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Helical trilayer graphene (hTG) exhibits a supermoiré pattern with large domains centered around stacking
points ABA and BAB, where two well-separated low-energy bands appear with different total Chern numbers
at each valley, forming a Chern mosaic pattern. In the chiral limit, the low-energy bands become exactly flat
at zero energy for magic-angle twists. Here we investigate these zero-energy flat bands and their topological
properties in the presence of a perpendicular magnetic field. We show that hTG retains the precise flatness of the
zero-energy bands, even at finite magnetic fields. We find topological phase transitions at fields corresponding
to unit and half magnetic flux leading to an emergence of higher Chern number flat bands. Consequently the
Chern mosaic gets modified for finite magnetic fields. We further find the analytical forms of zero-energy wave
functions and identify a set of hidden wave functions, which gives crucial insights into both the topological
transitions and enhancement of Chern numbers across them. We also find topological transitions away from the

chiral limit with finite corrugations and at different magic angles.
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I. INTRODUCTION

Twisted moiré materials have opened a new avenue for
studying the interplay of correlations and topology within
their narrow energy bands [1]. In addition to observations
of various correlated phases such as superconductivity [2—-6],
correlated insulators [7-13], heavy-fermionic phases [14-21],
density waves [22,23], moiré flat bands (FB) are also gaining
significant attention as a platform to realize topologically non-
trivial phases, like fractional Chern insulating phases [24—28]
and quantum anomalous Hall states [29-31]. Though magic-
angle twisted bilayer graphene (TBG) stands out as the most
studied moiré material, there is a recent increasing focus on
exploring other configurations of twisted multilayer graphene
due to their potential for enhanced tunability [3,4,22,32-46].

One such configuration that has attracted recent attention
both theoretically [47-50] and experimentally [43,51], is he-
lical trilayer graphene (hTG). In hTG, three layers are twisted
in the same direction relative to each other resulting in two
incommensurate moiré patterns that interfere with each other
and form a moiré of moiré or a supermoiré pattern [34,38].
This supermoiré pattern exhibits local regions centered around
different high symmetry stacking points (ABA, BAB, AAA),
characterized by distinct local topological properties [49].

Previous studies have revealed that the ABA and the BAB
centered local regions host two central topological narrow
bands with total valley Chern numbers Ci = 1 and —1,
respectively, even with finite corrugations [47,48]. These re-
gions are also favored by lattice relaxations allowing them to
expand at the expense of the AAA centered regions forming a
Chern mosaic pattern with large triangular domains around
the ABA and BAB stackings [41,47,52,53]. These Chern
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mosaic structures can be experimentally probed by measuring
the local orbital magnetization, a technique already illus-
trated in the context of TBG nearly aligned with an hBN
layer [54-56]. Remarkably, in a special chiral limit, hTG
demonstrates another characteristic feature, where the narrow
bands become exactly flat at zero-energy separated by a large
gap from the remote energy bands, when twists are tuned
to magic-angle. These FB exhibit an ideal quantum geome-
try [57-60] and a correspondence with lowest Landau levels
which extends to color entangled wave functions for higher
Chern numbers [48,61,62].

On a different side, twisted moiré materials have also
opened avenues for studies with magnetic fields [26,63—70].
This is because of a relatively large moiré length scale, which
reduces the magnetic field associated with a unit magnetic
flux quantum by several orders of magnitude. For instance,
in magic-angle TBG the unit flux quantum per moiré unit cell
with a length scale of ~12 nm, corresponds to a magnetic field
of ~25 T [71,72], in contrast to above ~10 000 T in materials
with typical length scales of a few angstroms. This opens
up the possibility for experimentally probing the Hofstadter
spectra and their novel topological properties in twisted moiré
materials.

Motivated by these properties, we explore an interplay
of a perpendicular magnetic field with the ideal FB of hTG
and their local topological properties. We observe that the
zero-energy ideal FB persist even in the presence of a finite
magnetic field, similar to a finding in TBG [68,73]. We find
that the magnetic field induces topological phase transitions in
these zero modes, leading to emergence of higher Chern num-
bers ideal FB. By focusing on local stacking configurations of
the supermoiré, ABA and BAB, we interestingly identify two

©2024 American Physical Society


https://orcid.org/0000-0001-5899-9687
https://orcid.org/0000-0003-2014-1735
https://orcid.org/0000-0002-8651-6774
https://ror.org/02p3et738
https://ror.org/02dyaew97
https://ror.org/00sekdz59
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.110.075417&domain=pdf&date_stamp=2024-08-14
https://doi.org/10.1103/PhysRevB.110.075417

DATTA, GUERCI, GOERBIG, AND MORA

PHYSICAL REVIEW B 110, 075417 (2024)

distinct critical fields for the topological transitions occurring
at unit and half flux quantum per moiré unit cell. For a given
direction of the magnetic field, the two transitions appear
at the ABA and BAB stackings, which modify the valley
Chern mosaic pattern, and the transitions interchange when
the direction of the magnetic field is reversed. We also find the
exact analytical forms of the zero-energy wave functions and
identify a set of hidden wave functions. We further demon-
strate that these hidden wave functions play a key role in
the underlying mechanism of the topological transitions and
enhancement of Chern numbers in the FB.

II. MODEL

hTG is described by a local continuum model where the
moiré of moiré modulation is treated parametrically [38].
Within this continuum model, the valley index is an emer-
gent quantum number and a preserved quantity. We therefore
restrict the following discussion to a single valley (K) since
the model and spectra for the K’ valley are obtained from the
former by time-reversal symmetry. Introducing the magnetic
field within a minimal coupling of the corresponding magnetic
vector potential A(r), the resulting local Hamiltonian for K
valley reads

H(r, ) =133 @ vplk + eA(r)/1i] - &
0 T(r,¢) 0

+ | Hec. 0 T, —¢)|, (D
0 H.c. 0

in a basis W = (I/fl’ X1» I//21 X2, ¥3, X3)Ts where l[fl» Xl live
on A and B graphene sublattices with / being the layer
index. In Eq. (1), vg is the Fermi velocity in untwisted
graphene layers, o represents Pauli matrices in the sub-
lattice space, and k = —iV,. T(r, ¢) = Z?:] Tie "™
describes the interlayer moir€ tunneling with 7,1 = was00 +
waplcos(2m j/3)o, + cos(2m j/3)o,], wap = 110 meV, and
q;y, = ie*™? are moiré pattern wave vectors in the unit of
kg. kg = 2Kp sin(0/2), where 0 is the twist angle between
successive layers and Kp is the Dirac momentum. Here ¢ =
(¢1, P2, d3) = (0, ¢o, — o), with ¢ being the parameter that
maps out different local stacking configurations ABA, BAB,
AAA with values 27 /3, —2m /3, and 0, respectively [48].
Due to lattice relaxations in hTG, the regions around ABA
and BAB stacking points tend to expand in size, while signif-
icantly shrinking the regions around AAA stacking [47,52].
Hence ABA and BAB stackings play the most crucial roles
for determining the properties of hTG. In this work, we
mainly focus on ABA stacking with ¢ = (0, 27 /3, —27/3)
in Eq. (1) in most of our discussions unless mentioned. The
corresponding properties of BAB stacking regions can be
obtained by using the C,, 7 symmetry along with a reversal
of magnetic field orientation: Co, TH(r, ¢4, A)(Co.T)' =
H(—r, ¢ppap, —A) (see Appendix D). We also demonstrate our
findings mostly in valley K, noting that the other valley fol-
lows from time-reversal symmetry up to a sign change in the
magnetic field direction [Eq. (D8)]. Furthermore, we neglect
the Zeeman effect and therefore assume spin degeneracy in
the model.

In the absence of a magnetic field, the zero-energy FB
are obtained in the chiral limit, defined by waa = 0 [74,75],
for a series of magic angles [47,76,77]. For finite magnetic
fields, we first solve the Hamiltonian (1) in the chiral limit
numerically by projecting it to low energy Landau levels
[69,78,79] (see Appendix A) to analyze their energy bands
and their topological properties (Sec. III), focusing on the first
magic angle 6 = 1.687° [47,48]. The chiral limit also allows
us to analytically probe the wave functions of zero-energy
states. Hence we analytically find out the zero-energy wave
functions in Sec. I'V to gain further insights into their topolog-
ical properties, again at the first magic angle. We then discuss
the departure from the chiral limit in the presence of finite
corrugations in Sec. VI. Furthermore, noting that the even and
odd index magic angles show distinct properties [76], we also
discuss the case of the second magic angle in Sec. V.

III. NUMERICAL RESULTS
A. Energy spectrum and topological phase transitions

We begin by demonstrating the characteristics of the en-
ergy spectra of Eq. (1) obtained numerically. In Figs. 1(a) and
1(b), we show the Hofstadter spectra showcasing the energy
eigenvalues (E) for ABA stacking region in valley K with
varying magnetic flux @ per moiré unit cell, relative to unit
quantum flux &, = h/e. Panel (a) and (b) depict the spectrum
for positive and negative flux, respectively. We see that the
zero-energy states, denoted by red dots, persist for finite mag-
netic flux values. They originate from the zero-energy FB at
zero flux. Moreover, we notice that the spectra in (a) and (b)
are clearly different.

Now focusing on the remote energy bands, separated from
the zero-energy states by approximately A =~ +130 meV at
low @, we see that for both positive and negative fluxes, they
progressively shift towards zero energy with increasing .
The remote band gap closes at a critical flux @, in both (a)
and (b). For ® > &, the remote band gap reopens. Since the
magnetic field introduces an additional length scale /p, the
magnetic length, the shift in remote band energy can be semi-
quantitatively estimated to be of the order of AAy;/I%, where
Ay is the moiré unit cell area. Therefore, at gap closings, the
shift AAy /I3 ~ A, implying that @, should be of the order
of @,. Notably, we find that for positive flux ®, = @, and for
negative flux &, = /2.

To investigate the topological properties of the zero-energy
states, we compute the associated Chern numbers. In the
chiral limit, all zero-energy states are sublattice polarized
[74]. Hence Chern numbers associated to these states can be
classified as C4 and Cp for A and B sublattices, respectively.
For ® < ®&., we find that the zero energy states maintain
Chern numbers of C4 =2 and Cy = —1, identical to those
at zero flux [48] as they remain separated by the remote
band gap. However, for ® > &, we find C4 =3 (Cp = —3)
and no B(A)-polarized states for the positive (negative) flux
direction. Hence the total Chern number Cioi = C4 + Cp is
Ciot = 1 for ® < &, (= D) and Cioy = 3 for © > &, (= Dy)
in (a), and Ciot = 1 for ® < &, (= ®(/2) and Cyor = —3 for
® > &, (= Py/2) in (b). The changes in Cyy thus indicate
topological transitions happening at .. It is remarkable that
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FIG. 1. Hofstadter spectra at the ABA stacking configuration defined with ¢ = (0, 27 /3, —27 /3) for positive (a) and negative (b) magnetic
flux in valley K. [(c) and (d)] Change of total Chern numbers for valley K (C), K’ (Cy,,) (c) and including both valleys (d). Energy bands in
the momentum space along (0, 0) — (0, k) — (k;, 0) — (0, 0) at . corresponding to panel (a) (e) and to panel (b) (f), with k; = ﬁkg/Z
and k, = 3ky /2 defining the magnetic Brillouin zone. The zero-energy flat bands are represented by the red lines. (g) Schematic of gap closing

through Dirac cones across topological transitions.

we find two distinct topological transitions in (a) and (b), i.e.,
at two directions of the magnetic field, as also shown in (c).
In the opposite valley K’, the response to the magnetic field
is opposite with respect to the field’s orientation. The sign
of the Chern numbers also reversed. The sign of the Chern
numbers also reversed: C4/p — —Cy/p. So, for the positive
flux direction, the phase transition at ®(/2 happens with the
total Chern number C},, changing from C;,, = —1to C}, = 3,
and for the negative flux, the transition occurs at ®, with

' = —1 to C,, = =3 (c). Hence the total Chern number
including both valleys CX X" = C,o + C},, undergoes changes
from |CKFHK'| = 0 to |CKTK'| = 4 at dy/2 and |CEK | =4 10
|C[[§t+ K/| = 6 at ®y, in both directions of the magnetic field,
as depicted in (d). We thus note that the asymmetric response
in the two field directions is balanced when both valleys are
taken into account.

The change in Chern number across ®. can also be de-
duced by inspecting the energy bands at &, where the moiré
translational invariance is recovered [72]. We find that the gap
closings in @, in (a) and (b) occur through one and two Dirac
cones, respectively, as shown in (e) and (f). Each half of a
Dirac cone is associated to Chern numbers of £0.5 per valley.
Consequently, at each valley Ci; changes by +2 at &, as
illustrated in the schematic (g).

So far, we have illustrated our findings at the ABA stacking
configuration. The corresponding spectrum and the associated
topological transitions at the BAB stacking in the same valley
are exactly opposite with respect to the direction of the mag-
netic flux, as obtained by the C,,7 symmetry. The opposite

response can also be physically understood by noting that
exchanging the top and bottom layers (equivalent to reversing
the magnetic field direction) at the ABA stacking results in a
moiré pattern looking identical to the one in the BAB stacking
configuration [47,76]. The sign of the Chern numbers at the
BAB stacking is also reversed along with an exchange of the
two sublattices: Cy/p — —Cp/s. Consequently, for a given di-
rection of the magnetic flux, local Chern number pattern in the
supermoir€ unit cell, i.e., the Chern mosaic evolves with mag-
netic field. This evolution is showcased at different positive
magnetic field values for valley K in Fig. 2, for ® < ®(/2 in
(a), for ®¢/2 < ® < Pgin(b),and ® > d(in (c). The Chern
mosaic in (a) is the same as in Refs. [47,48] at ® = 0. In (b),
while the Cy, for ABA stacking remains the same as in (a), Ci
of the BAB stacking changes from Cy,y = —1 to Cioy = 3 due
to transition at ®y/2. In (c) the ABA stacking configuration
undergoes a topological transition at &, whereas the Ciy; at
BAB remains the same as in (b). We note that @ corresponds
to a magnetic field of 68T at the magic angle 8 = 1.687°.

B. Chern/sublattice polarization

To gain more insights into the origin of the topological
phase transitions, we numerically investigate the counting of
zero-energy states at each sublattice. Figure 3 depicts the
number of zero-energy states per moiré unit cell in the two
sublattices ny/p for ® > 0 (a) and ® < 0 (b) at the ABA
stacked configuration in valley K. We observe that n4,p varies
with @ as na/p = 1+ CA/B(q))CD/CD() for & < &, and na/p =
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(a) P < q)o/Q

FIG. 2. Valley K Chern mosaic in the supermoiré unit cell with
unit vectors a!, and a2, (la!,| =250 nm) for positive magnetic
flux .

£Ca/p(P)P/ P for & > P, following the Streda formula
[80], with + indicating the direction of the magnetic flux.
Since Cp = —1 and C4 = 2 for & < P, for positive flux (a)
the B sublattice gets emptied at ®(, and for negative flux (b)
the A sublattice gets emptied at /2, as seen from the Streda
formula. Therefore the topological transitions are attributed
to the depletion of one of the two sublattice Chern bands,
and two different @, values reflecting different C4 and Cp at
@ = 0. We further notice that ny — ng = 3® /P holds for all
®, a consequence of Atiyah-Singer index theorem for Dirac
kernels [68,81-84] further discussed in Appendix C. So at
® > d,, the sublattice band that remains with a finite number
of zero-energy states, acquires a higher Chern number of
|Ciot| = 3 to offset the emptied sublattice band and satisfy the
index theorem. The Chern value Cy, = 3 reflects the Landau
level zero modes of the three decoupled Dirac cones to which
the phase at & > &, is continuously connected.

(b)
4
Cio=3 3 Cio=-3
Szl Ecgzw —n,
1T — "
5 N = Mot
0 051 150 05 gy 1 15

FIG. 3. Number of zero modes per moir€ unit cell in A-sublattice
ny (red lines) and B-sublattice np (blue lines), and ny = ny +
np (green dashed lines) as a function of positive magnetic flux
(a) and negative magnetic flux (b), at the ABA stacking [¢ =
(0,27 /3, —2m/3)] and valley K. Vertical lines denote topological
phase transitions.

IV. ANALYTICAL EXPRESSIONS OF ZERO-ENERGY
WAVE FUNCTIONS

We now look into the properties of the zero-energy modes
analytically by deriving the expressions of the correspond-
ing wave functions. The analytical forms can provide more
insights into our numerical results discussed thus far. Chiral
TBG exhibits a Landau level correspondence [57-59], i.e.,
a mapping between the zero-energy FB and lowest Landau
level wave functions [85], which survives at nonzero magnetic
fields [68]. A similar correspondence is also observed for
chiral hTG and extends to the concept of color wave functions
for Chern 2 bands [61,62], corresponding roughly to a sum
of Landau levels [48]. We show below that the Landau level
correspondence continues to hold for chiral hTG at finite
magnetic fields.

Here we again focus on the ABA stacking for positive
and negative magnetic field directions in valley K. The local
Hamiltonian (1) in the chiral limit can be cast to a form which
anticommutes with the chiral operator in the sublattice space,
by a rearrangement to the “Chern-sublattice” basis [57,74,86—

88] W = (Y1, ¥2, V3, X1, X2, x3)', and is given by

WHra) (0 Dy o
veke  \Djar)y 0 )
with
—2i0) U,(r) 0
Dy = |Up(—r) —2id0, Up(r) |, 3
0 U,(—r) =2id,
where 9, = (0 — bz/4), 3 = —(0+bz/4), = (3 —
idy)/2kg, and z =ke(x +iy). The moiré potential is

Uy(r) =« Z;Zl LT U,(r)=a 2321 w/~le™ T with
w=e"3 b= gi—’; quantifies the magnetic field as inverse
square of the magnetic length, and is related to A(r) in the
symmetric gauge: A(r) = ’z’(yf( —x¥), and p and g being
coprime integers, and Ay, is the moiré unit cell area. The
field b generates a magnetic flux of ® = bA,, per moiré unit
call, and hence ®/®y = p/q. In Eq. (2), we introduce a
superscript ABA in the Hamiltonian and also an additional
parameter o = wap/(vpkg) which casts the Hamiltonian in
a dimensionless form. The zero-mode flat band solutions
of Eq. (2) is equivalent to finding solutions to following
zero-mode equations:

Dy(r)xi(r) = 0, “)
Dy (r)¥(r) =0, ®)

for all k in the magnetic moiré Brillouin zone (mBZ), where
the spinors x,(r) and ¥, (r) correspond to A and B sub-
lattice wave functions, respectively. Additionally, the wave
functions must obey the Bloch periodicity with the mag-
netic translations operators 7,' and T translating by ga;
and ap, respectively, where a; = 4w /3ky(0, —1) and a, =
471t /3ky(v/3/2, 1/2) are the moiré unit vectors. The conditions
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are

Y+ qar) = Uy (r) e F@deitkan - (6a)

Vo (r + @) = U, Py (r) e @D gk (6b)

with U, = diag[w*, 1, w]. We note that the zero-mode solu-
tions of Egs. (4) and (5) can be cast to the form

Vi) = fQe Ay, ), (7a)

X = FOL @), (7b)

sym

where z is the complex notation of r, f(z) and f(Z) are
functions holomorphic and anti-holomorphic in z respectively,
and l/lkw”, Xk, are zero-mode solutions at b = 0. It is also
possible, and we shall do it for C4 = 2 bands, to form linear
combinations of these solutions. The momenta ky,, are arbi-
trary and we find it convenient to use I, K, and K'.

A. Cp = —1 zero modes

We first focus on the solutions of Eq. (4) corresponding to
the B sublattice for b > 0. We obtain the following explicit
analytical form of the zero modes:

Xn,k(r) = @n,k(Z, Z)XF (r), (8)

where xr is a zero-mode solution at b = 0 and @, x(z, Z) is
related to the meromorphic function (up to a factor of b’/ 2)

N[EEE - £+ 2(n+5), Lro]
ﬂ][a,a)]
2im

w e gaar (1452 b +z)/4 9)

(pn,k(za Z) =

with @, k(z, 2) = ¢}, , (—z, —Z) and solves

bz \ _ _
0 — T Pni(z,2) =0, (10)
with n=1,...,q— p. Here ky =k -a;, a; and b, are the

complex number versions of vectors a; and b,, respectively,
with b, = \/gkg(l, 0) being a reciprocal lattice vector, and
® = ay/a; = ¢**/3. The function 9 (z, w) represents the Ja-
cobi theta functions having the properties 9[z = 1, w] =
—%[z, o] and P [z £ @, @] = —e T?eFETIY, [z, w] (also see
Appendix E). Consequently they exhibit zeros at z = nja; +
ma, with n; and n, as integers, ensuring magnetic Bloch
periodicity in @, x(z, Z). Note that the zeros in ¥ also lead
to poles in @, x(z,Z). However, as seen in previous studies
[47,48], the b =0 spinor xp(nja; + nya;) vanishes at the
magic angle. Hence the poles in @, x(z,Z) get compensated
by the spinor x(r = ma; + maz) and y; ,(r) become finite
at the magic angle for all r.

Since index n in x,x runs from 1 to ¢ — p, the number
of FB consisting of zero-energy states per magnetic unit cell
is g — p. To connect to the count of zero-energy states in
moiré unit cell that we discuss in Sec. III B, we recall that
the magnetic unit cells are spanned by ga; and a,, and thus
include g moiré unit cells. Hence the number of zero-energy
states per moiré unitcellis 1 — p/g = 1 — &/ P and they are
depleted at topological transition ® = @, consistent with the
Streda formula for ng, as described in Fig. 3(a).

Interestingly, even though x, ,(r) is depleted at ® = @,
we find one zero-energy solution for a single k value (but
notably not a flat band) from Eq. (4) that obeys the magnetic
Bloch periodicity with the analytical expression

ikn-a, = 72 2,102
LI L GOV
—Z
ﬁl[ (_”,a)]

at a specific momentum ko = (b —b;)/2, where by =
V3ko(1/2, —/3/2) is a reciprocal lattice vector. The single
zero-mode pairs up with another state from the A sublattice,
as discussed later in Sec. IV C, to form a Dirac cone at kg [also
in Fig. 1(e)].

For b < 0, we find that the analytical form of the wave
functions have the same form as Eq. (8), but with b —
—b, and therefore the number of magnetic FB is g + p.
Drawing similar counting argument of zero-energy states per
moiré unit cell, we have ng = 1 4+ p/q = 1 + ®/d, agreeing
with the Streda formula as in Fig. 3(b). We further observe
that corresponding magnetic Bloch wave functions u,, ;(r) =
xn’k(r)e_”‘" of Eq. (8) are k-antiholomorphic, and hence they
constitute an ideal flat band [57,58,60].

X, () = Xr (), )

B. C4 = 2 zero modes

We now focus on the solutions of Eq. (5) corresponding to
the A sublattice for b > 0. In this case, the b = 0 spinor ¥ -(0)
is non zero, but Y (r) and ¥ (r) becomes asymptotically
colinear at r = 0 at the magic angle [48]. For b # 0, the wave
functions of zero modes are then found to be

Vi) =nsrqPp g OV ()
= n kg, Pp kg OV (7). (12)
Here (pi (1) is related to the basis function
st —E 45+ 2(n+ %), s10]
191 [S3 az_l , S3w]

@n,k (r) =

x 9 |:s2£ S20{| Var par (14 5)2 ,=b(@+zP)/4 (13)
ai

with 51 =s3 =1 and s, = p/q, that satisfies the magnetic
Bloch periodicity and solves

(5 + %)gbn,k(z, =0, (14)

when s; + 5, — 53 = g. We set the center of the mBZ to be
at T', and thus K and K’ are at j:q1 The coefficients in
Eq. (12) are given by a,; = 191[— -5 = Q(n + p) w], and
with ¥¢ (0) = ¥4 (0) we see that they cancel the singularities
of (p}l,k at z = nja; + ma. We further find 2p independent
solutions obeying the magnetic Bloch periodicity, given by

Vi) = @5 10 OPR (),
Vi) = 05 i OV (), (15)

where the function basis corresponds to Eq. (13), with s, =
s3 =1 and s; = p/q. We therefore obtain g + 2p flat mag-
netic bands or 1 4+ 2p/q = 1 4+ 2® /P, zero-energy states per
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moiré unit cell at the A sublattice, consistent with the Streda
formula for ny, featured in Fig. 3(a).
For b < 0, the A-sublattice wave functions take the form

q-p
V) =D [@nknig, OV () + by kg, (Vi ()],
n=1

(16)
where ¢, ;(r) are the same basis functions defined in Eq. (9).
The 2p — 24 coefficients ay, , b, can be obtained with a set
of conditions to compensate the poles at z = nja; + nyay:
Yo lan i) (sa)e™ ™ by jg) L (sar)e™ ] =0
for s=1,2,...,q9, where ¢'(z) = @) (z/a;,w). The
removal of the other poles follows from the periodicity of
¥, (r) with ga; and a,. Although explicit expressions of
Qnk, by are not found, we can still find the independent
solutions corresponding to Eq. (16) in the following
way. Forming a vector with all the unknown coefficients,
U= (al,k,az,k, "'7aq—[),k’b1,kv"'abq—p,k)v the pole
cancellation condition can be written in a matrix form
MU = 0. where the matrix elements of M are given by
M = (pr/n,k—ql (Sal)gisql.a] for 1 <m<q—pand M, =
D gt phig SaDET 02 for g —p+1<m < 2q—2p and
it has ¢ lines and (2g — 2p) columns. The size of the kernel
of M determines the number of independent solutions to
Eq. (15), and it is equal to the number of its columns minus
the number of lines, i.e.,

29 =2p—q=q—2p, (17
Hence the number of zero-energy states per moiré unit cells
ng=1-2p/g=1—-2%/Pq, and the zero-energy FB dis-
appear at the topological transition ® = ®(/2, in agreement
with our numerical results shown in Fig. 3(b).
Despite disappearing FB at ®/2, we find zero-mode so-
lutions at specific k points obeying the magnetic boundary
condition. These wave functions take the following form:

Vi (1) = [0001,—g, DY (1) + bo@ry g, P ()], (18)

with kg = (n1/2)by + (ny/2)b, and ¢i(z) corresponds to
Eq. (9) with ¢ =2, p =1, and n = 0. Within the magnetic
mBZ, k( correspond to two momenta separated by a distance
of half the reciprocal lattice vector. These two zero modes
combine with two other zero modes in the B sublattice, as
we discuss later in Sec. IV C, to form a pair of Dirac cones
that appear at ®,/2, in agreement with the numerical band
structure shown in Fig. 1(f). The coefficients ag, by can be
obtained from the condition of pole cancellations at z = 0 and
z = a;. We notice that the Bloch wave functions associated to
Egs. (12) and (16) are k-holomorphic and thus form an ideal
quantum geometry [57,58].

We further note that the analytical expressions of wave
functions in Egs. (8), (12), (15), and (16) featuring the theta
functions resemble to those of quantum Hall wave functions
on a torus, highlighting their correspondence with Landau
levels [89].

C. Hidden wave functions, Dirac cones at criticality, and zero
modes above flux &,

We now demonstrate a new set of zero-energy wave func-
tions that emerge at ® > ®,.. These wave functions are also

TABLE I. Asymptotic r — 0 behavior of physical and hidden
zero modes at I, K and K’ points in the absence of magnetic field. ¥
and yx are solutions in the A and B sublattices, respectively. A, D,, D,
and D’ are constant vectors in the layer space.

Physical zero modes Hidden zero modes

X (), X0 ()
X))~ 2, xh )~ 2
Yl r)
Vi~ 2

xr ()

Xr(r) ~ Az

Y (), ¥ (r)

Yx() ~ Do, ¥y (r) ~ D>

built upon zero-mode solutions at b = 0 same as the previous
ones. However, unlike in the previous ones, these b = 0 zero-
mode solutions are singular and hence unphysical or hidden
when ® < d..

First we demonstrate the nature of the » = 0 hidden wave
functions. As discussed in Ref. [73] in the context of TBG, the
hidden zero modes solutions live in a subspace perpendicular
to the physical zero-mode solutions which exhibit zeros at
some ry. In the case of hTG, we recall that the physical
solution in the B sublattice at I point xp has the property
that it vanishes at r = 0. We then find the existence of two
singular hidden solutions x’;( (r) and X/I;,(r) at K and K’ points
at b=0: Dy X},‘((r) =0, Dp—yp X];(’ (r) =0. To analyze the
form of the hidden wave functions, we look at the Wronskian:
W(r) = xr(r) - [xp(r) x xg(r)], which satisfies the relation
OW (r) = 0. Hence as per the Liouville’s theorem W (r) is
a constant. To ensure W (r) is constant, the zeros of xp(r)
must be canceled by the poles in x(r) or x% (r). We note
that this can happen when the two singular solutions become
asymptotically colinear atr — 0, i.e.,

Xk ~D/Z+0O(1); Xk ~D/z+0(), (19

where D is a vector in the three dimensional space spanned
by the layers. Notably, this behavior is a mirror to the way
the physical zero-mode solutions ¥ (r) and ¥ (r) become
asymptotically colinear at » = 0 (Table I).

Now for the A sublattice, we construct the singular hidden
solution with x’,’((r) and X’I'(, (r):

i) = X)) x X @], (20)

noting that a zero-mode of Eq. (4) can arise from a pair of zero
modes from Eq. (5) when the corresponding momenta sum up
to zero [76]. More generally, the hidden and physical solutions
that exhibit zeros are thus related to each other, as shown in
Table II. From the properties of xﬁ (r) and x},‘( (r), we observe
that 1//} (r) exhibits a simple pole at r = 0, interestingly mir-
roring again the behavior of the physical solution in the other
sublattice, as illustrated in Table I.

Using these singular hidden zero-mode solutions, we now
construct the wave functions at finite b. For b > 0, we build
the wave functions with Wli(r) and obtain following set of

075417-6



HELICAL TRILAYER GRAPHENE IN MAGNETIC FIELD: ...

PHYSICAL REVIEW B 110, 075417 (2024)

TABLE II. Relation between hidden and physical solutions and
associated constant vectors. C, A, D,, D, and D’ are vectors in the
layer sector.

Wave functions

YE@E), Xk (), X (P)

Correspondence

YL = X O] X [xe )]
D _ Dy

Vi) = D)1 x [ )1
D, = A* x D*

X (r) = Y1) x [ ()]*
D = D" x D}

Y (@), xr(r), X?g(")

Xlli((r)! 'ﬁ}]l(r)v '/,K’(r)

solutions that satisfy the magnetic Bloch periodicity:

—gz k o _
ni(r) Zﬁl[u— -—+ —<n~|— 1—7), uw]ﬂl
’ g ai by ¢ 2 q

2 2imz 2
X |:£, a):| P Eeﬁ(”*‘g)e—b(fﬂzl‘)/“wiﬁ r),
aj
(2D

withn =1, ..., p — g and hence forming p — ¢ magnetic FB.
The pole at r =0 in 1//15(r) is compensated by the zero of

15‘1[;—1, w]. Hence the wave functions l/fz,k(r) are finite at all
r and become physical when p > g or ® > ®,. Therefore,
at ® > @, we have these new p — g FB that add up with
the ¢ + 2p FB from Egs. (12) and (15) leading to a total of
ny =3p/q =3P/d( zero-energy states per moiré unit cell
with an enhanced Chern number C4 = 3, consistent with nu-
merical findings as in Fig. 3(a).

In addition to the FB at ® > ®,, we also find a single phys-
ical solution at ®( obeying the magnetic boundary condition:

_'ﬁllzo (r) — eikn.al ie%e—h(12+‘z\2)/4ﬁl [ail, w] w? (r)’ (22)

with the same momentum kj as in Eq. (11). Hence this resur-
rected single mode is the mirror of the zero-mode defined in
Eq. (11) to form a Dirac cone crossing the C4 = 2 flat band
at ko, as seen in Fig. 1(e). Notably, 1#20 (r) remains distinct

from the C4 = 2 flat band while forming Dirac cone, as 1/f}1i r)
is orthogonal to the physical solutions ¥ (r) and ¥ (r) that
constitute the flat band [Eq. (16)].

For b < 0, wave functions are built by using x% ), x’;(, r)
and they have the analytical form

P
X = (a0, @ DXEE)

n=1
+b) 1 B kv, (3 D (D], 23)

with @2 ,(z,2) = ¢>* (—z, —Z), where ¢* are the same ba-
sis functions as in’Eq. (15). The magnetic periodicity of
XZ and pole cancellations of X?( and XZ, at z = nja; + mas
lead to 2p — ¢ linearly independent zero-mode solutions and
hence they become physical for ®/®, > 1/2. Therefore to-
gether with the p + g zero-energy wave functions discussed
in Sec. IV A, we have 2p — ¢ additional zero modes from
Eq. (23) for ® > ®(/2 leading to a total of ng =3p/q

533

i (7] ag ay (231 Qg ag oy

FIG. 4. (a) Spectrum at zero field at the second magic angle
6, = 0.532°, at the ABA stacking [¢ = (0, 27 /3, —27 /3)], adapted
from Ref. [76]. (b) Number of zero modes per moiré unit cell in
A-sublattice ny (red lines) and B-sublattice npz (blue lines), and
mot = na + np (green dashed lines) at 6,, at the ABA stacking and
valley K, as a function of positive magnetic flux. Vertical line denotes
phase transition. [(c) and (d)] Schematic of Dirac cones at different
magic angles «, at the topological transitions for ® > 0 (c) and
@ < 0 (d). Red lines represent the zero-energy flat bands.

zero-energy states per moiré unit cell with Cg = —3, again
in agreement with the numerical findings [Fig. 3(b)].

Even at &, = ®(/2, we find exactly two physical zero-
mode wave functions with the same kg values as in Eq. (18):

Xk, (1) = [ap@z, o DX @) + D@5 10 O Xe ()], (24)
to form a pair of Dirac cones orthogonally crossing the Cg = 1
zero-energy flat band at ®(/2 [Fig. 1(f)]. The basis functions
are the same as in Eq. (23), with g =2, p=1, and n = 0.
Coefficients a;, b can be obtained from the condition of pole
cancellations at z = 0 and z = a;.

We thus identify a set of hidden zero-energy wave func-
tions which mirror the physical zero-energy wave functions to
form Dirac cones at the topological transitions. Importantly,
these hidden wave functions result in new zero-energy states
at fields higher than the topological transitions leading to
higher Chern numbers in the FB.

V. TOPOLOGICAL PHASE TRANSITION AT THE SECOND
MAGIC ANGLE

The chiral limit of hTG hosts a series of magic angles «,,
with oyl — Qo] = Qpqn — Qg N2 1.214 [76], where a =
wap/(vrky). So far in the paper we have focused on the first
magic angle 6; = 1.687° («; =~ 0.38). We now look into the
effect of magnetic fields at the second magic angle o, &~ 1.197
(6, ~ 0.532°) at the ABA stacking numerically. As shown
in Fig. 4(a), in the absence of magnetic fields at the second
magic angle the spectrum has a zero-energy FB manifold with
a dispersive Dirac cone crossing at I'. The FB are fourfold
degenerate with two FB in each sublattice [49,76,77]. This
is in contrast to the first magic angle, where two central
zero-energy FB gapped from the higher energy remote bands.
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With finite magnetic fields at the second magic angle, we
find that the Dirac cone at I" first gets gapped out from the
zero-energy FB at a small magnetic field and then returns
again at a magnetic flux of ® = 2®,. Beyond 2® the Dirac
cone becomes gapped again. The re-emergence of the Dirac
cone is suggestive of a topological phase transition at 2®,. To
gain more insights we look into the sublattice polarization of
zero modes in the FB expecting it follow the Streda formula,
as seen in the case of first magic angle. As shown in Fig. 4(b),
we observe that for ® < 2d, the A-polarized zero modes
evolve as ngy = n(0) + 2®/P, and the B-polarized modes
change as ng = n(0) — ®/d,, with n(0) = 2 being the num-
ber of zero field zero-energy states per moir€ unit cell in each
sublattice. This suggests C4 = 2 and Cy = —1. For ® > 2®,,
we have ny = 3®/®P( and ng = 0, indicating C4 = 3. Hence
the total Chern number Cyoy = C4 + Cp changes from Cioy = 1
to Ciot = 3 across 2Py, and therefore implying a topological
phase transition at ®, = 2&. Furthermore, we find the same
@, for both positive and negative magnetic field directions.

Notably, these findings have crucial differences from the
first magic angle. First, in contrast to the first magic angle,
Cyyp for ® < &, in Fig. 4(b) are not the same as their values at
® = 0. At ® = 0, sublattices A and B are associated to Chern
numbers 1 and —1, respectively [76]. The difference arises
due to the Dirac cone present at I, i.e., the flat bands are not
separated by a gap from the other bands at ® = 0. At finite
®, the Dirac cone can form Landau levels, with the zeroth
Landau level contributing an additional Chern number 1 to the
A sublattice. Secondly, the same @, for positive and negative
fields in the second magic angle is in contrast to the case of the
first magic angle. Lastly, the critical field &, are different for
two magic angles. This can be understood using the Streda
formula. For ® =0, n(0) = 1 at the first magic angle and
n(0) = 2 at the second magic angle, due to the two and four
fold degeneracies of the zero-energy FB, respectively. Hence,
ns/p becomes zero for ®, = &y (P, = Py/2) for positive
(negative) flux in the former and ®, = 2® in the latter.

Since the properties of energy spectra at all even magic
angles are the same, we expect topological transitions at other
even magic angles to be similar to the second one. Similarly
the behavior of odd magic angles follows the first one. The
different nature of topological transitions at even and odd «,,
results in an intriguing sequence of the Dirac cones at FB, as
shown in Fig. 4 for positive ® (b) and negative ® (c).

In this paper, we do not discuss the analytical forms of
the zero modes at the second magic angle, which will be
addressed elsewhere.

VI. DEVIATION FROM CHIRAL LIMIT

Until now, we have only discussed the chiral limit. In
the presence of finite corrugations, the FB at zero mag-
netic field acquire a finite dispersion but still remain narrow
and separated from the remote bands and with total Chern
numbers Cioe = 1 and —1 [48] at ABA and BAB stackings,
respectively. We now investigate the topological properties
of the low energy FB at finite corrugations y = waa/wap
at the ABA stacking for finite field. For finite y, we observe
that the topological transitions at @, do not occur at the magic
angle (however, due to Ci,y = 1 in the FB, a gap closing with

0.4
0.3
E\0.2
—— QU1
0.1{ -®- aa
—— 0
-®- an
0.0 r T . - ,
0.1 0.2 0.3 0.4 0.5 0.6

FIG. 5. Critical twist angles for different values of corrugation y
at ®.. a1, o represent critical twist angles at &, = & for ¢ > 0
and o, o, denote critical twist angles at &, = ®/2 for & < 0.

cl»

remote bands occur at & = 2 for negative field (not shown)
following Streda formula, also see Appendix F). Hence we
explore a range of twist angles «. In Fig. 5, we show the gap
closures occurring at @, for different y and «. Remarkably,
we observe two critical values of the twist-angles o (o)
and o, (cr,) where the separation of remote bands with the
low energy FB vanishes at &, = &, (P, = P/2) for positive
(negative) flux. Interestingly, at (o)) < @ < a2(al,) the
low energy FB exhibit a total Chern number of Cy = 1,
whereas for o < a(e.;) and & > o (a),), the Chern num-
bers associated to the low energy FB are found to be Cyoy = 3
(Ciot = —3) at & = d,.. Notably, topological transitions oc-
curring at a smaller twist angle correspond to a smaller flux
quantum due to a larger moiré length scale. Therefore the
transitions that take place at smaller twist angles, can be
observed even at lower magnetic fields. For example, in the
chiral limit the transitions occur at magnetic fields 68 and
34 T. However with a corrugation y = 0.35, transitions at
lower critical twist angles o (6 ~ 1.3°) and o, (6 ~ 1.1°)
correspond to magnetic fields of ~40 and ~14 T, respectively.

VII. CONCLUSION

To summarize, we show a rich phenomenology arising
from the interplay of a magnetic field with the flat bands
of hTG and their local topology at the ABA/BAB stacking
region in the supermoiré lattice. Application of magnetic field
leads to two distinct topological phase transitions that modify
the Chern mosaic and gives rise to higher Chern number ideal
flat bands. The two transitions can be connected to two differ-
ent zero-field Chern numbers of flat energy bands. We derive
the analytical expressions of zero energy flat-band wave func-
tions and identify a set of hidden wave functions which lead
to new physical zero-energy wave functions emerging at topo-
logical phase transitions. We show that these wave functions
are responsible for the enhancement of Chern numbers in the
flat bands. We also find that the correspondence of wave func-
tions with lowest Landau levels in the chiral limit continues to
hold at finite magnetic fields.

While we have focused on the ABA/BAB stacking in this
work, we also find that for the AAA stacking, the nature of the
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FIG. 6. Energy bands in the momentum space at the topological
transition . = &, /2 for twisted monolayer-bilayer graphene at the
magic angle 6 ~ 1.08° featuring two Dirac cones. Red line corre-
sponds to the zero-energy flat band. &, = k,/k;, l;v = ky/k,, with
ky = ﬁkg/Z, ko = 3ky /2 defining the magnetic Brillouin zone, and
ky, k, denoting magnetic Bloch momenta along x and y directions. N
is number of grid points in magnetic Brillouin zone along x direction.

topological transitions at the AAA stacking is similar to the
transitions at ABA/BAB stackings at the second magic angle,
consistent with similar properties of their energy bands in the
absence of a magnetic field. Our findings in the context of h TG
also highlight that the finite field topological transitions can be
inferred from the Chern numbers of flat bands in the absence
of magnetic field following Streda formula. Similar analysis
can be extended to other configurations of twisted multilayer
graphene, like monolayer-bilayer, double-bilayer, and n-layer
structures [90], which also host exact flat bands in the chiral
limit. For instance, in monolayer-bilayer twisted graphene at
the chiral limit, where the flat bands carry Chern numbers of
2, —1 or 1, —2 at zero field, we observe that the topological
phase transitions happen at magnetic flux values of ® = @,
and & = & /2 for positive and negative field directions at
a given valley. Moreover we find that these transitions in-
volve emergence of one and two Dirac cones at ® = &, and
d = P /2, respectively, similar to hTG. In Fig. 6, we show
the two Dirac cones at ® = (/2. Interestingly, with more
layers, the Chern number in the flat bands can be larger.
For instance, in n-layer twisted Bernal-stacked graphene, the
flat bands have Chern numbers of +n at zero magnetic field
[39]. Subsequently, the topological transitions are expected to
occur at much lower magnetic fields as the number of layers
increases.
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APPENDIX A: DETAILS OF NUMERICALLY OBTAINING
ENERGY SPECTRUM

To find the spectrum of Eq. (1) numerically, we project
it to a basis with low energy Landau levels (LLs). To this
end we employ, the Landau gauge: A = —yB(1, 0). We then
use the same methodology that has been introduced for TBG
in Refs. [78,79], but with essential modifications to apply
it to the case of hTG. For convenience of projection to
the LL basis, we choose a gauge where the moiré tunnel-
ing T(r,¢) is explicitly periodic under moiré translations
T, ¢)=e 1T @), T(r,¢) =T+ R, $). We thus in-
troduce the following unitary transformation:

U(r) = diag[e"", 1, e707], (Al)
leading to the following Hamiltonian:
H(r,¢) =U'"YHr, $)UT) = 1343 ® vreAr)/h - o
vpk+q))-0 T ¢) 0
+ H.c. vrk - o T, —¢) |,
0 H.c. vpk—q,) -0
(A2)

in a basis W = (Y1, x1, ¥2, x2. ¥3, x3)" with ¥; and x; rep-
resenting A and B sublattices in layer /. Here T'(r, ¢) = T} +
The 17ie=i90 4 Tye~®27iei%0 where by = q, — q,, b = q, —
q;. Here, ¢ = 27 /3, —2m /3, 0 maps out the ABA, BAB, and
AAA regions, respectively.

Now, the LL basis is given by |n, «, y, [), where n labels the
LL index, @ denotes the sublattices, y stands for the guiding
center coordinate, and [ is the layer index. Employing the
ladder operators a, a' the intralayer part can be written as

V2vp [
HP(+q,) = — z—F > N+ 1inayl)(n + 1Byl| + H.c.
B
n=0

T ivpkg <Z InAyl) (nByl| — Hc) (A3)

n=0

HP(0) = — *?”F (Z Va1 |nAyl) (n + 1Byl| + Hc)
B n=0
(A4)

with aln) = /nln—1), a' |n) =/n+1|n+1), and I =
/h/eB. While the intra-layer part of the Hamiltonian remains
diagonal in y, the interlayer 7 and 73 couple the LLs with
guiding centers differed by A, where A, = «/§l§k9 /2. In
order to write the interlayer tunneling in the LL basis, we
note the commensurate flux condition which relates A, to the
moiré lattice unit cell generated by aj,,ﬂ = Ly(v/3/2, £1/2)
with Ly = 4 /3ky as:
A 3k
2y _ 2 Ay = r (AS)
Lg 4 N
where r and s are coprime intergers. This also means that
o s (A6)
Dy 2r
where & is the flux piercing through the moiré unit cell
® = BAy, and @y is the unit quantum flux per moiré unit
cell. Moreover we assume the size of the system L, = NrLg =
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NsA,. So the position of guiding center of the LLs is given by

Ye =Yo + jAy + mSAyv (A7)

where 0<yo=klj<4A,, j=0,...,s—1 and m=
0,...,N — 1. Here k, represents magnetic Bloch momenta
in the x direction, where 0 < k, < \/gke /2. With a Fourier
transform in m, we have

|n, o, yo + jA, +msAy, 1)

1 —iky(ms+j :
:WZe hSEDS \n a, yo, Jo ks 1), (A8)
ky

where k, is the magnetic Bloch momentum in the y direction
given by k, =2m(n —1)/NsA, = (3kg/2r)(n — 1)/N, with
n=1,...,N. The matrix elements of interlayer part of the
Hamiltonian in this basis are then given by

(n, o, y0, j, ky, T |1, B, yg, J's Py, 2)

= 8y0,y(’J(Sj,j’Sky,py(Sn,n’ Talﬁa (A9)

(n,a, yo, j, ky, 1| e 7 DTy ', B, y0, j's Py, 2)

; . . 3kg v
= i1 2 —igy ik Ay —i =50
- ‘Syo,yéj‘sﬁl,/’(sk,,pyTaﬂe e Ve 2

Al10
W (A10)

(n,a,yo, j ky, 1| e @270 T3 10, By, i, py, 2)

. . L 3kgyo
_ ) . 3 igo ,—ikyA, —i=80
= 3}*0,>‘(’]8.J—1,J’Sk_v,PyTaﬂe e Ve 2

% e—i2nf(.i—%)]:'n’n, (_%) ]

The interlayer tunneling term in the LL basis then reads as

(Al1)

s—1 N—1

T )= Y Y ¥ [a wp I 0y, Ky, 1)

n,n',a,B,y0 j=0 k}:O
. . . ol 1
x (n, B, yo, J, ky, 2| + Tjﬁewf’“e’k«"A«“eiﬂﬂ?(ﬁf)

) —byl
X e_l;kﬁy()]:n,n/<ﬁ> |I’l, o, Yo, j’ ky’ 1>

X (', B.yos j + Lk 2] + Ta3ﬂe:ti¢oefikyA;.

2t (=LY —ikon —bsl
x e_lzn5(1_2)6‘_12](9)/0]:",,1’< 23)

V2

X |n7a7y09j7 kys l> <n/a ﬂvy()vj_ 17ky92|}9

(A12)
with by = by, + iby, and by = by, + ibs,, and

n . _
Fam(@) =4/ e PL (22,

for m > n and L]'™" is Laguerre polynomial. For n > m,
Fn.m(z) can be obtained by m <> n and z <+ —z*.

The corresponding LL basis form of Eq. (A2) is therefore
obtained using Egs. (A3), (A4), and (A12).

(A13)

APPENDIX B: EVALUATION OF BERRY CURVATURE IN
MAGNETIC FIELD

In this Appendix, we give the details of obtaining the Chern
numbers of the Hamiltonian in Appendix A. Given a set of
interconnected energy bands the Berry curvature is obtained
first computing the overlap matrix:

s—1
Ay e.q) =" "3 U7 (k)

j=0 aj nn’'
< I:eiqzk]ll%eiql{[;]%./—_' , <ilB U ' Wl (k + q)
n,n ﬁ nm.malj
= [Vt rtk. Utk + )], B

where § = g, + igy,. This result is obtained employing the
expression of the eigenstates of the Hamiltonian Eq. (A2):

Hnotlj,n’ﬁl’j/ (k) = |vr]k>

s—1 00
= Z Z Z Z Upnatjk) n, e, 1, j, k),
n=0

j=0 « !
(B2)

and employing the overlap between two Landau levels with
different guiding center. The Berry phase is then obtained as

1
tr[F] = n logdet[A(k, duG)A(k + duG, duG>,)
Ak + duGy + duG,, —duGy)

Ak + duG,, —duG»)] (B3)
and the Chern number
1
C=— T k)]. B4
= ij r[F (k)] (B4)

APPENDIX C: ATIYAH-SINGER INDEX THEOREM

In the following, we discuss implications of the Atiyah-
Singer index theorem on counting of the zero-energy states
[68,81-84]. Employing the index theorem in Hamiltonian (2),
we obtain

1
dim[Ker D] — dim[Ker D} ] = > / TrB.ds, (Cl)
- \

where B,, = A, — 0, A, + %[.Ax, Ay] is a curvature asso-
ciated to A, the gauge potential in the Hamiltonian. From
Eq. (2), we have

A=AT+A(r). (C2)
Here A = l%(ya —x) is the vector potential corresponding to the
applied magnetic field b, I is identity matrix in layer subspace,

and A (r) is a matrix gauge potential attributed to the interlayer
moir¢ tunneling. It takes the form A(r) = A, + iA,, where

0 al (r) 0
a(l)(—r) 0 a(l)(r) , (C3)
0 al(-r) 0
0 a(r) 0
Ay, = | aj(-r) 0 axr) |, (C4)
0 a(-r) 0

A, =
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where a}(r) = « Z;zl cos(q;.r), ar) =a Z;zl sin(g; r),
alr)=«a Z§=1 Y™ cos(q;.r), and a(r) =
o Z?‘:l Y~V sin(g;.r). Both matrix gauge potentials A,
and Ay are traceless and hence they do not contribute to the
B. On the other hand the applied field couples to the Dirac
components of the three layers in Hamiltonian (2) and gives
rise to a contribution of 3b in B. Since kernels D, and DZ
belong to A and B sublattices, respectively, we finally have

_3 2 (C5)
ng —ng = q’o’

which holds for all parameter range in the chiral limit.

APPENDIX D: SYMMETRY RELATION BETWEEN
DIFFERENT STACKING CONFIGURATIONS AND
VALLEYS

Here we discuss symmetries of hTG and resulting cor-
respondence between the stacking configurations ABA and
BAB at two valleys K and K’ for finite magnetic fields.

In the absence of magnetic field the Hamiltonian Eq. (1)
reads as

0 T(r,¢) 0
H(r, ¢) = 1343 ® vrk - 0 + | Hec. 0 Ir,—9¢)|.
0 H.c. 0
(DD
in the basis W = (1, x1, Y2, X2, ¥3, x3)". Here k = —iV,
and o denote Pauli matrices in sublattice sector. The

corresponding Hamiltonian in valley K’ is obtained by time-
reversal symmetry

H(r, ¢) = — 13x3 ® vrk - 0

0 T*r ¢) 0
+|He. 0 T*(r,—¢) |, (D2
0 H.c. 0

where 0* = (0, —0y).

The C,, 7 symmetry acts as 1343 ® 0,/ on the Hamilto-
nian (D1), where K denotes complex conjugation. With G, T
the moiré tunneling matrix in valley K then transforms as

0 T, ¢) 0
G.T|He. 0 T —¢) [
0 H.c. 0
0  T(-r,—¢) 0
0 H.c. 0

Now we couple to magnetic field and focus on the kinetic part
of the Hamiltonian. In valley K it transforms as the following

(Co: D353 ® vp(k + eA(r)/h) - 61(Co. T)'

= 1343 ® vr(—k + eA(r) /1) - . (D4)
Hence the full Hamiltonian transforms as
(C:THr, ¢, A)NC. T)' = H(—r, —¢. —A),  (D5)

TABLE III. Symmetry relation between different sectors of hTG.

Coy T T
H(r, dapssA) H(=r, dpsp, —A) H' (T, Papar —A)
H(r, pap. A) H(=r, §pps, —A) H'(r, dpap, —A)
since A(r) = —A(—r) is odd under inversion. Similarly in

valley K’, we obtain
(Co. TYH (r, ¢, A)Co.T)' = H'(—r, —, A). (D6)

Since at the ABA stacking ¢aps = (0,27/3, —27/3) =
—¢pap at the BAB stacking, the C;,7 symmetry maps ABA to
BAB in a given valley with opposite magnetic field direction
and the resulting energy spectra are identical. Under time-
reversal operation the kinetic part in valley K takes the form

T 353 @ vr(k + eAr)/h) - o|T"

= 13,3 @ vr (—k + eA(r)/h) - 0*. (D7)
Hence the full Hamiltonian with 7~ operation becomes
TH(r’ ¢1 A)TT = H/(r’ ¢a _A) (DS)

implying that the time-reversal operation maps the Hamilto-
nian of one valley to the one in other valley, inverting the
magnetic field orientation, but keeping the stacking config-
uration same.

We summarize the mapping between different sectors at
finite fields in Table III.

APPENDIX E: JACOBI THETA FUNCTION

The Jacobi theta functions of the first kind are defined as

: 2 ,2im(z—1/2)(n+1/2)
Pz @) = ) ML (B
neZ

Apart from the properties mentioned in Sec. IV A, some
other useful properties of the theta functions are the following:

ﬁl[_zv CO] = _7-91 [Z9 w]v (Ez)
hz +1, -0l = -z, —o*]. (E3)

191 [Z + w*’ _w*] — _e i@ 6217'[2791[27 _0)*]7

91z — 0, —0*] = —e T e[z, —w*].  (E4)

APPENDIX F: HOFSTADTER SPECTRA AT FINITE
CORRUGATIONS

In this Appendix, we demonstrate the characteristics of
energy levels obtained from Eq. (1) with wss/wap = 0.7 and
6 = 1.687°, numerically. In Fig. 7, we show the Hofstadter
spectra at the ABA stacking for positive (a) and negative
(b) flux. Clearly, the energy states from the central FB (nar-
row) bands lying within an energy range of approximately
450 meV do not exhibit a gap closing with the remote bands
at & = ®y and /2, the values where the gap closing occur
in the chiral limit.

Now focusing on states in central FB, we observe that their
bandwidth increases with @ in (a) and interestingly reduces in
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FIG. 7. Hofstadter spectra at the ABA stacking configuration for positive (a) and negative (b) magnetic flux, with corrugation y = 0.7 at

twist § = 1.687°.

(b) while still maintaining a large gap with the remote bands,
in the range of ® shown in the figure. For instance, at = @y,
the FB show a bandwidth of ~5 meV, and the remote band
energies remain at &~ = 67 meV. The change of bandwidth
can possibly be due to the finite Chern number associated to
FB because of which the number of states increases in (a)

and decreases in (b) following Streda formula. Interestingly,
for negative field, the remote band energies continuously
shift towards FB and we find a gap closing between them
at ® =2d( (not shown in the figure), which is consistent
with the Streda formula n = n(0) — Cii®/Pg, with n(0) = 2
and G, = 1.
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