PHYSICAL REVIEW B 110, 075203 (2024)

Editors’ Suggestion

Detecting the spread of valence-band Wannier functions by optical sum rules

Luis F. Cardenas-Castillo®,' Shuai Zhang ®,' Fernando L. Freire Jr.®,! Denis Kochan®,%* and Wei Chen®'

1Deparlmenl of Physics, PUC-Rio, 22451-900 Rio de Janeiro, Brazil
2Institute of Physics, Slovak Academy of Sciences, 84511 Bratislava, Slovakia

3Center for Quantum Frontiers of Research and Technology (QFort), National Cheng Kung University, Tainan 70101, Taiwan

® (Received 9 May 2024; revised 31 July 2024; accepted 6 August 2024; published 20 August 2024)

The spread of valence-band Wannier functions in semiconductors and insulators is a characteristic property
that gives a rough estimation of how insulating is the material. We elaborate that the gauge-invariant part of the
spread can be extracted experimentally from optical conductivity and absorbance, owing to their equivalence to
the quantum metric of the valence band states integrated over momentum. Because the quantum metric enters the
matrix element of optical conductivity, the spread of valence-band Wannier functions in the gapped 3D materials
can be obtained from the frequency-integration of the imaginary part of the dielectric function. We demonstrate
this practically for typical semiconductors like Si and Ge, and for topological insulators like Bi,Tes. In 2D
materials, the spread of Wannier functions in the valence bands can be obtained from the absorbance divided by
frequency and then integrated over frequency. Applying this method to graphene reveals a finite spread caused
by intrinsic spin-orbit coupling, which may be detected by absorbance in the microwave range. The absorbance
of twisted bilayer graphene in the millimeter wave range can be used to detect the formation of the flat bands
and quantify their quantum metric. Finally, we apply our method to hexagonal transition metal dichalcogenides
MX, (M = Mo, W; X =S, Se, Te) and demonstrate how other effects like excitons and higher energy bands can

affect the spread of Wannier function.
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I. INTRODUCTION

A recent surge in research on the quantum geometry of
Bloch states has revolutionized our understanding of many
physical phenomena in solids. Focusing on fully gapped mate-
rials such as semiconductors, insulators, and superconductors,
the notion of quantum geometry arises from considering the
overlap between the states at neighboring momenta [1], which
geometrically endows the Brillouine zone (BZ), seen as com-
pact torus TP, with a sort of metric tensor. Many material
characteristics computed in terms of Bloch states can thus be
expressed in terms of the elements of such metric tensor. For
instance, in topological insulators and topological supercon-
ductors, the determinant of quantum metric is equal to the
modulus of the curvature that integrates to the topological
invariant [2], which also imposes a bound on the volume of
the curved BZ [3]. In addition, because the quantum metric in
semiconductors and insulators is also capable of providing the
matrix element of optical transitions, the particular elements
of quantum metric can be in principle extracted from pump-
probe experiments [2], or from dielectric function [4], what
is further allowing conceptual generalizations of the quantum
metric towards interacting systems at finite temperature [5].
In comparison, the quantum metric of Cooper pair states also
enter the optical responses of conventional superconductors
in a similar way [6], and the metric of flat bands in the
normal state has been linked to the superfluid density in the
superconducting state [7—12].

In this paper, we focus on a particularly important ground
state property of semiconductors and insulators that is directly
determined by the quantum metric, namely the spread of
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valence-band Wannier functions. This spread measures the
second cumulant of the charge distribution of the Wannier
functions contributed from all the valence bands—a feature
that has been highly exploited in first-principle calculations
[13,14] and the consequent Wannierization procedures. Our
main goal is to make clear connections between the gauge-
invariant part of the spread of Wannier function that represents
the lower bound of the spread, the average of quantum metric
over the BZ, and the optical matrix elements entering absorp-
tion and optical conductivity tensor of a given material, and
based on them provide a feasible experimental protocol to
measure the gauge-invariant part of the spread by optical or
absorption means.

For 3D materials, we show that the spread can be extracted
from the frequency-integration of the imaginary part of the
dielectric function and the volume of the unit cell without any
other fitting parameters. Using existing experimental data of
the dielectric function [15-17], we apply this principle and
extract the absolute scale of the spread for typical semicon-
ductors, like Si and Ge, and also for topological insulators
like Bi,Tes. This demonstrates the ubiquity of our method
for applications in any 3D semiconducting and insulating
material.

For 2D materials, we reveal that the spread is given by the
absorbance divided by frequency followed by the integration
of such ratio over frequency, which again requires no fitting
parameters other than the unit cell area. We choose the fol-
lowing three 2D materials to demonstrate the ubiquity of our
method, despite their frequency ranges differ by several orders
of magnitude. For graphene, we uncover that the intrinsic
spin-orbit coupling (ISOC) causes a finite spread [18], and
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moreover it cures the divergence of quantum metric at the
Dirac points. The microwave absorbance measured in the sub-
Kelvin region is proposed to quantify the magnitude of ISOC
in graphene. For twisted bilayer graphene (TBG), we use a
recently proposed tight-binding model [19] to elaborate how
absorbance depends on the twist angle and how that can be
used to experimentally detect the formation of the flat bands
and quantify their quantum metric. Finally, we turn to tight-
binding models of hexagonal transition metal dichalcogenides
(TMDs) to estimate their spread, and elaborate how the latter
being ef affected by excitons and higher energy orbitals. We
particularly compare model calculations in WS, with the ex-
perimental data for WS, deposited on fused silica, confirming
that the proposed experimental protocol can be performed in
realistic measurement.

II. QUANTUM METRIC, OPTICAL CONDUCTIVITY,
AND SPREAD OF VALENCE-BAND WANNIER FUNCTIONS

A. Relating the optical conductivity to quantum geometry

We consider fully gapped semiconductors and insulators
and work in the SI unit. The momentum is denoted by k
and has units of [k] = kgm/s. We use the index n for va-
lence bands, m for conduction bands, and £ for all the bands
at momentum k. Moreover, we denote by (r|f) = {(r) =
e~ ®r/hyK(r) the periodic part of the single-particle Bloch
state v (r) that satisfies £(r) = £(r + R). The r and R are,
respectively, the position and Bravais lattice vectors. The cor-
responding Wannier state |R¢) is given by

GEDI ) O

R
IRE) = ™R, (1
k

while (r|R¢) = W;(r — R) stands for the conventional Wan-
nier function of charge carrier in the £th-band located around
the unit cell at R. Suppose the system has a gap and occupies
N_ valence bands (including spin or any other quantum num-
ber), then the fully antisymmetric many-body valence-band
Bloch state is given by

[ (K)) = ——=€"""""|ny)|np) - - - |y ). 2)

N_!

The main ingredient in our formalism is the quantum metric
defined from the overlap of neighboring valence-band states
in momentum space [1]

("™ (K| (k + 8k))| = 1 — 1g,,(K)SK“8K",  (3)
which amounts to the expression [2,20]
1 val val 1 val val
guv(k) = 5(811.“ [0,u™) + 5(31)” |a/tu )
_ (8Muval |uval> <uval | avuval)

1
= 5 2 @unlm) (mldyn) + @unlm) m|dun)], (4)

with 9, = 9/0k". The key quantum geometrical quantity that
is related to the spread of Wannier functions is the momentum

integral [13,14,21] of g,,, (k)

4Pk
G = / Sy, )

which we call the fidelity number [22].

To link these geometrical quantities to experimentally mea-
surable data, it is practical to introduce a quantum metric
spectral function gfm(k, w) defined as the real part of the
longitudinal optical conductivity at momentum k, frequency
w and polarization fi [5,22,23]

s ~ / A
Ok, ©) = D7 o (€Y (€1 ]l0)

t<t ¢
k k & &p
<[ - e+ L - 1)
2
_ e d
=V hog,, (K o), (6)

where f (8}}) is the Fermi distribution function at the eigenen-
ergy 8};, Veen 18 the volume of the unit cell, and fﬂ represents
the wu-th component of the current operator. The super-
script d stands as an acronym for “dressed” since the
formalism based on optical conductivity can incorporate fi-
nite temperature and many-body interactions. The frequency
integral of g‘ft . (K, @) gives the dressed quantum metric
gjlm(k) = fooo dwgfm(k, w), as has been pointed out previ-
ously [5,24-27]. In the zero temperature and noninteracting
limit limy_,¢ g‘l’w(k) = g,v(Kk), the frequency integration re-
covers to the expression given by Eq. (4).

The optical conductivity measured in a real space corre-
sponds to the momentum integration of o, (k, @) over the
BZ of volume Vgz = 2m)? /Veen

dPk
Up.,u,(w) = m Up.p.(kv w)

we? d’k we? 4
= 71 w/ Wgﬂu(k, w) = ngxm(w)’

(N

leading to the dressed fidelity-number spectral function
QZ (@) at polarization ft, whose frequency integral gives the
dressed fidelity number

Gl = /O do Gl (), ®)

which is the key ingredient to link the quantum geometry to
the optical absorption power, as we shall see below for 3D
and 2D materials. Call this quantity Qfm the fidelity num-
ber because it is dimensionless in 2D. Although in 3D it
has the unit of momentum, one can trivially multiply it by
vl /h to make it dimensionless, and hence we stick with this

cell
nomenclature.

B. Relating quantum geometry to the spread

We proceed by elaborating on a connection between the
fidelity number and the spread of valence-band Wannier
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functions defined by [13,14]

2= X
—Z (On|r?|0n) —

Onr|0n)’ 1= + Q2. (9)

This spread represents the variance of charge distribution as-
sociated with the valence-band Wannier states of the given
material. As the single-particle Bloch states are unique up
to a gauge transformation, wz‘(r) > o) wlk(r), involving a
momentum-dependent phase ¢, (k), 2 itself can be separated
into the gauge-invariant and gauge-dependent parts

Q = Z [ 0n|r?|0n) — Z| (RA'[r|0n)| ]
Q= Z Z |(RA|r|0n) > (10

n Rn'#0n

that are central to the concept of Wannierization and
max1ma11y localized Wannier orbitals [13,14]. Both €2; and
Q are positive, and because the precise value of € depends
on the gauge, this implies that the gauge-invariant part rep-
resents the measurable lower bound of the spread Q > ;
that is a characteristic ground state property of any insulators
and semiconductors. Contrary to the Wannierization schemes
where the summations over n and n’ are usually limited to
a few bands near the Fermi level or the gap, in Eq. (10)
we account for the summations over the whole valence band
manifold {n, n'} € v. For these reasons ; is a fully gauge-
invariant quantity characterizing the ground state. Moreover,
Q2 represents the second cumulant in the theory of charge
polarization, as can be understood by comparing it with the
definition of the charge polarization

P= Z(0n|rl0n), (11)

n

which measures the first camulant of the charge distribution
of valence-band Wannier states. Just like the first cumulant P,
the second cumulant in Eq. (9) is also gauge dependent, but
the gauge-invariant part €2; in Eq. (10) should be physically
measurable.

The main goal of the present work is to propose an ex-
perimental protocol to determine €2; based on its equivalence
with the fidelity number G,,,,, and the connection of the latter
with the longitudinal optical conductivity o,,,, () according to
Egs. (7) and (8). This equivalence can be seen by considering
the identities

cell / Z(a n|8 I’l)
In D-2 HEEEEREES S
] @m)P m

1% d’k . .
hgi"l / W(n’waume'k“/h, (12)

(RA|7,,|0n) =

from which €2; can be written as [13,14,21]

Q= Vcell de
= hD72 (27‘[)D
<y Ny [(aﬂnwﬂn) - Z(aﬂnm’)(n’wﬂn)}
woon /
Vcell cell
= 5 TrGu, = Zg,m, (13)

indicating that the gauge-invariant part of the spread of
valence-band Wannier states is equivalent to the trace of fi-
delity number (tensor). Thus, the quantum metric formalism
developed in Sec. IT A linking the fidelity number to optical
conductivity can be particularly useful to extract €2; experi-
mentally, as we shall see in the following sections devoted to
particular 3D and 2D systems.

III. APPLICATIONS TO 3D SYSTEMS

A. Extracting the spread of Wannier functions
in 3D systems from dielectric function

As shown explicitly below for 3D materials, the frequency-
integration of the imaginary part of dielectric function is
directly proportional to the fidelity number G,, and hence
to the spread €2;. Considering a propagation of oscillating
electric field that varies on a spatial scale far above the lat-
tice constant a, resulting in a relation between the complex
dielectric function and the optical conductivity [28]

HrG (w)
Eow

e(w) =

wrér +1i (14)

where ¢ is the vacuum permittivity, ¢, is the relative dielectric
constant, and p, =~ 1 is the relative magnetic permeability that
is approximately unity in most insulating materials. The real
part of the complex optical conductivity 6 () is the o, (@) in
Eq. (6) averaged over three crystalline directions p. Thus, the
imaginary part of dielectric function Im[e(w)] is given by the
real part of the optical conductivity, and related to the fidelity
number spectral function by

— —ng (@), (15)

1 opuu(w)

Imle(w)] = = Yy 2 =

[e()] 3; - Sohz

where the factor of 1/3 is explained below. As a result, the

dressed fidelity number and the spread of valence-band

Wannier function are directly determined by the
frequency/energy integrals of Im[e(w)]

! d —ﬂ/wd(ﬁ ) Im[e(w)] (16)
3M ’“‘_Trezo w)Im[e(w)],

Q; = lim
T—0 e

cell 0

x 3/ood(ha))1m[8(a))]. (17)
0

Equation (17) is the central result of our theory for 3D sys-
tems, which serves as a concrete experimental protocol to
measure £2;.

075203-3



LUIS FE. CARDENAS-CASTILLO et al.

PHYSICAL REVIEW B 110, 075203 (2024)

B. Applications to common semiconductors

The experimental data of the frequency-dependence of the
dielectric function are available for a wide variety of semicon-
ductors. There are, however, several issues when extracting 2,
from the experimental data, which we now address.

First, most experiments are performed using an unpolar-
ized light on polycrystalline samples, what is equivalent of
shining a randomly polarized light on a single crystal, there-
fore we consider a random electric field

E = Ey(sin 0 cos ¢, sin 6 sin ¢, cos ) cos wt, (18)

evenly distributed over the solid angle
Writing the induced electric current at frequency
o as j,=o0,E, the product of electric current
and electric field gives the time-averaged absorption
power density W,(w,0,¢)= Zﬂ(jﬂ(a), E,(w,1)); =
Do Jn(@E(@)/2 =3, 04 (@)E, (0)E,(0)/2 at
frequency  due to incident light from the solid angle
sinfdOd¢. Here the factor of 1/2 comes from the
time-averaging of the oscillating factor (cos®wt), = 1/2
as both the current and field oscillate harmonically with a
frequency w. As the one measures the absorption power
averaged over the solid angle

sin 0dOd¢.

:47(

2w T
W) = - / do / sin@d@%z (@ E,u(@)
0 0 1

11 1_
=3 ow | B2 = J5@E (9
m

the experiment has an access to directionally averaged optical
conductivity o (w) = > u Oup(@)/3 and consequently the di-
rectionally averaged dielectric function Im[e(w)]. Because the
Q; in Eq. (17) requires the summation over three crystalline
directions, we should multiply the experimental dielectric
function by a factor of three 3Im[e(w)].

Second, measuring the optical absorption in the gapped
materials would include apart from the valence-to-conduction
band electron transitions also excitonic effects. We suggest
that when integrating experimental data over frequency one
should exclude poisoning due to excitonic peaks that emerge
at frequencies inside the material band gap. The reason for
this exclusion will be elaborated in Sec. VII B.

Third, the dielectric function is usually measured as a func-
tion of energy in units of eV instead of w. Thus, we use the

TABLEI. Volume of the unit cell V., frequency-integration v of
the imaginary part of dielectric function, trace of the fidelity number
TrG,,, spread of the valence-band Wannier functions €2;, and the
dimensionless ratio Qf/ 2 /Veen extracted from experimental data for
semiconductors Si and Ge, and topological insulator Bi, Te;.

Mat.  Ve(A®) v TrG.(i/A) @AY QY Ve
Si 160.1 80.6 0.425 68.1 3.51
Ge 181.3 87.0 0.459 83.24 4.19
Bi, Tes 545.3 141.6 0.747 407.48 15.08

conversion

/Ood(hw) Im[e(w)] = fmd(eV) Im[e(eV)] =v x eV,
0 0 20)

i.e., the frequency-integration of Im[e(eV)] over energy is a
dimensionless number v times the unit of eV. Putting v and
the factor of 3 as discussed above into Eq. (17), we get

. Veen&o
Q; = lim

eV x 3v
T—0 1we?

. Vcell -3
lim —— x 1.7591 x 107 x 3v,
T—0 A

TrG,, = }ig})% x 1.7591 x 1072 x 3v, (21)
which serve as very simple formulas to extract Q; and Tr G,,,,
experimentally. Furthermore, the band gap of common semi-
conductors is much higher than room temperature, so the
T — 0 limit in Eq. (21) is safely achieved.

Finally, by combining the spread €2; and V., one may
calculate the dimensionless ratio Q?/ 2 /Veen and interpret it
as a figure of merit of how insulating is the given material.
The smaller this ratio is, the more insulating is the mate-
rial. In Table I, we use the corresponding experimental data
from Refs. [16,15], and [17] for the dielectric functions of
Si, Ge (semiconductors), and Bi;Te; (topological insulator)
to extract £2; and Q?/ 2/‘/(:ella where we fit the experimental
data manually by discrete points to estimate the frequency
integration v and then apply Eq. (21). Our results reveal a
much more extended Wannier function in Bi,Tes than in Si
and Ge, which may be understood from the relatively small
band gap of Bi, Te; (~0.4 eV compared to ~2 eV). This small
band gap implies Bi,Te; is closer to the critical point of a
phase transition, i.e., the topological phase transition where
band inversion takes place, at which the Wannier function
generally becomes more long ranged [22].

IV. APPLICATIONS TO 2D SYSTEMS

Detecting the spread of Wannier
functions in 2D systems by absorbance

We now turn to 2D materials, which has been partly dis-
cussed previously [29]. Consider a 2D material subjected to
a polarized oscillating field E, (w, t) = Ey cos wt that conse-
quently induces a current j,(w,t) = 0,,(w)Eycoswt. The
optical absorption power density at frequency @ and polar-
ization u is

1
W (w) = (julw, DE,(w, 1)), = an(w)Eé

77.'82

= 5 Bow i) (22)
Given the incident power of the light per unit area W; =
csoEg /2, the absorbance or opacity under polarization u and
frequency w is then [30]

W, (w

1

Ou(w) =

=4r’aw Gl (0, (23)
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where o = e?/4meglic ~ 1/137 is the fine-structure constant.
From this relation, one sees that gi# (w) can be simply ex-
tracted experimentally from the opacity by

] [—O"(w)] (24)

d —
Guu(@)op = imol 7a

Following the discussion in Sec. IT A, in the zero tempera-
ture and noninteracting limit limz_,¢ Qﬁv(w) = G,w(w), the

gauge-invariant spread is simply given by

00
Q= AcanTr g/w = Acall / doTr guv (w)
0

) *© 1 [Ou(w)
= lim Ace do —| £ , 2
T1—>In() HXM:/O @ 4nw[ To ] 25

and hence the ratio Q;/Acen = Tr G,,,, that characterizes how
insulating is the material is simply given by the trace of
fidelity number.

If the opacity measurement is done using unpolarized light
or on a polycrystalline sample, then the average absorption
power is

- 27 dd) 1/1 1
W, = /(; Wa(9) = §<EGXX(LO) + Eo-yy(w)>Eg

2
= %E(a))Eg. (26)

Therefore, the summation over polarization Y u O,(w) =
20(w) in Eq. (27) just gives a factor of 2, i.e.,

* 1 (O
Q] = lim Ace]] / dw —|: (w)]
T—0 0 2rw| ma

= AcenTr g;w . 27

This formula provides a concrete experimental protocol to
measure the gauge-invariant spread of Wannier orbitals and
the trace of fidelity number, and enables their comparison with
those obtained from first-principle or tight-binding model
calculations. In the following sections, we use monolayer
graphene, TBG, and TMDs to demonstrate the feasibility of
this protocol, and give an estimation to the absolute scale of
the spread.

V. GRAPHENE WITH ISOC

A. Wrapping number in graphene with ISOC

Our first example is the lattice model of graphene with
nearest-neighbor hopping and ISOC. Denoting the lattice con-
stant on the honeycomb lattice to be the unit of distance
ay, = 1 (the carbon-carbon distance is ay,/ \/§), we define [18]

1 ﬁ)a

27

R; = (—l —ig)aL. (28)

R =({1,0)a., Ry= <

272

The lattice model is described by the second-quantized
Hamiltonian H =}, W(IH(Q)Wq with the basis W(I =

S i -
(Caqt> CBqr> Caqys Cqy)> Where ¢y, is the electron creation

FIG. 1. (a) The energy dispersion and (b) the corresponding
Jacobian of the 7% — S? map for graphene with ISOC. We choose
an exaggerated ISOC value X;/t = 0.2 to visually demonstrate the
main features.

operator at momentum ¢ (with respect to the center of
BZ), sublattice X = {A, B}, and spin o = {*, |}. The 4 x 4
Hamiltonian takes the form [18]

)”Ifl _tforb 0 0
—tfop —Mfi 0 0
H = orb 1
(Q) 0 () _)‘lfl _tforb
0 0 —tfiy  Mfi
forn(q) = 1 + 4R/ 4 p=ia R/
S
( ) = - = sinq - Ri h’ (29)
fi(q Wi ; q- R/

where ¢ and A; are the magnitudes of nearest-neighbor orbital
hopping and ISOC, respectively. The Dirac points in this
model are located at

K =<4_”,0>, L’z(_“_”,()) 30)
h/aL 3 hjap 3

which are of particular interest for the optical responses, as we
shall see later. The energy dispersion of this model is shown
in Fig. 1(a).

We notice that the Hamiltonian in Eq. (29) is a Dirac
Hamiltonian with the following representations for the 4 x 4
Dirac matrices (see Eq. (B.2) of Ref. [31])

[is = (81 ® 63, 5 @ 63,5 ® 61,5 ® 62,83 ® 63), (31)

where §, and &, are the Pauli matrices in the spin space {1
, 4} and the sublattice space {A, B}, respectively. In terms of
the I'-matrices, the Hamiltonian in Eq. (29) is expanded by
(I'3, 4, T's)

H(q) =d-T =dsI's +dsT's + dsT's,
(d3,ds) = —t (Re,Im) forn(q), ds = Arfr(q). (32)

This Dirac representation of H(q) prompts us to investigate
the topological order of this model by means of a degree of
map method [32]. This method introduces a universal topolog-
ical invariant to describe the topological order of Dirac models
in any dimension and symmetry class [32], constructed from
the unit vector

n(q) = d/|d| = (713, iig, 7is). (33)

In 2D systems, the universal topological invariant counts the
number of times the BZ torus T2 wraps around the target
sphere S? formed by the unit vector n(q) in Eq. (33), which
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is referred to as the wrapping number or degree of the map
deg[n] or the Kronecker index of vector field n(q), and which
takes the following cyclic derivative form [32]:

1 X
deg[n] = — d*q s“b‘ﬁuaxﬁbayﬁc
Vs
1 2 abc 1
= 72 d qe d—Sdaaxd;,Bydc,
_ ! / d*qJ (34)
=V qJq;

where—following the expansion of Dirac Hamiltonian in
Eq. (32)—{a,b,c} =1{3,4,5},0, =9/9q, is the corre-
sponding momentum derivative, and V, = 4m is the area
of the unit sphere. The integrand Jq = S“bcﬁaaxﬁbayﬁc =
£%°d,0,dydyd, /d* represents the Jacobian of the map 72 —
S2, which is also known as the spin Berry curvature of the
system [33].

Explicitly near the K and K’ points, we expand the mo-
mentum by

q=K" +k. (35)

The d = (dy, d>, d3, dy, ds) vector is given in terms of small
momentum k by

K: d= (Ov Os kaxvkay’ )‘*1)3
K': d=(0,0,—vpky, vrky, —As), (36)

where vp = +/3t/2 ~ 10°m/s is the Fermi velocity of
graphene, which yields the same Jacobian near K and K’
points

JK K MU (37)
T e

and they can be analytically integrated to give

1 2 [ee]
deg[n]® = o / d¢ / kdk JX
T Jo 0

1 K

=5= deg[n]™, (38)
suggesting that the system has integer wrapping number
deg[n] = deg[n]¥ + deg[n]¥" = 1. Alternatively, one can nu-
merically integrate the full momentum profile of the Jacobian
shown in Fig. 1(b) over the entire BZ, which also gives
deg[n] = 1, confirming a nontrivial topology of graphene in-
duced by ISOC—a key ingredient for the quantum spin Hall
effect (QSHE) in the Kane-Mele model [34,35].

B. Quantum geometry induced by ISOC

We proceed by computing the quantum metric of graphene
in the presence of ISOC, which for the corresponding
Hamiltonian in the Dirac form, Eq. (32), can be written as
follows [2]:

5
1
8w = 251 D dudidod; — B,ddud | (39)
i=3

3 0.01
(@ 0,(w)/ma ) g (w)/h
kgT = 2.4peV to 24peV | 0.008 kgT = 2.4peV to 24peV
2
0.006
0.004
1
0.002}
0 ! 1 L 0 1 L n "
0 20 40 60 80 100 0 20 40 60 80 100

hw (neV) hw (ueV)

FIG. 2. (a) The low frequency absorbance O,(w) and (b) fi-
delity number spectral function gg (@) at any polarization f in the
presence of ISOC A; = 12 peV and the orbital hopping t = 2.8¢eV,
plotted at different values of temperature (solid lines with different
colors) ranging from kg7 = 2.4 neV ~ 0.02K to 24 peV =~ 0.2K.

Near K and K’ points, using the expression in Eq. (36), the
components of quantum metric are

1
8 = 77 [VEA] + viky ],

244
1
8yy = 27{4[”%)‘? + vékf],
4
vpkik,
8xy = _—2d4 (40)

In terms of the quantum metric the corresponding Jacobian of
the map 7% — S? reads

’ 8 2
& =08 = (ﬁ) Jdetg. 41)

This relation—known as the metric-curvature
correspondence—is ubiquitously satisfied for any Dirac
model [2], and therefore plugging for the dimension of
Hamiltonian N = 4 and for the underlying spatial dimension
D = 2 one recovers the result already expressed by Eq. (37).

Including contributions from both K and K’ points and
using Eq. (40), the low frequency parts of the fidelity number
spectral function, Eq. (7) and the absorbance, Eq. (23), behave
in the same way as for Chern insulators [22]

! A2
gl‘fﬂ(w) il e nh—zla)3:|z(w)|w>2x,/h,
O, w) T 4)2
;—a = _1 + h2a12:|z(w)|w>2;\,/ﬁ,
[ hw hw
Z(w) = f<—7) - f(?)] 42)

which are shown in Fig. 2 for a realistic value of ISOC
Ar = 12peV = 0.1K and different values of temperature. We
find that the ISOC diminishes the optical absorption at fre-
quency smaller than the gap fiw < 2A;, as expected, which
for the realistic values lies in the microwave range. At low
temperature kg7 < 21,, the absorbance at frequency close to
the gap /iw 2 2A; is enhanced by the ISOC. Interestingly, at
zero temperature kg7 = 0 and at the frequency equal to the
gap fiw = 2, the absorbance O, /mra =2 is exactly twice
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the topologically protected value, and is independent of the
polarization of light. We anticipate that these unique features
can be used to experimentally quantify the ISOC, provided
that the measurement is performed at low enough temperature
and the Fermi level is tuned to be inside the gap. If the
temperature rises fiw 2 2A;, the thermal broadening caused
by the Fermi function will reduce the absorbance, as shown in
Fig. 2.

Let us provide the graphene’s fidelity number at zero
temperature by utilizing the full Hamiltonian, Eq. (29), with
realistic parameters A; = 12 peV for ISOC and r = 2.8 eV for
the orbital nearest-neighbor hopping. Direct calculation gives
G =1.08 and G, = 1.28, signifying a ~20% difference
between the absorption of light when polarized along zigzag
and armchair directions. Correspondingly, the spread of
Wannier function is Q; =2.36 A = 2.36 x (ﬁ/Z)ai,
which is slightly larger than the area of unit cell, indicating
that the tight-binding Hamiltonian of graphene within the
nearest and next-nearest neighbor approximation does provide
internally self-consistent results.

VI. TWISTED BILAYER GRAPHENE

We now turn to the TBG with a twist angle ~1° whose
intricate phase diagram including superconducting phase [36]
still attracts a lot of attention. Interactions that are furnished
by the flat bands and specifics of the underlying Moiré pattern
may be presumably responsible for the onset of unconven-
tional superconductivity in TBG. Motivated by the theory
that the quantum metric determines the superfluid stiffness
[7,8,11,37,38] of the flat bands, we compute TBG’s fidelity
number spectral function. As it comes out, the latter can be
detected by the absorbance of light in the millimeter wave
range due to the spectral width of the flat bands that spans a
range of few meV. This may be a way to verify experimentally
whether the average quantum metric in the normal state is
truly correlated to the onset of superconductivity in TBG.

A. Minimal two-band model
We follow the two-band model of Bennett et al. [19] to
calculate the absorbance of TBG over a finite range of twist
angle. Given the Moiré period ay, they define the vectors
V3 )

1
aA] = AgcX, a2 = dgc (EX + =Yy

2
. 1A+«/§A b 1A+ 1
=agc| =X+ — =dg| =X+ —=¥ ),
3 N 2 2y ) 1 C 2 2 3y
b i+ ). b L 43)
= dy =X 5 - 5
2T\ TN T B 3

and the following hopping functions:

3

3
‘ K-a:
— N kb — %" cos i
fi E bil Jz_l 3

j=1

3
fy=) e mm, (44)
j=1

such that the effective model is described by the 2 x 2
Hamiltonian in the momentum space

Heff — H* — Hint(HA)—lHint-i- — (jj— zo) (45)

To be specific, the subsidiary Hamiltonians H!, where—
following the indexing of Ref. [19]—I = {x, A, int}, have the

following generic form:
HA+8f dbdl
I I = d! dl) (46)
tQ + t2f2 + 0

H = té .+ tzlf 2
It I rf
nfi 51
and the corresponding hopping parameters {1}, 1], 13, 11} are
real, except of i, which has both real and imaginary parts.
Moreover, as H'’s and Hf are matrices 2 x 2 we corre-
spondingly decompose them in terms of the identity matrix
oo and Pauli matrices o+ = o] + io, as is already obvious
from the above expressions. All k-dependencies are hidden
in the (df, d{, d}) < (d{. d\. = d} & id})-coefficients, which
have the following form for H':

3
di =1 —|—t2]Zcosk-aj,
j=1
3 3
dl = I{Zcosk-bj -I—Ret!ZcosZk-b,-
j=1 j=1

3
+Im#] Y "sin2k - b,
j=l1
3 3
dy = —t[y sink-b; +Ret; » sin2k - b;
J=1 j=1
3
—ImtéZcos2k~bj, (47

j=1

and the corresponding form for H°':

1 . . . . . .
do =d — 7 [di"ds dy" — d™drdy — dy*dnd
A
+d™dgd],

d_=d —idy = (d})'
1 . . . . . .
=df —id; — = [2dg"dg'd™ — d™dd™ — dg*d™dy™].,
A
(48)
where d2 = (d{)? — (d{*)? — (d$)>.

Although the diagonal dy component of H® enters the
eigenenergies

gn=dy—d, en=do+d, d= \/d12+d25 49)

it does not enter the corresponding valence-band and
conduction-band eigenstates |n) and |m)

- d - —d 50
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As the effective model Hamiltonian takes the Dirac form
He = Z?:o d;o; the quantum metric defined from the lower
band eigenstate |n) is according to Egs. (3) and (39) given by

1
8y = M{alldl avdl + audzavdz — 3ud3ud},
1
= @{%d-s-aud— + 0,d_0d,dy —29,dd,d}. (51)

Finally, because the above calculation does not take into ac-
count the spin degeneracy, the full quantum metric is twice the
above result

8uv —> &uv X 2, (52)

and so follows the extra factor of two also for the fidelity
number spectral function and opacity.

B. Topological charges and metric-curvature
correspondence of TBG

Now we demonstrate that the topological charges at the
nodal points of TBG are likewise to those in the pristine
graphene, see Sec. V, if ISOC is absent. Taking the valence
band state |n) given by Eq. (50) and choosing an arbitrary
closed contour circulating any of the nodal points, such that
¢ denotes the corresponding azimuthal angle, the quantum
metric g4 and the valence-band Berry connection (n|idgs|n)
satisfies the same metric-curvature correspondence as in the
pristine graphene [2]

8op = (Bpnl|dpn) — (dgn|n)(n|dsn) = |(nlidg|n)|*
2
, (53)

= ‘ E{;‘abﬁaa¢flb

where n = (7iy, /i) = (dy, d»)/d is the unit vector, The topo-
logical charge of each nodal point is calculated from the
integration of Berry connection over the closed contour

do . 1 [do . .
C = f E(n|18¢|n) =—3 % Ee bnaa¢nb
1 1

= :|:2deg[n] = iz, (54)
which is equivalently the winding number of the vector field
n = (@, fiy) along the trajectory. The topological charges are
of opposite signs at the K and K’ points at any twist angle (for
which the Hamiltonian H°T makes a meaningful approxima-
tion), as can be seen from the winding of the n field shown
in Fig. 3 using, for example, the twist angle 0.91° and 1.0°.
This analysis indicates that TBG remains as much topological
(or Dirac) semimetal as the monolayer graphene provided the
ISOC is disregarded.

C. Quantum geometry and low frequency opacity of TBG

The numerical results for the band structure {g,, €,,}, quan-
tum metric g,,,,, fidelity number spectral function G, (w), and
opacity O, (w) resulting from the tight-binding TBG model of
Bennett et al. [19] are shown in Fig. 4 for a few selected twist
angles. The G,,(w) and O,(w) are calculated numerically
from Eq. (6) by approximating the é-function in the optical

6 =0.91 0=10

2 ::VA;,AAA,;Awl‘ 2t MMM Y Y Y faxrhh
<) )y f K ga=rN YR MM Y)Y Y pe A AR X

4 AN e A g~ A A Y 777 TS
4Oy RS M 4 4 4»»;(11",'(‘ MR YN ¢
AANN B3 a1 AN A Y AN Z LA SSSS 20 Y
AASIEFPSSCSER N AN AR N Ao aa 7 NN

s Il A A OCAT A S A M Moy A
ky Of s afa ',‘Vs\\\sv(vA}; ky 0F % wie %>>>‘—>»—>‘;w,\\
A B S S e St /% A)rﬁ lanai s g N )
VAR S S et SV T YV FF Ny K Y Y
“a g Aty gy L > e, A

P [ y P - v -
o L3I N ,:;:&~»’LAL\L:’:;:,

¥ ¥ ra=t KRy 'y (Y mN A AN

2yl S\(\Yam~ b A Ay O | 2} 2 NNRNNN KNy
-2 0 2 =27 0 2

k

x

FIG. 3. The momentum space profile of the unit vector
n = (7, fi;) = d/|d| that characterizes the momentum-dependence
of the effective Hamiltonian of TBG in Eq. (45) plotted as a vector
field at two twist angles 6 = 0.91° and 1.0°. As going along a loop
circulating the nodal points counterclockwisely, one sees that K (red
circles) and K’ points (green circles) have opposite winding numbers
of the vector field.

transition by a Lorentzian shape

n/m

i h)_(w+%"—%)2+nz

; (55)

where n = 0.1 meV is a phenomenological bro adening pa-
rameter simulating effects of correlations, and we will restrict
our discussion to zero temperature. The band structure always
exhibits Dirac-like dispersion around the K and K’ points,
but the chemical potential lies at some 0.1 ~ 0.5 meV above
the Dirac point according to the model of Bennett er al.
[19]. Should all the chemical potential lie exactly at the
Dirac points, the quantum metric {g,., gy,} would diverge at
the Dirac points, and consequently also the fidelity number
spectral function {G,,(®), Gxx(w)} ~ 1/w for low frequencies
[22], yielding, however, a frequency-independent opacity [29]
for low values of w’s. But because of the finite chemical poten-
tial u, the quantum metric in the range from the Dirac point to
w nullifies since both bands {¢,, ¢,,} are either occupied (1 >
0) or empty (u < 0) and hence the divergence of {g.y, gy}
at the K and K’ points and that of {G,,(w), Gxx(w)} for @ —
0 get removed. Consequently the opacity at @ — 0 is sup-
pressed, a phenomenon similar to fluorinated graphene where
the chemical potential is shifted from the Dirac point [29,39].

Naively, the TBG should behave like two independent
monolayer graphene sheets, and therefore one expects its ab-
sorbance to be roughly twice that of monolayer graphene by
counting the optical absorption power

Ow)=na+ (1 —na) x ta ~ 2na. (56)

We found that this naive counting is true only for frequencies
larger than chemical potential of the order of 7w 2 0.5 meV
at most twist angles, but at fiw < 0.5 meV the absorbance is
suppressed by finite chemical potential as explained above.
Moreover, in the magic angle region 0.96° < 6 < 1.02° this
model predicts particularly flat valence and conduction bands
whose shapes are very similar, but just separated by a very
small energy. Consequently, the absorbance has a very in-
teresting behavior: In this region (see the 6 = 0.99° data
in Fig. 4 as an example), both the fidelity number spectral
function G,.(w) ~ G,,(w) and opacity O,(w) peak at very
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0.87° 0.91°

0.95° 0.99° 1.05°

-
o

o 0.6
304

0.0k — SN ] I
0 1 2 3 4 0 1 2 3 4 0 1
hw (meV) hw (meV)

2 3 40 1 2 3 40 1 2 3 4
hw (meV)

Ox(w), Oy(w) (1)
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=]
-
N
w
»
o
-
N
w
&>
o
-

hw (meV) hw (meV)

hw (meV)

hw (meV) hw (meV)

FIG. 4. Numerical results for TBG at five selected twist angles 8 = 0.87°,0.91°,0.95°,0.99°, 1.05°, where from the top to the bottom
we present the band structure (g,, &,,) and the quantum metric (g, g&y) along high-symmetry lines, followed by the fidelity-number spectral
function (G (@), Gyy(w)) and the absorbance under polarized light (O, (), Oy(w)) as functions of energy fiw.

small frequency Aiw =~ 0.3 meV, and at higher frequency they
are practically vanishing. These low frequency peaks originate
from the fact that all the momenta in a large region of the
BZ absorb light equivocally at almost the same frequency (the
energy difference between the two flat bands). This peak of
Guu(w) at hw ~ 0.3 meV also implies that the quantum metric
is mainly distributed in the flat band region around I' — M
(see the {e,, &,,} plot for & = 0.99°). Thus, our result seems
to suggest the coincidence between the increased quantum
metric and the formation of flat bands at the magic angle,
hence supporting the quantum metric theory of the superfluid
density [7-12].

Our quantum metric analysis of the flat band properties
of TBG implies a straightforward verification based on a
simple optical experiment: If the absorbance in the range
hw ~ 0.1 meV is significantly enhanced for the twist angles
in the magic angle region, or in other words, if the TBG
would become substantially dark for the light in the millimeter
wave-lengths as shown in Figs. 5(a), 5(b) and 5(c) simulated
for different values of 7, this would indirectly signify the
formation of flat bands. Moreover, dividing the absorbance
by frequency and then integrating such ratio over w gives
the trace of the fidelity number according to Eq. (27), hence
giving an estimation to the total quantum metric carried by
the flat bands. In terms of the effective tight-binding model we
estimated this quantity and provided its course as a function of
twist angle in Fig. 5(d). The latter shows that fidelity numbers
G and G,, peak around 6 = 0.98°. It is worth to emphasize
that the fidelity number is finite only because the chemical

potential cuts off the divergent quantum metric, i.e., the spread
of Wannier function ©; = Acen(Gyx + Gyy) in fact diverges in
this model. This is owing to the artifact that this tight-binding
model does not take into account the ISOC at peV that is
necessary to make the spread finite, as elaborated at the end of
Sec. V for the monolayer graphene.

o @ o ®
1 = 0.05 meV 7= 0.1 meV
—4 . 4
3 .t
IS .
2 . 2

6 (c) . hinZmeV 15 () o Gy
n =02 meV hw = 0.4 meV Gy
hw = 0.6 meV Gy +Gyy
4 1.0
3
2 0.5
0 10.0
0.85 090 095 1.00 105 110 ~ 0.85 090 095 1.00 1.05 1.10

6 (deg) 6 (deg)

FIG. 5. Opacity of TBG under unpolarized light O(w) at zero
temperature as a function of twist angle 6 plotted at three different
frequencies 7iw = (0.2, 0.4, 0.6) meV, and using three different val-
ues of the artificial broadening (a) n = 0.05meV, (b) n = 0.1 meV,
and (c) n =0.2meV that phenomenologically simulate different
strengths of correlations. (d) The fidelity number {G.., Gy, Gix +
Gy} as a function of twist angle 6.
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MoS,; MoSe; MoTe,
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FIG. 6. Model calculated band structure (&,, €,,) and quantum metric (g, g,y) displayed along the high-symmetry lines in the BZ, followed
by fidelity-number spectral function (G, (@), G,y (®)), and the absorbance (O, (), O,(w)) under polarized light as functions of energy fw for

the six TMD materials: MoS,, MoSe,, MoTe,, WS,, WSe,, and WTe,.

VII. TRANSITION METAL DICHALCOGENIDES

A. Tight-binding model of TMDs

Finally, we turn to hexagonal TMDs, 1H — MX,, where
transition metal M = Mo, W; and chalcogen X =S, Se, Te
and use a generic tight-binding Hamiltonian of Ref. [40]. The
latter consists of six-band model spanned by three transition
metals (Mo,W) d orbitals and their two spins projections

W) = (dzz T?dxy Tf dxz—yz Tv dzz \Lv |dxy \Ls dxz—yz »L) (57)

The orbital hoppings constitute a 3 x 3 Hamiltonian for each
spin sector

Vo Vi Vs
Hyk) =V Vi Vi, (58)
Ve VEy o Vo

where the detailed k-dependence of V)—V>; and the set of
underlying parameters for each TMD compound can be found
in Ref. [40]. Including the spin-orbit coupling (SOC), the full
6 x 6 Hamiltonian takes the form

_ (Ho(k)+ 4L, 0
H(k)‘( 0 Hok) — AL.)"
0 0 0
L.=[0 o0 2], (59)
0 —2i 0

where A is the strength of the SOC.

Numerical results for the six TMD materials described
by this tight-binding model are shown in Fig. 6, simulated
with artificial broadening n = 0.1eV. These materials have
a typical semiconducting gap ~1eV to 2eV with one pair of
spin-split valence bands and two pairs of spin-split conduction
bands, indicating their optical responses fall into the infrared
up to visible light range. The quantum metric is found to peak
at the K and K’ points, but it does not show a sharp divergence
like in pristine graphene, therefore the TMDs fidelity num-
bers G,,,’s and their spreads €2;’s are both finite. Calculating
the spread directly from either the momentum integration in
Eq. (5) or the frequency integration in Eq. (27) yields the
Q;’s summarized in Table II. The ratio ©;/Acen = Tr G, of
these materials falls in the range of 0.6 ~ 0.8, indicating
fairly localized Wannier functions. Finally, we remark that

TABLE II. Area of the unit cell A, spread of the valence-band
Wannier functions €2;, and the dimensionless ratio €2; /Acen = TrG,,
calculated from the tight-binding model of Ref. [40].

Mat. Acan(A2) Q/(A?) Q1 /Acen = TrG,,
MoS, 26.44 16.95 0.641
WS, 26.45 17.22 0.651
MoSe, 28.74 19.57 0.681
WSe, 28.72 20.36 0.709
MoTe, 32.87 24.42 0.743
WTe, 32.93 26.31 0.799
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FIG. 7. Absorbance of WS, measured at room temperature on a
fused silica, blue circles, contrasted with theoretical calculation at
zero temperature (black line) based on three-orbital model as already
shown in Fig. 6.

the absorbance O(w) obtained from this tight-binding model
yields an excellent agreement with the experimental data of
free-standing samples under unpolarized light at low frequen-
cies fiw < 3eV [41,42]. In other words, the minimal model
employing three d-orbitals of the transition metal captures at
low frequencies the essential optical, as well as the quantum
metric properties, very accurately.

B. Absorbance of WS, on fused silica

In this section, we use the experimental data and demon-
strate several realistic issues on extracting the spread €2,
from the absorbance measurements, including the effect of
higher-energy bands and excitons. We synthesized centimeter-
scale WS, polycrystalline samples on fused silica (University
WAFER, Fused Silica, 500 um thickness) via chemical vapor
deposition (CVD) [43]. Since the fused silica wafer exhibits
more than 99% transparency and has a band gap larger than
9eV, it allows us to measure the absorbance of the WS,
deposited on it up to very high frequencies, and perform the
experiment at room temperature. To measure the absorbance,
a collimator featuring a circular aperture with a diameter of
2.7mm positioned in the monolayer region of WS, sample
was employed, where the monolayer region is identified by
Raman spectroscopy [44,45].

The experimental data of the absorbance extracted from
the transmission measured by a Lambda 950 UV-Vis-NIR
spectrophotometer are shown in Fig. 7 as blue circles. Com-
paring with the theoretical results coming from the low-energy
tight-binding model described above and displayed in Figs. 6
and 7 (black solid line) for a free-standing WS, the following
differences become apparent.

First, our experimental data agrees well with the theoretical
curve up to about /iw < 4 eV, meaning that the tight-binding
model employing just three d-orbitals of W captures the
absorbance at low frequency range very accurately. How-
ever, Fig. 7 shows that at higher frequencies fiw = 4 eV, the
model-calculated absorbance diminishes, while still a nonzero

absorbance is detected experimentally, meaning that the p-
orbitals of S start to absorb light and contribute to the spread of
valence-band Wannier orbitals. As chalcogen orbitals are not
included in the minimal tight-binding model of Ref. [40], one
needs to resort to a more elaborate tight-binding description
or first-principle calculations to capture these absorption at
higher frequency, which should be addressed elsewhere.

Another issue that cannot be avoided in experiment is the
formation of excitons, which are responsible for the peaks
around 1.9 eV and 2.3 eV in Fig. 7. These excitons do not
contribute to the spread €2; for the following reasons: (1)
They are bosonic excitations, and hence should only occupy a
small part of the BZ. Moreover, the notion of Wannier states
for excitons is rather ambiguous. (2) They are only present
when the light excites the sample, and therefore they are not
genuinely linked to the equilibrium ground state properties of
the Fermi sea but rather to the light-matter interacting system.
This leads us to conclude that shall one intend to extract the
spread €; from an experimental absorbance data O(w) using
Eq. (27), the exciton absorption peaks should be meaningfully
excluded.

VIII. CONCLUSIONS

In summary, by employing the perspectives of quantum
metric, we propose an optical absorption scheme to estimate
the gauge-invariant part of the spread €2; of the valence-band
Wannier orbitals, which represents the lower bound of the
spread and therefore a characteristic ground state property
in any semiconductors and insulators. The theory we put
forward is based on the quantum geometrical origin of the
valence band spread, and the fact that the quantum metric
of the associated states is formally equivalent to the matrix
elements of optical transition. In 3D systems, we reveal that
the spread of valence Wannier states can be extracted from
the frequency-integral of the imaginary part of the dielectric
function multiplied by the volume of unit cell. Such quantity
also represents the average distance on the BZ manifold when
endowing the latter with a nontrivial (curved) quantum metric,
of which we call the fidelity number. Using the experimental
data of the dielectric function of Si, Ge, and Bi, Tes, we extract
the absolute scale of €2;, and we interpret the ratio Qf/ 2 /Veenl
as a figure of merit for estimating the insulating characteristics
of these materials, demonstrating the ubiquity of our proposal.

For 2D materials, we propose that the spread divided by
unit cell area 2;/Aq can be measured by the optical ab-
sorbance divided by frequency and then integrated over the
frequencies. Applying this method to graphene reveals the
importance of ISOC in obtaining a finite spread, as otherwise
the quantum metric diverges at Dirac points. In addition,
the absorbance of graphene at microwave range measured
in the sub-Kelvin region can be used to directly estimate
the magnitude of ISOC. We further use a recently proposed
tight-binding model for structurally-relaxed TBG and exam-
ine its quantum geometric and optical-absorption properties
in a wide range of twist angles. Based on our analysis we pre-
dict an abrupt increase of the absorbance at low frequencies
hw < 0.1 meV, which can serve as a feasible test to detect the
formation of flat bands and the distribution of quantum met-
ric therein. This may help to verify experimentally whether
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the unconventional superconductivity in TBG is potentially
related to the quantum metric. Finally, applying our method to
hexagonal TMD materials yields a low frequency absorbance
in an excellent agreement with the experiments, and sug-
gesting that the ratio €2; /A contributed from the (Mo,W)
orbitals is about 0.6 ~ 0.8.

It is worth to emphasize that our quantum metric formalism
considers Fermi sea free of any bound electron-hole pairs,
therefore when dealing with experimental data the contribu-
tion from the excitonic peaks shall be carefully disregarded
when calculating €2; by integration of the optical absorption
data over the frequencies. In addition, although the higher
energy absorbance due to the (S,Se,Te) orbitals were not
captured by the simple tight-binding model of TMDs, we
suggest that it may be captured by more sophisticated first

principle calculations. These results indicate that the proposed
experimental protocol for extracting €2; can be ubiquitously
applied to either free-standing or substrated 2D materials of
any chemical composition, and can include any complications
in realistic experiments.
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