems. For the helical systems with A,
T, G, and C sites, the site energies and hopping strengths
are taken from the standard data set available in the liter-
ature [31,60], and the values are specified in the relevant
subsections of our discussion. The site energies of any he-
lix, be it synthetic or real, become nonuniform following the
prescription stated earlier, once the electric field is applied.
Unless mentioned otherwise, the results are for right-handed
helices with N = 20 in the absence of spin degree of freedom
(DOF). For completeness, the results of ESH considering spin
DOF are also discussed in appropriate parts. In each case, the
electro-chemical potential p is determined self-consistently
by fixing the total number of electrons, N,, in the system. The
results are worked out in the half-filled band cases, and unless
specifically dictated, they are for synthetic helical systems.

As previously noted, the prevalent and practical instances
of SRH and LRH helices are exemplified by single-stranded
DNA and protein molecules, respectively [8]. In our compu-
tations, we define the physical parameters for these helices
based on the standard dataset accessible in the existing lit-
erature [61]. They are described in Table I. For a concise
depiction of how the electron hopping is influenced by the
physical parameters associated with the helices, in Table II
we display the distances between a few neighboring sites in
our chosen SRH and LRH helices, as the hopping is directly
connected to the distance of separation between the sites. The
data reveals that for the SRH helix, the neighboring distances
exhibit a rapid increase with the site index. Consequently,

the site index reaches large values. This characteristic allows
electron hopping to occur across all possible sites, introducing
nontrivial features compared to conventional lattices possess-
ing only nearest-neighbor hopping. Though the exponential
form in the expression of the hopping integral is considered,
this parameter setting clearly shows that for the LRH helix,
electrons can hop to distant sites with moderate strength. This
type of parameter setting has been extensively considered
in the literature for other studies. Thus, long-range hopping
persists effectively.

We now proceed to present and analyze our results which
include (i) the interplay among the higher order electron hop-
ping, transverse electric field, and the helicity, (ii) combined
effects of temperature and the range of electron hopping, (iii)
determination of defective lattice sites, (iv) role of spin degree
of freedom, and (v) response of real helical systems. The
results are organized into distinct subsections.

A. In the absence of external electric field

Let us start our discussion by referring to Fig. 2, which
illustrates the variation of electronic specific heat as a func-
tion of temperature both for the SRH and LRH helices, under
the condition of no external electric field, i.e., V, = 0. Several
noteworthy features emerge from this figure that are out-
lined as follows. In the low-temperature limit, the specific
heat exhibits a rapid increase with temperature. Upon reach-
ing a maximum, it then gradually decreases and ultimately
approaches to zero in the high-temperature limit. This be-
havior is a shared characteristic of both the SRH and LRH
cases, as evident from the curves presented in Fig. 2. An

0.6 " ! 0.07 T
— SRH g ()
L ; \
2 006 4 1
9]
g 041 o0 w0 w5 o |
= T(K)
Q
) - 0.2 (ii)
> s
Q 02k toaf 4 4
5
0 1 1
10 20 30 40 T
T (K)
0 1 1 1 1 1
0 500 1000 1500
T (X)

FIG. 2. Specific heat versus temperature for the SRH and LRH
helices in the zero field case. The insets show the characteristics
in the high- and low-temperature limits, for a specific temperature
range, to have better viewing of the two colored curves.
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FIG. 3. DOS as a function of energy for the two helices in the
zero field case.

intriguing observation is that, in the case of a helix with
short-range electron hopping, the specific heat attains a signif-
icantly larger magnitude compared to another helical system
under low-temperature conditions. As temperature increases,
the disparity between the curves gradually diminishes. No-
tably, beyond a specific temperature range, the specific heat
of the LRH helix takes precedence over the SRH counter-
part. This distinctive behavior is discerned from the results
presented in inset (i) of Fig. 2. The aforementioned obser-
vations can be elucidated by referring to the DOS spectra
depicted in Fig. 3, as the specific heat is intricately linked
to the electronic density of states. At zero temperature, all
electronic energy levels up to the Fermi energy (for finite
temperatures we refer chemical potential, instead of Fermi en-
ergy) are completely filled, while the remaining energy levels
remain unoccupied. Upon introducing temperature, a subset
of neighboring energy levels within the kT range around
the Fermi energy begins to contribute, thereby augmenting
the average energy (E) in comparison to the zero-temperature
scenario. As the temperature rises, a greater number of en-
ergy levels become accessible, leading to an increase in the
average energy and, consequently, a higher electronic specific
heat. The rate of enhancement for E in the SRH helix sur-
passes that of the LRH helix. This is attributed to the specific
nature of the DOS profile of the SRH helix, as illustrated
in Fig. 3(a). The eigenstates are denser towards the edges
of the allowed energy region, while in the inner energy re-
gions, the gaps between the DOS peaks are quite comparable.
This kind of behavior has already been previously reported
[56,62,63]. The DOS profile of the SRH helix clearly suggests
that a greater number of energy levels become accessible
within a specific range. In contrast, for the LRH system, the
energy levels exhibit substantial gaps in the higher energy
region, as depicted in Fig. 3(b), consistent with the previous

P | Y —

: 2 0.01 = Zols
Soak < oo ] Q04_/’\ SIE
; i 700 750 800 3 N A
> T(K) ()
E E

>

Soaf N 1902 ]

0 1 1 O 1 1

0 500 1000 1500 0 500 1000 1500
T (K) T (K)

FIG. 4. Electronic specific heat as a function of temperature for
the SRH and LRH helices in presence of external electric field where
(a) and (b) correspond to V, = 0.02V and 0.04 V, respectively. The
phase factor g is set at zero. The inset in each subfigure corresponds
to the same meaning as mentioned in the inset (i) of Fig. 2.

studies [8,19]. Therefore, a smaller number of eigenenergies is
available.

As the temperature rises, the likelihood of occupation in
higher energy levels gradually increases, causing all energy
levels to contribute to the average energy E. Hence, achiev-
ing a further enhancement of £ with temperature becomes
less feasible. This results in a reduction of C,. Eventually,
when the temperature is reasonably high, the average energy
almost stabilizes, and under that condition, the specific heat
approaches to insignificantly small values. Since the LRH
helix exhibits energy levels at higher energies compared to
the SRH helix (followed by comparing the DOS spectra given
in Fig. 3), in the high-temperature limit, the rate of change
of E with temperature for the LRH helix surpasses that of
the SRH helix. Hence, a higher C, is attained. For a clearer
representation, we refer to inset (i) of Fig. 2.

In Fig. 2, an additional intriguing feature becomes apparent
at the extremely low-temperature limit, specifically when the
system’s temperature approaches nearly zero. The specific
heat of the LRH helix surpasses that of the SRH helix within
a very limited temperature range (see inset (ii) of Fig. 2). This
is solely due to the highly packed energy levels of the LRH
helix around p within the KT range (Fig. 3(b)), whereas for
the SRH helix no such behavior is available (Fig. 3(a)).

B. In the presence of external electric field

We now turn our attention to examining the impact of
an external electric field on thermal response. In Fig. 4, we
illustrate the variation in electronic specific heat with tem-
perature for two distinct helices under the influence of an
external electric field, i.e., V, # 0. Interestingly, the overall
C,-T spectra exhibit a striking resemblance to those observed
in the absence of a field. Specifically, there is a sharp increase
in specific heat at low temperatures, reaching a maximum
before gradually diminishing and ultimately vanishing at high
temperatures. Notably, the LRH helix consistently demon-
strates a higher value of C, compared to the SRH helix, both
in the limit of zero temperature and in the higher temperature
range, mirroring the behavior observed in the field-free case.
However, a meticulous analysis reveals that, in the presence
of the electric field, the disparity between the peak values of
the C,-T curves associated with the SRH and LRH helices
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FIG. 5. DOS as a function of energy for the SRH and LRH
helices at the same gate voltages as taken in Fig. 4, where the first and
second columns correspond to V, = 0.02 V and 0.04 V, respectively.
Here we set 8 = 0.

diminishes. This effect becomes more pronounced as the
strength of the external field increases. To comprehend this
behavior, we delve into the following analysis.

The central mechanism becomes evident when examining
the density of states. In Fig. 5, we present the DOS spectra for
the two helices, corresponding to the gate voltages illustrated
in Fig. 4. The impact of the electric field is truly intriguing.
Upon the application of the electric field, the site energies
undergo modulation in a cosine form as described by the
relation given in Eq. (4). This cosine modulation transforms
the perfect helical system into a correlated disordered one,
analogous to the well-known AAH model [40-42]. Due to this
distinctive modulation, the energy spectrum becomes frag-
mented and exhibits large gaps, resembling the organization
of energy levels into three sub-bands. A clearer visualization
of this phenomenon emerges for a larger system size with a
moderate field strength, and similar energy spectra have been
extensively explored in a series of papers focusing on AAH
systems [40-42]. For a substantial V, (keeping in mind the
value of 71, as mentioned earlier), the impact of correlated dis-
order takes precedence over electron hopping. Consequently,
both the SRH and LRH helices exhibit quite comparable DOS
spectra, as illustrated in the right column of Fig. 5, and hence
their specific heats do not vary significantly (Fig. 4(b)). In
contrast, when V, is lower, the DOS spectra for the two he-
lices show substantial differences (left column of Fig. 5), and
accordingly, a notable contrast between the specific heats is
evident, as shown in Fig. 4(a).

Due to the pronounced impact of the electric field on
electronic specific heat, it is essential to investigate how C,
undergoes modifications with a continuous variation of the
field strength, or alternatively, by varying the correlated disor-
der strength. To accomplish this, we calculate the maximum
of C, denoted as C,(max) and depict it as a function of
V. For each value of V,, we determine C, across a broad
temperature range and subsequently identify the maximum to
obtain C,(max). The results for both the helices are presented

0.6 F . . .

—— LRH

CV (max) (meV/K)

0.3 ! !

0 0.02 04 0.06

0.
Ve (V)

FIG. 6. C,(max)-V, characteristics for the SRH and LRH helices.
Here g = 0.

in Fig. 6, with the orange and green lines corresponding to the
SRH and LRH helices, respectively. In accordance with the
aforementioned analysis, it is noteworthy that the disparity
between the specific heats is most prominent at V, = 0 and
gradually diminishes with an increase in the field strength. For
sufficiently large V,, the specific heats converge and become
nearly indistinguishable. Since the nearest-neighbor hopping
strength #; is within the meV range, the upper limit of V, used
in this figure (Fig. 6) (viz, V, = 0.06 V) is considered suffi-
ciently large. From the curves, we can infer that the electric
field plays a pivotal role in modulating the thermal response.

To ensure a comprehensive analysis, we now explore the
dependencies of electronic specific heat on various physical
parameters inherent to the system.

(i) Role of B: To examine the influence of the electric
field direction on the thermal response, in Fig. 7 we plot
the variation of C,(max) with 8 for both the SRH and LRH
helices, with the gate voltage fixed at 0.02 V. The parameter
B, linked to the field direction, is incorporated into the site
energy expression through Eq. (4). The site energies undergo
modifications with changes in 8, leading to alterations in the
spectrum of DOS and subsequently affecting the specific heat.
A comparison between SRH and LRH systems reveals that,
while the variation is not significantly different in both cases,
the LRH helix exhibits a slightly higher response than the
SRH helix.

@ : : (b)
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FIG. 7. Dependence of C,(max) with 8 for the two helical sys-
tems when V, = 0.02'V.
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FIG. 8. Dependence of C, with the stacking distance Ah for
the two helices at two different temperatures. The other physical
parameters are V, = 0.04 V and g = 0.

(ii) Effect of geometrical conformation: The recognized
consensus affirms that the stacking distance Ak between ad-
jacent lattice sites plays a crucial role in defining the extent
of electron hopping. When A#h is too small, electrons have
the ability to hop across all available sites. Conversely, when
Ah is relatively large, electron hopping becomes confined
to a limited number of neighboring sites. Since the elec-
tron hopping range significantly influences the energy band
spectrum, thereby impacting the density of states, here we
explore the influence of Ah (viz, the geometrical conforma-
tion) on electronic specific heat. The findings are illustrated
in Fig. 8. Two temperature scenarios, low and high, are con-
sidered. Across both temperature ranges, we vary Ah from
1.5A (the chosen value for our LRH helix, as detailed in
Table I) to a larger value, up to 4 A. Consistent with our
earlier assertions, we observe that at low temperatures, the
electronic specific heat increases as A#h rises, i.e., when the
system becomes more shortranged [Fig. 8(a)]. Conversely,
at high temperatures, a contrasting trend emerges, charac-
terized by a reduction in C, as Ah increases [Fig. 8(b)].
These trends can be directly attributed to the alterations in
the DOS resulting from changes in the electron hopping
range.

(iii) Effect of chirality: At this juncture, it is crucial to in-
vestigate the sensitivity of the thermal response to the chirality
of the helical system. The findings thus far have been deduced
for right-handed helices. However, in the presence of an elec-
tric field, there is a potential for a modified density of states
based on the handedness of the system, as the site energies
undergo alterations with the shift from right-handed (RH) to
left-handed (LH) chirality. To achieve a left-handed helix, it
is necessary to substitute A¢ with —A¢ [38], while keeping
all other factors constant. Consequently, site energies differ
for RH and LH cases, in accordance with the relationship
defined in Eq. (4), leading us to anticipate a change in thermal
signature. It is worth noting that for a seamless transition
between handedness, the system size must be appropriately
chosen to ensure the helix completes full turns. Depending
on the structural parameters specified in our SRH and LRH
helices (as detailed in Table I), we opt for N = 21 for the SRH
case (equivalent to two turns) and N = 19 for the LRH helix
(equivalent to five turns). In Fig. 9, we present the results of
ESH, considering both right-handed and left-handed helices
at a typical gate voltage. It is observed that, in each hop-
ping case, the specific heats exhibit almost comparable values
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FIG. 9. Role of chirality on the electronic specific heat. In each
of the spectra, the results of right-handed (RH) and left-handed (LH)
helices are shown, where (a) and (b) are associated with the SRH and
LRH systems, respectively. The other parameters are V, = 0.02'V,
B =m/4, N =21 (for SRH helix), and N = 19 (for LRH helix).

for both the right- and left-handed systems. Upon changing
the chirality, the DOS spectrum does not undergo significant
modifications, as clearly demonstrated by comparing the DOS
spectra for left- and right-handed helices in Fig. 10. Con-
sequently, nearly identical curves are obtained for the two
different handedness configurations.

C. Usefulness of electronic specific heat

In this subsection, we explore a specific application of the
ESH, focusing on its utility in identifying defective lattice
sites within a system by analyzing the thermal response. Our
objective is to investigate the possibility of detecting any
anomalies in the lattice structure. To achieve this, we intro-
duce a single defect at an arbitrary site while keeping all other
sites of the helix identical. The strength of the site energy
of the defected site is denoted by the parameter W (W =0

@)

T T T T

40F I

& o0t ]
Q.

oL -

(b) H—R— | : | :

-O.IOS 0 0.I05
E (eV)

FIG. 10. DOS spectra for the right-handed (dark blue color) and
left-handed (cyan color) helices, employing the identical set of pa-
rameter values as depicted in Fig. 9. (a) and (b) correspond to the
SRH and LRH cases, respectively.
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FIG. 11. Variation of C,(max) with the position of the defective
site in the SRH and LRH helices. The results are shown for three
distinct values of W. Here we consider the zero-field case. The
system size N is fixed at 20.

corresponds to the perfect site, as the site energies of all other
sites are set at zero). We present three distinct cases based on
varying values of W: one with a weak defect (W = 0.0002),
and the other two with moderate and substantial defects. For
each case, we calculate the maximum of the ESH, C,(max),
and illustrate its variation as a function of the position of
the defective site, represented by the parameter P (refer to
Fig. 11). It is noteworthy that we deliberately choose a very
small value for W in one case (<< t;) to mimic a scenario
where the system closely resembles the perfect one. This
allows us to make meaningful comparisons with finite W and
gain insights into the behavior of the system under different
defect strengths. Several noteworthy features are discerned,
outlined as follows. For W = 0.0002, C,(max) remains nearly
constant for both SRH and LRH helices (violet lines in
Fig. 11), aligning with expectations. However, a pronounced
shift in C,(max) occurs at W = 0.02 when the defective site is
positioned near one edge of the helix (green lines), with this
effect becoming more conspicuous for larger W (red lines).
Although the C,(max)-P curves exhibit similarities between
the two helices, a discernible alteration in ESH with varying P
is observed for the helix with higher-order hopping integrals.
By comparing the outcomes of perfect and defective helices,
a clear distinction can be made, allowing for the identification
of the defective helix and an approximate determination of its
location. Particularly, when the impurity site is situated near
either of the two edges, a substantial variation is observed,
presenting a valuable indicator for precise detection.

D. Electronic specific heat in the presence of spin degeneracy

To inspect whether the inclusion of spin degree of freedom
has any important impact, in Fig. 12 we present the variation
of electronic specific heat as a function of temperature for the
two different helices considering spin degeneracy. The results
are shown in the field-free situation, for the half-filled band
condition. As our chosen N is 20, the number of electrons
N, is fixed to 20. Here each energy level can accommodate
two electrons. The electro-chemical potential p is calculated
self-consistently, as in all other figures. Apart from spin de-
generacy, all other conditions remain unchanged from Fig. 2.
Comparing the results between Figs. 2 and 12, it is clear that
the latter figure reflects only a change by a factor of 2, with no
other differences. This is easy to follow, as the average energy
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FIG. 12. Electronic specific heat, considering spin degree of
freedom, as a function of temperature for the SRH and LRH helices
in the field-free condition (V, = 0), for the half-filled band case
(N =20, N, = 20). Other parameters and the meaning of the insets
are same as in Fig. 2.

doubles in the presence of spin degeneracy compared to the
spin-free case. Thus, we can emphasize that spin degeneracy
does not introduce any new characteristic features to specific
heat, apart from changing its magnitude.

E. Electronic specific heat in real helical systems

The studied results of synthetic helices create curiosity
about the characteristic behavior of ESH if the synthetic he-
lices are replaced with real ones made of A, T, G, and C bases.
Here, in this subsection, we essentially focus on that. We
consider two different cases: one where the bases A and G are
arranged randomly, and another where the bases T and C are
placed in a random sequence. The helical parameters (R, A#,
A¢ and [.) associated with the SRH and LRH helices remain
the same as those mentioned in Table 1. In these helices, we
select the site energies associated with these four bases and
the NNH integrals among them from the data sets available in
the literature (see Refs. [31,60], and the references therein),
and here we specify them as follows. The site energies of
four different bases are: €4 = 8.631eV, ey = 9.464¢eV, ¢ =
8.177eV, ec = 9.722¢V. In the helix with A and G bases,
the NNH strength between the G and G bases is 0.053 eV,
while between the bases A and A it is —0.004 eV. Between
the bases A and G, the NNH strength is —0.077eV in one
direction and —0.01eV in the other direction (hoppings are
direction-dependent). For the helix with T and C bases, the
NNH strength is 0.18 eV between the T and T bases, and it
is 0.022 eV between the C and C bases. For the unlike bases,
i.e., between T and C, the NNH strength in one direction is
—0.028 ¢V and it is —0.055¢eV in the other direction. With
these parameter settings, the characteristics of ESH with tem-
perature for the SRH and LRH helices are shown in Fig. 13.
Two different field cases are taken into account. It is important
to note that, unlike synthetic helices with €; = 0 for all sites,
the helices here are originally disordered even when the trans-
verse electric field is absent. This is because the site energies
of the bases are different and the bases are arranged randomly.
In the presence of the electric field, an additional modification
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FIG. 13. Electronic specific heat as a function of temperature for
the SRH and LRH helices composed of A, T, G, and C bases. Two
cases are considered: (i) helices with A-G bases and (ii) helices with
T-C bases. Bases in each helix are arranged randomly, and averaging
over 100 random configurations is performed. Two different field
scenarios are taken into account, with the phase factor g is set to
zero. The system size and the filling factor are the same with those
in Fig. 4.

is site energies occurs following Eq. (4). A closer inspection
of the spectra given in Fig. 13 reveals that the nature of
C,-T curves is quite similar to those already discussed for
the custom-designed helices. As V, increases, the difference
between the two helices decreases, corroborating our earlier
analysis. It is worth mentioning that different sequences of
A, T, G, and C bases in the helices almost lead to similar
behavior of ESH, as confirmed through our detailed numerical
analysis. The main difference between a real helical system
with A, T, G, and C bases and our chosen synthetic helices
with a transverse electric field is that the latter can be utilized
as ordered or disordered helices, depending on whether they
are subjected to an electric field. Moreover, the response can
be selectively tuned by externally regulating the field strength.
On the other hand, since real helices are originally disordered,
tuning of ESH by means of an external electric field is also
possible, but the response will be weaker than that of synthetic
helices.

F. Specific role of #; on electronic specific heat

All the results of the custom-designed helices discussed
above are computed considering the nearest-neighbor hop-
ping strength #; = 0.02 eV, so that #; becomes comparable to
that in real helical molecules. In this situation, the electronic
specific heat peaks around the room temperature. Now an
obvious question arises: how does the peak change if #; is
modified? To illustrate it, in Fig. 14, we present the results
of electronic specific heat for both the SRH and LRH helices
at three typical values of #;. For both helices, it is observed
that the temperature at which the ESH reaches its peak value
increases as the strength of 7; is enhanced. Understanding this
is straightforward, as the average energy correlates directly
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FIG. 14. Electronic specific heat as a function of temperature for
the SRH and LRH helices in the field-free case, at three distinct
values of #; where the blue, magenta, and green curves are for 0.025,
0.05, and 0.1, respectively.

with all the physical parameters of the system, in addition to
Kp. Given that Kj scales at 1072, it is recommended to reduce
the strength of NNH in custom-designed helices to fully grasp
the ESH across the accessible temperature range.

IV. CLOSING REMARKS

To conclude, this study represents a pioneering investiga-
tion into the thermal signature of custom-designed and real
helical systems, with a focus on the examination of elec-
tronic specific heat. While significant research has delved into
charge and spin-dependent transport within various helical
systems, the discourse on their thermal properties remains
notably constrained. By studying the electronic specific heat,
we gain valuable insights into how a substance manages the
transfer and absorption of energy. The understanding derived
from ESH not only contributes to fundamental knowledge but
also has practical implications.

Depending on the physical parameters, two distinct types
of helical systems are considered. Despite their structural re-
semblance, one helical system allows electrons to hop across
a few neighboring lattice sites, while in the other system, all
possible hoppings are permitted. Every helix is exposed to
an external electric field oriented perpendicular to its axis.
Simulating the helices within a tight-binding framework, we
calculate the ESH by taking the first-order derivative of the
average energy. The average energy is determined by fixing
the number of electrons, with the electrochemical potential
computed self-consistently. The results are analyzed for both
field-free and finite-field conditions under spinless and spin-
ful scenarios. A significant utility of our findings is also
discussed. The key and novel discoveries of our work are
summarized as follows.

(i) In the low-temperature regime, the SRH helix demon-
strates a higher ESH compared to the LRH helix. Conversely,
this trend reverses in the high-temperature regime.

(i1) The disparity in ESHs between SRH and LRH helices
gradually diminishes with increasing field strength.

(iii) The thermal response of the helices can be selectively
modulated by the electric field.

(iv) The interaction between the range of electron hopping
and the temperature regime plays a significant role in deter-
mining the thermal response.
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(v) The results are not highly sensitive to the chirality of
the system. Both right-handed and left-handed configurations
can be employed almost equally.

(vi) Finally, through the analysis of ESH, it becomes pos-
sible to estimate defective helices and identify the locations of
defect sites. This could be particularly intriguing for diagnos-
ing faulty cells and various diseases.

Our analysis can be employed to explore thermal responses
in various types of these intriguing helices in the presence of
higher-order electron hopping.
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