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Octahedral tilt distortion in negative thermal expansion in the fluorides CaZrF6 and ScF3
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Understanding the mechanism of negative thermal expansion (NTE) and controlling the thermal expansion
properties of materials at the atomistic level have long captured the attention of scholars. In this regard, the
NTE mechanism of fluorides such as monometallic ScF3 and bimetallic fluorides like CaZrF6 is particularly
interesting; despite sharing similar crystal structure, CaZrF6 exhibits a thermal expansion coefficient twice that
of ScF3. Why is this so? Here, we investigate the structural vibrations of these two substances in real and
reciprocal space at atmospheric and zero pressure, respectively, using machine-learning based deep potentials in
combination with density-functional theory. Our study reveals that the structural flexibility of CaZrF6 results in
a greater number of vibration modes exhibiting negative Grüneisen parameters. Moreover, the combined impact
of octahedral distortion and tilt vibration leads to a substantially greater NTE for CaZrF6 compared to ScF3.
This work offers insights into understanding and tailoring NTE by considering polyhedral distortion in other
open-framework materials.
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I. INTRODUCTION

It is widely acknowledged that thermal expansion and mis-
matches in coefficients of thermal expansion (CTE) in solids
can pose significant challenges for devices and instruments
[1]. The discovery of compounds exhibiting negative thermal
expansion (NTE) opens avenues for addressing these chal-
lenges [2–5]. The demands from various applications have
driven prominent developments in NTE systems, encompass-
ing a wide range of chemical substances such as oxides
[6–9], fluorides [10–12], cyanides [13–15], and alloys [16].
This substantial diversification has led to various types of
NTE compounds. Simultaneously, the pursuit of discovering
new NTE materials contributes to a deeper understanding
of NTE mechanisms. These include low-frequency phonon
vibrations [17,18], spontaneous volume ferroelectrostriction
[19], magnetovolume effects in magnetic compounds [20],
charge transfer [21], Mott transition [22,23], size effects [24],
and more.

Metal fluorides have emerged as highly promising can-
didates among these materials, offering new functionali-
ties in NTE due to their notable optical transparency in
the infrared spectrum and their ability to be fabricated
in ceramic form [25]. Although the number of sim-
ple MIIIF3 compounds with ReO3 connectivity is limited,
numerous AIIBIVF6 compositions adopt rocksalt cation-
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ordered ReO3-type structures (Fig. 1), exhibiting signifi-
cantly superior NTE properties compared to MIIIF3 com-
pounds [26]. For instance, CaZrF6 has been reported
to exhibit NTE approximately two to three times that
of ScF3 [10,27] over the temperature range 25–400 K.
Their respective space groups are Pm-3m and Fm-3m. As
shown in Fig. 1, the metal atoms and the six surrounding
fluorine atoms collectively form octahedra connected through
shared corners, leading to the well-ordered ReO3-type struc-
ture in ScF3 and CaZrF6. These structures exhibit a high
degree of similarity, where the octahedra are expected to
dynamically rotate out of phase with respect to neighboring
units about their average positions, resulting in a volume
contraction, while maintaining the cubic structure on average
[28]. However, the NTE mechanism in fluorides is still con-
troversial, and the mechanism responsible for the differences
in thermal expansion properties remains elusive.

In previous studies, the rigid-unit modes model has been
proposed to explain the NTE properties of fluorides [29,30].
In contrast, Hu et al. pointed out that the rigid units are not
necessary for the occurrence of NTE [31], and the different
flexibility of the bond leads to differences in NTE among
fluorides [32]. However, this flexibility comparison does not
extend to monometallic versus bimetallic fluorides. Hancock
et al. [27] pointed out that disparities in bimetallic fluorides
arise from vibration modes predominantly contributing to
NTE, situated at distinct high-symmetry points. Subsequently,
Wang et al. [33] identified the discrepancy as due to band
folding, with the dominant phonon modes for NTE in CaZrF6

being the same as in ScF3. In 2020, Bird et al. [34] observed
that the scissoring modes in CaZrF6 exhibit greater amplitude
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FIG. 1. Crystal structure of (a) CaZrF6 and (b) ScF3.

compared to those in ScF3, thus explaining the larger NTE
for the former. Despite the above studies having elucidated
the difference in NTE between the two substances, none has
yet unified the NTE mechanism of monometallic fluoride
and bimetallic fluoride. Accordingly, an in-depth study of the
underlying mechanism of this difference is needed to establish
a coherent relationship between NTE and atomic behavior for
systematic materials design.

In this work, we investigated the vibrational differences
between CaZrF6 and ScF3 by employing first-principles cal-
culations and machine-learning deep-potential (DP) methods
to analyze in reciprocal and real spaces, respectively. In
reciprocal space, we considered the phonons with wave vec-
tors spanning the entire reciprocal space, rather than being
confined to dispersion curves along symmetrical directions.
Concurrently, we used distortion indices and bond-angle vari-
ance to quantify the flexibility, which was verified in real
space. The results indicate that the combined effect of vi-
bration modes and polyhedral distortion is the reason for the
difference in NTE properties between CaZrF6 and ScF3.

II. COMPUTATIONAL DETAILS

A. Accurate deep-learning potential

The fundamental idea of the deep-learning potential
method involves fitting the energies and atomic forces of var-
ious configurations using a deep neural network. Its learning
datasets comprise a large number of structural configurations
covering a wide range of relevant configurational spaces.
Here, we used the DP Generator (DP-GEN) to generate a set
of training data. The workflow of each iteration consists of
three main steps: training, exploration, and labeling. The train-
ing process is described here using CaZrF6 as an example;
for detailed information on each step, please refer to the
literature [35].

Here, we used DEEPMD-KIT version 2.1.5 [36]. The cutoff
radius Rc was set to 6 Å; the sizes of the embedding and
fitting networks were (25, 50, 100) and (240, 240, 240), re-
spectively. Additionally, a smoothing potential was applied
along with the descriptor [37]. The loss function used in this
work has the same form as in the recent study [38]. The
weight coefficients for the energy, atomic force, and virial
terms in the loss functions change during the optimization

process from 0.02 to 1, and from 2000 to 1. The DPs were
trained over 700 000 steps, with a learning rate decaying
exponentially from 1 × 10−3 to 3.5 × 10−8. The pressure
range was −100–3000 bar and the temperature range was
0–1200 K during training. A model compression scheme
was applied to enhance the computational efficiency of the
deep-potential molecular dynamics (DPMD) simulation [39].
Additionally, σlow and σhigh were set to 0.07 and 0.20 eV/Å,
respectively, as suggested in the original literature [40]. The
exploration of each system was considered converged when
the percentage of accurate configurations exceeded 99%.
These hyperparameters have been demonstrated to accurately
reproduce the first-principles training database for numerous
materials [35–37].

The deep neural network-based DP was trained using
the DEEPMD method. We initialized the exploration using a
density-functional theory (DFT)-optimized unit cell to capture
all characteristic configurations of high-temperature and high-
pressure crystal, resulting in the discovery of a total of 29 000
configurations. We compared the energies and atomic forces
calculated using the DP model with those obtained from DFT
calculations for the configurations in the final training dataset.

As shown in Figs. 2(a) and 2(b), the mean absolute error
of energy (�E DP-DFT) and atomic force (�F DP-DFT)
between DP and DFT in CaZrF6 are found to be 2.21 meV per
atom and 0.225 meV/Å, respectively. The equilibrium lattice
constants of CaZrF6 optimized by DFT and DP are 4.304
and 4.303 Å and the corresponding values of ScF3 are 4.068
and 4.064 Å, respectively. This is less than 1% error from
the experimental values of 4.27 and 4.02 Å. Furthermore, the
equations of state of the cubic phase calculated by both DFT
and DP are presented in Fig. 2(c). In addition, we utilized
the DP model to calculate the phonon-dispersion relations for
CaZrF6 and compared them with the DFT calculations. The
acoustic branches exist only in the low-frequency region and
approach zero frequency towards the high-symmetry Gamma
point. The absence of negative phonon frequencies in the dis-
persion curves indicates the dynamical stability of the material
at 0 K and ambient pressure, consistent with the DFT results.
However, at low frequencies, there is a discrepancy between
the phonon spectra calculated by DFT and DP, which may
be that the MD results take into account anharmonicity, as
illustrated in Fig. S1 [41–45]. It should be emphasized that
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FIG. 2. Benchmark test of DP against DFT results for CaZrF6. Comparison of energies (a) and atomic forces (b) calculated using the DP
and DFT for all configurations. DP and DFT energies for different hydrostatic pressure (c) and phonon-dispersion relations (d) for cubic phase.

the phonon spectra are not considered the LO/TO splitting,
but this effect is considered (see the results in Fig. 4). For
the benchmark test of the ScF3, see Supplemental Material,
Fig. S2 [41]. Our systematic benchmarking shows that the
DP achieves excellent DFT-level accuracy and is capable of

FIG. 3. Relative change of the lattice parameter of CaZrF6 and
ScF3 on heating. The experimental data [10,27], QHA and DP calcu-
lations are reported, respectively.

predicting a range of temperature-dependent properties from
first principles.

B. DFT calculations

In the first iteration, the initial training dataset was gener-
ated by performing a ten-step ab initio molecular-dynamics
(AIMD) simulation on a randomly perturbed cubic supercell
containing 32 atoms at 50 K. To kick off the concurrent learn-
ing procedure, an initial training dataset is required. AIMD
was performed for producing the atomic structures of the
initial training dataset. Subsequently, candidate configurations
were identified and labeled, followed by self-consistent DFT
calculations. These DFT calculations utilized a plane-wave
basis set with a cutoff energy of 500 eV, as implemented in the
Vienna Ab initio Simulation Package (VASP) [46]. The elec-
tron exchange-correlation potential was described using the
generalized gradient approximation with the Perdew-Burke-
Ernzerhof solid (PBEsol) scheme [47]. For the cubic unit cell,
the Brillouin zone was sampled using a 4 × 4 × 4 Monkhorst-
Pack k-point grid. The DFT calculations were performed
at zero pressure. The phonon-dispersion curves considering
LO/TO splitting, the Grüneisen parameters, and thermal ex-
pansion coefficients were calculated using PHONOPY [48],
where the force constants were calculated by finite-difference
method employing a 2 × 2 × 2 supercell containing 64
atoms. In the differential calculations, the frequencies at dif-
ferent volumes (±0.2%) of systems were directly used. The
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FIG. 4. Phonon-dispersion curves and phonon density of states calculated for (a) CaZrF6 and (b) ScF3. The phonon dispersion curves are
colored according to the values of the corresponding mode Grüneisen parameters γi for (c) CaZrF6 and (d) ScF3.

Grüneisen parameters were calculated by the three-point dif-
ferential method. The thermal properties of the system were
obtained using the quasiharmonic approximation (QHA). In
QHA, the volumetric CTE can be obtained from

αV = 1

B(T )V

∑

i

γi(T )Cvi (T ),

where B(T), γi(T ) = −∂lnωi/∂lnV , and CVi (T) are the bulk
modulus, mode Grüneisen parameter, and specific-heat capac-
ity of the ith vibrational mode at temperature T, respectively
[49]. Since all modes of CVi(T) are positive at all tem-
peratures, it is obvious that the positive or negative CTE
is only related to the values of mode Grüneisen parame-
ters. The QHA theory contains only implicit anharmonicity
(i.e., the volume dependence of phonon frequencies) and
ignores explicit anharmonicity (i.e., phonon-phonon anhar-
monic interactions, which may contribute significantly at high
temperature) [50,51]. This approach is generally justified for
studies focused on thermal expansion properties of materials
at temperatures well below their melting points, as explicit
anharmonicity plays a significant role primarily at high tem-
peratures [52–54]. The Helmholtz free energy as a function of
volume (F-V) for ten different volumes around the optimized
equilibrium volume was fitted using the Vinet equation of
states [55], in order to obtain the thermal expansion coeffi-
cient.

C. Molecular-dynamics simulations

In the exploration phase, MD simulations were con-
ducted using the LAMMPS code with periodic boundary

conditions [56]. These simulations adopted the isobaric-
isothermal (NPT) ensemble, with the temperature range set
from 10 to 1200 K and pressure starting from −100 to
30 000 bar. This range for temperature and pressure exceeds
that of the subsequent NTE, ensuring a comprehensive ex-
ploratory scope. Temperature control was achieved using a
Nosé-Hoover thermostat [57], and the simulation time step
was set to 1 fs. All results regarding the NTE of CaZrF6 and
ScF3 were obtained from DPMD simulations. The NTE sim-
ulations were performed using an 8 × 8 × 8 supercell, which
were performed using a supercell of cubic unit cell containing
32 atoms. The simulations consisted of an equilibrium run of
50 ps, followed by a production run of 100 ps at a specified
temperature. The lattice constant, as well as the true (apparent)
bond lengths and angles, were calculated from the average
of 200 snapshots taken during the 100 ps of the equilibrium
state. Additionally, we tested larger supercells and obtained
the same results, as shown in Fig S3 [41].

III. RESULTS AND DISCUSSION

A. Negative thermal expansion

Figure 3 shows the relative lattice constant L/L0 of cubic
CaZrF6 and ScF3 with increasing temperature, calculated by
QHA and DP methods, compared with experimental results.
Their average CTEs in the temperature range of 50–800 K
were also calculated, as reported in Table I. The temperature
dependence of the thermal expansion coefficient and specific
lattice parameters are illustrated in Figs. S4 and S5. [41]
The NTE intensity of CaZrF6 is about twice that of ScF3.
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TABLE I. Calculated bulk modulus of CaZrF6 and ScF3, and their average CTE (αav) obtained from experimental data, QHA and DP
calculations, in the temperature range 50–800 K.

B (GPa) αav-exp(×10−6 K−1) αav-QHA(×10−6 K−1) αav-DP(×10−6 K−1)

CaZrF6 57.50 −30.10 −20.13 −15.84
ScF3 100.78 −17.31 −11.66 −8.57

Despite discrepancies between the calculated and experimen-
tal results, both methods qualitatively capture the significant
difference in NTE properties between the two substances (be-
low about 300 K). Above 300 K, the explicit anharmonicity
may have had a large effect on the calculated results, lead-
ing to deviations of the QHA data from the experimental
results. This is due to the fact that the QHA only consid-
ers implicit anharmonicity [58,59]. Nevertheless, our focus
here is solely on low temperatures (about below 300 K).
To obtain an accurate description of thermal expansion, it
is necessary to incorporate higher-order anharmonic terms.
Therefore, we utilized DFT data to train the potential func-
tion and employ DPMD to calculate the change in lattice
constant with temperature. The simulation data further sup-
port the differences in NTE, which align with the previous
AIMD simulations based on Goedecker-Teter-Hutter pseu-
dopotentials [Fig S1(a)] [41,60].It can be seen that the MD
simulations may give good results in high-temperature ranges
(above ∼300 K) due to the two types of anharmonicity: (i) ex-
plicit anharmonicity, and (ii) implicit anharmonicity included
in the MD simulations. But, the zero-point vibration (nuclear
quantum effect) [61] is not considered in the MD (DPMD and
AIMD) simulations, which may cause the discrepancies be-
tween MD and experiment results. Despite the discrepancies
with experimental results, our method remains applicable for
large-scale atomic simulations, thereby offering support for
subsequent material simulations.

B. Local vibration of atoms in reciprocal and real spaces

To delve further into the reasons behind the discrepancy
in thermal expansion properties, the phonon-dispersion curves
and the density of vibrational states for ScF3 and CaZrF6 were
calculated, as shown in Figs. 4(a) and 4(b). The absence of
imaginary frequencies indicates the dynamic stability of both
compounds’ structures. They are in general agreement with
previous calculations. Some of the differences between our
calculations and those of Gupta et al. may arise from the
LO/TO splitting [29,33]. Additionally, the phonon-dispersion
curves are colored according to the corresponding Grüneisen
parameters (γi) to visually identify the contribution of vi-
bration modes to NTE, with deeper red indicating a greater
contribution, as depicted in Figs. 4(c) and 4(d). In both com-
pounds, there are minimal vibrations for the metal atoms at
high frequencies, particularly evident in ScF3 where vibra-
tions above about 14 THz are nearly absent for the metal
Sc atoms. The metal Zr atoms in CaZrF6 exhibit vibrations
equally distributed even at high frequencies, encompassing
the entire frequency range. More importantly, the vibrations
of Zr atoms contribute to a reduction in Grüneisen’s value,
indicating their involvement in NTE. Similar conclusions can
be drawn for Ca atoms as well. These findings have also been

mentioned in previous studies [62], but our calculations more
intuitively visualize the contribution of the NTE. Addition-
ally, the separation between the higher and lower parts of the
F atom vibrations, especially for CaZrF6, suggests a larger
anisotropy between transverse and longitudinal vibrations of
the F atoms, potentially contributing to the higher NTE ob-
served in CaZrF6 than in ScF3. Finally, the steeper slopes
of the longitudinal and transverse acoustic branches along
the �-X paths in ScF3 indicate its greater stiffness compared
to CaZrF6, consistent with the volume modulus calculations
presented in Table I.

It is the difference in atomic vibrations that is the root cause
of NTE differences. Therefore, we use different methods to
deeply explore the vibrations of local atoms in real space
and reciprocal spaces. In DPMD simulations, each atom at
ri vibrates about its mean position 〈ri〉. The atomic distance
between two atoms can thus take an “apparent” value R =
|〈ri〉 − 〈r j〉|, which is the difference between their average
positions, and a time-dependent “true” value defined as the
average of the instantaneous difference r = 〈|ri − r j |〉 [40].
The former defines the lattice constants, does not included
information on the atomic correlation, and can be directly de-
termined by x-ray- or neutron-diffraction measurements. The
latter involves atomic correlation and can be experimentally
measured through high-quality x-ray absorption measure-
ments. The difference between apparent and true bond lengths
is directly related to the transverse atomic vibrations [63].
Here, the results of calculating the apparent and true M–F
bond lengths and M–F–M angles (M = Sc, Ca, Zr) at differ-
ent temperatures using DPMD are shown in Figs. 5(a) and
5(b). The results for Sc−F are in good agreement with the
available experimental data [31], which gives confidence in
the reliability of our calculations.

The true bond lengths of M–F (M = Sc, Ca, Zr) all show
positive thermal expansion, with amplitudes in the order
Ca−F > Sc−F > Zr−F, while the apparent bond lengths
show almost zero or negative thermal expansion. In consid-
ering the relative thermal expansions of the various bonds,
we can state that the Sc−F bond in ScF3 is relatively stiff,
the Ca−F bond in CaZrF6 is more flexible, and the Zr−F
bond appears to be the stiffest. However, what is interesting is
that the apparent bond length of Ca−F shrinks significantly,
while the Zr-F bond in CaZrF6 and the Sc−F bond in ScF3

did not change significantly. This is one of the reasons for the
NTE difference between CaZrF6 and ScF3. Moreover, Zr4+
has a larger positive charge than Ca2+, which means that the
F atom is not in the middle of the Ca−F−Zr linkage. The
uneven stress on both sides of the F atom makes it easier for
the F atom to vibrate. Accordingly, it can be observed that the
average of the true M–F–M angle (M = Sc, Ca, Zr), calculated
from the time evolution of the M–F–M angle of the true
bond distances, deviates from 180 ° with temperature, and the
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FIG. 5. Calculated true and apparent bond lengths of (a) M–F (M = Sc, Ca, Zr) and true and apparent angle of (b) M–F−M bonds
as a function of temperature. For comparison, the experimental Sc–F bond lengths are also reported [31]. (c) Temperature dependence of
perpendicular (�) and parallel (||) MSDs of F atoms. (d) Potential well of F atoms moving transversely in CaZrF6 and ScF3.

amplitude of this deviation is larger for CaZrF6 than for ScF3,
even though their apparent bond length is obviously constant
at 180 °.

The contribution of transverse vibrations of nonmetallic
atoms is known to contribute significantly to NTE [62,64]. It
is clear from the phonon curves in Fig. 4 that the vibrations
of F atoms make an important contribution to NTE. The
anisotropic mean-square displacements (MSDs) of F atoms
are subsequently calculated, the ones most involved in the
transverse vibrations of the M–F–M bonds, contributed by
phonons in the entire Brillouin zone [Fig. 5(c)]. As expected,
it can be observed that the MSDs correlate well with the ther-
mal expansion behavior in both compounds. The anisotropy
of CaZrF6 is greater than that of ScF3, and the amplitude
of vibrations of CaZrF6 is about twice that of ScF3. This
finding is also consistent with the calculated results of phonon
spectra reported in Fig. 4 and with the relative discussion
given above. As shown in Fig. 5(c), the transverse vibrations
of both ScF3 and CaZrF6 exceed the longitudinal ones, and so
the arrangement of the bimetals facilitates the vibrations of the
F atoms. Then, the potential well of F atoms was calculated
by moving F transversely to assess the change in the bond
strength of M–F and to elucidate the reason for the transverse
vibration difference of F in the two systems. The total energy
of the systems at the equilibrium positions was set to zero. As
depicted in Fig. 5(d), the potential well becomes flatter from
ScF3 to CaZrF6, indicating that the F atom in CaZrF6 is more
prone to vibration.

C. Phonon-mode vibrations

In the quasiharmonic approximation, the contribution of
different phonon modes to thermal expansion depends on
the positive or negative value of the corresponding mode
Grüneisen parameter: the larger the negative value of the
mode Grüneisen parameter, the stronger the contribution to
the NTE. To obtain more detailed information, we have ex-
tracted the Grüneisen parameters of all phonon modes within
a 30 × 30 × 30 grid in the Brillouin zone, as shown in
Figs. 6(a) and 6(b). A large number of phonon modes near 0–2
THz in both systems exhibit negative Grüneisen parameters.
However, CaZrF6 shows larger values and a greater number
of negative Grüneisen parameters compared to ScF3, result-
ing in a much larger NTE effect in CaZrF6 than in ScF3.
As suggested by Figs. 6(a) and 6(b), the higher-frequency
modes predominantly have positive-mode Grüneisen param-
eters. Notably, there is a sharp distribution of negative-mode
Grüneisen parameters for mode frequencies up to about 1
THz. The number of vibration modes with negative Grüneisen
parameters is comparable to those with positive Grüneisen pa-
rameters, and this widespread presence of vibrational modes
with negative Grüneisen parameters (in particular below
∼2 THz) leads to an overall NTE in both materials.

Further insights into NTE can be obtained through the anal-
ysis of the eigenvectors of the vibrational modes and structural
flexibility. In Figs. 6(a) and 6(b), inside the dotted boxes,
we observe all vibrational modes with frequencies below 2
THz and Grüneisen parameters less than −10. We selected
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FIG. 6. Grüneisen parameters plotted as a function of the vibrational frequency in (a) CaZrF6 and (b) ScF3.

some vibrational modes in this window, as shown in Fig. S6
[41]. It can be found that many of these vibrational modes
primarily involve the tilt distortion of the octahedra and the
tilt vibration depicted (see Fig. 8), which narrow the distance
between metal atoms and contribute to NTE. In addition, as
the vibration frequency increases (below 2 THz), the metal
atoms also begin to vibrate. In ScF3, the vibrations of metal
atoms are mainly reflected in mode 3 (see Fig. S6), while in
CaZrF6, the tilt vibration of the octahedron is accompanied
by the vibration of metal atoms, in addition to the vibration of
metal atoms in mode 3. Of these, the vibration directions of Ca
and Zr are almost opposite (Fig. S6), contributing to NTE as
well. However, because the vibration of metal atoms requires
more energy, the Grüneisen parameter is relatively small.
Therefore, it can be established that these tilt vibrations lead to
the production of NTE, with a greater contribution in CaZrF6

due to the mixed ordering of metal atoms. Interestingly, the
vibration frequencies of ScF3 are higher than those of CaZrF6

for the same vibration modes, and the negative values of the
Grüneisen parameters are weaker, corresponding to a reduced
NTE. This significant difference in Grüneisen parameters for
the same vibrational modes begs the question: Why?

The bond-angle variance and quadratic elongation have
been used to describe the distortion of octahedra, and it has
been proven that the distortion of the crystal structure is re-
lated to the lattice volume [65]. Inspired by this, we explored

FIG. 7. Selected (a) vibrational mode 1 and (b) mode 2 with the
most negative Grüneisen parameters in ScF3 and CaZrF6. M in the
figure is Ca, Sc, Zr.

the structural flexibility of CaZrF6 and ScF3 through the dis-
tortion index and bond-angle variance of the metal octahedra,
which represent the distortion of bond length and bond angle,
respectively. A distortion index, D, based on bond lengths,
was defined by Baur [66] as

D = 1

n

n∑

i=1

|li − lav|
lav

,

where li is the distance from the central atom to the ith
coordinating atom, and lav is the average bond length. The
bond-angle variance, σ 2 [67], is calculated only for tetrahedra,
octahedra, cubes, dodecahedra, and icosahedra:

σ 2 = 1

m − 1

m∑

i=1

(φi − φ0)2,

where m is the number of faces in the polyhedron multiplied
by 3/2 (i.e., the number of bond angles), φi is the ith bond
angle, and φ0 is the ideal bond angle for a regular polyhedron
(for example, 109.47 ° for a regular octahedra with equal
edges).

FIG. 8. The left sketch depicts the ideal octahedral connection
model, the middle sketch illustrates the vibrational mode with only
the contribution of tilt vibration, and the right one shows the mode
with the combined action of the tilt vibrational mode and the octahe-
dral distortion. The red arrows indicate the distances between metal
atoms, which decrease under tilt vibration, and the black arrows are
the distances between F atoms, which decrease during distortion. M
in the figure is Ca, Sc, Zr.
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TABLE II. Calculated distortion index and bond-angle variance
in CaZrF6 and ScF3 of two selected vibration modes with the largest
negative Grüneisen parameters.

ScF3 CaZrF6

DScF6 σ 2
ScF6 DCaF6 σ 2

CaF6 DZrF6 σ 2
ZrF6

Mode 1 0.012 0.089 0.024 21.157 0.02 17.505
Mode 2 0.008 0.533 0.011 18.259 0.009 14.556

We selected the two vibrations that contribute the most to
NTE. The two vibration modes are tilt vibrations, in which
mode 1 is the antiphase vibration of octahedra between ad-
jacent surfaces, and mode 2 is the simultaneous vibration
between adjacent octahedra layers. Both vibrational modes
contribute to CaZrF6 and ScF3, but the Grüneisen parameter
of CaZrF6 is about twice that of ScF3 under the same vibration
mode (Fig. 7). Therefore, their metal octahedral distortion
index and bond-angle variance are extracted, as shown in
Table II. It can be observed that the distortion index and the
bond-angle variation are generally larger for the CaF6 and
ZrF6 octahedra in CaZrF6 than for the ScF6 octahedra in
ScF3.

Based on these results, we can attribute the fundamental
difference in thermal expansion between the two fluorides to
the combined effect of tilt vibration and octahedral distortion,
as illustrated in Fig. 8. In ScF3, the ScF6 octahedra experience
modest distortion, resulting in a smaller contribution to NTE
from polyhedral distortion. The transverse vibrations of F
atoms, coupled with the tilt vibration of ScF6 octahedra, de-
crease the Sc−Sc distance. Conversely, in the case of CaZrF6,
besides the contribution from tilt vibration, octahedral dis-
tortion makes a greater contribution to NTE (tilt-distorted
vibrations). The arrangement of the two metal atoms induces
distortion of the polyhedra (depicted by the black arrow),
further enhancing NTE.

In reciprocal space, we extracted some vibrational modes
that contribute significantly to the NTE, while the contribution
of all vibrational modes will be reflected in the vibrations
in real space. To further validate our results and verify the
influence of octahedral distortion on NTE, the distortion of
metal octahedra in real space with temperature was simulated

using DPMD (Fig. 9), and the findings are consistent with
the DFT results. In Fig. 9(a), the distortion of bond length
intensifies with increasing temperature, and the ascending
amplitude follows the order CaF6 > ScF6 > ZrF6, in line
with the respective bond strengths of the M–F bonds found
above. The same trend holds for the distortion of polyhedral
bond angles. The degree of distortion in the CaF6 octahedra
exceeds that of both ScF6 and ZrF6 by a considerable mar-
gin, resulting in the NTE of CaZrF6 being greater than that
of ScF3.

IV. CONCLUSION

In this study, in order to explore the reasons for the dif-
ferences in thermal expansion properties between CaZrF6

and ScF3 in detail, and in line with existing perspectives,
we aimed to comprehensively compare the thermal vibra-
tions of the two substances. We explored alterations induced
by variations in metal atoms to identify differences between
their vibrational modes and uncover the underlying mecha-
nism behind the different NTE. Therefore, we discussed the
local vibrations of atoms from two perspectives: reciprocal
space and real space. In real space, the variation of “true”
bond length and bond angle with temperature reflects the
flexibility of the bond: Ca−F > Sc−F > Zr−F. The vibra-
tions amplitude of F atoms in CaZrF6 exceeds that of ScF3,
while changes in apparent bond length and angle provide
clearer insight into the significant contribution of the Ca−F
bond to NTE. Different M metal atoms lead to a more pro-
nounced decrease in the M–F–M angle of CaZrF6 compared
to ScF3, resulting in a larger shrink between the metal atoms
in CaZrF6.

In reciprocal space, besides the bond flexibility between
the two substances, it is crucial to gain a more intuitive
understanding of the contribution of low-frequency phonon
vibrations to NTE. Upon investigating the local vibrations
of CaZrF6 and ScF3 across the entire reciprocal space, we
observed that CaZrF6 exhibits a greater number of vibra-
tion modes contributing to NTE than ScF3, attributed to the
change in flexibility induced by the presence of two metal
atoms. A more comprehensive inquiry revealed that the ex-
tent of distortion experienced by the tilted octahedra during

FIG. 9. (a) The variation of octahedral distortion index and (b) the bond-angle variance of CaF6, ScF6, and ZrF6 polyhedra with
temperature.
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the vibration process varies. Specifically, CaZrF6 exhibits a
greater degree of distortion compared to ScF3, a discrep-
ancy that evidently arises as a direct consequence of bond
flexibility.

To validate our calculation results, we also verified them
in real space by DPMD simulations, and the results were
consistent with those in reciprocal space. Hence, the fun-
damental difference in thermal expansion between the two
fluorides is the combined result of tilt vibrations and octahe-
dral distortions. The ordered arrangement of the two metal
atoms intertwines vibrational modes, leading to the presence
of more vibration modes contributing to NTE in CaZrF6 than
in ScF3, with the roles of Ca and Zr being indispensable in this
regard. Moreover, the substantial distortion of the octahedra in
CaZrF6 further enhances NTE. Our results provide valuable

implications for large-scale simulation and adjustment of NTE
in fluoride materials.
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