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Broken time reversal symmetry vestigial state for a two-component superconductor
in two spatial dimensions
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We consider the vestigial phase with broken time reversal symmetry above the superconducting transition
temperature of a two-component superconductor in two spatial dimensions. We show that, in contrast to three
dimensions, a vestigial phase is in general allowed within Ginzburg-Landau theory. The vestigial phase occupies
an increasing temperature region if the parameters in the Ginzburg-Landau theory give a larger energy difference
between the broken time reversal symmetry phase and the other ordered phase.
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I. INTRODUCTION

Consider a superconductor with the order parameter
(®;, ®,) belonging to a two-dimensional (2D) representa-
tion (see, e.g., Ref. [1]). Here, ®;, are complex fields.
Under gauge transformation by x, the order parameter
transforms as (], ®,) = ¥ (P, ®,), while spatial sym-
metry operations result in a transformation of (&g, ®;)
among themselves. For example, (9], ®}) = [P cos(¢) +
D, sin(¢), P, cos(¢p) — @, sin(¢)] under rotations by ¢, with
¢ = 27” where n is an integer. We shall be mainly inter-
ested in n = 3 and n = 6 for trigonal and hexagonal systems,
respectively. Such multidimensional order parameters have
been considered extensively since superfluid *He [2], heavy
fermion superconductors [3,4], and also more recently in
many other superconducting systems [5,6], as well as Bose-
Einstein condensates with internal degrees of freedom [7].

When the order parameter acquires a nonzero expecta-
tion value, the system is in the superconducting phase and
spontaneously breaks the U(1) gauge symmetry. If the order
parameter belongs to a multidimensional representation, addi-
tional symmetry must also be broken. In the above-mentioned
two-dimensional representation example, depending on the
microscopic details, the energy minimum can be achieved
by having (®;, ;) « (1,0), (0, 1) (or their rotated counter-
parts), or (&, Py) o (1, £i). In the former case, the order
parameter breaks gauge invariance and rotational invariance,
whereas in the latter, it breaks gauge invariance as well as time
reversal invariance [under which &, — ®7,, so (1,i) —
(1, —i)]. In each case, as opposed to the case of an order
parameter @ belonging to a one-dimensional representation,
there is additional symmetry breaking other than the gauge
symmetry.
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The high-temperature phase of the system has all symme-
tries intact, and will be called the symmetric phase. Within
mean-field theory, a single-phase transition (usually second
order) at the superconducting transition temperature separates
the symmetric and superconducting phases: Both the gauge
and rotational (or time reversal) symmetries are broken at
this phase transition. In principle at least, in a more complex
scenario such as when fluctuations are included, these broken
symmetries do not have to occur at the same time. In partic-
ular, one can have a phase where, say, the rotational (or time
reversal) symmetry is broken, whereas the gauge symmetry is
still intact.

This intermediate state is characterized by the vanishing of
the expectation values (®; ) = 0, whereas some higher-order
combinations of ®;, acquire finite expectation values. For
instance, (PP — 5 P,) # 0, which breaks rotational sym-
metry, or i{(®] P, — ®3Py)) # 0, which breaks time reversal.
In additional to the above scenarios, one can have the pos-
sibilities that some other symmetry-violating combinations
of ®;, acquiring nonzero expectation values. For example,
we can have (CD% + Cb%) = 0 even though (®;,) = 0. In this
latter case, while the order parameter is not preserved under
general gauge transformations, it is preserved under a special
transformation y — x + m, and thus describes 4e pairing
[8]. Such phases, often called “vestigial” phases or a phase
with “composite” or “higher-order” parameters, are gaining
attention in the recent literature [9-16], though they have
been investigated already in the past in similar [17-20] and
related (e.g., Refs. [21-25]) contexts. Besides superconduc-
tivity, these exotic phases are also relevant to other, e.g.,
magnetic, systems [26-28].

In a previous paper [29], considering three spatial dimen-
sions, we show that, within a Ginzburg-Landau theory with
thermal fluctuations, such a vestigial phase is in general not
stable, except for the case of extreme gradient energy terms
in the free energy. This is because, when the temperature is
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lowered so that the completely symmetric phase is no longer
the free-energy stable minimum, either (i) no saddle point
corresponding to the vestigial phase exists, so that one has
a direct second-order phase transition to the superfluid phase
with broken rotational (time reversal) symmetry as well as
gauge symmetry, or (ii) the vestigial phase with a composite
order parameter is only a saddle point but fails to be a free-
energy minimum. Instead, the free-energy minimum occurs
in the region where the expectation value of @, , is/are finite.
The system thus makes a joint first-order phase transition into
the superconducting case. A similar situation can be shown to
occur for a multicomponent Bose gas [30,31].

In this paper, we consider instead two spatial dimensions.
We show that the situation becomes quite different. Case (i)
above remains a possibility, but for case (ii), the saddle point
does become stable in general for a finite range in temperature,
due to a very different free-energy landscape. A similar strong
dependence of the stability of vestigial phases on the spatial
dimensionality has also been found in, e.g., Refs. [24,25].

We shall mainly be studying the broken time reversal
symmetry state. Our approach, based on Ginzburg-Landau
analysis, differs significant from the existing treatments of
the vestigial problem in 2D. References [14,24,32-34] gen-
erally focus on topological excitations, and no amplitude
fluctuations were included. References [14,32,33] depict all
transitions (superfluid and vestigial) as Berezinskii-Kosterlitz-
Thouless (BKT) type. Reference [35] does consider amplitude
fluctuations of the order parameter, but still with the sum of
the amplitudes (corresponding to our |®4 |2+ |® 1 ) fixed to
a constant. These works are mostly numerical. In contrast, we
obtain an effective ¢* theory analytically for this Ising transi-
tion in terms of the parameters entering the Ginzburg-Landau
theory.

Our calculations will be presented in Sec. II. In Sec. II1, we
shall include also a short discussion on the nematic case and
the 4e state as well as conclusions.

II. THEORY FOR VESTIGIAL ORDER

For the reminder of this paper, it would be conve-
nient to employ the “spin-5” notation &4 = \/Li[fbl +

i®,]. Under 27” rotation, they transform as (®;, ®) —

(e‘% @T,e% ®,). Specializing to trigonal and hexagonal
systems, we write down an effective Hamiltonian density H
that is consistent with rotational, gauge, and time reversal
symmetries,

H =Hg + Hint, (H
with the “kinetic” part

. IO I,
He= Y |a®i®,+K T )
s=t1 C

and the interacting part
81
Hine = (11" + 191 + 22104712y, (3)

Here, x;, with i = 1, 2, are the spatial coordinates. The interac-
tion term in Eq. (3) is the most general quartic term allowed by
symmetry. Note however that the “kinetic part” adopted in (2)

is fully isotropic (invariant under separate rotations of space
x; and order parameter ®;). In general, more complicated
gradient terms are allowed (see, e.g., Ref. [1]), which we opt
to ignore. We remind the readers that Ref. [29] established
the absence of the vestigial phase in three spatial dimensions
when the gradient energy is of this form. Here, o = a(T) is
positive (negative) above (below) a mean-field transition tem-
perature which we shall label as Ty, thus «(T) ~ o' (T — Tp)
with o' > 0.

So far we choose to view this model as representing a
two-component order parameter. One may switch back to the
@, , basis and see that the quartic term now contains a con-
tribution @TZQJ% + CDZICD% [29]. With H fully isotropic, the
model can thus alternatively be viewed as a special case of two
superconductors ®; , coupled together via a “four-electron”
(two Cooper pairs) tunneling term ®12®3 + @3'd3 [32,33]
(among others).

Mean-field theory amounts to simply assuming uniform ®;
and minimizing H. The system is in the completely symmetric
(normal) phase with ®; | =0 if @ > 0. For @ < 0, we have
the one of the following: (i) @4 # 0, |®4|* = ';—' (or 1<>1),

2
2
try broken, or (ii) |®4| = |® | =

with free-energy density —;—, with time reversal symme-

||
2(g1+82)°
with rotational symmetry broken (nematic). The

with free energy

0[2
T 2ai+82)’
stability of these mean-field states requires g; > 0, go > —g;.
The broken time reversal symmetry state has lower energy
when g, > g; > 0. We shall focus on this region unless oth-
erwise stated.

At finite temperatures, we need to consider the partition
function [36,37] Z = f<1>v e JPHIT  where f(py means sum
over all configurations of ® (7). We employ the Hartree-Fock
(HF) approximation. The effective Hamiltonian density be-
comes

HefszK_hT®?®T—h¢©j©¢, %)

where h4 , are the self-energies (not to be confused with
external magnetic fields), which are to be obtained self-
consistently. In the calculations below, we take the equivalent
procedure regarding &4 | as variational parameters, treat the
free energy as a functional of these parameters, and minimize.
hy # hy signals that (<I>’;<I>¢) + (<I>Id>¢) [hence (PP, —
®3®)) # 0]. hy — hy thus serves as an order parameter for
the broken Z, symmetry.
After Fourier transform,

Her = ) F (¢ + KK = h)®p )
oi

where k represents the wave vector. We thus have the expec-
tation values

(®p % ) = TGy(R),.y, 6)
with the “Green’s function”
- 1
Gi(k) = —————. 7
® o + Kk? — hy @

For the vestigial phase, we must have o — hy > 0.
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The free-energy density is, within the HF approximation,
T -
F = = Z[ln(a + Kk* — hy) + hyG,(k)]
K.
2

T > T N
tallZ2G0| +| X600 | |+
k k

2

T > T N
52 GO | x| 52 G ®)
k k

This expression is ultraviolet divergent, both because of the In(a + Kk*> — k) and interaction terms. These divergences are

also present even for FF = F, where we set h; to be zero [and thus replace Gs(l_é) by GO(IQ) =

ﬁ]. However, we note that

insertion of the Hartree-Fock self-energies (2g, + g2)§ X Go(k) to the propagators G, or Gy would amount to replacing « by

o+ (2g + gz)l% Z,—(» GO(%), which can be regarded as a redefinition of «. Using this renormalized «(7"), the difference of the
free-energy density between the phase under consideration and Fy can then be written as [29]

T q
AF = 75 ) lin(@ + Kk — h) = In(a + KK*) + h,G,(K)]

ks

+ &1

+ &

T > S
72 21610 = Gol | +
k

T > >
73 2_IG1(B) = Go)] |
k

2 2

T > 5
73 D _IGi(K) = Go(h)]
k

T > >
73 D_IGL(B) = Go(h)] ©)
k

This expression is ultraviolet convergent, and the contributions giving rise to finite AJF arise only for small wave vectors

when o and &, are small, as it should be.

The momentum sums can be easily evaluated. For 3D, we reproduce the result in Ref. [29]. In the present case, we get

T2g1

AF = _MLK{[O‘IH (1 - %) +h¢] + [‘““ (1 B %> ””“ " (4n1<>2{[1n (1 B %>]2+ [In (1 B %>]2}

T2g2 h¢ hl

An important point to note is that, in contrast to the three-
dimensional case [29], this free energy diverges to +o0o due to
the g, term (since g; > 0) when h; — «_. Hence there is no
“falling oft” to the unphysical (¢ — h; < 0) region, in contrast
to Ref. [29], and stable nontrivial minima can exist within the
physical h; < o region. See Fig. 1.

Expansion of the free energy in terms of i, = (hy — h)/2
and hp = (hy + hy)/2 gives

AF = ah? + bh + yhoh? + chg, (11)
where
a=Th[1+TQ2g — g)h], (12)
b=3TL +2T°g (5 +2bL) + T?g:(I5 — 2LL), (13)
y =4TL + 2T%(6g, — 82)b1, (14)
c=Th{1+TQg + g)h]. (15)
Here, I, = 4”1Ka and generally [, = m forn > 2.

(10)

The coefficient a changes sign at T at T, where

0=1+2g —g2) (16)

2
AnKo(DT)’
signaling a phase transition (at 7, if second order). This
transition thus exists only when g, — 2g; > 0. Equation (11)
implies hy = —%hg. Eliminating Ay, the effective coefficient
for h;‘ becomes b — Z—Z. The value of this coefficient at 7,

is given by beg = Aﬁﬁ(még‘(&fz hence positive only when

g>» < 6g;. Hence the transition is second order only when
g>» < 6g; [38]. See the Appendix for further analysis on this
point. Below we shall confine ourselves only to this parameter
regime. Since « is rapidly varying with temperature near Ty,
Eq. (16) implies

a7

-2
T2%To|:1+ (&2 gl)}

4 Ko’

hence a transition temperature increasing from 7j linearly
with g — 2g; when the latter is positive. Below T3, h? ~

_d _ . r_
2be“(T T»), withd = ey AL

The above has assumed that the transition is to a state with
uniform A ;. One can also consider the free energy F for the
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FIG. 1. Example contour plots of the free energy in Eq. (10).
Abscissa: [In(1 — %T) + In(1 — %)]/2 = x; ordinate: [In(1 — %T) —
In(1 — %)] /2 =y. Upper diagram: Symmetric phase, with free-
energy minimum located at iy = h, hence y = 0. Lower diagram:
Broken symmetry phase, with two degenerate minima, at iy # h,

y#0.

case where the self-energies /i, vary with position. If these
fields have wave vector Q, then the free energy has the form

AF = a(Q)h, (O (=0) + - - -, (18)
with
a(Q) = Th(Q)[1 + T(2g1 — g2)h(Q)], (19)

where

1 1
hL(Q) = B ; (o + Ki2)(a + KK2)’

(20)

with ky =k £ $. L(Q) =b if Q =0, decreases with in-
creasing Q or «, and is positive definite if o > 0. Hence if
2g1 — g» > 0, a(Q) is positive for any Q and positive «. If
2g1 — g» < 0, a(Q) > 0 for all Q’s at high temperatures, and
at 15, a(Q) changes sign at Q = 0 with a(Q) > 0 at Q # 0,
verifying that the transition is to the uniform state.

The above considerations show that, for long-wavelength
fluctuations of 4., the free-energy density has the form

AF = ah? + K(Vh,)* + begch?. @1

The coefficient K can be obtained from an expansion of a(Q)
at small Q. Using L(Q) =1, — a—14(0) we obtain thus

oK
K = —714[1 +2T(2g1 — g2)h]. (22)
Near a =0 [T given in Eq. (16)], K ~ 5— >0 [39].
Equation (21) represents an effective Hamiltonian for a
second-order Ising transition, with K > 0 and b > 0 (the
latter holds if g, < 6g;, as already mentioned).

The above considerations find the minimum of the free
energy in h,. More precisely, 4, is itself a fluctuating quantity
and the free-energy density in Eq. (21) should be regarded as
the effective Hamiltonian density for A, (7). We thus obtained
an effective ¢* theory for the Ising transition where /. plays
the role of the order parameter for the Z, transition. The
considerations so far thus give, upon lowering of tempera-
ture, an Ising transition from a completely symmetric phase
to a Z, broken symmetry phase (i, # 0 yet with (®;) = 0)
at T, > Ty (thus o > 0) given by Eq. (17) if g > 2g;. This
is our vestigial phase. In this region, iy # h, but both &,
and @ have vanishing expectation values. Correlations be-
tween &; at different positions decay exponentially in space:

(PE(F)D(F)) e Moreover, due to the finite h,, Ay #
Ay. Upon lowering of the temperature, f,( both grows in
magnitude, whereas « decreases. Within the above consid-
erations, at temperature where o = h4, the system makes a
transition to the state with (®4) # 0 but (@) =0 or vice
versa, a state just as 7 = 0. At this temperature, o« — by > 0
so that (@7 (7))@ (7)) still decays exponentially. Furthermore,
for g, < 2g1, hs vanishes, the system goes from the symmetric
phase to the state (®4) # 0 but (&) = 0 or vice versa at Ty,
where « vanishes [40].

At finite T, the phase with long-range order just described
is due to the artifact that phase fluctuation of ®; was not
considered. Mermin-Wagner theorem states that this long-
range order is destroyed in 2D. However, quasi-long-range
order [43] is allowed. For the phase diagram, the simplest
possibility is that the above-mentioned phase with long-range
order is instead characterized by power-law correlations, thus
instead of finite expectation value for ®,, we have simply
(CD’;(?)CDT( ")) o . The resulting phase diagram is as
given in Fig. 2(a)

Another possibility is that, due to thermal fluctuations
of the phase, there is always a vestigial Z, broken symme-
try phase that lies between the completely symmetric phase
and the quasi-long-range order phase, even for the region
g>» < 2g1. This possibility has been raised in a few theoretical
calculations based on models which are related to though
not the same as the one we have in this paper [24,32,33,35]
(though there are also related studies where such a phase
is absent [34]). The resulting vestigial phase again only has
short-range order, but since Z, is broken, the decaying lengths
A4,y are thus unequal. This phase is indistinguishable from
our vestigial phase described by 4, # 0, though the physical
picture giving rise to this broken Z, symmetry seems quite
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FIG. 2. Possible phase diagrams. Region A is the symmetric
phase. Region B is the vestigial phase with broken Z, symmetry, but
with only short-range order for both ®; and ®,. (®}(F)P,(#))

eiw;%, but A+ # A, . Inregion C, one of the ®, has quasi-long-range
order while the other has only a short-range correlation. Solid lines:
Ising transitions; dashed or dotted-dashed lines: BKT transitions.

different. The resulting phase diagram is sketched qualita-
tively in Fig. 2(b). [44] For both Figs. 2(a) and 2(b), the phase
transition temperatures all vanish at g, = g;. At this point
there the symmetry is enhanced to SO(3), which forbids any
order at finite temperature in two spatial dimensions, a fact
also pointed out in Ref. [35].

III. CONCLUSION

Starting from a Ginzburg-Landau theory for a two-
component superconductor, we show that the vestigial broken
time reversal symmetry state with no superconducting order
parameter is possible in two spatial dimensions, provided that
the parameters lie in the suitable region. This is in strong con-
trast to the case in three spatial dimensions [29], where such
a phase is in general not possible except for some extreme
situations.

Similar calculations can be extended also to vestigial ne-
matic order, governed by an order parameter h = (h,, hy). We
have already shown in Ref. [29] that the vestigial nematic
state is generally unstable in three spatial dimensions. Back
to the present case of two spatial dimensions, calculations
similar to Sec. II can also be carried out. For example, we
still have Eq. (11), etc., if we exchange h, there by |71|,
provided we also replace g, there by # and g, respec-
tively (cf. also Ref. [29]), hence 2g; — g» in Eq. (12) by g>.
A vestigial nematic state thus requires g, < 0. beg iS now
proportional to % The effective gradient energy has the
form K (9;h;)(3;h;) [note our Eq. (2) has no “spin-orbit” cou-
pling] with coefficient K given by the same as the expression
below Eq. (22). Instead of an Ising transition, we expect a
Kosterlitz-Thouless transition for 7 itself when g > —% g1,
but a more complicated scenario is feasible if this inequality
is not satisfied.

If go <0, we can also have 4e superconductivity with
“pairing” between fields ®; and ®,. The vestigial 4e state

now corresponds to quasi-long-range order of the product
®,d, (x®?+ ®3) but without quasi-long-range order of
either ®,;. When the gradient term is simply taken as in (2), the
calculations for the effective free energy are entirely parallel
to that of the nematic phase, as has already been pointed out in
Refs. [13—15]. Discussions above also apply to this case with
appropriate substitutions.
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APPENDIX: ORDER OF PHASE TRANSITION

We analyze this phase transition without expansion in Ay ;.
We define x;, = — In(1 — %), where we have chosen the sign
so that x; is an increasing function of A,. All Ay < «, hence
—00 < Xy < 00 are acceptable. Employing x = (x4 4+ x)/2,
and y = (x4 —x;)/2, Eq. (10) can be written as

BT okt e cosh(y) — 1]
—_ = cos —
oT /(nK) 7 °¢ Y
+Qn+E) + Q0 -2 (AD
where 31, = Lg;f(.
The stationary point conditions are
0= (1—e"coshy)+ (281 + &2)x (A2)
and
0 =e¢*sinhy — (g, —221)y. (A3)

The second equation is trivially satisfied by y = 0. For y # 0,
we solve for x using this second equation and substitute back
to the first to yield a single equation for y,

y a(T)

tanhy a(Tr)

G= (A4)

with G = g‘f‘_—zgf. Since we have 0 < 22 < g, G decreases
with increasing 2,/8,. For 23| < g, < 68, G lies between 2
and +oo0. For 62, < g, G lies between 1 and 2. The graphical
solution shows that for 2 < G < oo, y vanishes for ¢ > a(73).
A nontrivial solution for y starts from zero and grows with
decreasing o < «a(73), thus a typical second-order phase tran-
sition at T = T;. For 1 < G < 2, finite y solutions already
exist at some o(7T) > «(73), and with decreasing «(7"), one
obtains two solutions, one with y decreasing and the other
increasing with decreasing «. «(73) is the point at which the
decreasing solution approaches y = 0, which shows a typical
first-order transition behavior. Note however in contrast to 3D,
we have a local free-energy minimum, not just a saddle point.
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