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Signature of criticality in angular momentum resolved entanglement of scalar fields in d > 1
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The scaling of entanglement entropy with subsystem size fails to distinguish between the gapped and the
gapless ground states of a scalar field theory in d > 1 dimensions. We show that the scaling of the angular
momentum resolved entanglement entropy S� with the subsystem radius R can clearly distinguish between these
states. For a massless theory with momentum cutoff �, S� ∼ ln [�R/�] for �R � �, while S� ∼ R0 for the
massive theory. In contrast, for a free Fermi gas with Fermi wave vector kF , S� ∼ ln [kF R] for kF R � �. We show
how this leads to an “area-log” scaling of total entanglement entropy of fermions, while the extra factor of � leads
to a leading area law even for massless bosons. At finite temperatures, we find that there is a crossover in the
scaling of S� from the T = 0 logarithmic scaling to a high T linear scaling S� ∼ πT R/3. The logarithmic scaling
exists for larger subsystem sizes for larger values of �. We provide estimates of temperatures and subsystem sizes
where this critical scaling can be seen in experiments on ultracold atoms.
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I. INTRODUCTION

The scaling of entanglement entropy with the size of the
subsystem [1–13] can provide strong indications about the na-
ture of the underlying quantum state in a many-body system.
For a generic thermal state, the entanglement entropy scales
with the “volume” of the subsystem [1,14,15] (i.e., S ∼ Rd

for a subsystem of linear size R in d spatial dimensions).
Entanglement entropy of gapped ground states [12,16–18] as
well as excited states in many-body localized systems [19–23]
scale with the “area” of the subsystem (i.e., S ∼ Rd−1). Quan-
tum scars [24,25] have a logarithmic scaling with subsystem
size. Subleading scaling of entanglement entropy can also be
used to identify gapped topological phases [6–8]. Dynamics
of entanglement entropy can also reveal the nature of the
underlying quantum system [19,26–28].

Entanglement scaling in gapless ground states is more
complicated. In d = 1, gapless ground states (e.g., free mass-
less scalar [29–32] fields as well as the free Fermi gas
[33,34]) show a logarithmic scaling of entanglement entropy
with the subsystem size (S ∼ ln R), with a universal prefac-
tor [10–12,32,35,36] determined by the central charge of the
1+1D1 conformal field theory. For d > 1, the answers vary:
Entanglement entropy of free fermions shows an “area-log”
scaling [33,34,37–40], S ∼ Rd−1 ln R. However, the ground
state of massless scalar fields shows an area law entanglement
scaling [17,41–43] in spite of being a gapless conformally
invariant system. The leading-order scaling of entanglement
entropy does not show any signature of the gapless state,
although subleading corrections can indicate the presence of
criticality [35,42]. This raises the following question: Why
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1We will use d for spatial dimensions and D for space-time

dimensions.

does the leading entanglement scaling of critical bosons not
leave any signature in d > 1?

In d > 1, ground states of both massless and massive scalar
fields show area law [4,12,16–18,44] scaling of entanglement,
with a nonuniversal prefactor which depends on the mass
and the high-energy regularization of the theory. One can
ask: Is there any entanglement entropy related quantity whose
leading-order scaling with the subsystem size clearly distin-
guishes between the gapped and the gapless states of the scalar
field theory in d > 1 ?

In this paper, we answer both the questions raised above
by considering the entanglement of a rotationally invariant
“spherical” subsystem A of radius R centered at the origin
in the ground state of a free scalar field theory in 2+1D and
3+1D with a momentum cutoff �. The entanglement entropy
S is a sum of entropies in each angular momentum channel
�, i.e., S = ∑

� g�S�, where g� = 1 (2) for � = 0 (� > 0) in
2+1D and g� = (2� + 1) in 3+1D. S� is thus the symmetry
resolved entanglement [45,46] for rotational invariance.

We first focus on the ground state (T = 0):
(a) For massless scalar fields in both 2+1D and 3+1D,

S� ∼ 1
6 ln [�R/2�] for � � �R. The logarithmic scaling of

S� with �R/� with a universal prefactor hints at an effective
1+1D CFT for each angular momentum channel. For massive
theories, S� ∼ R0 in this limit. Thus, the scaling of S� with
subsystem size can clearly distinguish between gapless and
gapped ground states for scalar fields in d > 1. We note that
starting from the pioneering work of Srednicki [41], previous
works [16,17,42,47] on entanglement entropy in scalar fields
have always used angular momentum decomposition. How-
ever, the scaling of S� was not considered in these works. Only
recently, Huerta et al. [48] have used CFT arguments to derive
the scaling for S�.

(b) For a massless scalar field, S(�R) gets substantial
contributions from S� only for � < �c, where 2�c = �R. The
ln �R contribution from each � channel leads to a lead-
ing area-log scaling, but this is exactly canceled by the
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contribution of the ln � term. This leaves behind a contribution
that scales with the “area” of the subsystem. Our scaling form
for the angular momentum resolved entanglement entropy
reproduces the subleading constant term in 2+1D CFT and
the subleading logarithmic term in 3+1D CFT for total entan-
glement entropy.

(c) For comparison, we also calculate S� for a free Fermi
gas with Fermi wave vector kF in d = 2 and d = 3. Here S�

is suppressed for � � kF R and S� ∼ 1
6 ln [kF R] for kF R � �.

In this case, there is no cancellation: The number of chan-
nels scale as (kF R)d−1 and hence S ∼ (kF R)d−1 ln [kF R]. For
scalar fields, the extra scaling by � in the logarithm for S� hides
the signature of the gapless phase in the scaling of S, which
becomes apparent when we look at scaling of individual S� s.
Our results should also apply to leading order in an interacting
O(N ) theory in the large N limit [43], where they can be used
to track the quantum phase transition in the system [43,49].

While entanglement entropy has firmly established itself
in the lexicon of quantum many-body systems, it is notori-
ously hard to measure in experiments. In an early experiment
[50], entanglement of a bosonic system was measured where
the Hilbert space was partitioned between states with even
and odd occupation numbers. However, entanglement with a
spatial partition, which is key to our undrstanding of entan-
glement scalings, have been hard to measure. This is partly
due to the fact that experiments are usually geared towards
measuring correlation functions and the dictionary between
correlations and entanglement is not fully understood. Re-
cently, the entanglement entropy of 1d bosons have been
measured in ultracold atomic systems [51] by measuring the
correlation functions of both the bosonic fields and their con-
jugate momenta, using interference of identical systems. The
spatially resolved information about the correlation functions
is then used in formulas for entanglement entropy of free
bosons to measure the entanglement entropy of these systems.
Since one starts from the full knowledge of spatial variations
of the measured correlation functions, in 2d or 3d , one can
easily construct the angular momentum resolved correlators
by using appropriate spherical harmonics. This can then be
put in formulas for angular momentum resolved entanglement
entropy (given in this paper) to measure S� in these systems.

However, the experiments operate at a finite temperature,
and hence it is important to consider whether any remnant
of the T = 0 logarithmic scaling of S� can be seen at fi-
nite temperatures. In general, for subsystem sizes R much
smaller than the thermal wavelength λth = h̄c/T , where c
is the speed of the waves corresponding to the scalar field,
dephasing of quantum correlations due to thermal fluctuations
can be ignored and one would expect to see the T = 0 log-
arithmic scaling. For R � λth, one expects a linear scaling
with subsystem size in high-temperature limit. We calcu-
late S� for the critical scalar field at T �= 0 and find that
(a) for �R < 2�, S� ∼ 0; (b) for 2� < �R < �Rc(�), S� ∼
(1/6) ln [�R/�]; and (c) for R � Rc(�), S� ∼ πT R

3 , which is
the high-temperature scaling answer for a 1+1D CFT [29].
Interestingly, we find that crossover scale Rc(�) increases with
�. Thus, it would be easier to see the logarithmic scaling
of S� in experimental settings for intermediate � values (for
very large values of �, the short distance cutoff beyond which
logarithmic scaling is seen would grow).

We finally consider ultracold atomic gases of bosons
[52–54] and estimate the temperature ranges and subsystem
sizes where the critical logarithmic scaling may be seen. We
find that the estimates are just at the boundaries of feasibility
with current ultracold atomic gases experiments.

This paper is organized as follows: In Sec. II, we consider
the angular momentum resolution of correlation functions and
relate S� to these correlators. Then, in Sec. III, we looked at
scaling behavior of S� in ground states of massive and mass-
less scalar field theories. Here we show how S� can clearly
distinguish between these theories. In Sec. IV, we understand
why the critical scaling of S� fails to leave a signature in the
scaling of total entanglement entropy. For this, we compare
the situation with free fermions, where logarithmic scaling
of S� does lead to an “area-log” scaling of entanglement.
In Sec. V, we study the finite-temperature crossover of S�

from logarithmic to linear scaling behavior and estimate ex-
perimental parameters for ultracold atomic gases where this
critical scaling may be seen. Finally, we end with a summary
of our results in Sec. VI.

II. ANGULAR MOMENTUM RESOLVED
ENTANGLEMENT ENTROPY OF SCALAR FIELDS

The action for a free scalar field theory in d dimensions is

S =
∫

dd r
∫

dtφ(r, t )
[−∂2

t + ∇2 − m2
]
φ(r, t )

=
∫ �

0

dd k
(2π )d

∫
dω

2π
φ(k, ω)[ω2 − |k|2 − m2]φ(−k,−ω),

(1)

where m is the mass, and we have defined the theory with
an ultraviolet momentum cutoff � to get finite answers for
entanglement entropy. �−1 can be considered as a minimum
grid size or short distance cutoff in real space for this system.
The spectrum of the theory is given by ωk =

√
|k|2 + m2, and

m = 0 corresponds to the gapless or the critical theory.
The von-Neumann entanglement entropy of free scalar

fields can be calculated in terms of its correlation functions
within the subsystem [2,17,55], i.e.,

S = TrA

[
(M̂ + 1)

2
ln

(M̂ + 1)

2
− (M̂ − 1)

2
ln

(M̂ − 1)

2

]
,

(2)

where the trace is over coordinates in subsystem A. Here

M̂2(r, r′) =
∫

r1∈A
dd r1 M+(r, r1) M−(r1, r′),

with the equal time correlators of the fields and their conjugate
momenta,

M+(r, r′) = 〈φ(r, t ) φ(r′, t )〉

=
∫ �

0

dd k
(2π )d

eik·(r−r′ )

ωk
coth

[ ωk

2T

]
,

M−(r, r′) = 〈φ̇(r, t ) φ̇(r′, t )〉

=
∫ �

0

dd k
(2π )d

ωk eik·(r−r′ ) coth
[ ωk

2T

]
. (3)

Here T is the temperature of the system.
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FIG. 1. Scaling of entanglement entropy with subsystem size for scalar field theory [(a)–(f)] and free Fermi gas [(g) and (h)]. (a) Area law
scaling of S = αvN (�R) + const. for a scalar field theory in 2+1D for massless as well as massive systems. (b) αvN as a function of m/�

showing exponential decrease of αvN with m. Note that αvN is nonuniversal and depends on regularization scheme. (c) Logarithmic scaling of
S� ∼ 1

6 ln [�R/2�] for a 2+1D massless scalar field and (d) S� ∼ 1
6 ln [�R/(2� + 1)] for a 3+1D massless scalar field. Note the data collapse

for different � channels. This scaling feature of S� is independent of regularization schemes. (e) Scaling of S� with �R/2� for different �

channels for a massive 2+1D scalar field theory with m2 = 0.01�2 and m2 = 0.1�2. S� goes to a constant at large �R. The constant value
decreases with increasing m. (f) Scaling of S� with �R/(2� + 1) for massive scalar fields in 3+1D. The behavior is similar to that in (e). [(g)
and (h)] Logarithmic scaling of S� with kF R for a Free fermi gas in d = 2 (g) and d = 3 (h). Note the absence of the extra scale factor of � in
this case.

We consider a “spherical” subsystem of radius R centered
at the origin. For this rotationally invariant subsystem, the cor-
relators M± and hence M̂2 are block diagonal in the angular
momentum channels �. This reduces the complexity to solving
many one-dimensional problems in the radial coordinates. In
this case, it is easy to see that S = ∑

� g�S�, where g� = 1 (2)
for � = 0 (� > 0) for d = 2 and g� = 2� + 1 in d = 3.2 The
�th channel entanglement entropy is

S� = Trr

[
(M̂� + 1)

2
ln

(M̂� + 1)

2
− (M̂� − 1)

2
ln

(M̂� − 1)

2

]
,

(4)

where Trr indicates trace only over radial coordinates
in A. Here M̂2

� (r, r′) = ∫ R
0 dr1 rd−1

1 M+
� (r, r1) M−

� (r1, r′),

2We note that this requires the bosonic dispersion to be isotropic as
well. If the bosonic dispersion is anisotropic, say wk = √

k2
x + α2k2

y ,
then one can work with the scaled variable k̃y = αky to make it
isotropic. To keep the phases in the Fourier transforms invariant, one
would have to use ỹ = y/α as scaled variable in the real space. If
the subsystem is an ellipse with ellipticity 1/α, i.e., x2 + y2

α2 = R2,
one can then again use angular momentum decomposition in scaled
coordinates.

where

M±
� (r, r1) = 1

(rr1)ν

∫ �

0

k dk

ω±1
k

J�+ν (kr) J�+ν (kr1) coth
[ ωk

2T

]
,

(5)

with ν = (d − 2)/2 and Jn(x) is the Bessel function of the first
kind of order n. The continuum operator M̂2

� has eigenvalues
λn � 1 [2,17,56]. To compute S�, we evaluate M̂2

� (r, r′) on a
discrete set of radial points to construct a finite-dimensional
matrix, but only consider λn � 1 to compute the required trace
in Eq. (4). We note that in his early paper on entanglement
entropy of scalar fields, Srednicki [41] had considered angular
momentum decomposition of the field equations and regu-
larized the resulting radial equations on a lattice. However,
the scaling of S� was not considered in that paper. We have
also considered this alternate lattice regularization scheme,
where the radial fields are discretized on a lattice of finite
length [16,41,42]. We find that the universal answers which
we focus on here (e.g., logarithmic scaling of S� with universal
coefficients) remain unchanged whether one uses a lattice
regularization or simply uses the λn > 1 eigenvalues. This
is discussed in detail in Appendix A. Nonuniversal features
like coefficient of area law scaling of total entanglement
entropy, which are known to depend on details of regulariza-
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tion, are different in the two schemes (see Appendix A for
details).

III. SCALING OF S� AT T = 0

Let us first focus on entanglement entropy of the subsystem
at T = 0, where coth [ ωk

2T ] = 1. In Fig. 1(a), we plot the total
entanglement entropy S as a function of �R for 2+1D scalar
fields. We find the well-known area law scaling S = αvN (�R)
+ const. for both massless and massive fields, with a nonuni-
versal αvN which rapidly decreases with increasing m [see
Fig. 1(b)]. One can use a different regularization scheme,
where the radial fields are defined on a discrete lattice [41].
While the area law is robust, the value of αvN will differ in the
two schemes.

We now consider S� for different values of � as a function
of the dimensionless size of the subsystem �R for a 2+1D
scalar field theory. In Fig. 1(c), we plot S� for a massless
scalar field theory as a function of �R/2� for different values
of �. For �R/2� � 1, the curves for different � (other than
� = 0) collapse on top of each other. The curve is linear when
plotted on a logarithmic scale for �R/2�, with a slope which
is numerically found to be 1/6. Thus we find

S� ∼ 1

6
ln

[
�R

2�

]
(6)

for � �= 0 and S� ∼ 1
6 ln [�R] for � = 0. We have checked

that this scaling is independent of regularization schemes
(see Appendix A). The logarithmic scaling of S� has recently
been obtained by Huerta et al. [48] using CFT arguments.
The universal prefactor of 1/6 hints at an underlying 1+1D
CFT for the radial modes, with spatial coordinates scaled by
the angular momentum quantum number �. However, while
the equation of motion for the radial modes has a global scale
invariance, they do not have conformal invariance in these
coordinates due to the presence of the centrifugal barrier. Note
that this is the leading scaling of S� in a spherical subsystem,
and it is distinct from the subleading logarithmic scaling of
S in a subsystem with sharp corners [57–60]. We can con-
trast this with the scaling of S� for massive scalar fields. In
Fig. 1(e), we plot S� as function of �R/2� (on logarithmic
scale) for m2/�2 = 0.01 and m2/�2 = 0.1. In both cases, we
find that the S� curves for different � values collapse on top
of each other for �R/2� � 1. The curves rise linearly for
intermediate ranges of �R, mimicking the logarithmic behav-
ior of the critical theory, but settle down to a constant value
for the largest subsystem sizes. Thus, S� ∼ R0 for a massive
theory. The constant value, which decreases with increasing
m, is nonuniversal and depends on the regularization scheme.
This is consistent with the fact that the system appears critical
until the subsystem size is larger than the correlation length
ξ ∼ 1/m in the system.

We note that the scaling of S� is not specific to 2+1D.
A similar logarithmic scaling with the same prefactor, S� ∼
(1/6) ln [�R/(2� + 1)] is seen for a massless 3+1D scalar
field theory [see Fig. 1(d)], while the massive theories in
3+1D also show S� ∼ R0 [see Fig. 1(f)]. In this case, a scaling
with �R/(2� + 1) leads to a better data collapse. Thus, we see
that in contrast to the total entanglement entropy, the leading
scaling of S� with subsystem size can be used to distinguish

between the gapped and the critical ground state of the scalar
field theory. This is a key result of this paper.

The leading-order scaling of S� with subsystem size should
also hold in an interacting theory, like a O(N ) theory [43],
and can be used to detect a quantum phase transition in 2+1D
or 3+1D theories [43,49]. As one approaches the quantum
phase transition in this theory from the disordered side, one
would expect S� ∼ ln [�R/2�] at the critical point. Close to
the critical point, S� will show logarithmic growth till a scale
R/� ∼ ξ before saturating. This correlation length ξ would be
diverging as one approaches the transition.

IV. UNDERSTANDING THE AREA LAW IN S:
COMPARISON WITH FREE FERMIONS

The logarithmic scaling of angular momentum resolved
entanglement entropy of massless scalar fields naturally raises
the question: Why is this signature of criticality washed out
and we get an area law when we sum over the angular
momentum channels to get the total entropy. This is espe-
cially intriguing since the total entanglement entropy of free
fermions (another CFT) in d > 1 shows an “area-log” scaling.
To understand this, it is instructive to compare and contrast
the scalar field theory with a system of conformally invariant
noninteracting spinless fermions in d > 1. The Hamiltonian
of the free Fermi gas is

H =
∑

k

k2 − k2
F

2m
c†

kck, (7)

where c†
k creates a fermion with momentum k. The ground

state is a spherical Fermi sea of radius kF , where kF is related
to the density ρ by ρ = (d/d (2π )d ) kd

F . The momentum
distribution of the fermions nk = �(kF − k) jumps from 1 to
0 at k = kF . In this case, it is well known [2,28,61] that the
entanglement entropy of the system is given by

S = −TrA [Ĉ ln Ĉ + (1 − Ĉ) ln (1 − Ĉ)], (8)

where

C(r, r′) = 〈c†
rcr′ 〉 =

∫
dd k

(2π )d
nk eik·(r−r′ ) (9)

is the one particle correlation function. When A is a “sphere”
of radius R at the origin, one can consider the decomposition
into angular momentum channels, S = ∑

� g�S�, where

S� = −Trr
[
Ĉ� ln Ĉ� + (1 − Ĉ�) ln (1 − Ĉ�)

]
, (10)

with

C�(r, r′) = (rr′)−ν

∫ kF

0
dk k J�+ν (kr) J�+ν (kr′). (11)

In Figs. 1(g) and 1(h), we plot the variation of S� with kF R
for different values of � for free Fermi gas in d = 2 and d =
3, respectively. In both cases, we find that for kF R � �, S�

scales logarithmically with kF R. In fact, we numerically find
that,

S� ∼ 1
6 ln [kF R] (12)

i.e., the universal prefactor of the 1+1D CFT makes a reap-
pearance. Note that, unlike the scalar field theory, there is no
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FIG. 2. Behavior of S� with subsystem size for large � or small
R: Massless scalar fields in 2+1D (a) and 3+1D (b): S� is strongly
suppressed for �R < 2� in 2+1D and �R < 2� + 1 in 3+1D. For
a fixed �R, only � < �c contributes to S, where 2�c ∼ �R. (c) S�

for a free Fermi gas in d = 2 is strongly suppressed for kF R < �.
For a fixed kF R, only � < �c contributes to S, where �c ∼ kF R. The
logarithmic scaling of S� together with the cutoff �c explains the
leading scaling of S. (d) S� for a 2+1D massive scalar field theory
with m2 = 0.1�2. The threshold of �R increases with �, but �c/�R
is not a universal number and varies weakly with �.

additional scaling by � in this case. The entanglement of a
free Fermi gas is understood in terms of radial chiral modes at
each angle on a Fermi surface [34]. Here we see that a similar
argument holds for each angular momentum channel as well.

We now turn our attention to the reverse question: If S�

shows logarithmic scaling with subsystem size for both the
massless scalar fields and free Fermi gas, why does the en-
tanglement entropy show an area law for the bosons and an
area-log law for the fermions? To answer this question, we
note that for the massless scalar fields in d = 2, S� is strongly
suppressed for 2� � �R [ see Fig. 2(a)]. So, for a given �R,
only angular momentum channels with � < �c = �R/2 con-
tribute. For 3+1D critical scalar fields, a similar thresholding
behavior is seen with 2�c + 1 = �R [Fig. 2(b)]. The angular
momentum � corresponds to � oscillations in the angular coor-
dinate between 0 and 2π , with an angular period �θ ∼ 1/�.
This corresponds to the largest transverse wavelength in the
subsystem �Rt ∼ R�θ ∼ R/�. For � � �R, �Rt is much
smaller than the short distance scale �−1, and these fast trans-
verse oscillations wash out the contribution of these modes
to S. A similar thresholding behavior is also seen for the free
Fermi gas with �c = kF R [see Fig. 2(c) for d = 2 Fermi gas].

The area-log behavior of S for a free Fermi gas is now
easy to understand: the number of � modes scale as the area,

∑kF R
�=0 g� ∼ (kF R)d−1 and each mode contributes ∼ ln [kF R].

For the massless scalar field in 2+1D, a similar counting
argument gives

S ∼
�R/2∑

�

ln

[
�R

2�

]
∼ �R

2
ln

[
�R

2

]
− ln

[
�R

2

]
!

∼ �R

2
+ const. (13)

The first term gives an area-log scaling similar to the fermions,
but the second term gives ln(�R/2)! ∼ (�R/2) ln (�R/2) −
(�R/2). The “area-log” terms cancel, leaving a leading-order
area law scaling of S (see Appendix B). We note that this
counting also correctly predicts that the next subleading term
is a constant. A similar cancellation also occurs for d = 3 as
well. In this case, we get

S ∼
(�R−1)/2∑

�

(2� + 1) ln

[
�R

2� + 1

]

∼ (�R)2

48
+ 1

72
ln �R + const. (14)

Here, there is an exact cancellation of both ∼(�R)2 ln �R and
∼�R ln �R terms (see Appendix B for details). The counting
not only correctly reproduces a leading nonuniversal area law
scaling, but it also shows that in 3+1D, the first subleading
term scales logarithmically with the system size (as is well
known in the literature [35,42]). Thus, the extra factor of � in
the logarithmic scaling of S� leads to an exact cancellation of
the universal terms, leaving a nonuniversal area law for entan-
glement entropy of critical bosons in d > 1. The scaling form
also reproduces the fact that there are subleading logarithmic
correction to S in 3+1D, while such correction is absent in
2+1D.

In Fig. 2(d), we plot the dependence of S� on �R for a
massive scalar field theory with m2 = 0.1�2 in 2+1D. We
again see thresholding, with the threshold in �R increasing
with �. However, �c/�R is not a universal number since
the mass provides another length scale in the theory. Similar
behavior is also seen in 3+1D massive theories. In this case,
the area law can be explained by the number of angular mo-
mentum channels scaling with the area of the subsystem, with
a constant contribution from each channel. Thus, although
massive and massless scalar fields both show area law scaling
of total entanglement entropy, they derive their origin from
very different scaling of angular momentum resolved entan-
glement entropy. Angular momentum resolved entanglement
is thus a more useful quantity to distinguish between gapped
and critical phases.

V. FINITE TEMPERATURE BEHAVIOR OF S�:
CROSSOVER FROM LOGARITHMIC

TO LINEAR SCALING

Recent experiment in ultracold atoms [51], simultane-
ously measure the 〈φ(r, t )φ(r′, t )〉 and the 〈π (r, t )π (r′, t )〉
correlators to construct the entanglement entropy of 1d
bosons. One can use similar measurements and Eq. (5) to con-
struct M±

� (r, r′) and hence S� for bosonic systems in d > 1. In
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FIG. 3. Behavior of S� for massless scalar fields in 3+1D at three different finite temperatures (a) T = 0.001�, [(b) and (c)] 0.003�,
and (d) 0.1�: (a) S� vs �R/(2� + 1) at low T = 0.001�: S� is strongly suppressed for �R � 2�. Then it increases with same logarithmic
scaling behavior S� ∼ (1/6) ln [�R/(2� + 1)] for a wide range of R/(2� + 1). For an intermediate temperature T = 0.003�, in (b), beyond
the thresholding, there is a crossover in the scaling of S� from S� ∼ (1/6) ln [�R/(2� + 1)] to S� ∼ πT R/3 in large �R, i.e., S� scales linearly
with R in large R. The linear scaling becomes apparent when we look at the data in unscaled coordinate, i.e., S� vs �R in (c) for the same
temperature. The log to linear crossover in the scaling of S� with subsystem size R happens at larger R for larger �. At this temperature, � = 1, 2
and 5 have some part in the linear regime whereas � = 20 is still in the log scaling regime. Finally, at very high temperature, T = 0.1� in (d),
S� scales linearly with subsystem radius for all � = 1, 2, 5, 20, i.e., S� ∼ πT R/3.

this context, it is important to consider the finite-temperature
behavior of S� (since the experiments operate at nonzero tem-
perature). We would like to understand the stability of the
logarithmic scaling behavior of S� at low T . More specifically,
we wish to estimate the temperature ranges and subsystem
sizes where one would see a remnant of the T = 0 logarithmic
scaling. An important question in this regard is how these
estimates depend on the angular momentum �.

We first note that in a continuum model, where the ther-
modynamic limit of infinite system size has already been
taken, the � = 0 mode of a 2+1D massless scalar field at
finite T shows an infrared divergence and S�=0 is not well
defined. This is the same infrared divergence that leads to the
Mermin-Wagner theorem prohibiting breaking of continuous
global symmetries at finite T in 2+1D [62]. The � �= 0 modes
do not suffer from these infrared issues. In 3+1D, there are no
infrared divergences for any � channels at finite T.

In Fig. 3(a), we plot S� (� = 1, 2, 5, 20) as a function of
�R/(2� + 1) (on a logarithmic scale) for a 3+1D critical
scalar field theory at a finite temperature T = 0.001�. The
curves for different � collapses into a straight line in the
intermediate logarithmic scaling regime, while deviating from
each other at large �R. We find that S� shows the T = 0
logarithmic scaling with subsystem size R for all these �

values. For � = 1 and � = 2, we can see a bending towards
a linear behavior at large �R > 600. In Figs. 3(b) and 3(c),
we plot the behavior of S� with subsystem size for an inter-
mediate T = 0.003�. In Fig. 3(b), we plot S� as a function
of �R/(2� + 1) on a logarithmic scale, while in Fig. 3(c), the
same data are plotted as a function of �R on a linear scale. It is
clear that S� ∼ 1

6 ln [�R/(2� + 1)] up to a lengthscale Rc(�),
beyond which it scales linearly with the subsystem radius (we
numerically find that S� ∼ πT

3 R), as expected for a 1+1D CFT
at high temperatures. There is also a range of small subsystem
sizes where S� shows thresholding behavior, but this region is
hard to see in this figure. We find that with increasing values
of �, the range of subsystem sizes over which we see loga-
rithmic behavior increases [see Fig. 3(c)], i.e., the logarithmic

scaling remains more persistent for larger �, e.g., for � = 1,
the crossover occurs at �R ∼ 200, while � = 20 shows log-
arithmic behavior all the way up to �R = 1000. If we lower
the temperature, the region of logarithmic behavior increases,
while raising the temperature leads to linear behavior for most
values of �R. This is seen in Fig. 3(d), where we plot the
behavior of S� with �R at a high temperature T = 0.1�.
Here we find that S� (up to � = 20) shows linear behavior
for almost all values of R. In general, one would expect an
effective T = 0 logarithmic behavior for R � λth ∼ 1/T and
a classical linear behavior for R � λth, where the thermal
wavelength λth is the lengthscale over which the classical
thermal fluctuations dephase the quantum interference effects.
Figure 3(c) shows that the effective thermal dephasing length
depends strongly on �.

We now try to provide a more quantitative estimate of the
temperature-dependent quantum-classical crossover, with a
focus on the lengthscale where one can see the logarithmic be-
havior. For 3+1D, we fit the data for S�(R) in the regime 2 <
�R

2�+1 < �R∗
2�+1 with a fitting function S� = β� log [�R/(2� +

1)] + const. For a given temperature T , we track the error of
fit (through a coefficient of determination) as a function of R∗
and define Rc(T, �) as the largest value of R∗ for which the
error of fit is � 2%. Thus, 2 < �R

2�+1 < �Rc (T,�)
2�+1 is the region

where a logarithmic scaling can be seen at a temperature T
within a 2% fitting error (see Appendix C for details). In
Fig. 4, we plot Rc(T ) for different values of � in d = 3. We see
that Rc increases with decreasing temperature. We find that at
very high temperature, Rc either saturates or increases. This
region has to be discarded as the region over which fitting
can reliably be done is very small and the analysis is error
prone. Thus we find that beyond a maximum temperature
Tmax ∼ 0.02�, the logarithmic region is not seen reliably. At
this temperature �Rc ∼ 80–120 for � ∼ 6–10.

We finally consider the question of whether one can find
a suitable parameter region in experiments with ultracold
bosons to see the logarithmic scaling of S�. Let us first focus
on d = 3, where there are no infrared divergences and a
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FIG. 4. Crossover scale Rc(T ) for the quantum-classical
crossover of scaling of S� for different angular momentum channels
as a function of the system temperature T in 3+1D. See text
for details of determining Rc(T ). For 4� + 2 < �R < �Rc a
logarithmic scaling can be seen with less than 2% error of fit.

BEC can be formed at finite T . The low-temperature BEC
phase of the weakly interacting bosons is well described by
Bogoliubov quasiparticles (Goldstone modes) with dispersion
Ek =

√
h̄2c2

s k2 + (h̄2k2/2mB)2 , where cs is the speed of
sound in the medium and mB is the mass of the boson (not to
be confused with mass of scalar field). The momentum cutoff
scale for the effective low-energy gapless scalar fields is then
given by h̄csk0 = h̄2k2

0/2mB, i.e., k0 = 2mBcs/h̄. Converting
this to an energy scale, we then get � = 2mBc2

s . For a Na
BEC, where mB = 3.817 × 10−26 kg, and a typical speed of
sound cs ∼ 8–12 mm/s is achievable [52], k0 ∼ 8 µm−1 and
� ∼ 800 nK (taking cs ∼ 12 mm/s). T/� = 0.02 in this
case would correspond to T = 16 nK. Further, k0R ∼ 100
corresponds to a radius of ∼12 µm. The typical operating
temperature of ultracold bosons is ∼20 nK, and the trap
lengthscales are ∼100–500 µm [51,52]. Thus, the limiting
numbers we obtain are within the reach of current experiments
and the critical logarithmic scaling can be verified up to
� = 10. We however note that in 3d , interference of atom
clouds used to construct tomographic images is harder to
achieve. Further the ultracold atom measurements typically
integrate along a line of sight and this would be an issue in
determining the correlations at each r and r′.

In contrast, the low T physics of ultracold bosons in
d = 2 is more complicated. At the longest lengthscales, the
harmonic trap changes the density of states and the sys-
tem can beat the Mermin Wagner theorem to have a finite
condensate fraction [63]. However, this is beyond our trans-
lation invariant scalar field description, and it remains an
open issue whether S� in this case would still show loga-
rithmic scaling. For systems where the presence of the trap
can be ignored, the infrared divergence leads to Berezinskii-
Kosterlitz-Thouless (BKT) physics [64–67], where the low
T phase has a quasi-long-range order and vortices play a
prominent role in determining the phase and phase transition
[67,68]. This is also beyond a simple scalar field description.
However, one can still measure a speed of sound, cs ∼ 1–2
mm/s [69] in Rb systems and even if we impose the same Bo-

goliubov description, we get � ∼ 90 nK. T/� ∼ 0.02 would
then correspond to T ∼ 2 nK, which is beyond the capability
of current experiments.

VI. CONCLUSION

In this paper, we show that the scaling of angular momen-
tum resolved entanglement entropy for a scalar field theory in
d > 1 at T = 0 can distinguish between critical and gapped
theories. For a critical theory in 2+1D, S� = 1

6 ln [�R/2�] for
� �= 0 and S0 = 1

6 ln [�R/2]. In 3+1D, S� = 1
6 ln [�R/(2� +

1)]. The logarithmic scaling with the universal prefactor is a
hallmark of a 1+1D CFT; however, the scaling here is with
a scaled variable ∼R/�. The scaling holds for �R � 2�. For
�R � 2�, S� drops precipitously and shows a thresholding
behavior. In contrast, the massive theories show a logarithmic
scaling till the finite correlation length is reached. Beyond the
correlation length, S� ∼ R0, i.e., it goes to a constant. Thus,
unlike total entanglement entropy, which scales as an area law
for both gapped and gapless phases, scaling of S� can be used
to distinguish these theories.

We have also understood why the logarithmic scaling of
S� leaves no signature in scaling of S in a critical bosonic
theory, whereas a similar logarithmic scaling of S� leads to
an area-log scaling of S in fermions. For both bosons and
fermions, S� is negligible for �R < 2� (kF R < �). Thus, for
a fixed R, the angular momentum sum is cutoff by �max ∼ R,
i.e., there are ∼Rd−1 such terms (note degeneracy factor of
2� + 1 in 3+1D). For fermions, S� ∼ 1

6 ln [kF R] for kF R > �,
and the angular momentum sum naturally leads to an area-log
scaling. For bosons, the additional ∼ ln � term gives rise to
another area-log term which exactly cancels the first term,
leaving a nonuniversal area law for S in 2+1D. In 3+1D,
both a (�R)2 ln �R and a �R ln �R term are exactly canceled,
leaving a nonuniversal area law with a subleading logarithmic
scaling with subsystem radius.

Finally, we show that at finite T , S� ∼ πT
3 R at large R and

shows the T = 0 logarithmic scaling at low R (beyond thresh-
olding). This quantum-classical crossover takes place at larger
values of R for larger �. We estimate that for 3d ultracold Bose
gases, there is a range of available experimental parameters
(in terms of size, temperature, etc.) where the logarithmic
scaling of S� can be seen. This provides an opportunity to
see and verify the scaling in ultracold atomic gases. In 2d ,
infrared divergences and BKT physics complicate the analysis
at finite temperatures. Harmonic traps provide a way to bypass
Mermin-Wagner theorem, but the scale provided by the trap
is likely to break the logarithmic scaling seen for the massless
theories.
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FIG. 5. Angular momentum resolved entanglement entropy S� of 2+1D and 3+1D scalar field theory using “Srednicki’s regularization”
on a finite lattice with lattice constant “a” for a spherical subsystem of size R. (a) Scaling of S� with [Ra−1/2�] for massless scalar field in
d = 2. (b) Scaling of S� with [Ra−1/(2� + 1)] for massless scalar field in d = 3. (c) Scaling of S� with [Ra−1/2�] of massive scalar fields in
d = 2 for m2a2 = 0.01 and 0.1. (d) Scaling of S� with [Ra−1/2� + 1] of massive scalar fields in d = 3 for m2a2 = 0.01 and 0.1.

APPENDIX A: ALTERNATE REGULARIZATION AND
ROBUSTNESS OF RESULTS

It is well known [16,17,41] that the entanglement entropy
of the ground state of a scalar field theory (both massive and
massless) in d > 1 scales with the area of the subsystem,
with a coefficient which is nonuniversal and depends on the
regularization scheme. In the main text, we have shown that
the angular momentum resolved entanglement, S� scales log-
arithmically with �R/� for massless scalar fields. The natural
question that arises is which of our results are dependent on
the regularization scheme and which results are independent
of it.

In the main text, we have used a regularization scheme
with an ultraviolet momentum cutoff � and defined the fields
in the continuum. The calculation of the angular momentum
resolved entanglement entropy S� involves the calculation
of eigenvalues of the correlation function M̂2

� (r, r′). While
M̂2 is calculated as a continuum integral, we numerically
evaluate it on a finite grid of equispaced radial points to
construct a finite-dimensional matrix and consider its eigen-
values. While it is known that the continuum operator M̂2

� has
eigenvalues �1 [2,17,56], the finite-dimensional matrix has
spurious eigenvalues <1. We neglect these spurious eigen-
values and use only the eigenvalues �1 for calculating the
entanglement entropy. Our calculations do not change once
the grid reaches �−1. Note that the full system size is always
set to infinity in our formulation.

One can use an alternate regularization scheme, as used by
Srednicki in Refs. [16,41,42], where the radial Hamiltonian
for each angular momentum channel (�, {m�}) in d dimension
becomes,

H�{m�} = 1

2

∫ ∞

0
dr

{
�2

�,{m�}(r) + rd−1

[
∂r

(
φ�,{m�}(r)

r
d−1

2

)]2

+
[
�(� + d − 2)

r2
+ m2

]
φ2

�,{m�}(r)

}
. (A1)

Here the fields φ�,{m�} and ��,{m�} are the projections
of the scalar fields and their conjugate momenta into
d dimensional spherical harmonics basis, satisfying
[φ�,{m�}(r),��′,{m�′ }(r

′)] = iδ��′δm�m�′δ(r − r′). The radial

Hamiltonian is discretized on a finite lattice of N points with
lattice constant a, which gives both UV and IR regularizations.
The discrete Hamiltonian matrix is given by

H�{m�} = 1

2a

N∑
i=1

{
�2

�,{m�},i

+
(

i + 1

2

)d−1
[

φ�,{m�},i
(i)

d−1
2

− φ�,{m�},i+1

(i + 1)
d−1

2

]2

+
[
�(� + d − 2)

i2
+ m2a2

]
φ2

�,{m�},i

}
. (A2)

One can then map this to a Hamiltonian of harmonic os-
cillators and use it to calculate the entanglement entropy. If
there are N lattice points in the system and n lattice points
in the subsystem, then one should consider the entanglement
entropy in the limit n/N � 1 to get universal features.

In this section, we redo our calculations in the regulariza-
tion scheme of Srednicki to show:

(1) For massless fields, S� ∼ 1
6 ln [�R/2�] is independent

of regularization scheme (including the prefactor of 1/6).
Subleading terms depend on the regularization scheme.

(2) For massive fields, S� ∼ R0 scaling is independent of
the regularization scheme, but the constant value reached by
S� for massive theories depends on the regularization scheme.

(3) Hence the coefficient of the area law for S depends on
the regularization scheme.

In Figs. 5(a) and 5(b), we plot S� for 2+1D and 3+1D
massless scalar fields, obtained in the alternate lattice reg-
ularization, as a function of Ra−1/(2�) and Ra−1/(2� + 1),
respectively. We find that S� ∼ 1

6 ln [ Ra−1

2�
] in 2+1D and S� ∼

1
6 ln [ Ra−1

2�+1 ] in 3+1D, respectively. This matches with our re-
sults with a ∼ �−1. We have taken N = 1000 and n up to 300
for these plots. In Figs. 5(c) and 5(d), we plot S� for massive
scalar fields in d = 2 and d = 3, respectively. We see that S�

saturates to a constant, which decreases with increasing m.
However, the value of the constant is different in the two regu-
larization schemes: e.g., in d = 2, in our scheme, the constant
value of S� ∼ 0.17 for m2 = 0.01�2, while the Srednicki reg-
ularization scheme gives S� ∼ 0.39 for m2 = 0.01a−2. This
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results in the coefficient of the area law for total entanglement
entropy being regularization dependent. Thus, our key results
are robust to the vagaries of the regularization schemes used
to calculate the entanglement entropy.

APPENDIX B: TOTAL ENTANGLEMENT ENTROPY (S)
FROM S�: ANGULAR MOMENTUM SUM

In the main text, we stated that the logarithmic scaling
of S� with �R/�, together with a cutoff �c ∼ �R, leads to
a cancellation of two “area-log” terms in the scaling of total
entanglement entropy, leaving an area law with nonuniversal
coefficients even for the massless scalar field. In this Ap-
pendix, we provide the details of these calculations.

For the gapless scalar field in 2+1D, we have shown in the
main text,

S� ∼ 1

6

{
ln

(
�R

2�

)
− ln B

}
�

[
ln

(
�R

2�

)
− ln B

]
. (B1)

for � �= 0. Here B is an O(1) number and the � function gives
an upper limit �c = ( �R

2B ) of the angular momentum channels
which adds a nonzero contribution to the entropy for a fixed
system size �R. Note that, this approximate scaling function
is not quantitatively accurate near the transition region where
each of the � channels starts rising to nonzero values from
zero, but these inaccuracies give us subleading corrections.
Additionally, we have found that S�=0 ∼ 1

6 ln ( �R
2B ). With this

ansatz, the total entanglement entropy,

S ∼ 1

6

�c∑
�=1

2

[
ln

(
�R

2�

)
− ln B

]
+ 1

6
ln

(
�R

2B

)

= 1

3

�c∑
�=1

ln

(
�c

�

)
+ 1

6
ln

(
�R

2B

)

= 1

3
[�c ln (�c) − ln (�c!)] + 1

6
ln (�c)

≈ 1

3

[
�c − 1

2
ln (�c) − 1

2
ln (2π ) + ...

]
+ 1

6
ln (�c)

= 1

6B
(�R) + const. (B2)

In the second last line of (B2), we have used the Stirling ap-
proximation. Note that, the “area-log” term �c ln �c is exactly
canceled by the leading-order term in the Stirling approxima-
tion of ln (�c!) thereby leaving an area law in 2+1D. Also, the
contribution of the � = 0 mode exactly cancels the subleading
ln �c term in the Stirling approximation. This explains the
absence of subleading logarithmic term in total entanglement
entropy S in 2+1D in contrast to 3+1D where we do get a
logarithmic subleading term. Indeed, using this scaling func-
tion we get area law for 2+1D, i.e., the entanglement entropy
increases linearly with the subsystem size showing an area
law.

For the gapless scalar field in 3+1D, we have shown in the
main text,

S� ∼ 1

6

{
ln

(
�R

2� + 1

)
− ln B

}
�

[
ln

(
�R

2� + 1

)
− ln B

]
.

(B3)
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FIG. 6. Fitting Error δ = 1 − R2
d as a function of R∗ for temper-

ature T = 0.02� in 3+1D. Value of Rc(T ) is the value R∗ for which
the error of fit is � 2%.

Here B is an O(1) number and the � function gives an up-
per limit �c = ( �R

2B − 1
2 ) of the angular momentum channels

which adds a nonzero contribution to the entropy for a fixed
system size �R. With this ansatz,

S ∼ 1

6

�c∑
�=0

(2� + 1)

[
ln

(
�R

2� + 1

)
− ln B

]

= 1

6

[
(�c + 1)2 ln (2�c + 1) −

�c∑
�=0

(2� + 1) ln (2� + 1)

]

= 1

6

{[
(�c)2 ln (2�c) + �c

2
+ (2�c) ln (2�c) + ln (�c) + · · ·

]

−
[

(�c)2 ln (2�c) − �c
2

2
+ (2�c) ln (2�c)

+ 11

12
ln (�c) + · · ·

]}

= 1

6

[
�c(�c + 1)

2
+ 1

12
ln (�c) + · · ·

]

≈ 1

48B2
(�R)2 + 1

72
ln (�R) + const. (B4)

Note the cancellation of both �2
c ln �c and �c ln �c terms

in the second line of (B4). Hence, the “area-log” term is
exactly canceled in this case too leaving the leading area law
along with the subleading logarithmic correction in 3+1D.
Thus, these simple scaling ansatz of S� not only explains the
leading area law but also explains the absence of subleading
logarithmic term in d = 2, in contrast to the presence of such
term in d = 3.

APPENDIX C: Rc ESTIMATION THROUGH A
COEFFICIENT OF DETERMINATION

In the main text, we have given an estimate of Rc ob-
tained via tracking the error of fit through a coefficient of
determination. For a given data set S�(Ri ) of n number of

075128-9



SARKAR, MOITRA, AND SENSARMA PHYSICAL REVIEW B 110, 075128 (2024)

points for which we fit a function f�(Ri ), the coefficient of
determination(Rd ) is defined as R2

d = 1 − Sres
Stot

. Here Sres =∑n
i=1[S�(Ri ) − f�(Ri )]2 is the sum of squares of residuals and

Stot = ∑n
i=1[S�(Ri ) − S̄�]2 is proportional to the variance with

respect to average value S̄� = 1
n

∑n
i=1 S�(Ri ) of the data set.

We track δ = 1 − R2
d as the error in the fitting of S� for

different values of R∗ and keep decreasing R∗ until we reach

an error of 2% for a fitting function f�(R) = β� ln [�R/(2� +
1)] + const. in the range 2 < �R

2�+1 < �R∗
2�+1 . We define Rc(T )

as the largest value of R∗ for which the error of fit is � 2%. In
Fig. 6, we plot δ as a function of R∗ for 3+1D at a temperature
T = 0.02�. Error δ decreases with decreasing R∗. At this
temperature T = 0.02�, crossover scale �Rc ∼ 85–120 for
� ∼ 6–10.
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