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Interface-induced magnetization in altermagnets and antiferromagnets
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Altermagnets are a class of antiferromagnetic materials which have electron bands with lifted spin degeneracy
in momentum space but vanishing net magnetization and no stray magnetic fields. Because of these properties,
altermagnets have attracted much attention for potential use in spintronics. We here show that despite the absence
of bulk magnetization, the itinerant electrons in altermagnets can generate a magnetization close to edges and
vacuum interfaces. We find that surface-induced magnetization can also occur for conventional antiferromagnets
with spin-degenerate bands, where the magnetization from the itinerant electrons originates from a subtle yet
nonvanishing redistribution of the probability density on the unit-cell level. An intuitive explanation of this effect
in a phenomenological model is provided. In the altermagnetic case, the induced magnetization has a different
spatial dependence than in the antiferromagnetic case due to the anisotropy of the spin-polarized Fermi surfaces,
causing the edge-induced Friedel oscillations of the spin-up and -down electron densities to have different
periods. We employ both a low-energy effective continuum model and lattice tight-binding calculations. Our
results have implications for the usage of altermagnets and antiferromagnets in nanoscale spintronic applications.
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I. INTRODUCTION

The spin polarization of quasiparticles in solid-state mate-
rials is a key property for many quantum physical phenomena,
not the least in the field of spintronics. Conventional antiferro-
magnetic materials feature spin-degenerate electron bands, as
dictated by parity-time-reversal (PT ) symmetry. However, it
has recently been understood that antiferromagnetic materials
can display a momentum-dependent spin splitting which is
distinct from relativistically spin-orbit coupled systems. One
such mechanism, originally envisioned in Ref. [1], consists
of a spin-lattice coupling due to an internal periodic mag-
netic field in the material. When PT symmetry is broken
by the combined lattice geometry and spin ordering in a
material, a large spin splitting can arise which depends on
momentum k [2–7], while maintaining zero net magnetization
upon integration over the entire first Brillouin zone.1 Such
materials have been named altermagnets [9,10], and ab initio
calculations have identified several possible material candi-
dates that can host an altermagnetic state [11]. This includes
metals like RuO2 [3,7,12] and Mn5Si3 [13] as well as semi-
conductors and insulators like MnTe [9,12], CrSb [9], MnF2

[4,14], and La2CuO4 [9]. Recent ARPES measurements in
MnTe [15–17], RuO2 [18,19], and CrSb [20–22] have cor-
roborated several of these predictions.2 Another piece of
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1According to the extended classification in Ref. [8], altermagnets

with vanishing magnetization belong to types II and III altermagnets.
2The magnetic order in RuO2 is debated [23,24].

evidence supporting altermagnetism is provided by measuring
the anomalous Hall effect [25,26] and spin-splitter effect and
torques [27–29]. It is noteworthy that a Fermi-surface insta-
bility caused by quasiparticle interactions has been predicted
to cause an altermagnetic spin splitting in the band structure
[30] long before the recent surge of activity in the field. On
the other hand, such an instability is interestingly restricted
for p-wave magnetism [31].

A major part of the allure of altermagnets and their
potential for spintronics [12,32–37] applications is the
momentum-resolved spin polarization despite the absence of
net magnetization. The latter part ensures a vanishing stray
magnetic field, which is highly beneficial for miniaturizing
altermagnet-based elements without causing disturbance to
neighboring components in a device. However, an important
question is to what extent the altermagnetic properties are
retained when the dimensions of the material are scaled down.

In this work, we answer this question and show that alter-
magnets generically develop a nonvanishing magnetization at
interfaces, except for very specific crystallographic orienta-
tions of the interface. This effect originates from the explicit
breakdown of the symmetry between the spin-polarized Fermi
surfaces of altermagnets. Then, the periods of the Friedel
oscillations of the spin-up and -down electron densities be-
come different leading to oscillating magnetization near the
edges. The maximal breakdown is achieved if one of the
spin-polarized Fermi surfaces is elongated along the confine-
ment direction, i.e., ε↑,k‖ �= ε↓,−k‖ , where k‖ is the momentum
component along the interface and εσ,k denotes the dispersion
relation for spin σ . The symmetry between the Fermi surfaces
and, as a result, the vanishing magnetization is preserved only
for a specific orientation of the lobes such that ε↑,k‖ = ε↓,−k‖ .
For any other orientation, a magnetization develops near the
interface of the altermagnet, which means that it is a robust
phenomenon.
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In our work, we combine analysis via a low-energy effec-
tive continuum model with a tight-binding lattice calculation
to address the contribution of itinerant electrons in the mag-
netization of metallic altermagnets and antiferromagnets. The
results of the lattice calculations are more nuanced and con-
tain information on the structure of the wave functions on
the unit-cell level. While such resolution is not necessary to
obtain an interface-induced magnetization in altermagnets,
which has a strong contribution from the spin-split Fermi
surface, it allows us to analyze the edge magnetization also in
antiferromagnets and show that it too may demonstrate an os-
cillating behavior despite the spin-degenerate electron bands
in the bulk. The latter originates from the redistribution of the
electron wave functions near the uncompensated interfaces
and is distinct from the edge magnetization in altermagnets
which also contains the contribution from the spin-dependent
Fermi momentum. The appearance of magnetization in an-
tiferromagnets and altermagnets has important implications
with regard to their potential role in nanoscale spintronic
applications.

The focus of our work on itinerant electrons distinguishes
it from other very recent works on surface magnetization that
was studied primarily in insulating antiferromagnets [38–43].
While the main attention in these works is devoted to the dis-
tortion of the localized spin moment texture of the lattice sites
near the surface, in our work, we ignore any redistribution and
dynamics of magnetic atoms. This allows us to distinguish
the edge magnetization stemming from a different origin and
identify universal features that are determined by the bulk
properties rather than details of the interface. The treatment of
the spins of magnetic atoms as a static background is justified
in the limit of low temperatures, which we assume in our
work. Our model setup and results are also distinct from the
recent proposal to realize magnetization in bent altermagnets
[44], where the Néel order parameter becomes nonuniform.

The predicted magnetization can be realized in both two-
dimensional (2D) and three-dimensional (3D) altermagnets
and antiferromagnets. In 2D, it can be directly accessed via
the spin-polarized tunneling microscopy [45–47], nitrogen-
vacancy magnetometry [48–50], and SQUID [51,52]. The
magnetization profiles in 3D samples could be tackled with
Mössbauer spectroscopy similar to the studies of magnetic
Friedel oscillations [40,53,54].

Our paper is organized as follows. In Sec. II, we intro-
duce an effective low-energy model and provide an analytical
calculation of the local density of state (LDOS) and magneti-
zation in an altermagnetic ribbon; an antiferromagnetic ribbon
is also discussed. Characterization of the interface-induced
magnetization in a tight-binding model is provided in Sec. III.
Technical details related to the derivation of the continuum
models and the definition of the spectral function in the lattice
model are presented in Appendixes A and B, respectively. The
results are discussed and summarized in Sec. IV. Throughout
this paper, we use h̄ = kB = 1.

II. EFFECTIVE CONTINUUM MODEL: THEORY
AND RESULTS

We start our investigation of edge-induced magnetization
from the analysis in continuum low-energy models. Such

FIG. 1. The antiferromagnetic (AFM) and altermagnetic (AM)
ribbons are modeled both with a continuum model (a) and a tight-
binding lattice model (b) with a four-site unit cell which allows us
to continuously tune the system from AFM to AM. In the continuum
model, the ribbon is infinite in the y direction and of length L in
the x direction. In the lattice model, sites 1 and 4 are localized,
anticollinear magnetic moments, coupled to the itinerant electrons
through an s-d coupling. Sites 2 and 3 are nonmagnetic sites with an
onsite energy εi. The unit-cell indices are (I, J ), while the site indices
are (i, j). To model an AFM, we take ε2 = ε3 = 0 while ε2 �= ε3

gives rise to AM order by introducing anisotropic spin splitting
mediated by the nonmagnetic sites. The nearest-neighbor hopping
is described by t .

models are derived from the lattice model (see Sec. III and
Appendix A) and are intended to capture the key aspects
of materials. As we demonstrate in our work, while being
successful in predicting the bulk properties and altermagnetic
surface effects, the inherent coarse graining of continuum
models does not allow to capture a subtle interplay between
boundaries and the structure of the unit cell. Nevertheless,
the use of continuum models is instructive and allows us to
separate different mechanisms responsible for edge-induced
magnetization.

A. Antiferromagnets

As a warmup, we consider an antiferromagnetic ribbon;
see Fig. 1(a) for the setup geometry. Since an antiferromag-
netic material has spin-degenerate energy bands, we expect no
magnetization arising due to itinerant electrons unless a spin
asymmetry is introduced via, e.g., boundary conditions. To
illustrate this, in what follows, we consider a ribbon of an anti-
ferromagnetic metal, and show that the corresponding LDOS
remains spin degenerate, i.e., no magnetization arises in a
continuum model. However, this changes in the tight-binding
model where the unit-cell geometry gives rise to phase shifts
of the itinerant electron wave functions which turn out to
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produce a net interface magnetization, as we discuss later in
Sec. III C. This suggests that the standard boundary conditions
of a vanishing wave function at the vacuum edge are insuffi-
cient to capture the interfacial physics in antiferromagnetic
systems.

1. Model and eigenfunctions in antiferromagnetic ribbon

The simplest low-energy continuum Hamiltonian for an
antiferromagnet is

HAFM(k) = ε0√
J2

sd + ε2
0

k2

2m
− (

μ +
√

J2
sd + ε2

0

)
, (1)

where μ is the chemical potential, m is the effective mass, k is
the momentum, Jsd is the strength of the s-d coupling, and ε0

is a constant with the dimension of energy. In what follows,
we find it convenient to introduce dimensionless variables:
ε̃ = ε/μ, k̃ = k/kF with kF = √

2mμ, and J̃ = Jsd/μ. The
Hamiltonian (1) does not depend on the spin projection s = ±
and describes two spin-degenerate energy bands.

The low-energy continuum model (1) can be straightfor-
wardly derived from the lattice model defined in Sec. III A
if one retains only the lowest-energy band and performs an
expansion in momentum around the � point (see Appendix A
for details of the derivation). Being a continuum model, the
model (1) loses information about the unit-cell structure. In
particular, it becomes insensitive to features defined on the
scale of the lattice constant where a more refined lattice
treatment is required. Yet, as we will phenomenologically
show in Sec. III D, the continuum model can still be useful
in providing a qualitative picture of the lattice results.

The Hamiltonian (1) can be further simplified by
introducing a new set of dimensionless variables:
ε′ = ε/[μ(1 +

√
J̃2 + ε̃2

0 )] and k′ = k/qF with qF =√
2mμ(1 +

√
J̃2 + ε̃2

0 )
√

J̃2 + ε̃2
0/ε̃0. Then, the dimensionless

version of the Hamiltonian (1) reads as

HAFM(q) = μ
(
1 +

√
J̃2 + ε̃2

0

)
(q̃2 − 1). (2)

In the ribbon geometry shown in Fig. 1(a), only the mo-
mentum along the edges remains a good quantum number.
For the sake of definiteness, we direct the x axis normal to the
ribbon and the y axis along its edge. The antiferromagnetic
ribbon is described by the Hamiltonian (2) with kx → −i∇x.
The wave function in the ribbon is

ψs,k′
y
(x′) = A+φs,q′

x,k
′
y
eiq′

xx′+ik′
yy′ + A−φs,−q′

x,k
′
y
e−iq′

xx′+ik′
yy′

(3)

with x′ = xqF and q′
x =

√
ε′ + 1 − (k′

y)2.
We assume the following boundary conditions:

ψs,ky (x = 0) = ψs,ky (x = L) = 0, (4)

which correspond to open boundaries. Since there is no spin
mixing at the boundaries, each of the spin projections can be
considered separately. The boundary conditions (4) lead to the
following characteristic equation:

sin (L′q′
x ) = 0, (5)

and allow us to determine the energy levels in the ribbon:

ε′
n =

(πn

L′
)2

+ (k′
y)2 − 1 (6)

with n = 0, 1, 2, . . . . Then, the normalized wave function in
the ribbon is

ψs,k′
y,n(x′) = i

√
2

L
sin

(
πnx′

L′

)
, (7)

where we used
∫ L

0 dx|ψs,k′
y,n(x′)|2 = 1.

2. Density of states and magnetization

Interface effects are manifested in the local spin-resolved
density of states (DOS) and magnetization. The LDOS in the
ribbon is defined as

νs(ε, x) =
∞∑

n=0

∫
dky

2π
|ψs,ky,n(x)|2 δ(ε − εn). (8)

By using the result (7), we obtain

νs(ε
′, x′) = 4ν0

L′

∞∑
n=0

Re

{
sin2 (πnx′/L′)√

ε′ + 1 − (πn/L′)2

}
, (9)

where ν0 = q2
F /[4πμ(1 +

√
J̃2 + ε̃2

0 )] is the bulk DOS. As
is evident from Eq. (9), the LDOS in an antiferromagnetic
ribbon is spin independent. Therefore, there is no edge-
induced magnetization in this continuum model. To set up
the stage for the comparison with altermagnets in Sec. II B,
we calculate the LDOS and the local charge density in a few
approximations.

The local charge density is defined as

ns(x
′) = −e

∫
dε νs(ε, x′)nF (ε)

T →0= 8n0

∞∑
n=0

sin2
(

πnx′
L′
)

L′ Re

{√
1 −

(πn

L′
)2
}

, (10)

where nF (ε) is the Fermi-Dirac distribution and n0 =
−eν0μ(1 +

√
J̃2 + ε̃2

0 ).
In the case of the wide ribbon, L′ → ∞, we replace

πn/L′ → p′
x and

∑∞
n=0 → L′ ∫∞

−∞ d p′
x/(2π ) in Eqs. (9) and

(10). Then, the following compact formulas can be obtained:

lim
L′→∞

νs(ε
′, x′) = ν0[1 − J0(2

√
ε′ + 1x′)], (11)

lim
L′→∞

ns(x
′) = n0

[
1 − J1(2x′)

x′

]
(12)

with Jn(x) being the Bessel functions of the first kind.
Away from the interfaces, x′ 
 1, we extract the following

asymptotics in Eqs. (11) and (12):

νs(ε
′, x′) = ν0

[
1− 1√

πx′
sin (2

√
ε′ + 1x′ + π/4)

(ε′ + 1)1/4

]
+O

(
1

x′

)
,

(13)

ns(x
′) = n0

[
1 + 1√

π (x′)3/2
cos

(
2x′ + π

4

)]
+ O

(
1

(x′)2

)
.

(14)
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Therefore, at x′ 
 1, the LDOS and the charge density
approach their bulk values with the oscillating corrections
decaying as 1/

√
x′ and 1/x′3/2, respectively. Similar to regular

Friedel oscillations of the electron density near defects in
metals [55,56], the period of the oscillations is determined by
the doubled Fermi momentum qF .

Thus, since the energy bands in the AFM are spin degener-
ate and the boundary conditions in the continuum model do
not distinguish spin projections, the LDOS and the charge
density in the continuum model of antiferromagnets remain
spin degenerate. Neither local nor net magnetizations occur in
this case. As mentioned at the beginning of this section, we
will see that this conclusion changes in a tight-binding model
discussed in Sec. III.

B. Altermagnet

While as in antiferromagnets, the net magnetization of
bulk altermagnets vanishes, the momentum-dependent spin
splitting allows for qualitatively different behavior close to
edges or interfaces. In this section, we show that, except
for very specific orientations of the boundaries, finite-sized
altermagnets allow for local and net magnetizations.

1. Model and eigenfunctions in altermagnetic ribbon

To illustrate the generality of our results regarding the role
of boundaries in altermagnets, we start with continuum model
obtained from symmetry considerations [10]; such a model
can also be derived from the lattice model defined in Sec. III A
(see Appendix A for the details). We use the following Hamil-
tonian describing 2D d-wave altermagnets:

H (k) = k2

2m
− μ + σz

1

2m

[
t1
(
k2

x − k2
y

)+ 2t2kxky
]
. (15)

The anisotropy of the fully spin-polarized Fermi surfaces is
described by the third term in Eq. (15) with σz being the Pauli
matrix in the spin space and dimensionless parameters |t1| < 1
and |t2| < 1 describing the strength of the altermagnetism; the
corresponding band structure is schematically shown by the
blue and red ellipses in Fig. 1(a) at t1 �= 0 and t2 = 0. The case
with t1 = 0 and t2 �= 0 would correspond to a rotation of both
the blue and red ellipses by π/4. In the latter case, the inter-
face does not break the symmetry between the spin-polarized
Fermi surfaces. The ribbon is described by the Hamiltonian
(15) with kx → −i∇x. We assume open boundary conditions
that do not intermix spins [see Eq. (4)]. This and the diagonal
structure of the Hamiltonian (15) allow us to treat each of the
spin projections s =↑,↓ independently.

The wave functions in the ribbon have the following form:

ψs,k̃y
(x̃) = As,+eiqs,+ x̃ + As,−eiqs,− x̃ (16)

[cf. Eq. (3)] and satisfy the boundary conditions (4). Here,

qs,± = − sk̃yt2
1 + st1

± 1

1 + st1

×
√

(1 + st1)(ε̃ + 1) − k̃2
y

(
1 − t2

1 − t2
2

)
(17)

and we used the dimensionless variables ε̃ = ε/μ, k̃y =
ky/kF , and x̃ = xkF with kF = √

2mμ.

FIG. 2. The spin-resolved LDOS at x = L/2. Solid red and blue
lines correspond to the spin-up and -down LDOS, respectively, at
t1 = 0.1 and t2 = 0. The dashed black line is a metallic LDOS νM at
t1 = t2 = 0. We fixed L̃ = 10.

Substituting the wave function (16) into the boundary con-
ditions (4), we find

ψs,k̃y,n(x̃) = i

√
2

L
e−i

sk̃yt2 x̃
1+st1 sin

(
πnx̃

L̃

)
, (18)

ε̃n,s = k̃2
y

(
1 − t2

1 − t2
2

)
1 + st1

+ (1 + st1)
(πn

L̃

)2
− 1. (19)

2. Density of states and magnetization

The interplay of the altermagnetic spin splitting and inter-
face effects is manifested in the local spin-resolved DOS and
magnetization. By using the results in Eqs. (18) and (19) in
Eq. (8), we obtain

νs(ε̃, x̃) = 4ν0

√
1 + st1

1 − t2
1 − t2

2

∞∑
n=0

sin2
(

πnx̃
L̃

)
L̃

× 1

Re
{√

ε̃ + 1 − (1 + st1)
(

πn
L̃

)2} , (20)

where ν0 = m/(2π ) is the bulk DOS in 2D. Unlike antifer-
romagnets, the LDOS of altermagnets retains the dependence
on spin [cf. Eqs. (9) and (20)].

We present the spin-resolved LDOS in the middle of the
ribbon, x = L/2, in Fig. 2. As expected from Eq. (20), there
is a well-pronounced splitting of the spin-polarized DOSs in
altermagnets if t1 �= 0, i.e., when the altermagnetic lobes are
perpendicular to the interface (see Fig. 1). No splitting is ob-
served for t1 = 0 and t2 �= 0 when the symmetry between the
spin-polarized Fermi surfaces is preserved by the interface.

The local charge density at vanishing temperature is

ns(x̃) = 8n0

√
1 + st1

1 − t2
1 − t2

2

∞∑
n=0

sin2
(

πnx̃
L̃

)
L̃

× Re

{√
1 − (1 + st1)

(πn

L̃

)2
}

, (21)

where we used the first line in Eq. (10) and n0 = −eν0μ.
The local magnetization quantifies the difference between the
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spin-up and -down charge densities:

mz(x) = −gμB

e
[n↑(x) − n↓(x)], (22)

where g is the Landé factor and μB is the Bohr magneton.
While Eqs. (20) and (21) are accessible for numerical

calculations, it is instructive to consider a few simplifying
assumptions. Assuming a wide ribbon with L̃ 
 1, the sum-
mation over the thickness modes can be replaced with the
integration. The resulting expressions for the LDOS and the
charge density read as

lim
L̃→∞

νs(ε̃, x̃) = ν0√
1 − t2

1 − t2
2

⎡
⎣1 − J0

⎛
⎝2

√
ε̃ + 1

1 + st1
x̃

⎞
⎠
⎤
⎦,

(23)

lim
L̃→∞

ns(x̃) = n0√
1 − t2

1 − t2
2

[
1 −

√
1 + st1

x̃
J1

(
2x̃√

1 + st1

)]

(24)

[cf. Eqs. (11) and (12)].
Away from the interfaces, x̃/

√
1 + st1 
 1, we extract the

following asymptotics in Eqs. (23) and (24):

νs(ε̃, x̃) = ν0√
1 − t2

1 − t2
2

[
1 −

(
1 + st1
ε̃ + 1

)1/4 1√
π x̃

× sin

⎛
⎝2

√
ε̃ + 1

1 + st1
x̃ + π

4

⎞
⎠]+ O

(
1

x̃

)
, (25)

ns(x̃) = n0√
1 − t2

1 − t2
2

[
1 + (1 + st1)3/4

√
π x̃3/2

× cos

(
2√

1 + st1
x̃ + π

4

)]
+ O

(
1

x̃2

)
(26)

[cf. Eqs. (13) and (14)]. While the decay with the coordinate
is the same as in the antiferromagnet considered in Sec. II A 2,
the period of the oscillations is determined by the Fermi
momentum, which in the present altermagnetic case reads as
2kF /

√
1 + st1. Therefore, spin-up and -down charge densities

are characterized by different oscillation frequencies. Hence,
according to Eq. (22), an altermagnet is expected to develop
oscillating magnetization.

Under the same approximations and assuming weak alter-
magnetic parameters t1 � 1 and t2 � 1, the magnetization
(22) reads as

mz(x̃) ≈ 2t1m0√
π x̃

sin
(

2x̃ + π

4

)
, (27)

where m0 = −gμBn0/e. In writing Eq. (27), we expanded in
1/x̃, t1, and t2 and kept only the leading-order nontrivial term.
Therefore, we expect a slower ∝1/

√
x̃ decay compared to the

charge density oscillations. In addition, the oscillations of the
local charge density and the magnetization are shifted by π/2
at small t1.

While the LDOS and magnetization can be readily stud-
ied via local probes, it is also convenient to introduce the

spatially averaged characteristics of the ribbon, which can be
investigated without requiring high spatial resolution via, e.g.,
SQUID [51,52,57–59]. For this, we integrate the magnetiza-
tion over the ribbon width:

Mz =
∫ L

0
dx mz(x) = 2m0

∑
s

sL√
1 − t2

1 − t2
2

×
[

1 − 1F2

(
1

2
;

3

2
, 2; − L̃2

1 + st1

)]
L̃
1≈ 2m0

kF

1√
1 − t2

1 − t2
2

(
√

1 − t1 −
√

1 + t1)

t1�1,t2�1≈ −m0

kF
t1, (28)

where 1F2(a; b1, b2; z) is the hypergeometric function. In the
second expression, we used Eqs. (22) and (24); the factor
2 stems from the contribution of two edges of the ribbon.
Therefore, the ribbon becomes magnetized with the total mag-
netization depending linearly on the altermagnetic parameter
t1 � 1.

As one can see from the second line of Eq. (28), the net
magnetization is determined by the asymmetry between the
spin-polarized Fermi surfaces in the direction perpendicular
to the edge of the ribbon; the asymmetry is quantified by
the eccentricity of the ellipsoidal Fermi surfaces. The same
asymmetry is responsible for the different frequencies of the
Friedel oscillations for spin-up and -down electrons.

The local mz(x) and net Mz magnetizations are shown in
Figs. 3(a) and 3(b), respectively. As expected, the oscillations
of local magnetization contain two periods [see Eqs. (22)
and (26)] and decay into the bulk. For a larger width of the
ribbon, the oscillations in Fig. 3(b) become indiscernible and
approach the result given in the last line of Eq. (28).

To provide numerical estimates of the induced magneti-
zation, we use the gyromagnetic ratio g = 2 and estimate
the effective mass from the tight-binding model expansion as
m = 1/(2a2t ) [see, e.g., Eq. (A1)] with a = 5 Å being the
typical lattice constant and t = 1 eV being the hopping
parameter. The characteristic magnetization m0 and corre-
sponding magnetic polarization Pm0 are

m0 ≈ 6 × 10−3μB
μ

1 eV
, Pm0 ≈ 0.1

μ

1 eV
μG. (29)

The characteristic magnitude of the integrated over the rib-
bon width magnetization (i.e., the flux per unit length)
M0 = m0/kF [see Eq. (28)] and the corresponding integrated
magnetic polarization are estimated as

M0 ≈ 3 × 10−2 t1μB
μ

1 eV
Å, PM0 ≈ 0.4t1

μ

1 eV
μG Å.

(30)

For a ribbon with the length 1 mm, t1 = 0.5, and μ = 1 eV,
the induced magnetization corresponds to a flux almost 10
times larger than the magnetic field flux quantum. Therefore,
the edge magnetization in altermagnets is measurable via
SQUID techniques [51,52,57–59].

To summarize the results of this section, we found that
the spin anisotropy of the Fermi surface in altermagnets is
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FIG. 3. (a) The spatial profile of the magnetization for a few
widths of the ribbon at t1 = 0.5. The periods of the oscillations
are determined by two Fermi wave vectors kF /(1 ± t1). The inset
shows the enlarged region near the boundary. (b) The magnetization
Mz obtained by integrating over the ribbon width as a function of
the altermagnetic parameter t1. The green dashed line corresponds
to the approximate expression in the last line in Eq. (28). Here,
M0 = m0/kF . In both panels, we fix t2 = 0.

manifested in the spin-resolved LDOS and magnetization.
By using a ribbon geometry as a representative exam-
ple, we found the splitting of the spin-resolved LDOS and
nonvanishing magnetization for generic orientations of the
altermagnetic Fermi surfaces except for the single orien-
tation that has a combined mirror and spin-flip symmetry,
corresponding to a compensated interface such that the spin-
polarized lobes in Fig. 1(a) are rotated by π/4. The splitting
of the spin-resolved LDOS and resulting magnetization arise
from different length scales of the Friedel oscillations quan-
tified by 2kF /

√
1 + st1. For a wide ribbon, we found that the

magnetization decays as 1/
√

kF x away from the edges of the
ribbon and is shifted by π/2 in phase compared to the electric
charge oscillations.

The effective continuum model of antiferromagnets dis-
cussed in Sec. II A shows similar charge oscillations, albeit
has spin-degenerate LDOS. Therefore, under the same con-
ditions, antiferromagnets have no magnetization oscillations
due to their itinerant electrons.

These analytical findings are confirmed in a lattice model
for altermagnets in Sec. III. The results of the lattice model,
however, are more nuanced and provide access to additional
information related to the unit-cell structure. In fact, we will
see that the tight-binding model reveals a mechanism that
induces an interface magnetization carried by the itinerant

electrons which is not captured by the analytical model, such
as the interface-induced magnetization in antiferromagnets.

III. LATTICE MODEL: THEORY AND RESULTS

A. Tight-binding s-d model for antiferromagnet
and altermagnet

We describe the AFM or AM ribbon on a lattice through
a tight-binding model with an s-d coupling to localized an-
ticollinear moments. The lattice is shown in Fig. 1(b). This
model is inspired by the microscopic model for altermagnets
introduced by Ref. [60], but we consider the full four-site
unit cell. This allows us to continuously introduce the lattice
asymmetry which takes the AFM order (ε2 = ε3) to the AM
order (ε2 �= ε3). Note in particular that we take the boundary
conditions in the x direction to be open, while the y direction
is periodic.

The tight-binding s-d model is given by

H = − t
∑

〈i, j〉,σ
c†

i,σ c j,σ − Jsd

∑
i,σ,σ ′

(Si · σ )σσ ′c†
i,σ ci,σ ′

−
∑
i,σ

(μ − δi,iNMεNM)c†
i,σ ci,σ , (31)

where i, j denote individual lattice sites, t describes nearest-
neighbor hopping, and Jsd is the coupling between the
itinerant electrons described by c/c† and the localized mo-
ments Si, the configuration of which is shown in Fig. 1(b).
Finally, μ is the chemical potential while an additional onsite
energy εNM ∈ {ε2, ε3} is present if the site is nonmagnetic.

We now segment the lattice into four-site unit cells shown
in Fig. 1(b) using a band basis cI,α,σ /c†

I,α,σ , where I is now
a unit-cell index, α ∈ [1, 2, 3, 4] denote the site index within
the unit cell and where σ is the spin index. To take advantage
of the periodicity in y, we also introduce Fourier-transformed
band operators in the y direction,

c(Ix,Iy ),α,σ = 1

Nu.c
y

∑
ky

cIx,ky,α,σ
eikyRy , (32)

where Nu.c.
y = Ny/2 is the number of unit cells in the y direc-

tion, where Ry is the y coordinate of the unit cell and where
the momentum ky ∈ (−π/2a, π/2a] runs over the reduced
Brillouin zone corresponding to the 2 × 2 real-space unit cell
and a is the lattice constant. From now on, we omit x/y sub-
scripts on real- and momentum-space indices, taking I = Ix

and k = ky for brevity of notation.
The total Hamiltonian in the unit-cell basis is now given by

H =
∑

k

∑
I,σ

{[∑
�x

c̃†
I,k,σ

hI,I+�x,k,σ
c̃I+�x,k,σ

]

+ c̃†
I,k,σ

hI,I,k,σ
c̃I,k,σ

}
, (33)

where �x is the nearest-neighbor vector (|�x| = |�y| = 2a)
between two unit cells in the x direction, the unit-cell basis is
given as

c̃I,k,σ = (cI,k,1,σ cI,k,2,σ cI,k,3,σ cI,k,4,σ )T , (34)
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and where we defined the coefficient matrices

hI,I,k,σ

=

⎡
⎢⎢⎢⎣

−Jsdσ − μ −t −te2ika − t 0
−t ε2 − μ 0 −te2ika − t

−te−2ika − t 0 ε3 − μ −t

0 −te−2ika − t −t Jsdσ − μ

⎤
⎥⎥⎥⎦,

hI,I+�x,k,σ

= −t

⎡
⎢⎢⎣

0 δ�x,−x̂ 0 0
δ�x,x̂ 0 0 0

0 0 0 δ�x,−x̂

0 0 δ�x,x̂ 0

⎤
⎥⎥⎦. (35)

We explicitly set Si ∝ ẑ. Moreover, we note that the an-
tiferromagnetic state can be modeled with a simpler lattice,
namely, a two-site unit cell that contains only magnetic atoms.
We confirmed that the essential physical mechanisms un-
derlying the interface-induced magnetization, which will be
explained below, are also present in such a model.

To elucidate the spectral information of this model, the
spectral functions (see Appendix B for definition) are plotted
for the bulk model (translational invariant in both x and y) as
the function of the momentum kx and the energy E in Fig. 4.
The latter shows the effects of a nonzero Jsd and a broken
equivalence between ε2 and ε3 on the spectral properties of
the model.

Observables such as magnetization and charge density are
now readily obtainable after diagonalization of Eq. (33). De-
pending on the interplay between spin-dependent (Jsd) and
spin-independent (ε2, ε3) onsite couplings within the unit cell,
the effect of the interfaces on the system density can vary
significantly. In the following, we begin by discussing how
the introduction of nonmagnetic onsite potentials alters the
system eigenfunctions and the subsequent consequences on
the system density. Then, we discuss how these effects give
rise to interface-induced magnetism in antiferromagnets and
altermagnets.

B. Wave-function shift, magnitudes, and Friedel oscillations:
Illustration of concepts using a normal metal

To provide the basis of our discussion of the magnetization
and charge oscillations in ribbons of antiferromagnets and al-
termagnets, let us start by clarifying the nuances of the lattice
treatment of a regular metal. The purpose of this section is to
identify the key mechanisms at play in the microscopic model
concerning spin-independent density modulations. With an
understanding of the mechanisms that determine the oscilla-
tion pattern of the electron density near an interface, we can
proceed to study the consequences of spin-dependent poten-
tials for antiferromagnets and altermagnets.

The characterization of magnetization and edge effects re-
volves around the study of the spin-resolved electron density
and how it varies across the lattice. The eigenfunctions of our
lattice, ψn,k,σ (rI , α), are obtained from the column vectors of
the matrix U diagonalizing the Hamiltonian, and are resolved
at the unit-cell level. Each eigenfunction is described by three
indices k, n, σ and is a function of the x coordinate I and the
site index α within each unit cell. The spin- and α-dependent

FIG. 4. The spectral function Aσ (kx, E ) (see Appendix B for
definition) is shown for ky = 0 in the lattice model with translational
invariance in both x and y. The normal metal (NM) band structure is
shown in (a) where the energy states between E ∼ −2t and E ∼ 2t
are backfolded into the reduced Brillouin zone (RBZ) due to the
unit-cell segmentation. Introducing a nonzero Jsd = t , gaps open at
the AFM zone edge (b). If one additionally breaks the equivalence
between the two nonmagnetic sites, a spin-split altermagnetic band
structure emerges (c). By setting ε3 to a large value relative to other
magnitudes in the system, ε3 = 100t , we make this site effectively
unavailable. The insets show the Fermi surface at the chemical po-
tential denoted by the dotted line.

density at x position rI in the ribbon is defined as

nI,α,σ =
∑
n,k

|ψn,k,σ (rI , α)|2nF (εn,k,σ ), (36)

where εn,k,σ is the energy eigenvalue of the eigenfunction
ψn,k,σ .

Before moving on, we briefly mention that in the follow-
ing, we will use the terminology unit-cell resolved and row
resolved extensively. Row resolved refers to quantities that are
functions of individual lattice-site indices (i, k) across one of
the two distinct rows on our ribbon [first and second rows in
the unit cell, see Fig. 1(b)], while unit-cell resolved refers to
quantities which are functions of unit-cell indices (I, α, k).

Consider now a normal metal (NM) lattice with Jsd = 0.
We examine two distinct configurations of the nonmagnetic
onsite potentials in order to elucidate the interplay between
the unit-cell potentials and the lattice geometry. In Fig. 5,
we plot the unit-cell-resolved and row-resolved densities for
a system with no onsite potentials in (a) and (b) and a split
potential ε2(3) = ±δ in (c) and (d) where δ/t � 1 (see the
insets for unit-cell layout). The densities are summed over the
two first standing-wave harmonics in x for the homogeneous
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FIG. 5. The NM densities obtained by summing over the two
lowest energy harmonics for k = 0 shown in the unit-cell-resolved
(a) and row-resolved (b) cases. Analogous plots in (c) and (d) are
shown in the case of a nonzero onsite coupling ε2 = δ, ε3 = −δ

for δ � t . (a) In the NM, the densities are pairwise equivalent with
the ones corresponding to sites in the left column (blue) and right
column (red) equal. The left and right column densities are shifted
by the lattice constant a, corresponding to their relative displacement
within the unit cell. (b) The row-resolved density can be illustrated by
adding the densities for α = 1 and 2 for the row 1 and α = 3 and 4 for
the row 2. (c) A change in the onsite potentials changes the magni-
tude of the eigenfunction entries corresponding to the particular site,
lifting the previous equivalence between the densities at different
sites α. The probability amplitude at α = 2 sites is suppressed due
to ε2 = δ, while the negative potential ε3 = −δ enhances the prob-
ability amplitude at the α = 3 sites. The row-resolved densities are
given by the densities of unit-cell sites within the same row, shifted
relatively by a lattice constant a. Due to the induced magnitude
difference, the system density becomes a π -periodic density wave.

y mode (k = 0). The first observation is that the densities
on sites in the left and right columns of the unit cell are
shifted by a lattice constant a [see Figs. 5(a) and 5(c)]. In
a unit-cell picture where both columns correspond to the
same indices (I, k), this shift originating from the relative
x displacement between columns, manifests as a magnitude
difference between the density profiles. The second obser-
vation is that the magnitudes of the α-resolved densities are
altered individually by the respective onsite potentials. In the
case of ε2 = ε3 = 0, all sites in the unit cell are equivalent
causing the only distinguishing factor to be the one lattice
constant a shift between densities in different columns. For the
split configuration (ε2(3) = ±δ), this equivalence is lifted. In
Fig. 5(c), the α = 2 density is suppressed as ε2 = δ represents
an effective lowering of the chemical potential. Along the
same lines, an enhancement is observed for α = 3 due to
ε3 = −δ. The magnitudes of densities at sites α = 1, 4 sites
also change due to a changed unit-cell environment, but the ef-
fect is equal across the two sites and comparatively smaller. To
understand the significance of these relative shifts in magni-
tude, the row-resolved picture is illustrative. The row-resolved

densities are obtained by plotting the densities of unit-cell
sites in the same row (α = 1, 2 and α = 3, 4) together, shifted
relatively by a lattice constant a, shown in Figs. 5(b) and
5(d). As is evident from Fig. 5(b), the unit-cell description
of the NM with ε2 = ε3 = 0 does not essentially provide any
new information not present in the original model. The advan-
tage of the unit-cell picture arises when onsite potentials are
introduced. While the unit-cell-resolved densities [Fig. 5(c)]
are modulated in magnitude due to the onsite potentials, they
retain their smooth standing wavelike profiles as all sites of
the same α see the same potential change. The row-resolved
density, however, is given by alternating left and right column
sites, and the row-resolved densities in Fig. 5(d) are now
distinctly different, where a π -periodic density wave emerges
on each row due to the alternating magnitude modulation.
When the sum in Eq. (36) is extended to a large number of
eigenfunctions, the row-resolved density profiles can become
intricate. As we have seen, however, the observed oscillations
can be deconvoluted in the unit-cell picture as the combination
of a one lattice constant a shift and magnitude differences
between densities in different columns, caused by the chosen
onsite potential configuration and unit-cell geometry.

In a system with broken translation invariance, the oscil-
lations of the charge density known as Friedel oscillations
[55,56] arise in the vicinity of interfaces and defects. While
the oscillations of eigenfunctions interfere and cancel out
in the bulk of the ribbon, the open boundaries force all
eigenfunctions to be roughly in phase close to the bound-
aries leading to the Friedel oscillations. The frequency of 1D
Friedel oscillations is 2kF where kF is the Fermi momentum.
In 2D, the Fermi surface does in general give rise to a distribu-
tion of Fermi wave vectors, and the whole distribution of kx

F ,
the x component of the Fermi wave vectors, can leave a mark
on the density oscillations.

To exemplify how these density oscillations occur, the
density for the split potential (ε2(3) = ±δ) is shown in Fig. 6
for the unit-cell- [Fig. 6(a)] and row-resolved [Fig. 6(d)] rep-
resentations. Both show clear oscillations in the vicinity of
the interface while roughly homogeneous in the ribbon bulk.
In Figs. 6(b) and 6(e), the Fourier transform of the density
in the two representations is shown, indicating the domi-
nant frequencies in the density oscillations. These frequencies
correspond to roughly twice the x component of the Fermi
vector for the homogeneous y mode. Due to the 2D Fermi
surface, however, eigenfunctions with a range of kx

F exist at the
Fermi surface, giving rise to additional peaks in the frequency
spectrum. These can be shown to correspond closely to the
distribution of kx

F in the partially integrated spectral function
evaluated at the Fermi surface, obtained by integrating over
all y momenta, shown in Figs. 6(c) and 6(f). Note in particular
that the presence of the split potentials breaks the symmetry
between the rows. As such, the row-resolved Fermi surfaces
are identical in shape, but with a slight difference in the
distribution of states on the Fermi surface. This is evident in
Figs. 6(c) and 6(f) [see insets in Fig. 6(f)] where the distribu-
tions of x components are different on the two rows.

Finally, we point out that the density oscillations arising
from the Fermi surface are largely independent of the specific
onsite potentials as long as these are small relative to t . As
long as the Fermi surface does not change significantly upon
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FIG. 6. The density profiles for the split system ε2(3) = ±δ showing Friedel oscillations at μ = −1.5t . Both the unit-cell-resolved density
(a) and row-resolved density (d) show clear Friedel oscillations, but the row-resolved density also shows the π -density wave due to the presence
of nonzero onsite potentials. The Fourier transform of the unit-cell-resolved density is shown in (b) and the row-resolved in (e). Several peaks
arise in both corresponding to the dominant frequencies in the density oscillations. We label the dominant peaks with the notation 2kF,i where
i is a simple index. Due to the 2D geometry, we do not have one particular, but rather a distribution of 2kx

F from states from different y modes.
We quantify this distribution by summing the row-resolved bulk spectral function evaluated at the Fermi level across all y momenta, shown
in (f) where kx runs over the full Brillouin zone (FBZ), obtaining a 2kx

F distribution which matches well with the observed frequency content
in the density oscillations. Note that values of 2kx

F beyond π/2 appear in the reduced Brillouin zone (RBZ) in (c) due to aliasing and are
distinguished by an asterisk (2k∗

F ). (e) In the row-resolved density, an additional set of frequencies given by |2kF ± π | arise due to the fact that
the staggered π order is modulated in magnitude by the underlying eigenfunctions.

changing the potentials, the system eigenfunctions will exhibit
similar Friedel oscillations, but with an additional staggered
order on top. The nonzero potentials leave a more direct mark
on the row-resolved density oscillations [Fig. 6(e)] through
the emergence of a π peak, due to the previously discussed
mechanism, and through the appearance of additional peaks
at frequencies |2kF ± π |, caused by the 2kF modulation of the
π -density wave magnitude. In effect, the presence of periodic
potentials on the lattice gives rise to a magnitude modulation
on top of the standing wave eigenfunctions. The magnitude of
these modulations follows the magnitude of the eigenfunction
as a whole, causing a coupling between the underlying 2kF

frequency of the initial eigenfunction, and the π frequency
arising from the lattice geometry. This gives rise to the ad-
ditional peaks in the Fourier transform of the row-resolved
density in Fig. 6(d) close to kx = 0.

C. Nonzero Jsd coupling and AFM order

For a given spin projection, a nonzero Jsd has a very
similar effect as the split potentials discussed above and
gives rise to a π -periodic density wave. The s-d coupling is,
however, spin dependent and changes the sign between the
two spin species. Due to the unit-cell geometry, the spin-
up and -down density waves are out of phase, giving rise
to a staggered magnetization persisting through the bulk of
the ribbon. In our model, this is the mechanism responsible
for the AFM staggered order in the itinerant electrons, a

microscopic character which is absent in the effective model
in Sec. II.

We now turn to the behavior close to the interface. The
staggered magnetization arises due to magnitude differences
between the spin-up and -down densities. As the density
waves for spin-up and -down electrons are shifted rela-
tive to the interface, an effective coupling between Friedel
oscillations and the staggered magnetization emerges, caus-
ing an interface-induced modulation of the bulk staggered
order.

In Fig. 7(a), we plot the spin-up and -down densities. In
Fig. 7(b), we plot the staggered (row-resolved) and unit-cell
magnetizations, where the latter is averaged over all unit-cell
sites. While the unit-cell magnetization practically vanishes in
the center of the ribbon, significant deviations from the com-
pensated bulk order arise in the vicinity of the interfaces. As
the effective continuum model of AFM considered in Sec. II A
does not capture the uncompensated nature of the interface
nor the staggered order, it omits this type of coupling between
Friedel oscillations and magnetization.

We point out that the Fermi momentum itself is spin
independent in the AFM and one thus does not expect
any magnetization contribution from Fermi-surface mismatch,
which the continuum model confirms. The frequency of the
density and magnetization oscillations are shown in detail
in Fig. 8. Notice in particular that we observe the unit-cell
magnetization to oscillate at 2kF [Fig. 8(d)] exactly due
to the effective coupling between the π -order and Friedel
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FIG. 7. The spin-up and -down densities are shown in (a) for an
AFM with Jsd = t , μ = −2.75t . The spin-dependent Jsd gives rise to
highly spin-dependent occupations on the magnetic sites α = 1, 4.
(b) The magnitude differences in the underlying eigenfunctions give
rise to a staggered magnetization (green and orange). The magnetiza-
tion is out of phase between the two rows causing the total unit-cell
magnetization (black) to approach zero in the ribbon center. Despite
no spin dependence in the Friedel oscillations, we still observe un-
compensated magnetization (black) in the vicinity of the interface.
This is caused by an effective coupling between the staggered order
and the spin-independent Friedel oscillations, not captured in the
continuum model. Note that we here plot the magnitude of the unit-
cell magnetization multiplied by a factor of 5 for clarity. Inset shows
a zoom-in on the first 20 sites at the left interface.

oscillations. Therefore, one of the ways to achieve surface-
induced magnetization in continuum models would be to
introduce spin-dependent boundary conditions, which would
correspond to a different environment of spin-up and -down
sites in the lattice model.

Following this reasoning, the emergence of uncompen-
sated edge magnetization for itinerant electrons in an AFM
depends critically on the unit-cell geometry and the nature
of the interface. The interface-induced magnetization arises
only if the up and down spins interact differently with the
interface, creating a spin-dependent environment which does
not vanish upon averaging over the interface. To achieve this,
an uncompensated interface is typically needed. For a com-
pensated interface, there will still be relative shifts between
the spin-up and -down density waves, but the shifts will vanish
when summing over a unit cell as both spins interact with the
interface symmetrically. Along these lines, we also expect this

FIG. 8. (a) The spin-up and -down row-resolved densities for the
AFM in Fig. 7 are Fourier transformed to obtain the frequencies of
the density oscillations. The dominant frequency is denoted 2kF,1.
By considering the spectral function integrated over all y momenta
and evaluated at the Fermi level (c), the dominant frequency can
be seen to correspond closely to the peak in the distribution of
kx

F , i.e., x components of the Fermi vector of states at the Fermi
level. The additional peak in the spectrum in (a) arises because the
magnitude of the π staggered order itself is modulated by the density
oscillations, giving rise to a |2kF ± π | peak. (b) The row-resolved
magnetization contains the same frequencies as those of the under-
lying spin densities while the dominant frequency of the unit-cell
magnetization (d) is 2k∗

F,1, corresponding to the reduced Brillouin
zone representation of 2kF,1, caused by aliasing.

effect to be vulnerable to surface structure and roughness. As
the magnetization is induced solely through the one lattice
constant shift, a roughening of the surface could cancel out
the spin-dependent interface environment. This is discussed
in detail in Sec. III F.
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D. Phenomenological model for magnetization oscillations
in antiferromagnets

Motivated by the results in the lattice model, where the
spin-up and -down sites experience different environments
and are shifted with respect to each other by a lattice constant,
we propose a phenomenological model. We use the continuum
model and the results of Sec. II A, however, we shift the
coordinates for the spin-down electrons by a lattice constant
a. Then the magnetization is determined by

mz(x) = −gμB

e
[n↑(x) − n↓(x + a)]. (37)

While not being rigorous, the model captures the shift be-
tween the spin-up and -down populations crucial for the
lattice model. Furthermore, one can view the shift by a lattice
constant as modified boundary conditions where the wave
functions of spin-up and -down electrons acquire different
values at the interfaces.

For wide ribbons, L̃ 
 1, the magnetization away from the
edges x̃ 
 1 reads as

mz(x) = m0√
π

[
cos

(
2x̃ + π

4

)
x̃3/2

− cos
(
2x̃ + 2ã + π

4

)
(x̃ + ã)3/2

]

+ O

(
1

x̃2

)

= 2m0ã√
π

1

x̃3/2
sin
(

2x̃ + π

4

)
+ O

(
ã2,

1

x̃2

)
, (38)

where we expanded in x̃ 
 1 in the first line and in ã � 1
in the second line. The oscillations of the magnetization in
the phenomenological model of antiferromagnets are (i) sup-
pressed as ã = akF � 1, (ii) shifted by π/2 in phase with
respect to the particle density oscillations, and (iii) decay as
1/x̃3/2 at x̃ → ∞. In addition, the phenomenological model
predicts vanishing net magnetization in antiferromagnets.

E. Nonzero Jsd coupling and AM order

The advantage of the microscopic model is that it allows
us to introduce the altermagnetic (AM) order on top of the
underlying antiferromagnetic (AFM) lattice. By keeping the s-
d coupling and setting the onsite potentials ε2 = 0, ε3 = 100t ,
thus effectively making the α = 3 site unavailable, PT sym-
metry is broken and the AFM becomes an AM with spin-split
bands (see the band structure in Fig. 4).

The nature of the magnetization in the altermagnet is quite
similar to the antiferromagnet discussed in Sec. III C. The s-d
coupling gives rise to π -periodic density waves, the ones for
spin-up and -down species being out of phase [see Fig. 9(b)].
The presence of the ε3 potential only complicates the pic-
ture somewhat by lifting the equivalence between density
oscillations on the two rows. As such, the interface-induced
magnetization discussed in Sec. III C carries over to the AM
as well. The uncompensated interface introduces an effective
coupling between the staggered magnetization and Friedel
oscillations, causing uncompensated unit-cell magnetization
to emerge in the vicinity of the interface.

However, a key distinguishing factor between the interface-
induced magnetization in AFMs and AMs is the spin
dependence of the Fermi surface in the latter. The Friedel

FIG. 9. The spin-up and -down densities (a) for an AM with
Jsd = t , ε2 = 0, ε3 = 100t and μ = −2.75t . Due to the split non-
magnetic potentials, the ribbon is no longer symmetric with respect
to the combined action of time inversion and spatial inversion. The
interface-induced magnetization shown in (b) is therefore not sym-
metric around the ribbon center, but depicts unique characteristics on
the two interfaces. Note that we have plotted the unit-cell magneti-
zation magnitude multiplied by a factor of 5 for clarity. Inset shows
a zoom-in on the first 20 sites at the left interface.

oscillations in AMs are themselves spin dependent as the
distribution of kx

F momenta on the Fermi surface is different
for the two spin species [see Figs. 10(a) and 10(c)]. This
gives rise to an additional source of magnetization as the spin-
up and -down densities oscillate with different frequencies
which also leaves an impact on the unit-cell magnetization in
Fig. 10(d). This is the effect found within the effective con-
tinuum model in Sec. II. As these oscillations originate with
the Fermi-surface structure, we expect it to be more robust to-
wards surface roughness and structure. Any source of Friedel
oscillations in a system, be it an interface or an impurity,3

is thus expected to be sources of uncompensated magnetism
in altermagnets. The spin-dependent Friedel oscillations have
also recently been shown to influence the interaction between
impurities that are magnetic [61,62].

We point out that unit-cell geometry and the AM Fermi
surface are intrinsically linked. In order to observe spin-
dependent Friedel oscillations, the AM Fermi surface should
be oriented in a way such that the distribution of Fermi vector

3Both spinless and spinful impurities are expected to lead to the
magnetization oscillations in altermagnets.
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FIG. 10. (a) The spin-up and -down row-resolved densities for
the AM in Fig. 9 are Fourier transformed to obtain the frequencies
of the density oscillations. In contrast with the AFM (Fig. 8), the
spin-up and -down densities depict different dominant frequencies.
Note the presence of the additional peaks due to the magnitude
modulation of the staggered order. The spin asymmetry in the density
frequencies can be attributed to the distribution of the spin dependent
kx

F,σ in the eigenfunctions at the Fermi level, obtained by a partial
integration of the bulk spectral function (c). Notice also the inset
in (c) showing the difference between the bulk spin-up and -down
spectral function at the Fermi level. The frequencies present in the
row-resolved magnetization are shown in (b) and a general observa-
tion is that the spin dependence of the density oscillations gives rise
to a magnetization that oscillates with all underlying frequencies. Fi-
nally, we plot the Fourier transform of the unit-cell magnetization in
(d) and we observe two distinct peaks, k∗↑

F , k∗↓
F , corresponding to the

dominant k↑
F , k↓

F from (c) in the reduced Brillouin zone representation
due to aliasing.

components normal to the interface differs between the two
spin species. Due to the link with lattice geometry, however,
such an orientation would typically correspond to a unit-cell
geometry which has an inherent asymmetry between spin-up

FIG. 11. The unit-cell magnetization is shown for an AFM
(a) and an AM (b) as a function of defect density in the first and
last unit cells on the ribbon. The system parameters are Nx = 76,
Ny = 100, Jsd = t , ε2 = 0, and ε3 = 100t (the two latter only rele-
vant for the AM). The filling level is μ = −2.75t . For each defect
concentration, the specific percentage of sites in the first and last unit
cell is randomly made inaccessible by adding an onsite potential of
100t . For each particular defect density, the unit-cell magnetization
is averaged over five randomized defect configurations. The ribbon
magnetization is observed to be affected by the density of defects and
for the AFM, the oscillations of magnetization almost vanish when
30% of interface cell sites are a vacancy. While defects have an effect
on the AM as well, the suppression of the magnitude of oscillations
is not as drastic as in the AFM.

and -down species leading to an uncompensated interface. As
such, it is difficult to deconvolute the effects of the particular
interface configuration which is highly important for the AFM
order, from that of the Fermi-surface asymmetry expected to
be important in AM. To disentangle magnetism arising from
the interface from that arising from bulk properties, we turn to
the role of the interface polarization and surface defects.

F. Role of interface roughness

Our analysis so far has assumed atomically flat interfaces,
but in real samples, the interfaces are commonly rough. The
effect of such roughness can be investigated in our lattice
model by making the interface jagged, which is achieved by
adding a strong onsite potential on random lattice sites neigh-
boring the vacuum interface. The question of the robustness
of the induced magnetization with respect to such disorder is
particularly important to make a connection to experiments.

In Fig. 11, the unit-cell magnetization is shown for AFM
(a) and AM (b) when interface roughness is included. The
presence of defects breaks translational invariance in the y
direction. We account for this by considering a ribbon of both
finite width and length, with periodic boundary conditions
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between the first and last lattice sites along the interface.
The rough interface is modeled by inserting vacancies, de-
scribed by the 100t onsite potential, at random locations in
the first and last layers of unit cells on the ribbon. The re-
sulting magnetization is averaged over several configurations
of vacancies (in our case, we used five configurations). We
plot the magnetization averaged over all rows in the periodic
direction as a function of the density of defects and observe
that the magnetization is indeed affected by the roughness,
both for the AM and AFM. For example, the magnetization
oscillations in the AFM are almost completely suppressed for
a defect density of approximately 30%. This is understood as
destructive interference caused by the oscillating magnetiza-
tion acquiring a row-dependent phase shift due to the local
defect configuration. In the AM, the magnetization shown in
the lower panel of Fig. 11 is not suppressed to the same ex-
tent. Based on our previous analysis, we would indeed expect
the magnetization in the AFM to be more sensitive towards
surface disorder, but it is difficult to draw a firm conclusion
based on the magnetization profiles in the AFM and AM by
themselves.

Therefore, in order to demonstrate the difference between
the AFM and AM responses to surface disorder, we introduce
the concept of an inverted ribbon which has the same Fermi
surface but a different lattice structure [see Fig. 12(a)]. Con-
sider the ribbon as it is presented in Fig. 1(b). If one reverses
the direction of the localized moments as well as switches ε2

and ε3 (the latter is only relevant for AM), a related ribbon
can be obtained with the same “bulk” environment (the same
Fermi surface), but with different boundary conditions. In par-
ticular, the polarization of the boundaries has been reversed.
In the following, we denote the magnetization of this inverted
ribbon as 〈minv

z 〉. The purpose of introducing the inverted rib-
bon is to separate the magnetization contribution arising from
the interface and that arising due to intrinsic spin asymmetries
in the Fermi surface. The former should be highly surface
dependent, while the latter is expected to be more robust
toward interface roughness.

In Fig. 12, we plot the sum [(b) and (d)] and difference
[(c) and (e)] between the magnetization of the original ribbon
〈mz〉 and the inverted ribbon 〈minv

z 〉. By taking the sum, one
should be left with the magnetization contribution which does
not show a perfect inversion under a reversal of the interface
polarization. Along the same lines, the difference should give
exactly the surface-dependent contribution. In the case of
the AFM, the sum is zero [see Fig. 12(b)], independent of
surface defects. Based on our previous analysis, the origin
of the interface-induced magnetization in the AFM is solely
due to the spin-asymmetric environment close to the interface.
Upon a reversal of the interface polarization, it is reasonable
that the ribbon magnetization inverts as well, giving rise to
a perfect cancellation. This is exactly what we observe in
Fig. 12(b). For the AFM, the difference 〈mz〉 − 〈minv

z 〉 is highly
sensitive to the surface disorder [see Fig. 12(c)], supporting
our statement that the magnetization in AFM is less robust
toward surface roughness.

For the AM, however, the magnetizations of the ribbon
and its inverted counterpart do not cancel out, but leave a
non zero remainder in the sum shown in Fig. 12(d). As
has been discussed previously, altermagnets should have an

FIG. 12. The relation between the regular and inverted ribbons
is shown in (a). We plot the sum 〈mz〉 + 〈minv

z 〉 (b) and (d), and
difference 〈mz〉 − 〈minv

z 〉 (c) and (e) for the same AFM (b) and (c) and
AM (d) and (e) as in Fig. 11. For the AFM, the sum 〈mz〉 + 〈minv

z 〉
in (b) is zero, independent of defect density, indicating the surface
origin of the magnetization. In the AM, the sum 〈mz〉 + 〈minv

z 〉in (d) is
nonzero and quite robust against surface defects, indicating that the
magnetization is not purely initiated by the particular configuration
of localized moments at the interface.

additional contribution to the interface magnetization arising
from the spin dependence of the Friedel oscillations. This
asymmetry originates from the Fermi surface and should not
be dependent on the exact realization of boundary conditions
or surface defects. Indeed, as one can see in Figs. 12(d) and
12(e), the sum 〈mz〉 + 〈minv

z 〉 is less affected by the surface
disorder than the difference 〈mz〉 − 〈minv

z 〉. We argue that
this analysis indicates that the interface-induced magnetiza-
tion in altermagnets is more robust towards surface defects
and the particular configuration of localized moments at the
interface.

We note that the role of defects in an altermagnetic can-
didate MnTe was recently highlighted, albeit in a different
context, in Ref. [63].
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IV. SUMMARY

In this work, we have characterized the nature of interface-
induced magnetism carried by itinerant electrons in anti-
ferromagnets and altermagnets, and quantified the decay of
this magnetism into the bulk of the material. We find that
altermagnets possess a unique contribution to the edge mag-
netization that is not present in conventional antiferromagnets.

In a system with open boundaries, altermagnets quite gen-
erally acquire an uncompensated magnetization due to their
spin-split Fermi surfaces [see Eqs. (27) and (28) as well as
Fig. 3 for the magnetization in a ribbon of an altermag-
net]. In the effective continuum model, this magnetization
originates from the nature of the spin-dependent Friedel oscil-
lations whose frequencies are determined by different Fermi
wave vectors, even for spin-independent boundary condi-
tions. These oscillations are exemplified by the spin-resolved
LDOS and the charge densities in Eqs. (20), (23), and (25)
and Eqs. (21), (24), and (26), respectively; see also Fig. 2.
Therefore, the combination of the momentum-dependent spin
splitting and interfaces allows for oscillating magnetization
in altermagnets. Since the Fermi surface in the continuum
model of antiferromagnets used in Sec. II A is spin degenerate
and the boundary conditions are spin insensitive, the model
predicts no surface-induced magnetism.

In the lattice model, considered in Sec. III, this picture is
different. Being able to describe microscopic magnetic mo-
ments, the lattice model provides access to more details. We
found that there is another contribution to interface-induced
magnetization originating from an effective coupling between
Friedel oscillations and staggered magnetic order; this contri-
bution is qualitatively similar for antiferromagnets (see Figs. 7
and 8) and altermagnets (see Figs. 9 and 10). This coupling is
the only source of edge magnetization for the antiferromagnet
within our lattice model, and we argue that it corresponds to
an effective spin-dependent boundary condition in the analyt-
ical continuum model. The corresponding phenomenological
model is discussed in Sec. III D.

The coupling between Friedel oscillations and the stag-
gered order depends critically on the lattice geometry and

yields a zero net interface magnetization for compensated
AFM and AM interfaces. As we show in Sec. III F, this
contribution is expected to be sensitive to surface defects
and roughness. The Fermi-surface contribution inherent to
altermagnets requires only the spin-split structure of the Fermi
surface and does not rely on the microscopic structure of the
interface. Any nonmagnetic sources of density oscillations,
caused by, e.g., interfaces or impurities, are therefore expected
to give rise to local uncompensated magnetization, which is
an important aspect to be aware of for the implementation
altermagnet-based spintronics devices. The observation of ro-
bust magnetization induced by nonmagnetic defects could
also provide an alternative way to probe altermagnets. Our
order-of-magnitude estimate suggests that the edge-induced
magnetization should be readily observable via, e.g., SQUID
techniques [51,52,57–59].

In passing, we note that while we focused on 2D films of
antiferromagnets and altermagnets, our study can be straight-
forwardly generalized to 3D materials and altermagnets with
a more involved dispersion relation, such as g- or i-wave
magnets.
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APPENDIX A: DERIVATION OF CONTINUUM MODELS

The continuum models of antiferromagnets given in Eq. (1)
and altermagnets given in Eq. (15) can be derived both by
using the symmetry arguments and directly from the lattice
model presented in Sec. III.

In the case of antiferromagnets, we use the full lattice
model4 described in Sec. III A whose geometry is shown in
Fig. 1(b). Performing the Fourier transformation, we obtain

HAFM(k) =

⎛
⎜⎜⎜⎝

−sJsd − μ 0 2t cos (kya) 2t cos (kxa)

2t cos (kya) ε3 − μ 2t cos (kya) 0

0 2t cos (kxa) sJsd − μ 2t cos (kya)

2t cos (kxa) 0 2t cos (kya) ε2 − μ

⎞
⎟⎟⎟⎠. (A1)

The above Hamiltonian contains the spin projection s and is written in the site basis {1, 3, 4, 2} and describes four energy bands
with energies

ερ1,ρ2 = −μ + ρ1

√√√√J2
sd

4
+ 2t2[cos2 (kxa) + cos2 (kya)] + ρ2

√
J2

sd

4
+ 2t2 cos2 (kxa)

√
J2

sd

4
+ 2t2 cos2 (kya), (A2)

where ρ1, ρ2 = ± and, for simplicity, we set ε3 = ε4 = 0.

4A simplified model of an antiferromagnet with only two magnetic sites in the unit cell and next-nearest-neighbor hopping results in the same
continuum model. However, this model does not allow one to tune between antiferromagnetic and altermagnetic phases.
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The effective low-energy Hamiltonian is derived by consid-
ering only the lowest-energy band and projecting out the three
higher-energy ones. Then, expanding the expression (A2) for
the lowest-energy band (ρ1 = − and ρ2 = +) around the �

point, we derive the following low-energy continuum model:

HAFM,eff (k) = −μ −
√

16t2 + J2
sd + 4t2(ka)2√

16t2 + J2
sd

(A3)

[cf. with Eq. (1)].
The continuum model for altermagnets can be derived in

a similar way. Removing one nonmagnetic lattice site, e.g.,
at the position 4 in Fig. 1(b), and performing the Fourier
transformation, we obtain the following tight-binding model:

HAM(k) =
⎛
⎝ −sJsd − μ 2t cos (kya) 0

2t cos (kya) ε3 − μ 2t cos (kxa)
0 2t cos (kxa) sJsd − μ

⎞
⎠
(A4)

whose energy dispersion at ε3 = 0 follows from the following
cubic equation:

ε
(
J2

sd − ε2
)+ 4[(Jsd + ε) cos2 (kya) − (Jsd − ε) cos2 (kxa)]

= 0. (A5)

Expanding its roots up to the second order in ka around the �

point, we obtain

ε± = −μ ±
√

8t2 − J2
sd ∓ 2(ka)2√

8t2 + J2
sd

−2sJsdt2a2

8t2 + J2
sd

(
k2

x − k2
y

)
,

(A6)

ε0 = −μ + 4Jsdt2a2

8t2 + J2
sd

(
k2

x − k2
y

)
. (A7)

The effective Hamiltonian is derived by considering only the
lowest-energy band ε− and projecting out the two higher-
energy ones. Then, the corresponding low-energy continuum
Hamiltonian is

HAM,eff (k) = −μ −
√

8t2 + J2
sd + 2t2(ak)2√

8t2 + J2
sd

− 2sJsdt2a2

8t2 + J2
sd

(
k2

x − k2
y

)
. (A8)

Comparing this model with the continuum model (15) derived
from the symmetry principles, we identify both the kinetic
energy term [the third term in Eq. (A8)] and the altermagnetic
splitting term [the last term in Eq. (A8)].

APPENDIX B: SPECTRAL FUNCTION
IN THE LATTICE MODEL

In this Appendix, we define the density of states and
the spectral function in the lattice model with translational

invariance in both x and y (i.e., the bulk model). The unitary
matrix diagonalizing a particular (kx, ky) and σ block of the
Hamiltonian defined in Eq. (33) with Fourier-transformed op-
erators also in x, has the general structure

Uk,σ = [φk,σ,1 φk,σ,2 φk,σ,3 φk,σ,4], (B1)

where each column is an eigenvector

φk,σ,n = (uk,σ,n vk,σ,n wk,σ,n xk,σ,n)T (B2)

with corresponding eigenvalue Ek,σ,n for n = 1, 2, 3, 4.
The operators in the original fermion basis c̃k,σ =
(ck,1,σ

ck,2,σ
ck,3,σ

ck,4,σ
) is related to the new

operators γk,σ,n through the coefficients of the eigenvectors,

ck,1,σ =
4∑

n=1

uk,σ,nγk,σ,n, ck,2,σ =
4∑

n=1

vk,σ,nγk,σ,n, (B3)

ck,3,σ =
4∑

n=1

wk,σ,nγk,σ,n, ck,4,σ =
4∑

n=1

xk,σ,nγk,σ,n. (B4)

The number of electrons in the translationally invariant system
with spin σ summed over all momentum modes and unit-cell
sites is given by

ρσ =
∑

k

∑
α

〈c†
k,α,σ

ck,α,σ
〉 =

∫ ∞

−∞
dε Dσ (ε)nF (ε), (B5)

where Dσ (ε) is the spin-dependent density of states. By in-
serting the expressions for the operators in the new basis [see
Eqs. (B3) and (B4)], we rewrite the above expressions as∫ ∞

−∞
dε Dσ (ε)nF (ε)

=
∑
n,k

(|uk,σ,n|2+|vk,σ,n|2+|wk,σ,n|2 + |xk,σ,n|2)nF (Ek,σ,n),

(B6)

where we have used that 〈γ †
k,σ,nγk,σ,n′ 〉 = δn,n′nF (Ek,σ,n). We

can now identify the density of states as

Dσ (ε) =
∑
n,k

(|uk,σ,n|2 + |vk,σ,n|2 + |wk,σ,n|2

+ |xk,σ,n|2)δ(ε − Ek,σ,n)

=
∑

k

Aσ (ε, k). (B7)

The spectral function reads as

Aσ (ε, k) =
∑

n

(|uk,σ,n|2 + |vk,σ,n|2 + |wk,σ,n|2

+ |xk,σ,n|2)δ(ε − Ek,σ,n). (B8)

[1] S. Pekar and G. Rashba, Combined resonance in crystals
in inhomogeneous magnetic fields, ZhETF 47, 1927 (1965)
[Sov. Phys. JETP 20, 1295 (1965)].

[2] Y. Noda, K. Ohno, and S. Nakamura, Momentum-dependent
band spin splitting in semiconducting MnO2 : A density func-
tional calculation, Phys. Chem. Chem. Phys. 18, 13294 (2016).

054446-15

http://www.jetp.ras.ru/cgi-bin/e/index/r/47/5/p1927?a=list
https://doi.org/10.1039/C5CP07806G


HODT, SUKHACHOV, AND LINDER PHYSICAL REVIEW B 110, 054446 (2024)

[3] L. Šmejkal, R. González-Hernández, T. Jungwirth, and J.
Sinova, Crystal time-reversal symmetry breaking and sponta-
neous Hall effect in collinear antiferromagnets, Sci. Adv. 6,
eaaz8809 (2020).

[4] L.-D. Yuan, Z. Wang, J.-W. Luo, E. I. Rashba, and A. Zunger,
Giant momentum-dependent spin splitting in centrosymmet-
ric low- Z antiferromagnets, Phys. Rev. B 102, 014422
(2020).

[5] S. Hayami, Y. Yanagi, and H. Kusunose, Bottom-up design
of spin-split and reshaped electronic band structures in spin-
orbit-coupling free antiferromagnets: Procedure on the basis of
augmented multipoles, Phys. Rev. B 102, 144441 (2020).

[6] S. Hayami, Y. Yanagi, and H. Kusunose, Momentum-dependent
spin splitting by collinear antiferromagnetic ordering, J. Phys.
Soc. Jpn. 88, 123702 (2019).

[7] K.-H. Ahn, A. Hariki, K.-W. Lee, and J. Kuneš, Antiferromag-
netism in RuO2 as d-wave Pomeranchuk instability, Phys. Rev.
B 99, 184432 (2019).

[8] S.-W. Cheong and F.-T. Huang, Altermagnetism with non-
collinear spins, npj Quantum Mater. 9, 13 (2024).

[9] L. Šmejkal, J. Sinova, and T. Jungwirth, Beyond conventional
ferromagnetism and antiferromagnetism: A phase with nonrel-
ativistic spin and crystal rotation symmetry, Phys. Rev. X 12,
031042 (2022).

[10] L. Šmejkal, J. Sinova, and T. Jungwirth, Emerging research
landscape of altermagnetism, Phys. Rev. X 12, 040501 (2022).

[11] L. Bai, W. Feng, S. Liu, L. Šmejkal, Y. Mokrousov, and Y.
Yao, Altermagnetism: Exploring new frontiers in magnetism
and spintronics, arXiv:2406.02123.

[12] R. González-Hernández, L. Šmejkal, K. Výborný, Y. Yahagi, J.
Sinova, T. Jungwirth, and J. Železný, Efficient electrical spin
splitter based on nonrelativistic collinear antiferromagnetism,
Phys. Rev. Lett. 126, 127701 (2021).

[13] H. Reichlová, R. L. Seeger, R. González-Hernández, I. Kounta,
R. Schlitz, D. Kriegner, P. Ritzinger, M. Lammel, M. Leiviskä,
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