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We investigate the possible superconducting instabilities of strongly correlated electron materials using a
generalization of linear response theory to external pairing fields depending on frequency. We compute a
pairing susceptibility depending on two times, allowing us to capture dynamical pairing and in particular
odd-frequency solutions. We first benchmark this method on the attractive one-band Hubbard model and then
consider the superconductivity of strontium ruthenate Sr,RuO,4 within single-site dynamical mean-field theory,
hence restricting ourselves to pairing states which are momentum independent in the orbital basis. The symmetry
of the superconducting order parameter of this material is still debated, and local odd-frequency states have been

proposed to explain some experimental discrepancies. In the temperature range studied, we find that the leading
eigenvectors are odd-frequency intraorbital spin-triplet states, while the eigenvectors with the highest predicted
transition temperature correspond to even-frequency intraorbital spin-singlet states. The latter include a state

with d-wave symmetry when expressed in the band basis.

DOLI: 10.1103/PhysRevB.110.054509

I. INTRODUCTION

A number of materials with strong electronic correlations
display unconventional superconductivity (SC). The term “un-
conventional” is often used to imply that the SC is caused
by electron-electron interactions rather than electron-phonon
interactions, or that the superconducting order parameter
(SCOP) has symmetry properties that differ from conventional
s wave. These two aspects are often connected: in a material
with strong repulsive interactions between electrons, equal-
time local pairing is strongly suppressed.

One way to circumvent the onsite repulsion is when the
SCOP is spatially nonlocal, i.e., momentum dependent, and
that the integral of the gap function over momentum vanishes
(as in the d-wave state of the cuprates, for example [1,2]).
Another way is retardation: if the equal-time pairing ampli-
tude vanishes, the electrons forming a pair follow each other
with a time delay and the local repulsion can be avoided. Odd-
frequency pairing, originally introduced by Berezinskii in the
context of superfluid helium 3 [3], precisely enforces that the
equal-time pairing amplitude vanishes due to the antisymme-
try of the SCOP in the time-domain (see [4,5] for reviews). In
multiorbital systems, an even larger set of possibilities exist
for unconventional SC, making use of the nontrivial symmetry
properties of the SCOP under spin, parity, orbital, and time
(retardation), as described by the SPOT classification [4,6].
In particular, multiple different SPOT classes can coexist and
it was shown that odd-frequency correlations are ubiquitous
in multiorbital superconducting systems [5—8].
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From a computational standpoint, stabilizing the SC phase
is often very challenging because it involves temperatures and
energy scales that are much lower than the bare electronic
energy scales. Instead, one can assess the tendency towards
SC by performing computations at higher temperature and
computing a pairing susceptibility, i.e., the response of the
system to an external pairing field. One way to do this is to
treat the pairing field in perturbation theory in order to ob-
tain the pairing susceptibility, i.e., to construct the linearized
Eliashberg equations and to find the dominant eigenvalues
of the associated kernel [6,9—11]. However, this requires a
computation of the two-particle susceptibilities and vertex
functions which is a quite demanding task.

Here, we present the two-time linear response theory
(TTLR), a computational method that allows us to compute
generalized pairing susceptibilities for unequal-time pairing
by explicitly introducing a pairing forcing field and directly
computing the response of the system. We implement this
method in the framework of dynamical mean-field theory
(DMFT) [12], hence limiting ourselves to spatially local pair-
ing. The TTLR method is conceptually similar to the one
introduced in Ref. [13], but is improved and generalized by
using an expansion on basis functions in the time domain
(Legendre polynomials). Furthermore, we implement it using
a continuous-time quantum Monte Carlo algorithm in the
Nambu formalism [14,15], allowing accurate solutions of the
DMFT equations for temperatures down to 1/80 eV.

We first demonstrate the usefulness of TTLR by applying
it to the single-band Hubbard with an attractive interaction
U < 0. In this case, a solution of the DMFT equations is
possible directly in the SC state, hence, this serves as a
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benchmark. We obtain excellent agreement with the direct
solution.

We then consider the unconventional superconductor
Srp,Ru04 (SRO). Owing to single crystals of extremely high
quality, this compound is one of the most thoroughly stud-
ied among strongly correlated materials, with many different
experimental probes [16]. Its normal state displays large
orbital-selective effective mass enhancements [17], and a
crossover from a Fermi liquid below 7' ~ 25 K to a less
coherent metal above that scale [18-20]. It is now understood
that the normal state inherits its strong correlations from the
combined effect of the Hund’s rule coupling and the prox-
imity of the y band to a van Hove singularity [21]. Recent
resonant inelastic x-ray scattering (RIXS) experiments [22]
have confirmed that SRO belongs to the broad family of Hund
metals [23,24] and DMFT provides a quantitative description
of many of its normal-state properties [25-29].

In contrast, the nature of the unconventional SC state
of SRO, discovered almost 30 years ago [16,30], is still
being actively debated, together with the symmetry of its
SCOP [31]. Only recently was it experimentally shown to
be dominantly composed of spin-singlet pairs [32,33]. The
debates persist because thermodynamic measurements sug-
gest a one-component order parameter [6,34-36], while other
experiments observed evidence of a two-component order
parameter [37-39]. Recent computational efforts have been
devoted to elucidating this question, starting from a first-
principle description of the electronic structure of SRO, e.g.,
from an analysis of the Eliashberg equations in combination
with DMFT [11,40-43] or using the functional renormaliza-
tion group [44]. Considering some of these works found local
and odd-frequency dominant eigenstates [6,11,41] and argue
they could help explain experimental discrepancies [6], in this
work, we employ the TTLR method to study local unequal-
time pairing states of SRO within the DMFT framework.

The paper is organized as follows. TTLR is presented in
details in Sec. II. In Sec. IIl, we apply it to the attractive
Hubbard model which serves as a benchmark. We discuss the
convergence with respect to the number of Legendre poly-
nomials in the basis and the conditions on the amplitudes of
the pairing fields to remain in the linear response regime. We
analyze the temperature dependence of the resulting eigenvec-
tors and their frequency structure. As shown in Appendix F,
we recover the solutions obtained using the power method. In
Sec. IV, we generalize the method to multiorbital systems and
apply it to SRO. We find that, at high temperatures, the eigen-
vectors with largest eigenvalues are spin-triplet intraorbital
odd-frequency states similar to those obtained in Refs. [6,11].
Moreover, the interorbital odd-frequency states reported in
Ref. [41] are found to be subdominant. Finally, the states
with the highest interpolated critical temperatures correspond
to even-frequency spin-singlet states. We show that, although
local in momentum space in the orbital basis, the upfolding to
the band basis of one of these states corresponds to d-wave
pairing.

II. METHOD

In this section, we present our approach to study a
general SC order using a time-dependent field coupled to

the superconducting order (referred to as the “SC field”
below) in the linear regime, in imaginary time. This is a
straightforward generalization of the standard linear response
theory technique using a small static field. However, this
generalization allows us to study more general SC orders,
and in particular the odd-frequency pairing phases. After
establishing our notations in Sec. II A, we show in Sec. I[IB
how to decompose the SC susceptibility on a compact
basis of Legendre polynomials. This approach is general
and allows us to address both even- and odd-frequency
pairing.

A. Notations

Here, we first establish some notations, especially in re-
lation to conventions on Nambu spinors. We then detail the
application of the TTLR method within DMFT.

1. Green’s function in Nambu space

We consider a system with a single orbital and two spin
states per unit cell. The generalization to more quantum num-
bers is given, in particular for multiorbital systems, in Sec. IV.
This system is described by an Hamiltonian H = Hy + Hin,
where H is the noninteracting quadratic part and Hiy, is the
interacting part. Here we neglect spin-orbit coupling, making
‘Ho spin diagonal and SU(2) symmetric, and H;y,, is taken to
be local.

The noninteracting Hamiltonian H, can be Fourier trans-
formed to momentum space and reads as

Ho =Y e, Vio, (1)
ko

where ¢ is the spin-independent band dispersion and the
operators ¥y, and wlig are destruction and creation operators
of an electron with momentum k and spin o. Defining the
Nambu spinors

U=, Yok @)
this Hamiltonian reads as (up to a constant)

fa A A . N € 0
Ho = Z ‘IJEHOk\I/k with Hox = |:(;( e k:|. 3)
" _

In the following, the hat symbol indicates that the object
is expressed in the Nambu basis. Similarly, the number of
electron operator N can be expressed as

N =) Wiz, )
k

with 73 the third Pauli matrix.
The partition function Z is given by

Zy = /D\Ij 'D\Iﬁe—So[\l’-‘Iﬁ]—Su[‘I/,‘W]—S¢>[\I/,‘I’T] (3)

where the action is split in three contributions: the noninter-
acting part, the interaction part, and the source field driven
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part, respectively, given by

'6 A A~
Sol¥, ¥’ = Z/ dt \DE(T)(BI + Hok — 183) Wk (0),
Kk 0
B
Sylw, wi=Y)" / dt Hin[ W, W7,
Kk 0

B
Sy[W, '] =~ Z/ drdt’ ¥ ()i (r — ) (1),
—Jo

(6)

with the chemical potential denoted by © and the dynamical
source field by ¢y (7). The inverse temperature f is expressed
inev~! throughout the text. In the Nambu basis, this field is
expressed as the particle-hole (ph) and particle-particle (pp)
components as

b= 5 (M)
b P
The free energy F, in the presence of ¢ is related to the
partition function by Fy = —% InZy and the corresponding
Nambu Green’s function is
A SF,
Goman(t = 7) = ————— ®)
8¢kbu(f - 'L')
= (Y =¥l )

where a,b are Nambu indices, the imaginary-time de-

pendence is given in the interaction picture as A(tr) =
et H—1N) A o= (H—-1N) " and

1 .
Ay = — | DYDY e=5075u=54, (10)

Using matrix notations in Nambu space for G, we have

Con () = — (T OV (Tt (DY)
¢:k (Trwjkl(r)wl;*)Qﬁ (wajk¢(r)w—kl)¢
_ <G¢;k(T) Fq};k(f)) (11)
-\ () Gy(D))

where G and G are, respectively, the particle and hole prop-
agators or normal Green’s functions, while F and F are the
anomalous Green’s functions. The Dyson equation for the
Green’s function (9) reads as

Gouliw,) " = iwyto + uts — Hox — Pi(iw,) — Spxlion),
(12)

where 1 is the identity and ¥ is the self-energy in the Nambu
basis. In what follows, we are considering only pairing fields,
taken to be purely local. That is " = ¢p”" = 0 and ¢y = .

Finally, in linear response to ¢, the definition of the su-
perconducting susceptibility x”” given in Eq. (D1) can be
inverted to find the anomalous Green’s function F in the
presence of a field as

Fy(r) = [df’x""(f, )p(x) + 0(¢?). 13)

As shown in Appendix D, even-frequency superconductiv-
ity corresponds to the symmetry property F(t) = —F (8 — 1)
while odd-frequency corresponds to F(t) = F(8 — 7). Ac-
cording to the SPOT classification [4] detailed in Appendix A,
in the single-orbital context with local pairing, even fre-
quency must correspond to singlet pairing and odd-frequency
to triplet pairing. In the multiorbital case, there are additional
possibilities, which will be reviewed in Sec. IV.

2. Dynamical mean-field theory

We now rewrite explicitly the DMFT equations in Nambu
space [12] in the presence of time-dependent source fields.

Given a dynamical Weiss field gAg(ia)n)’1 which specifies
the quadratic part of the local action, the effective impurity
model is solved, in the presence of the source fields, to obtain
the impurity Green’s function:

. B ) R A
G;mp(iwn) = _/ dt ezwﬂ(Tr\I/,‘(‘L’)‘-IJ;)S;fr (14)
0

with ‘i'; = (wfT ¥, ). This also yields the impurity self-
energy:

S (i) = GY(iw)) ™" = Gy (iw) ™. (15)

This local self-energy is then used in the lattice Dyson equa-
tion to construct the local component of the lattice Green’s
function as

Gyelion) =Y Goulion) (16)
k

and the Weiss field is then updated according to
GY(im,) ™" = Ey(iw,) + Gy (i)™ 17)

The DMFT calculations presented below are performed
using the TRIQSpackage [45] and the impurity problem is
solved using the continuous-time quantum Monte Carlo
algorithm in the hybridization-expansion formulation (CT-
HYB) [14,15,46,47]. We use the formulation in which the
imaginary-time Green’s function is purely real and for which
the Hermiticity condition is enforced, leading to

F,™(z) = F,™ (7). (18)

In what follows, we use F = F™_ Similarly, ¢ = ¢?7 = ¢PP.

B. Legendre representation
of the superconducting susceptibility

We now discuss the external pairing fields ¢(7) that de-
pend on imaginary time. Using a full basis of fields, we will
have a complete determination of the dynamical pairing sus-
ceptibility x”P, from which we will get the superconducting
eigenvectors, including their full frequency dependence. In
practice, we need a computation for each basis field, which
generates a pairing response Fy (7). It is therefore crucial to
use a compact basis for the time dependency of the field.

We use the basis of Legendre polynomials normalized and
scaled to imaginary time, truncated at the Nth polynomial.
This basis provides a compact representation of the Green’s
functions [48]. We denote it by {Py(7)}se(o,...n—1}, With ex-
plicit form and properties detailed in Appendix B. Note that
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the polynomials are rescaled and shifted to represent a func-
tion on [0, B]. Using this basis, a general external field reads
as, for0 <7 < B,

P(T) =Y PuPul), (19)

where the ¢, are the expansion coefficients. In the linear
regime with Eq. (13), we get

Fy(t) = Z%Xa(f) + O(¢*), where

Xa(T) = / dv' x" (z, T )Py (). 20)

Here, x,(7) is the susceptibility in a mixed Legendre-time ba-
sis. It can be straightforwardly rewritten fully in the Legendre
basis with coefficients x/ as

Xa(T) =Y xLPs(T). 1)
B

The coefficient xf can be extracted using the orthog-
onality relation of the Legendre polynomials discussed in
Appendix B, that is,

2 B
—/ dt Py (T)Pg(T) = Bup. (22)
B Jo

Then,

2 B
=2 / dt Py(t)xa (). 23)
B Jo

We emphasize that, in x”, the subscript denotes the Leg-
endre component of the external field used to generate the
dynamical pairing response. The superscript denotes the pro-
jection of this component on the Legendre basis. We also note
that the polynomials P, (t) with even o € 2N are even around
B/2 and correspond to odd-frequency states, while odd o €
2N + 1 are odd around /2 and correspond to even-frequency
states, as discussed in Appendix C. We show in Appendix D
that dynamical pairing responses have the same parity around
B/2 as the fields used to generate them. In other words, the
x£ susceptibility is block diagonal in these even and odd
indices. From now on, when discussing linear combinations
of Legendre polynomials that are even (odd) around 8/2, we
will refer to them as odd frequency (even frequency).

Once the N x N matrix Xf is constructed, the leading
superconducting eigenvectors are obtained by diagonalizing
it. Its eigenvectors ¢;(t) with eigenvalues A; satisfy

hgi() = f 47 X" (. T )i (0). 24)

The convergence as a function of the size of the Legendre
basis N is studied in explicit cases in the next sections.
Finally, let us discuss in this context the simple method of
using a static field. A static superconducting field reads in the
current language (due to the antiperiodicity condition)

Pstatic(T) = Po[(z) — (B — 7)]. (25)

It can be checked that this expression produces an equal-time
term in Eq. (6). A static field computation is sufficient to
find the superconducting transition, if @gugc is not orthogonal

to the eigenvector corresponding to the diverging eigenvalue
of the x matrix. However, the odd-frequency solutions occur
in a different sector, which is orthogonal to @gutics aS Pstatic
is orthogonal to each Legendre of even degree [as P, (0) =
P>, (B)]. Therefore, they are not accessible with such a simple
technique and require the full dynamical calculation presented
above.

III. BENCHMARK ON THE ATTRACTIVE
HUBBARD MODEL

First, we benchmark our method on a simple case: the
one-band attractive (U < 0) Hubbard model on the Bethe
lattice at half-filling [49-52]. The model displays a crossover
between the weak coupling Slater regime in which the BCS
mechanism applies, and the strong coupling Mott-Heisenberg
regime in which the superconducting transition at T, o t2/|U]|
corresponds to the Bose condensation of pairs that form at
a much higher temperature ~U | [53-58]. An exact mapping
is known between the superconducting phase of the U < 0
model and the antiferromagnetic solution of the repulsive case
U > 0[59].

The Hubbard Hamiltonian on the Bethe lattice is given by
H = Ho + Hine With

t n &
-7 D WigWio + Vi Wiol =1 ) mios  (26)
(i.j)o io

where z is the connectivity of the lattice (z — 00), ¢ the
nearest-neighbor hopping amplitude, (i, j) denotes pairs of
nearest neighbors, u = U/2 is the chemical potential at half-
filling, ¥;, (1//;) is the annihilation (creation) operator of an
electron on site i with spin ¢ and n;, = l/f,f, Yis, and

M =U Y niynyy. 27)

Ho =

where U is the onsite Coulomb repulsion.

On the Bethe lattice, the relation between the DMFT Weiss
field Gy and the lattice Green’s function G of Eq. (17) is
exactly given by

Golion) ™" = ity + puts — 1° 136y (iw,)Es — Pliwy). (28)

We consider only the case with7 = 1 and U = —3, known to
have a superconducting transition around 8 ~ 5.5 [52].

We compute the response of the system to a set of pairing
fields by converging the DMFT equations in the presence of
these fields, which have an imaginary-time structure given
by Legendre polynomials. In practice, we first converge the
DMEFT equations in the normal state in the absence of pairing
fields, then turn on the pairing fields and proceed with a few
additional iterations until convergence is reached. Figure 1(a)
shows the dynamical pairing responses in imaginary-time
Xo (7) resulting from the odd-frequency external pairing fields
¢(t) = ¢, T, (7). Figure 1(b) shows the responses to even-
frequency fields. As expected for the case presented in this
figure, the responses tend to be larger for even-frequency
superconductivity than for odd frequency.

We use the resulting pairing responses to construct the
susceptibility matrix x#. The eigenvectors with largest and
second largest eigenvalues are shown in Figs. 2(a) and 2(b)
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(b) Q=1  w— =5
1'4——a=3 — =]
t 0.0 7—:-_4
< i
]
-1.44 !
0 B2 B
T

FIG. 1. Dynamical pairing responses to external pairing fields for
the half-filled attractive Hubbard model with U = —3t. The fields are
proportional to Legendre polynomials P, (7) that generate the purely
(a) odd-frequency and (b) even-frequency finite dynamical pairing
responses x,(7). Weusedt =1, 8 =3,and ¢, = 0.01 V «.

respectively, as a function of the basis size N, again for 8 = 3.
The imaginary-time structure seems converged around N ~ 4,
confirmed by the inset that presents the evolution of the eigen-
value as a function of N.

We repeat this process for different temperatures while
making sure to remain in the linear regime, as discussed in
Appendix E. In Fig. 3, we present the evolution of the leading
superconducting eigenvector ¢, with respect to inverse tem-
perature . The dashed lines with blue labels correspond to
the leading eigenvectors from the normal state obtained with
the dynamical susceptibility. The solid lines with red labels
correspond to the actual anomalous Green’s function F(7),
which naturally develops once the system has transitioned to
the superconducting state. All these states are normalized to
have po(r = B)=1land F(r = ) = 1.

From this figure, we see clearly that at low temperature,
most of the pairing happens at equal time, which can be
well captured by the static field method. Around the critical
temperature, however, the eigenvectors are much more time
dependent, which is well captured by the eigenvectors of the
dynamical pairing susceptibility.

Finally, we study the dependence on temperature of the
eigenvalues of the dynamical pairing susceptibility and verify
that the method correctly predicts the superconducting critical
temperature. We show in Appendix F that the power method

(a) — =2 (b)1.01 — =2
14 N=4 N=4
N=6 — N\ =6
N=8 — N\ =8
t 04 —mmmmmm e . tO.S'
o N —
S 2 46 8 S
_1_
0.0 A
T 128 T T T T
0.0 15 3.0 0.0 1.5 3.0
T T

FIG. 2. Convergence of the (a) leading and (b) subleading eigen-
vectors with respect to the size of the Legendre basis N. The system
is the half-filled attractive Hubbard model on the Bethe lattice with
the same parameters used as in Fig. 1. In the SPOT representation
introduced in Appendix A and used later in the text, (a) would be
classified as ~STPTOTT and (b) as TSTPTO~T. Inset: convergence
of the associated eigenvalue versus N.

Normal state
-— B=1

F(T)/F(0)
©o(T)/9o(0)

Superconducting state

— B=6.0 B=20.0 \\
B=17.0 — B=30.0 RN
— B=10.0 —— B=40.0
-1 -1
0 B2 B
T

FIG. 3. Imaginary-time-structure evolution of the leading super-
conducting eigenvector (dashed lines, right axis) into the anomalous
Green’s function (solid line, left axis) across the superconducting
transition in the half-filled attractive Hubbard model. The same pa-
rameters as in Fig. 1 were used and the leading eigenvectors were
obtained with a Legendre basis of size N = 8.

gives precisely the same results as those obtained using the dy-
namical pairing susceptibility. The transition is signaled by the
first diverging eigenvalue A of the susceptibility x”” or equiv-
alently by 1/A9 = 0. In Fig. 4, we plot 1 /X in the normal state
obtained with both the static and the TTLR methods (right
axis, blue symbols), along with the superconducting dome that
develops at low temperature (left axis, red symbols).

The darker blue squares are associated to the inverse of
the leading eigenvalue of the dynamical pairing susceptibility.
The light blue pentagons represent the results using the static
field method discussed in Sec. II B and represent the inverse of
F(t = 0) divided by the amplitude of the static field, which is
given in arbitrary units. After rescaling, we compare it to 1/
obtained from the TTRL dynamical susceptibility. This plot
demonstrates the excellent agreement between the dynamical
susceptibility and static field methods in determining the tran-
sition temperature.

- 8
—e— Static field
0.3 —8— legendre 6
p )
> ~
) | =
Il 0.2 4
= =
=01] L2
0.

%0 02 04 o6 o088 1.0
T, 1/B8

FIG. 4. The superconducting critical temperature in the half-
filled attractive Hubbard model for U/t = —3. The red left axis
presents the spontaneous appearance of the pairing amplitude in
the superconducting state around 7' ~ é. The blue right axis shows
that this critical temperature is indicated from the normal state by
a divergence of the dynamical pairing susceptibility. We compare
two methods to obtain the inverse susceptibility: dark squares for
the two-time linear response and light blue pentagons for the static
method (in arbitrary units).
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The red curve shows the value of the anomalous Green’s
function at t = 0. The red dome highlights the buildup of
superconductivity at B > 6, which starts at the very same
temperature predicted from the normal state. Thus, the TTLR
method succeeds to obtain the temperature of the super-
conducting transition for the single-band attractive Hubbard
model at half-filling. At the same time, it gives access to
the frequency structure of many eigenvectors simultaneously,
deep in the normal state. For this model, as expected, it pre-
dicts an even-frequency state.

In conclusion for this section, we employed the two-time
linear response theory to compute the dynamical pairing
susceptibility in the intermediate coupling regime of the at-
tractive Hubbard model. In this regime, superconductivity
appears at rather high temperature and is strongly dependent
on imaginary time. We showed that, from the normal state,
the leading eigenvalue of the dynamical pairing susceptibil-
ity provides information about not only the superconducting
critical temperature, but also the superconducting order
parameter.

IV. STRONTIUM RUTHENATE

In this section, we apply the TTLR method to strontium
ruthenate (SRO) within the DMFT framework. The symmetry
of the superconducting order parameter of SRO has been a
mystery for almost 30 years now. Previous works that studied
the superconducting instabilities from the normal state by
solving the Eliashberg equation in a formalism that allowed
for frequency-dependent SCOPs found local odd-frequency
states as dominant candidates [6,11,40,41]. The method de-
tailed in this paper is designed to investigate such states and,
more broadly in the case where it is employed in the DMFT
framework, any pairing state in which the superconducting
order parameter is local in space (i.e., k independent in orbital
space). Of course, states with strong momentum dependence
such as d-wave pairing are strong contenders for this material.
While most of these states require an extension of our method
to nonlocal generalizations of DMFT, we show that for certain
local gap functions in the orbital basis, a nontrivial momentum
dependence such as d wave can be obtained when upfolding
to the band basis.

In Sec. IV A, we present the minimal model that we use to
describe SRO, which is downfolded from a density functional
theory calculation. We then generalize the formalism of Sec. II
to multiorbital systems. We present a few dynamical pairing
responses that highlight the coupling between different orbital
sectors generated by the interaction. In Sec. IV B, we present
the temperature dependence of the largest eigenvalues. At
every temperature considered, the leading instabilities are all
intraorbital odd-frequency spin triplets, but we find that the
states for which the extrapolated critical temperature is largest
are intraorbital even-frequency spin-singlet states. Inspecting
the frequency structure of these eigenvectors highlights that
they take advantage of the strong retardation of the pairing
to generate retarded pairing. In particular, one of these states
transforms as a d,»_y» state once upfolded to the band basis.
We further compare these results with the literature, discuss
them in the context of experiments, and propose potential
improvements for future works.

A. Minimal model and multiorbital
generalization of the method

The main physics of SRO emerges from the metal-oxide
planes, making it quasi-two-dimensional [16,17]. While the
strontium atoms simply act as reservoirs of electrons, the
oxygen atoms (O) generate an octahedral structure around the
ruthenium atom (Ru), acting as a crystal field. This crystal
field is large enough to split the partially filled 4d electronic
shell of the Ru into four unoccupied e, and six #,, orbitals
that effectively host four electrons. Consequently, a minimal
model for SRO can be constructed by retaining only the
electronic states associated with the frontier Wannier orbitals
associated with Ru-O hybridized states of 7,, character.

These orbitals are rather localized so that the electrons oc-
cupying them experience strong electronic correlations. These
correlations were shown to be essentially generated by local
interactions of the Kanamori-Slater type, characterized by
an onsite repulsion U and Hund’s coupling J [24]. Many
experimental observations were well reproduced by DMFT
computations involving this minimal model and interactions,
such as the magnitude and orbital selectivity of the effective
mass enhancements [17,21], the NMR response [21], the bad
metal to Fermi-liquid crossover [18,20], the Seebeck coeffi-
cient [25], the Fermi surface [26], the momentum-dependent
spin response function [27], and the Raman response [29]. The
Hund’s coupling was shown to play a crucial role [21], placing
SRO among the broad family of Hund metals [23,24].

Spin-orbit coupling also plays a crucial role for SRO
[26,60-66]. However, including spin-orbit coupling in DMFT
impurity solvers based on quantum Monte Carlo generates a
large sign problem and is a challenging and active field of
research. For this reason, spin-orbit coupling is not included
in this work when solving the DMFT equations.

The downfolded Hamiltonian for the #,, Wannier func-
tions [67-69] is obtained from a DFT calculation [67-69]
using the PBE exchange-correlation functional [70] with the
QUANTUM ESPRESSO package [71,72]. The downfolding is
performed by projecting the electronic wave function onto
the set of maximally localized Wannier orbitals constructed
using WANNIER90 [73-75]. Before applying external pairing
fields, we converge the DMFT solution with U = 2.3 eV and
J = 0.4 eV. The DMFT calculations with and without exter-
nal pairing fields were performed using the TRIQS package
[45] and the continuous-time quantum Monte Carlo algorithm
[14,15,46]. The interface between WANNIER90 and TRIQS is
facilitated by the DFTTOOLS package [76].

Now, starting from a converged DMFT solution of SRO
at a given temperature, we can compute the dynamical pairing
susceptibility x”” using the formalism of Sec. II. However, we
need to generalize it for multiorbital systems, in this case the
three 1, orbitals labeled by zx, yz, and xy. The Nambu spinor
(2) becomes

@EE(?{II{T ¥_y,) Wwith (29)
wksz Wkaw

Viy = | Yiert and 'I’T—m = wikzxi : (30)
kaw Wlkxw
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The noninteracting Hamiltonian (1) is now a 6 x 6 matrix in
the basis of Wannier orbitals with

Hox = (@" o ) 31)

_G—k

and the number operator (4) is expressed as

N =5 1)h. (32)
k

Similarly, all objects expressed in the Nambu basis such as
the source terms matrix ¢3, lattice Green’s function Gk, and
Weiss field Gy are now all represented by 6 x 6 matrices. The
superconducting components correspond to the off-diagonal
3 x 3 blocks. See, for example, the pairing fields (7), for
which only ¢?? and ¢”P are nonzero and they are equal be-
cause of the relation of Eq. (18). Similarly, the dynamical
pairing responses can be represented as 3 x 3 matrices in spin-
orbital space. In imaginary-time space, the external pairing
field ¢ () is expanded in a truncated Legendre basis of rank
N. Denoting a spin orbital by w;, a general pairing field as in
Eq. (19) is now a 3 x 3 matrix where a component (¢ 4o can
be expanded in the Legendre basis as

Brurir (T) =D By 1o Par(T)- (33)

Thus, the total basis for the fields in spin-orbital Legendre, for
fields with coefficients ¢q.;,,.,, has N x 3 x 3 elements.

The generalization for the dynamical pairing response in
the linear regime (20) is that the w314 component is expressed
as

F¢M3M4(T) — Z ¢a;u1uzxulf;ﬂtlz(r) + 0((]52), (34)

ap

where x /214, is the response in the ;314 component obtained
by considering a pairing source field P, on the p;u; spin-
orbital component. Expanded in the Legendre basis, it reads
as

X (@) =y xBr Py (t). (35)
B

Thus, the multi-spin-orbital dynamical pairing susceptibility
is expressed as a matrix with components x where s =
(e, 1, o) and s = (B, u3, ng). We will diagonalize it to
find the eigenvalues and eigenvectors.

In spin-orbital space, instead of computing the response to
all 3 x 3 components, we can use the underlying symmetries
of the dynamical pairing response (proofs are provided in
Appendix D):

(1) If the external field is even frequency (odd frequency),
the resulting dynamical pairing response will be purely even
frequency (odd frequency). This is only true because we ne-
glected spin-orbit coupling [6].

(2) The response to an inter-spin-orbital field in the o
component is related to the response to the ot component
by

Xt = b, (36)

(3) The symmetry between the zx and yz orbitals in the

local Green’s function due to the tetragonal nature of SRO

R
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FIG. 5. Examples of dynamical pairing responses to external
pairing fields in strontium ruthenate. Here, 8 = 80 and ¢y, ., =
0.0002V o, 1, 2. In (a) and (b), the external pairing fields are odd
frequency and even frequency, respectively, on the zx; zx intra-spin-
orbital component. The pair-hopping term in the interaction induces
a response in all intra-spin-orbital components. In (c), the external
pairing fields are even frequency on the zx; yz inter-spin-orbital com-
ponent. The spin-flip term in the interaction induces a response in the
inter-spin-orbital component related by exchanging the orbital labels,
here yz; zx. The components not illustrated here are smaller than 10~
for these fields.

leads to

Btz ta

X = Bizia (37)

XO!;Ml/iz ’
where 7x, yz, Xy = yz, zx, Xy.

The first symmetry can be used to reduce quantum Monte
Carlo noise in the data, while the second and third reduce
the external pairing field matrix from 9 to 4 independent
components.

Figure 5 presents some examples of dynamical pairing
responses to fields. In Fig. 5(a), the external fields are in-
traorbital only in the zx;zx sector and odd frequency. It is
the same for Fig. 5(b) but with even-frequency external fields.
According to the first symmetry detailed above, the dynamical
responses share the same frequency parity as their respec-
tive external fields. Moreover, although these fields explicitly
generate pairs only in the zx;zx component, nonvanishing
responses are present in all three intraorbital components. The
explanation is that the zx; zx pairs generated by the fields can
tunnel to another intraorbital component through the pair-
hopping term of the interaction. This mechanism leads to
pairing of smaller amplitude in these other intraorbital com-
ponents.

In Fig. 5(c), the external fields are odd frequency, in the
interorbital zx; yz sector. Again, these fields generate stronger
pairing in the zx; yz component directly affected by the field.
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FIG. 6. Inverse of the dominant superconducting eigenvalues in the normal state of strontium ruthenate. The dotted lines are fits to find the
temperatures at which the inverse eigenvalues diverge. Additional eigenvectors and details can be found in Appendix G. Note that odd T refers

to the exchange of relative time and not time-reversal symmetry [4,6].

However, there is a smaller yz; zx pairing amplitude generated
through the spin-flip term of the interaction.

Moreover, one can see from Fig. 5 that the amplitude of
the responses are decreasing with increasing Legendre index,
an indication that the dominant responses are associated with
the polynomials of lower index. In other words, this indicates
that eigenvectors and eigenvalues should converge quickly
with the Legendre basis size N. The convergence with N is
presented in Fig. 13 and discussed in Appendix G.

B. Results

We solve the eigenvalue problem associated with the
dynamical pairing susceptibility matrix for multiple temper-
atures in the normal state. Each eigenvector is characterized
and labeled by the orbitals that dominantly host their Cooper
pairs and by their character under the SPOT symmetry opera-
tions. Because we work with spinless particles, the spin parts
of the Cooper pairs are deduced from the SPOT condition. We
plotin Fig. 6 the T dependence of a few dominant eigenvalues
A;. We find that each 1/X; depends linearly on T, so that a fit
to this 7 dependence allows to estimate the critical tempera-
ture at which 1/A; extrapolates to zero, signaling a potential
superconducting phase transition.

The SPOT classification used to characterize the eigen-
vectors in Fig. 6 has been introduced in Ref. [4] and is
reviewed in Appendix A. It works as follows: a state denoted
by *STPTO™T is even under spin symmetry S (i.e., a triplet
in the absence of spin-orbit), even under parity P, even under
orbital symmetry O, and odd under T the exchange of the
electronic times. Note that we only have access to even-parity
state (even in k — —Kk) since single-site DMFT only gives us
access to pairing functions which are spatially local (momen-
tum independent) in the orbital basis. Moreover, as discussed
in Ref. [6], the local #,, orbitals transform as nontrivial irre-
ducible representations (irreps) of the crystal point group. As
a result, the SCOP transforms as an irrep, which depends in
orbital space on the different orbital labels and their relative
phase. The different possible orbital basis functions expressed
in terms of irreps are presented in Table I.

For a more complete list of eigenvalues and a more detailed
description of the superconducting states found in our analy-
sis, the reader is referred to Appendix G.

1. Intraorbital odd-frequency states

The eigenvectors with by far the largest eigenvalues in the
temperature range studied are ¢}, 1 and (péﬁ"; , labeled in red
in Fig. 6. These eigenvectors are dominant because they are
constrained by symmetry to have vanishing equal-time local
pairing, hence avoiding the energy cost of the onsite local
repulsion. Instead, they form local pairs at different imagi-
nary times, an idea proposed by Berezinskii in the context of
helium 3 [3]. An example of the imaginary-time dependence
of such a pairing state is displayed in Fig. 7(a). As will now
be explained, some of these intraorbital odd-frequency states
correspond to the A;, state found to be a leading eigenvector
in Ref. [6]. It was argued there that it could explain the con-
flicting interpretations between muon spin relaxation [39] and
specific heat [36]. Again in this work, this state is found to be
dominant in the range of temperatures studied.

Note that, even though these eigenvalues are large, their
temperature dependence suggests that an instability may only
be reached at zero temperature. As proposed in Ref. [77],
including spin-orbit coupling will be crucial to quench fluc-
tuations and reliably predict the critical temperature for these
triplet states.

The detailed structures of these states in orbital space
and imaginary time along with their evolution with inverse

TABLE 1. Basis functions in orbital space for superconducting
order parameters expressed as irreducible representations (irreps). It
depends on which orbitals are hosts to Cooper pairs, along with the
relative phases with other orbital hosts. O is the orbital symmetry
under orbital exchange. Table taken from Ref. [6].

Irrep Orbital basis function o
Ajg [xy; xy) +
Ay lyz; yz) + |zx; z2x) +
B, [yz;yz) — lzx; 2x) +
A, [yz; zx) — |zx;yz) -
By, [yz: zx) + |2x; yz) +
E, |xy; yz) + vz xy) +

[xy; zx) + |zx; xy) +
E, lxy; yz) — lyz; xy) -

lxy; zx) — |zx; xy) -
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FIG. 7. Imaginary-time dependence of one of the largest com-
ponents (zx; zx) of the (a) goéﬁy;(r) and (b) gooéfvs‘(r) states. These
pairings take advantage of the strong retardation of the pairing inter-
action to avoid even-time pairing and instead utilize off-time pairing.
Other components and different temperatures of all the dominant
states are presented in Appendix G.

temperature are presented in Appendix G. These states are
intraorbital, meaning that the Cooper pairs are formed by
electrons on the same orbital. As a result, they have to be
even in the exchange of orbital labels (T O). They are also even
under parity (*P), like all local states, and they are found to be
odd frequency (7). Thus, the SPOT classification detailed in
Appendix A imposes that they must be spin triplet *S and they
are classified by *STPTO™T.

We now discuss the irreps of the normal state’s point group
(here D4j,) according to which these states transform. The irrep
of a given state corresponds to the product of its momentum,
spin, and orbital irreps. All the irreps considered in this work
being local, they all transform as the A, irrep in momentum
space. In spin space, a spin triplet is characterized by a d
vector [16]. If it points along the z axis, it transforms as
Ay, and if it points in the plane, it is degenerate to another
in-plane vector and both transform as E, [6]. In this work,
we cannot distinguish between the A,, and Ej triplets because
they are degenerate in the absence of spin-orbit coupling. In
orbital space, there are three possible intraorbital components,
presented as the three first basis functions of Table I. The in-
traorbital eigenvectors of the dynamical pairing susceptibility
form linear combinations of these three components, as long
as the global irrep is the same.

Let us now discuss the orbital-space irreps. For ¢, ;. the
Cooper pairs are mostly formed by electrons on the xy orbital
which transforms as Aj, in orbital space. The pair-hopping
term discussed in Sec. IV A leads to small but nonvanishing
intraorbital pairing on the yz and zx orbitals. To satisfy the
irrep selection rule, this pairing also transforms as A, in
orbital space, made possible by the |yz;yz) + |zx; zx) basis
function. For gof;:g_y;, the Cooper pairs are mostly formed
on the zx and yz orbitals, in the A, channel represented
by the |yz;yz) + |zx;zx) basis function. Now pair hopping
generates small nonvanishing |xy; xy) pairing. Finally, ¢,
corresponds to the third possible intraorbital linear combina-
tion, that is the |yz; yz) — |zx; zx) basis function. This function
transforms as Bj, in orbital space [6] and there are no By,
orbital basis function involving the xy; xy component.

We are now in position to discuss the global irreps. For
@oyqr and gof)’:lf; , they transform as A, in momentum space,
as Ay, in orbital space and as either A;, or E, in spin space.

() (b)

FIG. 8. Projection on the Fermi surface of the gap functions
(a) o351 and (b) @251 rotated to the band basis, for one flavor of
pseudospin.

Thus, they globally transform as A,, and E,. The A, solution
corresponds to the one proposed in Ref. [6]. As for ¢} .
it transforms as Aj, in momentum space, as By, in orbital
space, and as either Ay, or E, in spin space. Thus, it globally
transforms as either B,, or E,.

In order to better interpret these states, we can rotate them
from the orbital to the band basis of the normal state. This
operation is performed using projector matrices P, computed
at each k point, which correspond to the eigenvectors of the
noninteracting Hamiltonian Ho in the orbital basis. The rows
have band indices while the columns have orbital indices.
These eigenvectors allow to diagonalize the Hamiltonian into
the band basis as PkT’HkoPk. They are also useful to rotate
the SCOPs A from the orbital basis to the band basis by
employing

Akuv’ = Z kamka’m’ Amm’- (38)

mm'’

We use the noninteracting Hamiltonian (31) to which we man-
ually add the spin-orbit term as described in Ref. [26], with
A = 0.2 eV. With the projectors obtained from this Hamilto-
nian, we rotate the SCOP ¢, to the band basis and project
it on the Fermi surface, resulting in Fig. 8(a). One can clearly
observe that this gap transforms as Aj, in momentum space.
This is expected because this SCOP transforms as A, in both
momentum and orbital spaces. Since the Hamiltonian with
spin-orbit coupling is pseudospin block diagonal for k, = 0
[6], we show the SCOP only for one pseudospin. This gap
being purely spin triplet, the components for the other pseu-
dospin are equal, which correspond to a symmetry breaking
in spin space [78]. In particular, this is a manifestation of the
Ay, irrep this state transforms as.

2. Intraorbital even-frequency states

Another set of eigenvectors found to be dominant are the
Ponas and googdys‘ states, labeled in green in Fig. 6. Although
they never have larger eigenvalues than the red states, they
have the fastest increase with decreasing temperature, and
they end up with the largest expected transition temperatures.
These intraorbital (*O) even-parity (T P) states are even fre-
quency (*T). Again by the Pauli principle, they have to be
spin singlet (~S) and overall transform as ~STP*O™T. Their
momentum, orbital, and inverse temperature structures are
presented in Appendix G.

In terms of irreps, again these local states transform as
Aj, in momentum space, and because they are singlets, they
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transform as Ay, in spin space. In orbital space, just as the in-
traorbital odd-frequency states, they are composed of the three
possible linear combinations of intraorbital basis functions:
¢, is dominated by Ay, pairs on the xy orbital, 2175 by

x—yz

A\ pairs on the zx and yz orbitals, and ¢, ¢’ by Bi, pairs on

the zx and yz orbitals. As a result, globally, ¢, ¢ and g7 %

transform as A, while ¢, "¢ transforms as Bj,.

To understand how the B, irrep of the orbitals manifests on
the SCOP in the band basis, we rotate the state ¢_,,°¢ to the
band basis using Eq. (38) and project it on the Fermi surface,
resulting in Fig. 8(b). We observe that after converting the
orbital indices, which transform as a nontrivial irrep, to band
indices, which transform as the trivial irrep, the nontriviality
is acquired by the momentum space due to the projectors Py.
Note that this effect cannot happen for the xy; xy component
since its only orbital basis function transforms trivially. Thus,
to transform as B, as was found in other works [6,11,40], the
Xy;xy component requires a nontrivial momentum structure
factor which is not accessible within the DMFT framework.
Nonetheless, we present a purely local solution in orbital
space which actually behaves as a d-wave state once upfolded
to the band basis. This upfold-induced momentum depen-
dence has also been noticed about the self-energy obtained
from DMFT, which accurately reproduces the Fermi surface
in the normal state [26]). Now in spin space, this gap is purely
spin singlet and thus the components for the other pseudospin
have a minus sign, which satisfies the symmetries of the spin
projected on the z axis and transforms as A1,.

It is surprising to find these solutions dominating because
one would generally not expect a strongly repulsive systems
of electrons to favor local, intraorbital states with spin-singlet
pairing. However, as can be seen from the imaginary-time
structure of these eigenvectors, for example in Fig. 7(b), the
equal-time pairing ¢(t = 0) is minuscule. This means that,
similarly to the odd-frequency states, these states take ad-
vantage of the strong retardation to avoid equal-time local
pairing and instead generate retarded pairing, which cannot
be captured by static mean-field methods. As a result, such
local states would often be overlooked, but the general method
presented in this work allows to capture them.

One possibility is that these states correspond to down-
folded versions of momentum-dependent solutions such as
the leading d-wave Bj, candidate that explains many ther-
modynamic measurements [34—36] and that was reported in
various numerical works such as in Refs. [6,44]. This possi-
bility is supported by the fact that one of the states already
transforms as d wave in the band basis. This cannot, however,
be guaranteed in this work because of the other almost de-
generate states transform as s wave. In order to investigate
this question, we plan on including nonlocal pairing solu-
tions by combining the method presented in this paper to
cluster generalizations of DMFT, to diagrammatic extensions
of DMFT or to other nonlocal methods. In general, more
work is needed to better understand the conditions favoring
the emergence of these off-time pairing states, along with
providing possible experimental signatures of their retardation
effects.

Interestingly, we note that the change of the leading eigen-
vectors from triplet at high temperature to singlet at low

temperature occurs at a temperature (40 K) similar in mag-
nitude to the crossover temperature (25 K) to the Fermi-liquid
state [18,20]. This may be associated with a crossover be-
tween a high-temperature Hund metal regime with fluctuating
local moments (spin freezing), hence favoring triplet pairing,
and a low-temperature regime with quasiparticles favoring
spin-singlet pairing [79]. Note moreover that these two pairing
states correspond to two different irreducible representations
and thus will not mix in the presence of spin-orbit coupling.

3. Interorbital odd-frequency states

The last eigenvectors of interest are the states ¢!, and
gimer. -, labeled in blue in Fig. 6. Each of these states includes
two degenerate states that transform as the E, irreducible
representation with |xy;yz) and |xy;zx) in and out of phase
(labeled as 4), shown in Table I. Moreover, we find that the
eigenvalues associated to them are also numerically degen-
erate. This is surprising since, although these states are odd
frequency (~7) with the same interorbital hosts, the states
gimer. are spin-triplet (*T') even orbital (*0) while the states
Podd-sor are spin-singlet (~S) odd orbital (~0).

The states gii's )y (“STP~O~T) correspond to the lead-
ing states found in Ref. [41] at temperatures between 0.025
and 0.04 in our units. Since both methods start from similar
noninteracting Hamiltonians and, in principle, construct the
pairing glue using DMFT, we would expect to find similar
results. However, we do not find these solutions to have the
largest eigenvalues and their predicted critical temperature is
far in the negatives. The main conceptual difference comes
in Ref. [41] from an additional approximation performed on
the vertex when constructing the ladder functions. Our results
suggest that this approximation leads to drastic changes in the
leading eigenvectors and should be carefully investigated.

V. CONCLUSION

In this paper, we presented a “two-time linear response”
method to probe pairing states with frequency dependence
and retardation. The method generalizes that of Ref. [13]
and in particular introduces an expansion of the two-time
pairing susceptibility on a basis of Legendre polynomials.
By inspecting the eigenvalues and eigenvectors of the sus-
ceptibility matrix in this basis, the potential superconducting
instabilities signaled by a diverging eigenvalue can be ana-
lyzed and the superconducting critical temperature estimated.
This method enables to capture the frequency dependence
of the superconducting order parameter and gives access to
a complete description of pairing states that take advantage
of retardation, i.e., pairing states in which the two electrons
follow each other with a time lag. This is especially important
in strongly correlated systems for which equal-time onsite
pairing is suppressed by local repulsive interactions, and it
allows in particular to capture odd-frequency states which are
impossible to study with static pairing fields.

We employed this method within the single-site dynamical
mean-field theory framework, hence restricting our analysis
to pairing states that are spatially local (momentum indepen-
dent) when expressed in the basis of local orbitals or Wannier
functions. First, we benchmarked this method by reproducing
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known results on the attractive single-orbital Hubbard model,
emphasizing the retardation of the order parameter down to 7
at strong coupling.

Then, we applied the method to study the superconducting
order parameter of strontium ruthenate in the absence of spin-
orbit coupling, a system where local odd-frequency solutions
have been proposed as potential candidates [6,11,80]. Our
results corroborate that the Ay, odd-frequency triplet state
reported in Refs. [6,11] is dominant at all temperatures stud-
ied. They also suggest that the odd-frequency state reported
in Ref. [41] is not a competing candidate, highlighting that
the alternative Eliashberg equations approach is exceedingly
sensitive to the approximation made when constructing the
particle-particle vertex function.

Furthermore, we find that the states with highest predicted
transition temperatures are local even-frequency singlet states
that also involve strongly retarded unequal-time pairing. We
speculate that these unequal-time singlet pairing states could
be downfolded representations of the momentum-dependent
d-wave By, state. This is supported by the fact that one of
these states actually transforms as d wave due to the upfolding
of the superconducting order parameters from the orbital basis
to the band basis. Such a state is presently the leading con-
tending symmetry for superconducting strontium ruthenate
because it can explain all thermodynamic measurements.

Future works should focus on implementing this method
while allowing for momentum dependence. This can be
achieved either through cluster generalizations or employing
diagrammatic (vertex-based) expansions of dynamical mean-
field theory. Moreover, including spin-orbit coupling will be
crucial to reliably predict the critical temperature for the triplet
states. This method should also be used to better understand
the emergence of retarded pairing states, for which experi-
mental signatures should be further studied.
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APPENDIX A: ODD-FREQUENCY
AND SPOT REPRESENTATION

The anomalous Green’s function in imaginary time is

Fo (s m, o) = Ty rs n)Y 2 (s @), (A
where [;, 0;, r;, and 1; are, respectively, the orbital, spin, posi-
tion, and imaginary-time indices of the electrons i destroyed
by ¥, (ri; 7;), and T; is the time-ordering operator. Note that
in the main text, we combine the orbital / and spin o indices
into a single spin-orbital u = (o, /) index. Here we separate
them for clarity. Using the anticommutation property of the
destruction operators in a time-ordered product, we have

o7, rsn, ) = —FJ%7 (o, ris o, 1) (A2)
Instead of using the individual positions and times, we
can define the center-of-mass and relative positions and

times
_rn+n _rn-—r

- ) - s

2 2

T:T1+Tz, T=T7T1 —T7.

(A3)

We restrict our analysis to R =T = 0. With these quantum
numbers, the notation becomes

FO(r, r; 1, 1) — FOL7 (1), (A4)

Applying a Matsubara transformation on the object allows to
express it in Matsubara frequency, with transformation and
inverse defined as

B .
7 (riw,) = /O dt " F) % (r; T), (A5)
1 .
o) = g 3 e P (rion).  (A6)
n
Using the Fourier transformation, we have
F% (s i) = =% (=15 —iw, ). (A7)

Defining operators that exchanges every quantum number in-
dependently as

[SF17\7(rs iwn) = F7 (s i), (A8)

[PF1]\ 7 (rsiw,) = FL% (=15 iwy), (A9)

; [OF 1]\ (ryiw,) = F2 ™ (5 i), (A10)
an

(TF1]\7(rsiw,) = FL (r; —iwy), (A11)

Eq. (A7) can be expressed as the SPOT condition, that is
SPOTF = —F [4,6]. Because they are involutive if the quan-
tum numbers are decoupled, every of these operators have
eigenvalues £1. If the Gorkov function is an eigenvector of
T with eigenvalue —1, it is called odd frequency. Since we are
dealing with the impurity Green’s function within DMFT, we
will drop the spatial index r.

APPENDIX B: LEGENDRE POLYNOMIALS

In this Appendix, we provide the definition and properties
of the Legendre polynomials. The ath Legendre polynomial
is given by

=1y

(B

and these polynomials satisfy the following orthogonality re-
lation:

1
/ dx P, (x) P, (x) = Laay. (B2)
-1

20+ 1
In the main text, we use the Legendre basis to represent
Green’s function in imaginary time. Those are defined be-
tween 0 and 8. We also prefer the orthogonality relation to be
orthonormal. Thus, we use the following rescaled Legendre

polynomials:
2 1 -
il Pa<§(x+ 1)).

Py(7) = )

(B3)
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FIG. 9. First eight rescaled Legendre polynomials P(7).

The orthogonality relation becomes

2 B
—/ dt Py(t) Py(T) = by (B4)
B Jo

The first eight rescaled Legendre polynomials are plotted
in Fig. 9. An arbitrary, for example the Green’s function, can
be expanded in the rescaled Legendre basis as

G(1) =) GuPu(). (BS)

To calculate the coefficients G,, we use the orthogonality
relation as

2 b
G, = —/ dt G(t) Py(1). (B6)
B Jo

APPENDIX C: SYMMETRY OF THE F(t) AROUND B/2

Let us consider the Gorkov function at 8/2 + 7. Following
the notation of Appendix A with spin orbital u = (o, /) and
using time-translational invariance, we can write

FRIE(B/2+ 1) = (T (B/2)y" (—1)). (ChH

The expectation value being defined as
1
(0) = ZTr[e_me], (C2)

we can use the cyclicity of the trace to obtain

Fr#(B/2 4+ 1) = (T,yrH2(8/2 — T)yh). (C3)

According to the definition of the time-ordering operator
and using time-translational invariance, we have

Frie(—1) = (T (0)y'). (C4
Thus,
Fr2B/2 + 1) = —F""(=B/2 + 7). (C5)

In other words, the symmetry around 8/2 depends on the even
or oddness under 7', that is,

Fr2B/2 + 1) = FF""(B/2 — 1)
if Frime(—g) = £Fmk(g), (C6)

It is equivalent to

FHik(g) = :FF"“M(,B — 7). (C7)

APPENDIX D: SYMMETRIES OF THE DYNAMICAL
PAIRING RESPONSE

We obtain properties of the dynamical pairing response
by exploiting the fact it is defined by the second functional
derivative of the free energy with respect to source fields,
around the solution without sources fields, that is,

52 Fy

_ . 8F¢(r)
T 5prr(T)8¢rr(T)

XPP(T, T ) =0 - 8¢pp(l-/)

D)

$=0

We used the fact that the anomalous Green’s function is also
defined as a functional derivative of the free energy. This
susceptibility is often defined with a factor 2 because of
the indistinguishability of the particles in the particle-particle
channel which is not present in the particle-hole channel
[6,81]. In this work, we absorbed this factor to simplify the
expressions.

Imaginary time. Presuming an external pairing field be /o 18
even or odd in frequencies, by Eq. (C7) it also satisfies

beo(B—T) = Feso(7). (D2)
According to Eq. (D1),
> Flp]
pp _ ’. = — _
Kol ) = B — ()
= Fx(t. T ). (D3)

Thus, the anomalous Green’s function given by Eq. (13) in the
linear regime satisfies the same even or odd frequency as the
external pairing field it is responding to, that is,

Fyero(B — T) = FFgero(T). (D4)
This property is thus also transferred to the linear dynamical
pairing susceptibility x,(7) in Eq. (20).

Spin orbitals. In the normal state, the yz and zx orbitals are
degenerate and related by symmetry. We define the symmetry
acting on the orbitals as a = xy, zx, yz for a = xy, yz, zx. The
spin-orbital components of the pairing response function (35)
have to satisfy the following relation:

A3fla ., U3lka
Xa:ﬁlﬂz - Xa;/uuz'

(D5)

APPENDIX E: LINEAR REGIME
FOR THE HUBBARD MODEL

With lower temperatures, the superconducting fluctuations
become enhanced and eventually lead to a phase transition.
As a result, it is increasingly difficult to remain in the linear
regime and the prefactors ¢,, need to be adapted to 8. We show
in Fig. 10 the dependence of the (a) first and (b) second lead-
ing eigenvalues as a function of the prefactor ¢, for different
temperatures in the normal state. Since the first eigenvalue
is almost divergent at § = 5, the external field needs to be
smaller than smaller values of B to remain in the linear regime.
As for the second eigenvalue, it is far from diverging the
remains in the linear regime even for larger amplitudes of the
external field.
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FIG. 10. Convergence with respect to ¢, = ¢9 V o of the
(a) leading and (b) subleading eigenvalues, at different inverse tem-
peratures . At larger B, ¢y needs to be reduced to remain in the
linear regime.

APPENDIX F: POWER METHOD

Another way to obtain the leading eigenvector of the dy-
namical susceptibility is to use the power method. The power
method consists of starting with a random normalized field
¢°(t) multiplied by a small coefficient « to remain in the
linear regime and compute the dynamical response to that
field. In the linear regime where we have Eq. (13), we find

F'(t) = Fp(r) = /dt’xpp(r, g’ (t)) + 0(a?). (F1)
We normalize this resulting response and then use it as the
next field:

_ F'0y  _ F%)
- [dU|Foz) T PO

¢'(0) (F2)
Solving Eq. (13) with this field gives us F' ().

This procedure is performed until convergence of the dy-
namical response, which then corresponds to the leading
eigenvector ¢y (t) of xPP with eigenvalue 1. It works because
since ¢ is random, it can by expressed as a linear combination
of the eigenvectors ¢;:

¢"() =) Biu(r) where Y |BIP =1 (F3)
! !

and where te 8; are the coefficient of the linear combination.
Successively applying the procedure mentioned above, one
finds

N
¢V (r) = H;XTP 3 B e (o). (F4)
=0 U ]

Taking N to infinity, the component with largest eigenvalue
[ = 0 is the only one that remains in the nondegenerate case
and since these vectors are normalized, we have

Jim ¢"(7) = @o(z) and (F5)

Fypr(7)
Nooo aN(T)

2o (F6)

The results of this procedure compared with those of the static
and dynamical method are shown in Fig. 11. The light green
crosses correspond to leading eigenvalues 1 /X obtained using

18
—e— Static field
__0.31 —— legendre
= 6
~ Power o
c”> 0.2 >
£ >
=01
0.0 - - - - 0
0.0 0.2 0.4 0.6 0.8 1.0

T, 1/B

FIG. 11. Comparison of the eigenvalues obtained using the
power method (light green crosses) and diagonalizing the dy-
namical pairing susceptibility constructed in the Legendre basis
(blue squares). The other components of this figure were presented
in Fig. 4.

the power method. They match those obtained by diagonal-
izing the dynamical pairing susceptibility. The eigenvectors,
although not shown, also match.

The disadvantages of the power method are twofold: first
it only gives access to the leading eigenvalue and second it
works well only when the leading eigenvalue is dominant over
the others. In a case with multiple degrees of freedom like
strontium ruthenate, there are many competing states and this
procedure has trouble converging.

APPENDIX G: ADDITIONAL RESULTS FOR SRO

The results presented in Sec. IV of the main text repre-
sent only a small fraction of what we were able to obtain.
In this section, we present the a larger set of eigenvectors
shown in Fig. 12, we discuss the convergence of the eigen-
values with respect to the number of Legendre polynomials
N in Appendix G 1, we introduce the eigenvectors that are of
higher order in imaginary time in Appendix G2, and we give
more details about the temperature dependence and orbital
structure of the eigenvectors discussed in the main text in
Appendix G 3.

1. Basis size convergence

In Fig. 13, we present the convergence of the eigenvalues
as a function of the size of the Legendre basis N at 8 = 80.
The three largest eigenvalues are converged at N = 4 since
they are simple functions in Legendre space. However, includ-
ing more eigenvalues also includes eigenvectors that have a
higher complexity in their imaginary-time structures. Those
eigenstates require a larger number of Legendre polynomials
to be well represented. At N = 8, the ones presented in this
figure are converged for these parameters, and we are not
interested in eigenstates with smaller eigenvalues.

2. Time higher-order eigenvectors

By inspecting Fig. 12, one will see that the same sym-
metry and hosting orbitals can appear multiple times in the
figure. The reason is that there can be an infinite number
of eigenvectors that share these characteristics, as long as
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FIG. 12. Temperature dependence of the inverse of the dominant superconducting eigenvalues in the normal state of strontium ruthenate.
(a) Corresponds to the odd-frequency channel and (b) to the even-frequency channel. The dotted lines are fits to find the temperatures at which
the inverse eigenvalues diverge. Figure 15 of Appendix G 3 presents the temperature dependence and orbital structure of the three dominant
eigenvectors in each channel. The dotted lines are fits to find the temperatures at which the inverse eigenvalues diverge. Different lines with the
same color correspond to eigenvectors with the same symmetry, but orthogonal in imaginary time. An example is discussed in Appendix G 2.

they are orthogonal in imaginary time. We refer to those as
higher-order in time.

As an example, we present the yz;yz component of the
states with ¢ 7 symmetry for various temperatures in
Fig. 14. The imaginary-time structure of these eigenstates is
found to be stable with temperature when the imaginary-time
axis is rescaled by the inverse temperature. Moreover, we
find that the eigenvalue is reducing with the order of these
time higher-order eigenstates. In other words, for someone
interested in the higher eigenvalues, it appears to be sufficient
to consider a smaller Legendre basis since the largest eigen-
values are well represented by it. Also, in the cases considered

16 1,

14 -

12 A

10 A

<

8

6_ A LV
= % %

4-V'\ r oS
o I o1 —

z_ﬁf ﬂ

B
(2}
(o)}
~
00 -

FIG. 13. Eigenvalue convergence with respect to the Legendre
basis size N at B = 80 and ¢q.,,,, = 0.0002 for all o, 1, o. The
three largest eigenvalues are converged at N = 4. At larger N, new
states appear corresponding to higher-frequency version of domi-
nant eigenvectors, discussed in the next section. They can only be
captured by considering higher-order polynomials. At N = 8§, the
important eigenvalues are well converged.

here, the simpler imaginary-time structures are more favorable
than the time higher-order ones.

3. Temperature evolution of eigenvectors

Finally, Fig. 15 presents more detail about the temperature
dependence of spin-orbital and imaginary-time structures of
the leading eigenvectors. We only show the non-vanishing
spin-orbital components. Figures 15(a)-15(c) correspond to
the intraorbital odd-frequency eigenvectors, respectively la-
beled ¢, ;. @, and @2y, while Figs. 15(d)-15(f)
correspond to the intraorbital even-frequency eigenvectors,
respectively labeled 750%, @25, and ¢, -

In the case of the odd-frequency solutions, decreasing tem-
perature (increasing ) makes the dominant spin-orbital hosts
become dominant, although this component does not change
too much with temperature. In the case of the even-frequency
solutions, the subdominant spin-orbital hosts become increas-
ingly important with decreasing temperatures, although they
remain modest. The dominant component does not change
much with temperature.

As discussed in Ref. [6], including spin-orbit coupling
would lead to a lot more mixing between the dominant and
subdominant hosts. Further work is necessary to study this
point.

o
IS)
>

g} 25 25 0.5 4
N — 30 0.5 1
> — 30
— — 40 — 40 0.0 4
{E-0.51 \ — 50 0.04 5o
el — 65 i —/50
=] — 80 —0.5 A —Yes
82 -0.51 — 80 e
104 . . A -1.04 T
0 0 1 0 1
/8 /B /B

FIG. 14. Temperature dependence one component (yz;yz) of
three orthogonal states with the same hosting orbitals and SPOT
classification associated to the g7, state. Once 7 is rescaled by 8,

each state preserves it imaginary-time structure with temperature.
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