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We construct a subsystem code in three dimensions that exhibits single-shot error correction in a user-friendly
and transparent way. As this code is a subsystem version of coupled toric codes, we call it the intertwined toric
code (ITC). Although previous codes share the property of single-shot error correction, the ITC is distinguished
by its physically motivated origin, geometrically straightforward logical operators and errors, and a simple phase
diagram. The code arises from three-dimensional (3D) stabilizer toric codes in a way that emphasizes the physical
origin of the single-shot property. In particular, starting with two copies of the 3D toric code, we add check
operators that provide for the confinement of pointlike excitations without condensing the loop excitations.
Geometrically, the bare and dressed logical operators in the ITC derive from logical operators in the underlying
toric codes, creating a clear relationship between errors and measurement outcomes. The syndromes of the
ITC resemble the syndromes of the single-shot code by Kubica and Vasmer, allowing us to use their decoding
schemes. We also extract the phase diagram corresponding to ITC and show that it contains the phases found
in the Kubica-Vasmer code. Finally, we suggest various connections to Walker-Wang models and measurement-

based quantum computation.
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I. INTRODUCTION

Single-shot quantum error-correcting codes provide for a
streamlined error-correction protocol, in which a single round
of imperfect measurements suffices to correct errors [1]. The
two-dimensional (2D) toric code [2] does not realize this
property because the pointlike excitations cannot be reliably
located in a single round of faulty measurements [3]. On the
other hand, the excitations in the four-dimensional (4D) toric
code are all extended excitations, allowing for single-shot
error correction [3]. The toric codes are all stabilizer codes,
meaning that all operators in the code commute. In stabilizer
codes, single-shot error correction is closely related to self-
correction, suggesting that any single-shot stabilizer code is,
in fact, self-correcting. No single-shot stabilizer codes have
been found below four dimensions.

On the other hand, single-shot subsystem codes do exist
in three dimensions. Subsystem codes generalize stabilizer
codes by having a check group, which does not commute, and
a stabilizer group, which does commute. The gauge color code
(GCC) [4] was the first three-dimensional (3D) subsystem
code shown to be single-shot [1]. Despite the code’s remark-
able properties, its complicated construction meant that no
other examples were found until seven years later, by Kubica
and Vasmer [5]. Even in the Kubica-Vasmer code (KVC), the
essential physical properties that provide for the success of
single-shot error correction remain elusive.

Here we construct a single-shot 3D quantum error-
correcting code that we call the intertwined toric code (ITC).
This new code displays three main advantages: a transparent
physical motivation and interpretation, geometrically simple
logical operators, and a straightforward derivation of its phase
diagram. Physically, the ITC draws inspiration from the 3D
toric code. Its check group consists of the toric code operators

2469-9950/2024/110(7)/075143(15)

075143-1

supplemented by single-site check operators. As a result, the
ITC stabilizers detect the pointlike excitations and the check
operators detect the stringlike operators that make those exci-
tations, as depicted in Fig. 1(a). This clarifies that, physically,
the ITC confines the pointlike excitations without condensing
the extended excitations—which is not possible in stabilizer
codes.

Measuring a different set of generators in the check group
leads to check syndromes reminiscent of the KVC. In par-
ticular, the effective pictures of the syndromes in this second
basis of the ITC contain two flavors of violated stabilizers con-
nected by four flavors of check operators (whereas the GCC
has eight stabilizers and 24 check operators). We illustrate
one sector of this presentation of the ITC in Fig. 1(b). In this
setting, the advantage of the ITC is the geometric simplicity
of its logical operators: Membrane operators are defined on
membranes and dual membranes on the lattice, and stringlike
operators are defined on paths and dual paths on the lattice.
Furthermore, it is easy to find a partial logical operator that
creates any given measurement outcome, as described at the
end of Sec. IIT A.

Readers with a background in condensed matter may view
subsystem codes as corresponding to families of Hamiltoni-
ans, with multiple gapped phases of matter separated by phase
transitions. Such analyses exist for the GCC [6] and the KVC
[7]. The ITC phase diagram is particularly easy to extract, and
we find all of the phases of the KVC along with one additional
phase.

As an aside, the subsystem code literature uses the term
“gauge operator” and “gauge group” instead of “check op-
erator” and ‘“check group.” To avoid confusion with the
condensed-matter literature, where error-correcting codes of-
ten have interpretation in terms of gauge theories, we avoid
using the word “gauge operator” herein. Instead, we refer to
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FIG. 1. Characteristic measurement outcomes in the ITC. (a) In
the underlying toric code, green lines are truncated stringlike logical
operators and pink lines are extended excitations. In the ITC, these
objects are put on equal footing as lines of violated check operators
(7). In both the toric code and the ITC, the red dots are violated
stabilizers. (b) With the alternative basis of check operators (20),
measurement outcomes consist of two colors of extended objects
(green and yellow lines). These cannot end except on violated sta-
bilizers, which must be the simultaneous endpoints of one line of
each color.

the relevant operators as “check operators” in the subsystem
code, because one “checks” the value of these operators dur-
ing the error-correction procedure [8].

The remainder of this paper is organized as follows. In
Sec. II we intertwine two toric codes, find a logical qubit,
and describe the logical operators. We use a different set of
check operators within the ITC in Sec. III to explore the
possible measurement outcomes and outline the single-shot
error correction procedure. In Sec. IV, we describe the phase
diagram and explore connections of the various phases to pre-
vious literature. We conclude in Sec. V with some exploratory
connections to other constructions and with a discussion of
some open questions.

II. INTERTWINING TORIC CODES

To provide readers with some background, we start with a
brief review of subsystem codes in Sec. IT A. Then, to define
the ITC, we define the check group and stabilizer group on a
cubic lattice with periodic boundary conditions in Sec. II B.
Like the GCC and the KVC, the ITC does not encode any
logical qubits on closed manifolds. To encode logical qubits
we define boundary conditions in Sec. II C. The boundary con-
ditions furnish the ITC with logical qubits, and we describe
the logical operators on those qubits in Sec. II D.

A. Brief review of subsystem codes

Recall that a stabilizer code consists of a stabilizer group S,
which is a commuting subgroup of the Pauli group that does
not contain the global phase operator —1. Elements of S are
called stabilizers. A state is a code state if it satisfies all of the
stabilizers, which means that it is a +1 eigenstate of those
operators. Logical operators are elements of the centralizer
of S, Z(§), which is the group of all Pauli operators that
commute with S. These operators map code states to code
states. Of course, every stabilizer is in Z(S), but these are
trivial logical operators. The nontrivial logical operators are

elements of Z(S)/S. Qubit errors are operators that do not
commute with S, and therefore take a code state out of the
code space. A state not in the code space violates some sta-
bilizers, meaning it is a —1 eigenstate of those stabilizers. A
syndrome is the set of violated stabilizers in a given state, and
an error causes a syndrome when it anticommutes with that
set of stabilizers.

Subsystem codes [9] provide more flexibility than stabi-
lizer codes by including a check group G in addition to a
stabilizer group. The check group does not need to com-
mute and may contain global phase operators. Heuristically,
we think of the stabilizer group as the center of G, which
is Z(G)N G, or the group made up of operators in G that
commute with all operators in G. However, this may contain
pure phases, so the stabilizer group of a subsystem code is
actually

S =(29)NG)/i, M

the center of G with pure phases removed. Since S C G, each
stabilizer is a product of check operators, allowing one to mea-
sure check operators in order to infer the value of stabilizers.

Code states cannot satisfy all of the check operators be-
cause G does not commute. Instead, like in a stabilizer code,
code states satisfy all of the stabilizers. Within the code space
there are logical degrees of freedom (“logical qubits”) and
other degrees of freedom (“check qubits”). The check op-
erators act on the check qubits. Logical operators still must
commute with all stabilizers, but come in two flavors de-
pending on the degrees of freedom on which they act. Bare
logical operators act only on the logical qubits while dressed
logical operators act on the check qubits as well. Bare logical
operators must commute with all check operators, making
them elements of Z(G). Dressed logical operators need only
commute with the stabilizers, making them elements of Z(S).
Automatically, G C Z(S) and § C Z(G), so that the nontriv-
ial bare and dressed logical operators are elements of Z(G)/S
and Z(S)/G, respectively.

The error-correction procedure consists of measuring the
check operators, so the measurement outcome is the set of vi-
olated check operators. From a measurement outcome one can
infer the stabilizer syndrome (the set of violated stabilizers).
Code states have trivial stabilizer syndromes but still must
have some nontrivial measurement outcomes. An operator
that anticommutes with some check operators changes the
measurement outcome, while an operator that anticommutes
with some stabilizers causes a syndrome. In this language,
dressed logical operators create trivial stabilizer syndromes
but change the measurement outcome, while bare logical op-
erators create trivial stabilizer syndromes and do not change
the measurement outcome.

Subsystem codes provide a number of advantages over
stabilizer codes. As in this paper, subsystem codes may be
single-shot in three dimensions, while no known examples of
such stabilizer codes exist. Subsystem codes also allow for
“gauge fixing” [9] a procedure we explore in Sec. IV. They
may allow for measuring smaller operators; for example, the
subsystem toric code in Ref. [10] has check operators that only
act on three qubits. Some further information on subsystem
codes may be found in Ref. [11], which studies anyon theories
in 2D subsystem codes, and Ref. [4].
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B. In the bulk

To define the ITC, start with two copies of the 3D stabilizer
toric code, defined on a periodic cubic lattice. With qubits on
edges e and faces f, define A operators

A, =[] xe= : )

ecdv

A= ] 2zr =

fedc

3

for every vertex v and cube c. Green and blue denote X and Z
operators, respectively, and solid lines and shaded squares rep-
resent operators on edge qubits and face qubits, respectively.
In addition, define B operators

By = Ze:E’ )

ecof

B.= [] x7= : )

and rotations thereof. The operator 9 is the boundary operator,
so df is the four edges around a face f and dc is the six faces
around a cube c. The operator 3" is the dual boundary, so d'e
is the four faces around an edge e and 3'v is the six edges
around a vertex v. These operators are dual, meaning that, for
example, f € dfe <> e df

The stabilizers A, and B together define the ordinary pre-
sentation of the 3D toric code, while A, and B, are related to
them by interchanging edges with faces, cubes with vertices,
and X operators with Z operators. The stabilizer group

Sorc = (Ay, Bf, Ac, B), (6)

which is the group generated by the terms inside the angled
brackets, therefore defines two noninteracting 3D toric codes.
Violations of the A stabilizers are isolated excitations, while
violations of the B stabilizers must form closed strings. Thus,
the excitations of this stabilizer code include two species of
extended excitations and two species of pointlike excitations.
We now build the subsystem ITC from the stabilizer code
Sore by including the single-site operators X, and Zy on all
edges and faces as check operators. The B, and By operators
anticommute with Z; and X,, respectively, and are themselves
demoted to check operators. The resulting ITC check group

ngC = <X€ﬂZf7B€7Bf> (7)

includes anticommuting operators, and therefore also contains
—1. The A operators still commute with all the check opera-
tors, so they define the stabilizer group

Sire = Z(Grre) N Gire = (Ay, Ac). (8)

This construction shows that the ITC results from starting
with the stabilizer toric code and “confining” the pointlike
excitations by including the single-site check operators X,
and Zy.

This confinement procedure is worth discussing. In the
realm of stabilizer codes, the only way to confine the pointlike
excitations is to condense the extended excitations. Instead,
subsystem codes allow for confinement without condensation.
In the language of Ref. [11] we are “gauging out” the extended
excitations of the underlying toric codes, leaving the pointlike
excitations as the only gapped excitations. This procedure is
the essential process that allows for a physical interpretation
of single-shot error correction in the ITC. The extended exci-
tations do proliferate, but they remain detectable.

Note that Girc (7) is invariant under the Z, symmetry

Uex = [ [ CXey. )
(ef)

where (ef) are nearest neighbors and CX;; X; CX;; = X;X;.
The symmetry Ucx maps X, <> X.B, and Z; <> Z;By, while
leaving the A and B operators unchanged.

With periodic boundary conditions, there are also nonlocal
stabilizers [11] in the ITC. First, note that arbitrary products of
stabilizers look like membrane operators from the underlying
stabilizer toric codes. Contractible membranes may be con-
structed this way. However, noncontractible membranes still
commute with all the check operators and can be written as
products of check operators. These operators are stabilizers by
definition, but cannot be generated by the local stabilizers in
(8). Thus, for every noncontractible membrane we may have
to define a nonlocal X,-type stabilizer and nonlocal Z;-type
stabilizer.

On the three-torus (or any other manifold without bound-
ary, regardless of genus) there are no logical qubits. We can
show this by counting degrees of freedom. In an L x L x L
lattice, there are 3L3 edges and 33 faces. This means there are
N = 6L° physical qubits and 3L? of the X, (and Zy) operators.
There are L3 distinct A, (and A,) stabilizers, but only L’—1
are independent due to the relation [[, 4, =1 (J[,A. = 1).
There are also six nonlocal stabilizers. Similarly, there are 3L°
distinct B, (and By) operators, but L3 + 2 relations between
them [12], for 2L* — 2 independent B, (and Bj) operators.
Altogether, there are

K =N — 3(log, |G| +log, |S]) = 0 (10)

logical qubits on the three-torus. In order to create logical
qubits, we must define suitable boundary conditions.

C. Constructing boundaries

To define a logical qubit, let our cubic lattice have the
topology T2 x I, a cube with periodic boundary conditions
in two directions. Suppose that the lattice is periodic in
the front/back direction and the top/bottom direction. The
boundary consists of two disjoint tori; on the right torus we
impose the intertwined boundary conditions and on the left
torus the trivial boundary conditions. In the Appendix we
construct the e- and m-condensed boundaries, giving rise to
the ITC on a cube with no periodic boundary conditions.
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The trivial (Ieft) boundary follows simply from truncating
our lattice in such a way that the boundary edges host qubits
and boundary faces do not. We keep all the single-body X, and
Z; check operators, along with any B, and B check operators
that remain four-body. For a vertex v and a boundary cube ¢
on the trivial boundary, this results in the stabilizers

Ay = ; (11)

each of which acts on five qubits. Note that we can use these
to construct membrane operators that span the periodic di-
rections, so that there are no independent nonlocal stabilizers
given these boundary conditions.

To construct the intertwined (right) boundary, truncate the
lattice in the same way, with qubits on boundary edges but not
faces. On every boundary edge we replace the single-site X,
check with the operators

Ko =X Xg) = , 7 (12

where f(e) is the unique nonboundary face containing e in
its boundary. The truncated A, operators are still stabilizers,
but the truncated A. operators anticommute with some K,
operators. We can construct valid stabilizers by dressing each
naive A, with a By operator to create

(13)

for a vertex v and a cube ¢ on the intertwined boundary.

The trivial and intertwined boundaries are related to each
other by Ucy (9), in the sense that K, <> X, under the symme-
try. Thus, applying Ucx to the entire lattice simply swaps the
two boundaries.

With these boundary conditions, the ITC encodes K = 2
logical qubits. The counting of both the check operators and
the constraints is easiest on a lattice with length L in the
periodic directions and length L 4 1 in the other direction.
There are 3L* + 2L qubits on edges and 3L? — L? qubits
on faces, for a total of N = 6L3 + L* physical qubits. There
are L? of the K, operators on the intertwined boundary, leav-
ing 3L3 + L? edges to host X, operators, while all 3L3 — L?
faces have Z; operators. We find L3 + L? — 1 independent
A, operators and L* — 1 independent A, operators. There are
3L% + L? total By operators and L* + 1 relations between
them, giving 213 + L? — 1 independent B operators. There
are 3L° — 2L? total B, operators and L*> — L? + 1 relations be-
tween them, leaving 2L3 — L? — 1 independent B, operators.
Thus, there are

K =N — 1(log, |G| + log, |S]) =2 (14)

logical qubits. In the next subsection we construct bare and
dressed logical operators for one of the logical qubits.

D. Logical operators

Recall that bare logical operators commute with all check
operators (and therefore all stabilizers), while dressed logical
operators commute with all stabilizers but not all check oper-
ators. In the bulk, we can construct membrane operators,

z=1]2z. x=1]] X (15)

feM ee M*

where M and M?* are a membrane and dual membrane,
respectively. If these membranes are contractible, then the
associated operators are products of local stabilizers and
therefore trivial logical operators. If the membranes are closed
but noncontractible, then the operators are (possibly nonlocal)
stabilizers, as previously discussed. To define logical opera-
tors, the membranes must terminate on open boundaries.

At the trivial boundary, all bare logical operators may
terminate without violating any check operators. At the inter-
twined boundary, the naive termination of X commutes with
all check operators, resulting in

>
[

(16)

where, recall, the lattice is periodic in the top/bottom di-
rection and the front/back direction. This operator is not a
product of check operators (and therefore not a stabilizer)
because the single-site X, operators on the intertwined bound-
ary is not in the check group Girc (12). However, the naive
termination of Z anticommutes with the check operators K,
for every edge e in C = dM NInt, the intersection of the
membrane boundary with the intertwined boundary. We can
fix this by dressing the Z membrane operator with [],.. Z., as
in

eeC

N
|

a7
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which satisfies all the K, check operators. It is straightforward
to verify that X and Z anticommute, showing that they are the
bare logical operators for one of the two logical qubits.

The logical operators for the other logical qubit locally

look like X and Z, but are stretched in the opposite directions.
If we name the new logical operators X, and Z,, then X, is
now periodic in the top/bottom direction and Z, is periodic
in the front/back direction. This confirms that the ITC with
periodic boundary conditions in the top/bottom direction and
the front/back direction encodes two logical qubits. In the Ap-
pendix we define the e-condensed (m-condensed) boundary,
where only the logical Z operator (logical X operator) can
terminate. We use these to define the ITC with only a single
logical qubit.
_ The dressed logical operators are stringlike operators
Z=]l,cZ and X =[[;.c. Xy, where C and C* are a
noncontractible curve in the top/bottom direction and a
noncontractible dual curve in the front/back direction, re-
spectively. These operators anticommute with the bare logical
operators X and Z, but commute with each other. This is pos-
sible because they act on the logical qubits and the nonlocal
“check qubits,” as described previously.

In fact, the dressed logical operators are so named because
they can be written as the bare logical operators dressed with
check operators. For example, the Z, operators in (17) are all
check operators. Multiplying Z by the individual Z; operators
removes them, leaving behind just the line of Z, operators on
the intertwined boundary. This is a dressed logical operator Z.
We can obtain other dressed logical operators by multiplying
Z by various B check operators, moving it into the bulk.

Whereas one of the logical operators in the 3D stabilizer
toric code is inherently membranelike, the ITC possesses
stringlike (dressed) logical operators for both sectors. Thus,
we have traded some stability in one sector for extra stability
in the other. In the next section, we will show how this stability
results in detectability of partial logical operators.

III. ERRORS AND ERROR CORRECTION

Having defined the check operators, stabilizers, and logical
operators, we are prepared to describe the results of both qubit
errors and measurement errors. We focus on Z-type qubit
errors and X-type measurement errors, as the description of
the other types follows analogously. One option is to describe
the measurement outcomes of the B operators and single-
site check operators defined previously. This would result in
measurement outcomes like those in Fig. 1(a), with green for
violated X, and pink for violated B,. Instead, here we use a
basis of Gipc that more closely mirrors the KVC, allowing us
to use their decoder. We are only going to choose a different
set of generators for the check group, leaving the check group
itself unchanged, along with the lattice, geometric boundary
conditions, stabilizers, and logical operators. Thus, we really
are analyzing the same ITC, just with a different presentation.

On the same lattice, with qubits on edges and faces, define
the operators

K. =XB. =X, [] Xr. (18)
fedle

Ky =7By =7 [ | Z (19)
ecdf

s L

. =

FIG. 2. Check operators in an alternative presentation of the ITC.
Green and blue represent X and Z operators, respectively. Solid bars
are edges, and shaded parallelograms are faces. On the top row we
have the operators Z;, X,, and Ky, while on the bottom row we have
the K, check operators.

shown in Fig. 2. The check group
Gire = (Xe, Z¢, K., Ky) (20

is the same as Gyrc in (7). The stabilizers are still the vertex
and cube stabilizer operators,

A= ] x =]k Q1)

ecdfv e€dfy
Ac= [z =[]k (22)
fedc fedc

from (8), as they had to be. The relations (21) and (22) be-
tween check operators provides redundancy that we lacked in
the previous section. They allows us to detect measurement
errors in addition to qubit errors, which improves the decoding
procedure.

On the trivial boundary we have the same check operators
as before. For a boundary face, the Ky operator truncates to
a four-body operator equivalent to By. For a boundary edge,
naive truncation of K, leads to two-body operators XX
which we choose to discard. We instead keep X, for each
boundary edge, resulting in the same set of check operators
as before and the same stabilizers as in (11).

On the intertwined boundary, we make the other choice and
keep the two-body operator K, = XXy (), justifying the name
we previously gave this operator. Thus, we arrive at the same
check operators and stabilizers as previously in (12) and (13).

In this section we describe the measurement outcomes
of the KVC-inspired basis of measurements for the ITC. In
Sec. IIT A we explore the ideal measurement outcomes that
result from applying local qubit errors, using linear maps
defined in Ref. [5]. Then we apply some logical operators
transversally (as a series of local errors) in Sec. III B and
see which check operators they violate along the way. In
Sec. Il C we outline how to use the measurement outcomes
to perform single-shot error correction, even in the presence
of measurement errors.
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A. Local errors

Recall that any code state satisfies all stabilizers but vi-
olates many check operators. To construct a generic code
state, start in a state |Xp) that satisfies all stabilizers and all
X -type check operators. This state exists, as all these operators
commute. Then, create a generic code state by acting with
Z-type check operators on |Xp). The resulting state is still
a code state and satisfies all stabilizers, but violates some
X -type check operators. More specifically, consider a Z-type
check operator n and the linear map §),, which maps 7 to the
set of check operators that anticommute with it. The nontrivial
measurement outcome of X-type measurements on the state
1n1Xo) is Sy 7.

To illustrate this, let the Z-type check operator be n = Ky
so that the measurement outcome is 8y = Heea 7 X,, four X,
operators around the face f. Graphically, this relationship is

— , (23)

with 1 on the left and 8,1 on the right. Similarly, the Z; check
operator anticommutes with the four K, operators on edges
around the face f. This relationship is

— ) (24)

where yellow lines are violated K, check operators. By stack-
ing many check operators we can create the measurement
outcome of a generic code state, which consists of many green
and yellow lines, all of which must form closed loops.

For a vertex v on the trivial boundary (chosen to be on the
left-hand side) we have to measure the additional operator

AR el = : (25)

which can be shown to be in the check group. Measuring this
operator allows for two redundant ways to construct the A,
operator out of measurement outcomes for v on the trivial
boundary.' In particular, the redundancy is

Ay =[] Xe = AP Ko, (26)

e€dv

where e(v) is the unique nonboundary edge in 0'. Let us draw
violated A2P- < operators as short yellow lines sticking out of

'Thank you to Yaodong Li for pointing out the necessity of mea-
suring this operator.

the lattice. Green lines still cannot end, but we can see from

| |

- ) - (27)

that yellow lines can end if they extend to the left of the
boundary.

On the intertwined boundary (on the right side) we must
measure the redundant operator

A2 = , (28)

analogous to (25). The redundancy in stabilizer operators is
Av = l_[ Ke = AiDXe(v)a (29)
ecdfv

for a vertex v on the intertwined boundary. Let us draw vio-
lations of A%d as green lines extending beyond the boundary.
Measurement outcomes such as

— ) — (30)

tell us that now green lines can end if they extend to the right
of the boundary. To summarize, the violated check operators
in any code state consist of closed green (X,) and yellow (K,)
loops in the bulk. Yellow loops may end at the trivial boundary
and green lines may end at the intertwined boundary.

To leave the code space, act with an operator that anti-
commutes with some stabilizers. Any such operator, called
an error, is not in the check group. We can extend the map
3y to map an error € to the check operators &€ that it
anticommutes with. Another map, called dg, maps an error
to a stabilizer syndrome, the set of stabilizers it anticommutes
with. We can represent both maps graphically, simultaneously.

For example, in
—>l ) 3D
-

we have € on the left and both §)€ and dse on the right.
The Z-type error on the left anticommutes with two X, check
operators (green), two K, check operators (yellow), and two
A, stabilizers (red). A different error,

- (32)

also maps to two X, check operators, two K, check operators,
and two A, stabilizers.
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Composing similar errors creates generic syndromes and
measurement outcomes, subject to some constraints called
relations. The relations say that green lines and yellow lines
can end only on red points, and red points must have an odd
number of green lines and an odd number of yellow lines
incident upon them. Phrased in terms of operators, the relation
is that, for any vertex v, the number of violated K, and X,
operators on the edges in d'v must have the same parity. If that
parity is odd, then the stabilizer A, is violated, and if the parity
is even, then A, is satisfied. These relations follow from (21)
and (22). In other words, violated stabilizers are connected
by violated check operators, so that they are no longer purely
pointlike errors. In Sec. III C we show how these connecting
lines allow us to probabilistically determine the locations of
the true qubit errors, even in the presence of measurement
erTors.

On the trivial boundary we know that yellow lines can
end without violating stabilizers. Errors cause measurement
outcomes that look like

| o |

— l ) 33)

which show that violated stabilizers still need green and yel-
low lines attached to them, but yellow lines may end without
a corresponding violated stabilizer to the left of the boundary.
The intertwined boundary instead allows configurations like

‘ _ |

Ta N ) (34)

so that green lines can end without a corresponding violated
stabilizer. To summarize, red dots (violated A, syndromes)
need to be connected to green and yellow lines. Yellow lines
may end without a violated stabilizer at the trivial boundary,
and green lines may end without a violated stabilizer at the
intertwined boundary.

In the coarse-grained description of the ITC, any Z-type
error consists of open strings of Z, operators, possibly deco-
rated by open or closed membranes of Z; operators and closed
strings of Z, operators. A bare string of Z, operators anti-
commutes with X, and K, check operators along its length. A
bare membrane of Z; operators anticommutes with K, check
operators around its boundary, and a Z; membrane dressed
with Z, operators around its boundary anticommutes with X,
check operators around that boundary. Open Z, strings violate
A, stabilizers at their endpoints. These rules allow us to invert
the 8, map and find a representative error that can cause any
valid measurement outcome. For example, the measurement
outcome represented graphically in Fig. 1(b) could be caused
by the error shown in Fig. 4(a).

B. Transversal logical errors

Isolated errors are not so dangerous. Problems arise when
errors conspire to mimic logical operators. For example, ap-
plying a string of Z, errors is the same as applying a partial
Z-type dressed logical operator. Applying a logical operator
this way, as a series of local operators, is called a transversal
decomposition of the logical operator. At any point in the de-
composition, the partial logical operator results in violated A,
stabilizers at its endpoints. Thus, a transversal decomposition
of the Z-type dressed logical operator transports violated A,
operators across the system, leaving behind violated X, and K,
check operators. This subsection is a pedagogical description
of the transversal decomposition of the bare logical Z opera-
tor.

Recall the Z-type bare logical operator

) (35)

drawn as a slice through the entire lattice. The figure repre-
sents a coarse-grained version of the one in (17). We could
apply this operator transversally in many different ways. We
could truncate it from right to left,

T <
A \y ,  (36)
1 —

1 —
A \y ,  (37)
1 “—

where the noncontractible strings of violated K, check
operators witnesses the partial logical operator. A geometri-
cally different transversal decomposition of the bare logical

operator,
+ N FIREN Q

« ) - » (38)

1 v N

)

results in the measurement outcomes
X A F u
« - , (39

PN

—

—
N
'
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where there are noncontractible strings of violated K, and X,
check operators stretching from one boundary to the other.
A different transversal decomposition of Z uses a different
boundary,

1 —
< = 9 ,  (40)
1 —

resulting in the measurement outcomes

-
-l o
1 -

where the noncontractible strings now consist of violated
X, checks. Note that the violated stabilizers can appear on
the left or right boundary or in the bulk, depending on the
decomposition.

What is constant is that all decompositions involve trans-
porting a pair of violated stabilizers vertically across the
system and then removing the resulting violated check opera-
tors at the left and right boundary. Thus, either type of logical
operator transports violated stabilizer across the system, and
the difference is that dressed logical operators leave violated
check operators behind while bare logical operators remove
the violated check operators at the boundary.

C. Single-shot error correction

The point of any error-correction procedure is to prevent
local errors from accumulating into logical errors. To that end,
we want to detect and undo any partial logical operators. The
simplest way is to find all violated stabilizers and pair them up
to correct them while introducing the fewest residual errors.
One way to do this in the stabilizer toric code is the minimal-
weight perfect matching (MWPM) procedure [3].

The MWPM procedure successfully decodes the stabilizer
toric code as long as measurements are ideal. However, incor-
rect measurements, where the wrong measurement outcome
is written down, completely ruin the MWPM procedure for
pointlike stabilizers. The problem is that a small number of
incorrect measurements can lead to a large number of residual
errors.

Connecting violated stabilizers with violated check opera-
tors, as in the GCC, the KVC, and the ITC, helps to recover
from measurement errors. In fact, the syndromes of the ITC
look like the syndromes of the KVC, at least when coarse-
grained as in Fig. 3. This allows us to use the single-shot
version of the MWPM procedure introduced in Ref. [5].

The single-shot MWPM procedure consists of two steps,
which we describe first heuristically and then in more math-
ematical detail. The first step deals with violations of the
relations from Sec. Il A, which are unpaired endpoints of the
measurement outcomes. These violations, collectively called
the relation syndrome, are aphysical and can result only from
measurement error. For example, if the true measurement

/° 0© 0
S S o Y
Sal| | | | el
|
(o]

FIG. 3. Syndromes in the KVC-inspired presentation of the ITC.
On the left we have a syndrome for a code states with no qubit or
measurement errors. The middle figure displays qubit errors, which
are violated stabilizers represented by red dots, but no measurement
errors. On the right we have measurement errors, which are violated
relations represented by empty circles.

outcome is a closed line of violated X, check operators, some
false negatives along this line result in endpoints of the line.
The relation syndromes are the white circles in Fig. 3. The first
round of MWPM pairs up these violated relations, inferring
the shortest strings of measurement errors that could have
caused them.

After inferring the measurement errors, we are left with
valid measurement outcomes, with their attendant stabilizer
syndromes. Recall that violated stabilizers are vertices where
X, and K, lines simultaneously end. These are marked with
red dots in Fig. 3. The second round of MWPM pairs up
the violated stabilizers, matching the stabilizers in a way
that is robust to measurement errors. Finally, error correction
proceeds by acting with operators that remove the violated
stabilizers.

To describe the process in more detail, the next part of
this section unifies the entire error-correction procedure as a
series of linear maps between vector spaces, closely following
the discussion of single-shot error correction in Ref. [5]. We
outline the important steps, highlighting the places where the
ITC differs from the KVC.

We have been describing the ITC in terms of sets and
groups: the set of qubits, the check group, the stabilizer group,
the set of relations, etc. To formalize the decoding problem,
we redefine these as vector spaces over [, the field with
two elements. These spaces are the space of Z-type check
operators Cg, the space of qubits Cp, the space of X-type
check operators Cy,, the space of stabilizers Cg, and the space
of relations Cg. For example, an element of Cg corresponds to
an element of the stabilizer group, and an element of Cy corre-
sponds to a subset of the qubits. An “error” involves a Z-type
qubit error € € Cp and a measurement error . € Cy, while a
“syndrome” includes both the violated stabilizers o € Cg and
the violated relations in w € Cg.

We already defined some linear maps between these spaces
in Sec. III A: 8y maps an error € € Cy to the set of check
operators §y € € Cy that it anticommutes with, §g maps a mea-
surement outcome ¢ € Cy to the inferred syndrome 8s¢ € Cs
and ds maps an error € to the syndrome dge € Cg that it causes.
These maps obey

Js = 850r 42)

by definition. We also define some new maps: dp maps a Z-
type check operator y € Cg to the set of qubits dgpy € Cp on
which it acts, and g maps a measurement outcome ¢ to its
relation syndrome 8g¢ € Cg.
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The above-defined maps must obey some constraints coming from the definition of subsystem codes. First, the constraint

dsdp =0 (43)

says that the Z-type check operators commute with the X -type stabilizers. Second, the constraint

Sréu =0 (44)

says that physical errors do not cause relation syndromes. These constraints are all encoded in a commutative diagram taken

directly from Ref. [5],

Z-type
check operators

where the block matrix structure of the maps follows from
treating elements of the vector spaces as column vectors.

In the ITC, these spaces and maps decompose even further,
simplifying the discussion. For example, the space of Z-type
check operators is Cg = Czy @ Cky, the direct sum of the
spaces of Zy and Ky check operators. The space of qubits is
Co = Cg ® Cr, the direct sum of the spaces of edge qubits
and face qubits, with Cz;, Cky, and Cf all isomorphic to
the space of faces in the lattice. The space of X-type check
operators decomposes into Cy; = Cx, @ Ckg,, the direct sum
of the spaces of X, and K, check operators, with Cx,, Cg., and
Cg all isomorphic to the space of edges on the lattice. The
space of stabilizers Cs and the space of relations Cg are both
isomorphic to the space of vertices.

Each block of the block matrices in (45) alse decomposes
into a block structure. Furthermore, the individual compo-
nents are simply the identity / and the geometric boundary
operator 0 in the bulk, although these may have to be truncated
or supplemented at either boundary. The first column of

8Q:<(I) ?) (46)

says that the Z; check operator acts on a single face qubit,
while the second column says that Ky acts on a single face
qubit and the four edge qubits that surround it. Similarly, the

first column of
1|0
Sy = ( T3 ) 47)

says that a Z, error anticommutes with the X, and K, check
operator on that edge, while the second column says that a Z,
error anticommutes with the four K, check operators around
that face. Equations (23) and (24) represent (47) graphically.
The two maps

ss=(0]0). s=(5|0) (48)

qubits and X-type
measurements

X-type check
measurements

Cm )
il .

Ca CQ ® Cuyr

Cs @ Cr

stabilizers
and relations

(

say that violated stabilizers are vertices with an odd number
of violated X, check operators around them, while violated
relations are vertices with an odd total number of violated X,
and K, check operators around them, respectively. The last
map, ds = (0 | 0), maps a set of qubit errors directly to the
stabilizers it violates.

The decompositions automatically satisfy the constraints
ds = 858m, dsdg = 0, and 8gdy = 0. The point of including
this whole decomposition is to show that the decoding maps
in the ITC are nicely geometric, like the decoding maps in the
stabilizer toric codes.

The decoding strategy takes two steps. As described pre-
viously, code states have nontrivial syndromes generated by
y € Cg, a set of Z-type check operators. The initial y and
some errors € @ u € Cp @ Cy produce a measurement out-
come

¢ = 8ye + 1+ Sydoy € Cy. (49)

This measurement outcome violates a set of relations &g¢,
allowing us to infer a measurement error & with the same re-
lation syndrome S8zt = 8x¢. The resulting inferred stabilizer
syndrome is 85(¢ 4+ &), allowing us to infer a qubit error €
such that 9g€ = 85(¢ + ). After correcting for the inferred
error, the residual error is € 4+ €. If the decoding procedure
succeeds perfectly, we have € = € + dgy’, where y' € Cg, so
that the residual stabilizer syndrome is ds(e +€) = 95dpy’ =
0. This is the doubled MWPM procedure from Ref. [5].
Even if the decoding procedure does not proceed perfectly,
the residual stabilizer syndrome should be equivalent to one
caused by a small number of qubit errors.

An advantage of the ITC is that both rounds of MWPM
occur on the graph defined by the edges and vertices of the
cubic lattice. In both cases, the violations appear on vertices
and the inferred errors appear on edges. Similarly, for X -type
qubit errors and Z-type measurement errors, the violations
appear on cubes and the inferred errors appear on faces. This
is geometrically dual to the previous cases. In all cases, the
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(a) (b)

FIG. 4. Anerror in the ITC and its overcomplete syndrome. (a) If
shaded blue areas are Z; operators, and blue lines are Z, operators,
this is the error causing the syndromes shown in Fig. 1. (b) Measuring
an overcomplete set of check operators leads to maximally redun-
dant syndromes, where every line must be coincident with a line of
another color. Note that removing yellow lines gives Fig. 1(a), while
removing pink lines gives Fig. 1(b).

problems of finding 7t and € simply reduce to MWPM on the
cubic lattice. At this point we can rely on the results from
Ref. [5] to show that the ITC is indeed capable of single-shot
error correction.

Moving beyond the analysis of Ref. [5], we can achieve
maximal redundancy by measuring all six types of check
operators: X,, Zyr, K., K¢, B,, and By. This set is overcomplete
in the sense that to every edge there corresponds three check
operators, with a nontrivial relation between them: K, X,B, =
1. We can use the previous analysis to infer the relations
for X-type check operators in the bulk. Every edge must be
occupied by zero or two violated check operators. Lines of
violated B, check operators may not end, while K, and X, lines
end only on violated stabilizers. Violated stabilizers must be
simultaneous endpoints of K, and X, lines. These rules are
illustrated in Fig. 4. On the trivial boundary, K, and B, lines
may end without violated stabilizers, and violated stabilizers
need only to be endpoints of X, lines. On the intertwined
boundary, X, and B, lines may end without violated stabiliz-
ers, and violated stabilizers need only to be endpoints of K,
lines.

In this overcomplete version of the ITC, the nontrivial
relation K. X.B, = 1 for every edge e means that a string of
measurement errors is detectable everywhere along its length,
rather than just at its endpoints. This could possibly lead
to a more accurate while still efficient decoder. Of course,
measuring overcomplete sets of check operators can always
increase the accuracy of a decoder. This realization is not new,
but might help in understanding the ITC.

IV. PHASE DIAGRAM OF THE ITC

So far, we have seen that the check group Girc includes
some terms that we might recognize from the our favorite
Hamiltonians. By construction, the B terms come from the
3D toric code Hamiltonian [12]. It is easy to see that the
single-site terms form a paramagnet Hamiltonian. In addition,
the K terms are equivalent to terms in the Raussendorf-
Bravyi-Harrington (RBH) Hamiltonian [13] after a Hadamard

transformation on face qubits, mapping X <> Z;. In this sec-
tion we show that these three Hamiltonians live in the phase
diagram corresponding to the ITC subsystem code.

A. Gapped phases in the ITC

Recall that, from a stabilizer code with stabilizer group S,
we can construct a gapped Hamiltonian,

Hs=—Y_JsS. (50)
SeS

by including all the stabilizers with negative coefficients
—Jg < 0. The coefficients for operators with large support
should be small. Because the stabilizers all commute, the
relative strengths of the coefficients do not matter. Thus, the
stabilizer code corresponds to a single phase of matter. We
can try to build a Hamiltonian from a subsystem code anal-
ogously, by including all the stabilizers and check operators
with coefficients. The most general such Hamiltonian is

Hg=-Y JsS—Y JoG+Hec., (51)
SeS Geg

where we should again be careful to bound the strength of
the coefficients for operators with large support [11]. The
stabilizer coefficients Jg should be negative, but the check
group contains pure phases, so there is no reason to impose
negativity on the check coefficients Jg.

Since the check group is non-Abelian, the Hamiltonian Hg
is frustrated and different choices of coefficients may give
rise to different gapped phases. Thus, the subsystem code
corresponds to a whole phase diagram with different phases
and phase transitions. Phase diagrams have been studied for
the GCC [6] and the KVC [7]. Additionally, subsystem codes
can lead to novel constructions for 2D Abelian phases [11].

To simplify the analysis of the ITC Hamiltonian, define the
Hamiltonian

Hire = —Jaw ZAU —Jac ZAL-
_JXe ZXe _JKe ZKe _JBe ZBe
— Iz > Zr—Jxs Y Kp—Jsr Y Bp.  (52)
f f f

which has fewer tunable parameters. This simplification
means that we might not find all of the phases in the full
Hamiltonian (51), but we can still find several interesting
phases. As the A, and A, terms commute with everything
else, we can choose to set J4, = J4. = oo. This in turn is
equivalent to enforcing a symmetry. In fact, A, and A, each
generate a 1-form symmetry, so we realize we are studying
1-form symmetry-protected topological (SPT) phases.

To find some phases of Hirc, tune to a limit where some J;
are much larger than others. If the largest terms all commute,
the resulting Hamiltonian is exactly solvable. For example, if
the coefficients of the single-site terms Jx, and Jz, are much
larger than the rest of the check coefficients, then the effective
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Hamiltonian is the paramagnet Hamiltonian

HPara = _JXe ZXe - JZf sz’ (53)
e f

with some small perturbations. Some other exactly solvable
Hamiltonians are

Hrce = —Jay Y Av—Jzr Y Zr —Jsp Y Br,  (54)
v f f

Hrcp = —Jac ZAC — Jxe ZXe — JBe ZBe’ (55)

which each represent a single copy of the toric code stacked
with a paramagnet, and

Hyre = — Jaw ZAU — Jac ZAC
—Jse Y B.—Js; Y By, (56)

e f
which represents the two toric codes from (6). Some distinct

choices result in the same phases. For example, the Hamilto-
nian

Ho=—Jp ) A= Jzy ) Zr = Jis ) K (57)
v f f

belongs to the same phase as Hrcg because Z;K; = By.
Another useful limit is the RBH Hamiltonian

Hrpn = —Jg. Z K, — Jkr Z Ky, (58)
. 7

whose ground state is the 3D cluster state [13]. This Hamilto-
nian is in the trivial phase, but in a nontrivial SPT phase under
the 1-form symmetry generated by A, and A.. Altogether,
we find five phases in Hirc, represented by the five named
Hamiltonians above.

Some of the exactly solvable Hamiltonians have previously
been shown to lead to symmetry-protected self-correction.
These are Hrpy [14], Hpara [15], and Hotc [16]. In each case
the protecting symmetry is (possibly a subset of) the 1-form
symmetry generated by A, and A.. However, in all three cases
the boundary conditions must be chosen differently to lead
to symmetry-protected self-correction rather than single-shot
error correction. It is likely that the TCE and TCF phases
would also support self-correction with the right choice of
boundary and 1-form symmetry. In addition, the RBH phase
supports symmetry-protected topological order at nonzero
temperatures [17], and the other phases likely do as well.

B. Topological order in each phase

Every phase that Ref. [7] finds in the phase diagram of
the KVC has topological order somewhere, either in the bulk
or on the boundary. In the ITC, the phases corresponding
to Hycg, Hrer, and Hpre are topologically ordered in the
bulk. In the paramagnetic and RBH phases, the topological
order instead must occur on the boundary. The symmetry and
the bulk Hamiltonian together restrict the possible gapped
boundaries, as is common in SPTs. For example, consider the
paramagnetic phase. On the trivial boundary, we can include
an X, term for every boundary edge without causing problems,

giving paramagnetic boundary conditions. On the intertwined
boundary, however, such a term is not in Gipc and would
anticommute with the stabilizers. Instead, we must include the
terms

A2d — B;d _ ) (59)

which make up a 2D toric code on this boundary. We can
check that these terms are in Gyrc. Similarly, in the RBH
phase, we can include K, for edges in the intertwined bound-
ary, leading to no topological order there. The trivial boundary
must instead have the terms

2d, eff __ 2d _
A2 o _ -

; By ,  (60)

which define an effective 2D toric code there. These terms are
in Grre and define the standard toric code boundary conditions
of the RBH Hamiltonian.

In the TCE and 2TC phases the boundary conditions are
just the “smooth” boundaries of the 3D toric codes, where
membrane operators may terminate but stringlike operators
may not. In the TCF phase this is still the case, but it is
less clear on the intertwined boundary. If we include the K,
operators on the boundary edges, then the naive termination of
A, does not commute with these. Instead, we use the dressed
termination of K, from (12) and A, from (13), so that the terms
in the Hamiltonian are

A

' yd . (61)

along with the terms in the bulk and on the trivial boundary.
This new boundary looks funny, but is still a valid (smooth)
termination of the 3D toric code on faces. It is related to
the ordinary termination (on the trivial boundary) by the Ucx
symmetry (9).

Reference [7] additionally shows that the bare logical op-
erators in the subsystem code act as logical operators in
every phase. In the ITC, this is particularly straightforward
in the paramagnetic phase; X (16) and Z (17) consist of the
boundary X-type logical operator dressed by X, terms and
the boundary Z-type logical operator dressed by Z; terms,
respectively. In the paramagnetic phase, the single-site X, and
Z; terms are stabilizers, so X and Z remain logical operators.
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In the RBH phase the relationship is not as obvious. To see
that it still holds, consider a product of X -type K, stabilizers,

) (62)

and an X logical operator on the boundary toric code,

(63)

recalling that both figures are meant to be periodic in the
front/back and top/bottom directions. Multiplying these to-
gether does in fact give X, as in (16). Similarly a product of
Z-type Ky stabilizers,

(64)

and a Z logical operator,

(65)

multiply Z, as in (17).

paramagnet phase  toric code phase

L,
| [ I JIBf/JIxe
0 1 00

FIG. 5. Phase diagram for the Hamiltonian in (66). Within the
A,- and Z;-satisfying Hilbert space, the By and X, terms are dual
to each other, so that the phase transition occurs when the couple
strengths are equal. The system enters the 3D toric code phase when
Jpy is large and enters the paramagnetic phase when Jy, is larger.

In the TCE phase, X is the membrane logical operator and
7 is the stringlike logical operator dressed with single-site
Z; stabilizers. In the TCF phase, Z is the membrane logical
operator, whose dressing is required as in (61). The single-site
X, operators in X are all individual stabilizers except for those
on the intertwined boundary. The latter can be multiplied by
K, on every edge to give the stringlike logical operator in the
TCF phase. Since the 2TC phase just consists of the toric
code on edges stacked with the toric code on faces, it is clear
that X acts only on one code while Z acts on both. Thus,
one of the logical qubits in the 2TC phase is privileged over
the other. It would be interesting to find a more systematic
understanding of the relationship between logical qubits in the
parent subsystem code and logical qubits in individual gapped
phases.

C. Constructing phase diagrams

So far, we have been analyzing individual phases via
exactly solvable Hamiltonians. By including noncommuting
terms with comparable strength, we can instead build Hamil-
tonians with phase transitions. For example, the Hamiltonian

H=—JnY Ay—lJz Y Zs
v f

—Jsr Y B —Jxe Y X (66)
f e

describes 3D Z, lattice gauge theory; the first two terms com-
mute with everything and are always satisfied, but the second
two terms compete. Within the space of states satisfying the
first two terms, the second two terms are dual [18,19], so
that the phase transition happens at Jpy = Jx, [20]. When
Jgs > Jx. the Hamiltonian is in the TCE phase, while when
Jgs < Jx. the Hamiltonian is in the paramagnetic phase, as
shown in Fig. 5.
Including more terms, as in

H=—JpY Ay—=Jac Y Ac—Jzr > 7y
v c f
—Jxe ) Xe—Jpe Y Be—Jsr Y Bp, (67

e f

results in a larger phase diagram. Note that each term acts
only on edges or only on faces, so that we can analyze
each sector separately. The phases and phase transitions are
shown in Fig. 6. The phase transitions happen at Jgy = Jx, and
Jge = Jzs.
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JBe/Jz¢
A
toric code doubled
on faces toric code
Jef/Jxe
toric code
paramagnet on edges

FIG. 6. Phase diagram for the Hamiltonian in (67). The four
phases—paramagnetic, toric code on edges, toric code on faces, and
doubled toric code—have fixed points described by (53), (54), (55),
and (56), respectively. The phase boundaries are vertical and hori-
zontal lines because the edge qubits and face qubits are decoupled in
the bulk.

Another useful Hamiltonian is

H=—Jaw) Av—=Jac Y Ac—Jz Y 7y
v c f
— Jxe er — Jke ZKe —Jkr ZKf» (68)
e e f

which is the same as (67) but with the B terms replaced with
K terms. Using duality transformations like those in Ref. [21],
we can show that the phase transitions happen at Jx, = Jz¢
and at Jxr = Jx.. The resulting phase diagram looks like
Fig. 7. The full Hamiltonian Hpc has a higher-dimensional
phase diagram, with each of the five described phases
appearing.

The analysis of the phase diagram suggests some possible
connections to the KVC. Reference [7] shows that the KVC
supports four phases: two 3D toric code phases and two triv-
ial phases, where the trivial phases have 2D toric codes on
opposite boundaries. In the ITC, the paramagnetic and RBH
phases are both trivial in the bulk, in the sense that neither is
topologically ordered. However, they cannot be continuously
connected without closing the gap or breaking the symmetry,
meaning that Hrpy is in an SPT phase. Thus, we say that
they are not the same phase but that both are trivial. Note that
they have their 2D toric codes on opposite boundaries, as is
true of the two trivial phase in Ref. [7]. In this sense, Hpy,
Hrpu, Hrcg, and Hrcr are all found in the KVC. These phases
arrange into a phase diagram (Fig. 6 of Ref. [7]) that matches
Fig. 7 in the ITC.

However, the ITC also includes the doubled toric code
phase (Harc). Reference [7] did not find such a phase in the
KVC, but they did not exhaustively search the entire parame-
ter space. If the KVC also contains a doubled toric code phase,
then it would be possible that the KVC and ITC are related by

JKe/Jz ¢

A

RBH
cluster state

toric code
on faces

Jrf/JIxe

toric code

paramagnet on edges

FIG. 7. Phase diagram for the Hamiltonian in (68). The four
phases—paramagnetic, toric code on edges, toric code on faces, and
RBH cluster state—have fixed points described by (53), (54), (55),
and (58), respectively. Analysis similar to Ref. [21] allows us to infer
that the phase boundaries are vertical and horizontal lines. Compare
to Fig. 6 of Ref. [7].

some finite-depth unitary circuit, and that they are equivalent
as subsystem codes.

V. REMAINING QUESTIONS

In this paper we have introduced a single-shot quantum
error-correcting code, the intertwined toric code. The ITC
possesses three main advantages. First, the ITC is physically
motivated in that it descends directly from underlying toric
codes and that the procedure that builds the ITC confines the
problematic pointlike excitations of the toric codes. Second,
the resulting code has geometrically simple logical operators
and decoding procedures, both descending from the geometric
simplicity of the toric codes. Third, the transparent nature of
the check operators makes extracting the phase diagram for
the ITC straightforward.

This work uncovers a number of promising avenues for
future research. In Sec. II we constructed the ITC by adding
single-site check operators to 3D toric codes, while in Sec. III
we instead constructed it by adding single-site check operators
to the RBH Hamiltonian. Both constructions suggest a gener-
alization to arbitrary Walker-Wang models. The Walker-Wang
construction [22] takes a 2D anyon theory as input and outputs
a 3D lattice model. Using two transparent bosons as the input
theory gives two copies of the toric code [23] while using
the 2D toric code as input gives the RBH Hamiltonian [24].
In both cases, the vertex terms of the Walker-Wang model
are equivalent to the stabilizers in the ITC. This suggests a
procedure for turning a 2D anyon theory into a 3D subsystem
code: Construct the Walker-Wang model corresponding to
the anyon theory and then supplement with single-site check
operators so that the vertex terms remain stabilizers but the
face terms become check operators. Reference [25] defines
another procedure for constructing 3D subsystem codes from
2D anyon theories. How are these two procedures related?
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Could the subsystem Walker-Wang construction shed light on
the differences between the GCC and the codes constructed in
Ref. [25]?

The RBH Hamiltonian also provides for fault-tolerant
measurement-based quantum computation [26], wherein a 2D
toric-code degree of freedom is teleported across a 3D lattice
system. Initially, the bulk of the system is in the ground
state of the RBH Hamiltonian and the 2D toric code is on
the left boundary. After measuring single-qubit operators in
the bulk, the toric code ends up on the right boundary. In
the language of the ITC, this process consists of using check
operators to move from the paramagnetic phase to the RBH
phase. In fact, single-shot error-correction procedures in the
KVC correspond to scheduled phase transitions as well [7].
What conclusions can be drawn from this connection between
single-shot error correction and fault-tolerant measurement-
based quantum computation?

One of the advantages of the KVC is that each check
operator acts on at most three qubits. Is it possible to rewrite
the ITC so that no check operator acts on more than three
qubits? The presentation in Sec. II uses smaller check op-
erators. Is it possible to perform single-shot error correction
using measurements of these check operators? Heuristically, it
seems possible because a single measurement error introduces
a geometrically close pair of violated stabilizers, rather than a
single isolated violated stabilizer (as in the 2D toric code).
However, this claim would have to be checked.

The boundaries of the ITC (and the GCC and the
KVC) hold outsized importance. As originally introduced in
Sec. II B, the ITC with no boundaries encodes no logical
qubits. However, the analysis of Sec. III shows that we can
reliably detect syndromes and correct errors even without
a boundary. Taken together, these statements show that re-
liable error correction, which follows from confinement in
the ITC, is insufficient for single-shot error correction of a
logical qubit. What, then, is the physical interpretation of
the boundary? Furthermore, the bare logical operators com-
mute in the bulk and only anticommute on the boundary.
In the phase diagrams of Sec. IV, the boundaries “host” the
topological order when there is no topological order in the
bulk (in the paramagnetic and RBH phases). The boundaries
also ruin self-correction in the sense that models exist that
are self-correcting in the presence of generic perturbations
in the bulk but only with symmetry-allowed perturbations
on the boundary [16]. Clearly, the relationship between
the bulk and the boundary contains interesting unanswered
questions.

Lastly, all known single-shot stabilizer codes are self-
correcting (but exist only in four dimensions or higher). None
of the phases that we found in the ITC phase diagram are
self-correcting. Can the simplified construction of the ITC
offer any progress towards a new subsystem code that does
include a self-correcting phase in three dimensions?
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APPENDIX: MORE BOUNDARY CONDITIONS

As promised, we here define the e-condensed and m-
condensed boundary conditions so that the ITC can be defined
with a single logical qubit on a cubic lattice that is itself a cube
(with no periodic boundary conditions).

We put the e-condensed boundary on the top and bottom
of the cube. To do so, start with the previously defined trivial
boundary and remove qubits from the boundary edges. We are
left with the same B, check operators but some By check op-
erators are truncated to three-body operators, which we leave
in the check group. Now there are no boundary A, stabilizers,
but we keep the five-body A, stabilizers. On this boundary,
the bare logical membrane operator Z and the dressed logical
stringlike operator Z' may both terminate,

(AD)

but the X -type logical operators may not.

To construct the m-condensed boundary on the front and
back of the cube, once again start with the trivial boundary.
Now, add qubits to every boundary face. For every boundary
edge we can now define a three-body B, operator. We also
define single-body Z; operators on these new face qubits.
The resulting stabilizers are the five-body A, operators we
already had and new six-body A, =[] freac Zr operators. The
bare logical membrane operator X and the dressed logical
stringlike operator X’ may both end on this boundary,

(A2)

but the Z-type logical operators may not.
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These boundaries result in a cleaner code because they
encode only a single logical qubit. There are 3L3 4+ 2L> — L
edges and 3L3 — L? faces for a total of 613 + L> — L physical
qubits. On these qubits we enforce 3L* — 3L single-site X,
check operators, 2L* + 2L of the K, check operators (count-
ing only those on the intertwined boundary), and 3L* — L?
single-site Z; check operators. Between 3L + L? total By
check operators we have L3 relations and therefore 2L3 +
L? independent B '+ operators. There are 3L% — 212 — L total
B, check operators with L?> — L> — L 4 1 relations between
them, giving 2L°> — L?> — 1 independent B, operators. Along
with L3 + L> — L — 1 of the A, stabilizers and L? of the A,

we have
K =N — 1(log, |G| + log, |S]) = 1 (A3)

logical qubit.

We should think of this as the minimal intertwined toric
code because it encodes only a single logical qubit and has no
need for periodic boundary conditions. We can go through the
analysis of Sec. IV to see what these boundaries become in
the different phases. For example, the e-condensed boundary
becomes the rough boundary conditions for the 2D toric code
in the paramagnetic phase and for the 3D toric code in the
TCE phase.
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