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Magnon spin photogalvanic effect induced by Aharonov-Casher phase
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Magnons are electrically neutral bosonic quasiparticles emerging as collective spin excitations of magnetically
ordered materials, and they play a central role in next-generation spintronics due to its obviating Joule heating. A
difficult obstacle for quantum magnonics is that the magnons do not couple to the external electric field directly so
that a direct electric manipulation via bias or gate voltage as in conventional charge-based devices seems not to be
applicable. In this work, we propose a mechanism in which magnons can be excited and controlled by an electric
field of light directly. Since the electric field of light can be tuned in a wide and easy way, the proposal should
be of great interest in realistic applications. We call it the magnon spin photogalvanic effect (SPGE), which
comes from five contributions: Drude, Berry curvature dipole (BCD), injection, shift, and rectification, with
distinct geometric origins. We further show that the responses to linearly polarized or circularly polarized light
are determined by a band-resolved quantum metric or Berry curvature, both of which, when combined, comprise
a quantum geometric tensor. The proposed magnon SPGE can be measured by a characterized topological phase
transition. We also discuss a breathing kagome-lattice model of ferromagnets, and we suggest possible candidate

materials to implement it.
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I. INTRODUCTION

Spin transport plays a central role in the field of spintron-
ics [1,2]. Currently there is significant interest in exploring
the magnons in magnetic materials. The magnons, which are
collective spin excitations of magnetically ordered materials,
are electrically neutral bosonic quasiparticles. The transport
of magnons obviates Joule heating at a fundamental level,
and thus magnons are regarded as a candidate with which
to pursue next-generation spintronics [3,4]. For this purpose,
a deeper understanding of the properties of magnons and
their precise manipulation is urgently called for. However,
due to the electrical neutrality of magnons, their coupling to
an external electric field has been considered less frequently.
Therefore, much of the progress has been made in studying the
thermal control of magnons [5—12]. However, thermal control
is not easy to maintain accurately, and sometimes it is even
cumbersome.

One of the most promising approaches is to use the optical
method to control the magnons. Since magnons possess spin
degrees of freedom, it has been proposed that the dc magnon
spin photocurrent (MSPC) can be generated in antiferromag-
nets by the Zeeman coupling of magnon spin and the magnetic
field component of light, where the angular momentum trans-
fer between magnons and photons is invoked by applying a
circularly polarized (CP) light [13]. Using the magnetic field
component, the generation of the MSPC via linearly polarized
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(LP) light has been proposed recently [14,15]. A desired goal
is to achieve an enhanced MSPC by using the electric field
component of the light. For example, the MSPC driven by
CP light was proposed via a two-magnon Raman process
with coupling to the electric field [16]. It is a direct spin
angular momentum transfer process in which right-handed
photons turn into left-handed photons by imparting spin angu-
lar momentum and creating a magnon pair carrying a net spin
current. Therefore, the current is proportional to the chirality
of the incident light, and it vanishes if the light is linearly
polarized. The magnetoelectric coupling generally exists in
multiferroic materials, for which the magnon can be gener-
ated and controlled by an electric field [17-19]. Recently,
the MSPC has been predicted in collinear antiferromagnets
via the coupling between electric field and polarization with
a broken inversion symmetry [20]. Nevertheless, the spin
photocurrent induced by the interaction between the electric
field and the magnons has not been fully understood, and it is
unclear how it is affected by the quantum geometry of magnon
bands [21].

In this paper, we develop a general formalism for the
MSPC mediated via the Aharonov-Casher (AC) effect of
magnons induced by an electric field. It can be understood
that magnons moving in an electric field acquire a geometric
phase through the AC effect during the processing as [22-24]

o _ S4B

= / B x @] -dr. (1)

where E (¢) is the electric field of light. In Eq. (1) we assume
that the magnetization is along the z-direction and then the

magnetic moment of magnon points in the —z-direction with
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L = —gupeé,, where g is the Landé factor and up is the Bohr
magneton. This phase (6;;) will enter into the coupling be-
tween spins or the hopping integral of electron operators (see
Appendixes A and B). The Hamiltonian is thus modified in a
form in which the effect of the electric field of light will serve
as a driving force. Because this electric field couples to the
local magnetization, magnons (variations of magnetization)
will consequently be excited.

II. THEORETICAL FRAMEWORK

A. Light-magnon coupling and density matrix
equations of motion

For a general two-body spin interaction Hamiltonian in the
absence of an external field,

Z ZZS%H;’? i-pst, @

i,j nm af

where S; , is a spin operator at the nth sublattice (with total
number N) of the ith magnetic unit cell (with total number
L), with H*#(i — j) the magnetic exchange interaction. The
classical ground state is identified by treating the quantum-
mechanical spin operators as classical vectors and minimizing
the classical ground-state energy. By setting the global (ref-
erence) coordinates (%, J, Z), the local coordinates (spherical
coordinates) of each spin are related to the global coordinates
via S; , = R,(6;, $;)So. The magnons are the usual low-energy
excitations in ordered magnets, which are considered via the
Holstein-Primakoff transformation in local coordinates [25],

S + S .
S?’n = \/j(ai’,, + a}’n), an = —i\/;(a,-,,, — ai‘,n)’

S[’ =95 a Wi 3)

and we obtain

[una,n \/iﬁ ,’n+zn(S

where o = x,y,z, and the coefficients &, and Z, are re-
lated to the relative rotation between the global and
local coordinates. Using Eq. (4) and the transformation
into the momentum space, the magnon Hamiltonian is
written as H = %Zk W/ H(k)W, with the kernel H(k)
being a 2N x 2N bosonic Bogoliubov—de Gennes (BdG)
Hamiltonian with the vector boson operator, where ‘-IJ,;f =
(a,:l, . ,a};N, a_k1,...,a_ky) [for details on H(k), see
Appendix A].

In general, the bosonic Hamiltonian 7 (k) does not con-
serve the particle number, e.g., the ferromagnets with elliptical
magnons (where an anisotropy deforms the formerly circular
precession) or in nonferromagnets. In addition, the Hamilto-
nian is diagonalized with the Bogoliubov transformation

U HyUx = &, )

a, WGin), (@)

which satisfies Uy EZUkT = ¥,, where the diagonal matrix
¥, =diag(1,1,...,—1,—1,...) with N positive 1’s and N
minus 1’s along the diagonal. The vector boson operator trans-
forms as W, = Uy ®y. The mth column vector encoded in the
matrix Uy stands for the (periodic part of the) Bloch wave

function for the mth magnon band [26]. Note that ®; does not
satisfy the commutation relation of bosons. Instead it satisfies

(D, D] = S84 (6)
The equilibrium density matrix in band space is given as

PO (1) = (D)) @m0, %)

where the subscript “0” denotes the equilibrium state, and
(<I>,T€)m is the mth element of the vector @,t. For later conve-

nience, we write (CD;E)m as Cbzm. By using Eq. (6), one obtains

8(Em), [Pp, @) 1= 1,
prm=1" " o ®)
_g(_gkm)’ [qum’ qum] = _15

where g(&,) is the Bose-Einstein distribution g(&,) =
1/(eP&» — 1), which is abbreviated as g,, in the following.
It is convenient to introduce the matrix g [20]:

e = & = Uy ' HaUg, ©)

and the density matrix is simplified as pgn = 2. 8 (Ekm)-
For a general operator, with Bogoliubov’s representation, it
transforms as

0= WO =) o/5.0P, (10)
k k

with the definition O = U, ', 0U.

There are two ways for the electric field to enter into the
Hamiltonian. First, introducing an “electric” vector potential
AF = LE(@t) x e, [27-30] (see Appendix B), we have

H(k) = 7—[0<k+ taliPYs ) 11

via the minimal coupling scheme and making use of the
Peierls substitution. Secondly, introducing an effective “elec-
tric field” E(t) = —9AF /dt, the Hamiltonian is modified in
the dipole interaction scheme (see Appendix C)

H(t) = Holk) + g“—BE(r) r (12)

In Eq. (12), the second term is just the effective dipole inter-
action.

Recently, it was recognized that the operator r in the crystal
lattice is linked to the Berry curvature of Bloch bands of
magnons in momentum space. Thus, a covariant derivative
operator rather than a usual partial over the momentum to r
must be introduced, which is given by [31,32]

(DkOk)mn = VkO(k)mn - l[Ak7 O(k)]mna (13)

where A; is the Berry connection whose matrix elements
are Agmn = (U | Vilign), With |ug,) the periodic part of the
Bloch functions, and O is an operator. The definition of the
covariant derivative operator in Eq. (13) applies to the gen-
eral magnetic ground state when the magnon Hamiltonian
takes the unified transformation H (k) — H(k — %AE) in
the presence of an AC phase. The perturbed Hamiltonian is
formally the same as the electron Hamiltonian in the presence
of an electric field (though the vector potential and the coeffi-
cient in front are different).
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FIG. 1. (a) A schematic of the magnon spin current generated via AC effect with time-dependent electric field. It requires a nonzero electric
field along the direction perpendicular to magnetization. (b)—(d) Schematics of five different magnon SPGE currents: (b) the Drude contribution
is solely dominated by the nonequilibrium distribution [the dashed (solid) lines represent the distribution with (without) electric field]; (c) the
BCD magnon spin current, which is determined by the anomalous velocity and the nonequilibrium distribution; (d) the injection, shift, and
rectification spin currents give a combined effect of the dipole transition and group velocity, positional shift, and nonequilibrium distribution.

The effect of the electric field is thus incorporated into
the von Neumann equation (see Appendix E) as the optical
driving term (Do term)

(8t + igkmn/h)pkmn (t) = Dopt [:0 (t )]kmn ’ (14)

where &xmn = &km — Ekn» pkmn(t) = <q>]tmq>kn) is the reduced
density matrix in band space given by the average of the
product of a creation and a destruction operator in Bloch
states, and

S4B
Dop[O] = h—czE(t) x ez - Di[O]. 15)
The von Neumann equation can be solved by expand-
ing p=3,_,p", where the zero-order density matrix is
the Bose-Einstein distribution p,i?n)” = ZkmOmn. The recursion

equations for the reduced density matrices are obtained as

dw
P (@) = dypn() f T;wlDopt[pW(w — @) lns
(16)
with dy (@) = 1/(hw + 0t — Emn)-

B. Magnon spin current

Due to the conservation of the z component of the total
spin, the local magnon spin density n(r;) =h)_, z,,,azma,-,m
satisfying the continuity equation dn, /9t + iq - J, = 0 [ngis a
Fourier component of n(r;)] in the long-wavelength limit. The
magnon spin current operator is found as (see Appendix D)

Jo=h) O (OHe — il Ax, Hil)Ps. (17
k

Since the interaction with the electric field has been incor-
porated into the magnon Hamiltonian via an effective gauge
potential caused by the AC phase, the nonlinear spin photocur-
rent can now be handled with standard perturbation theory.
The nth-order magnon spin current is calculated via the for-
mula J*™ = [[dk]Tr[p"™J%].

C. Magnon spin photoconductivity tensors

It is instructive to consider the magnon SPGE in ordered
ferromagnetic insulators, which is a dc spin photocurrent re-
sponse

Jy = X" CEC(QE® (—Q), (18)

with Q being the frequency of the light. The photocurrent
response is classified as the linearly polarized LP and CP
light-induced currents, and the LP (CP) photocurrent is
given by the real symmetric (imaginary antisymmetric)
component of the photoconductivity tensor n*** =
%Re(xaalag + e )[K(m‘az:%lm()((w‘az—X‘mzal )]. We
show that y%®1%2 o €11%Be® (e%2% js the Levi-Civita
symbol). That is, the electric field is restricted to the plane
perpendicular to the axis of magnetization, attributed to the
orthogonality between the electric field and the magnon
magnetic moment, as illustrated by Eq. (1) and a schematic
in Fig. 1(a). For the charge photocurrent, however, there is no
such constraint, making it a prominent character. Leaving the
details of the calculation in Appendix E, we obtain

oo oy aa oo aa o [e1e3Y0%} aa o) oo o
X =Xp tXgep T Xmj T Xsn Tt XRee >

19)

with the functional forms of all contributions tabulated in
Table 1. We denote different contributions as follows: Drude
(xp "), Berry curvature dipole (BCD) (xgcpy?), injection
( X&?‘”‘Z), shift (xg,'“*), and the rectification current ()ge. ).
Note that in Ref. [14] a magnon shift spin current is proposed
that is driven by the magnetic field component of the elec-
tromagnetic wave. In contrast, the magnon shift current here
manifests as the response of the electric field.

The physical meaning of each contribution in Eq. (19)
is schematically shown in Figs. 1(b)-1(d). The Drude-spin
current (DSC) arises from the second-order correction to the
distribution function and the band gradient velocity, hence it
manifests as a pure intraband effect. As with the nonlinear

Drude contribution for charge spin current [33,34], the nonlin-
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TABLE I. Different terms leading to the magnon SPGE [see Eq. (19)]. The spin photoconductivities are evaluated in terms of the

following gauge invariant quantities: group velocity v = %Baam, where 0% = 0/0dk,; velocity difference A%
ture QF, = €797 A7 ; band-resolved quantum metric (Berry curvature) G#7 = {A#
chiral shift vector R%* = A% — A% — 9% arg AZ

nn’
o o o o] .
‘/llmm - 'Arm -9 arg ‘Amln’
7 (A,

o = U —vy; Berry curva-
Ar 1/2 QB =il AP AY 1); shift vector R =

mn? nm
+

with the Berry connection in circular representation A, =

mn mn

+iA ). ¢ =aQ =1/1, where « is the Gilbert damping constant and 7 is the relaxation time. The conductivities can be written

as %919 = (v,/2) [[dk]Z°** and k**1* = (v,/2) [[dk]K*¥*, with Z and K being the integrand, and v, being the constant g>112/(h*c*).
The symbols ¢ and © denote photocurrents induced by LP and CP light, respectively. Note that the LP responses include a factor ¢ = 1 for

o] = o, and ¢ = —1 for @ # «,. A phenomenological scattering rate I" is introduced for the injection current.
Current Spin photoconductivity T PT’ Physical origin
Drude$ I =c(2/h) Y, vi9*10%g, X v Nonequilibrium distribution
BCDO Kaen? = (/1) Y, (€¥279%1 — €2*173°)QT g, v X Anomalous velocity

+ nonequilibrium distribution
Injection? I = —g4ny_, W AL G2 g X v Velocity difference

+ dipole transition
InjectionO® Ki'® =—=2nhy, m A% Qu©e, v X Velocity difference

+ dipole transition
Shift$ T3 = g2 Y, VO ha—e,, RE G gy v x Position shift

+ dipole transition
Shift Kan' = =41 32,0 @ 8n0-e,,, Ry VAL = Ry LA P8 x v Position shift

+ dipole transition
Rectificationg The™ =64 0 ﬁGﬁ,‘n"z 0% gn X v Dipole transition

+nonequilibrium distribution
RectificationO K == %Q‘;’;"‘Z 0% Gn v X Dipole transition

+nonequilibrium distribution

ear Drude current for the magnon has an additional symmetry
for swapping the current and field direction indices. As a
consequence, it is allowed under LP light but is forbidden
under the CP light.

Similar to the BCD-resulting nonlinear charge current, the
BCD-spin current (BSC) for the magnon originates from a
dipole moment of the magnon Berry curvature in momentum
space, and it is classified as a CP response. However, contrary
to the charge counterpart, the BSC for the magnon scales with
the frequency of light and hence vanishes as 2 approaches
zero. It is worth noting that the magnon BSC driven by the
temperature gradient has been proposed [35], while here we
show that there is a BCD contribution as an electric field
response, which has not been reported yet.

For the charge case, the shift current due to an instanta-
neous shift in the charge distribution upon the absorption of
light, and the injection current due to the injection of a carrier
distribution that is asymmetric in momentum space, have been
studied extensively, and they are considered to be the main
bulk photovoltaic effect [36—39]. In analogy, we found that
the shift-spin current (SSC) for the magnon can be described
as a coherent response associated with the real-space shift of
a magnon induced by a dipole-mediated vertical interband
transition. For LP light response, the shift vector Rj;*' re-
covers the well-known expression as the charge case [40,41],
which implies a wave-packet shift of the excited magnons
along the o direction through the interband transition m < n.
Notably, the chiral shift vector R%* characterizes the chirality
of the dipole-transition amplitude denoted by A% excited
by CP light, resulting in a gyration MSPC. A similar gyra-
tion charge current was recently discovered in a magnetically
parity-violating system [37].

The injection spin current (ISC) arises from the velocity
difference (A,,,) during the interband transition. It is known
that the charge injection current scales linearly with respect
to the relaxation time 7 and is expected to exhibit a large
current response when the electron lifetime is long [38], and
it vanishes with strong scattering as T — 0. In contrast, we
found that the ISC in our proposal remains finite within the
limit ¢ — 0. It is worth noting that the ISCs proposed are
found to be both CP and LP responses.

Finally, the rectification spin currents (RSCs) as both LP
and CP responses are demonstrated in this work. They are
proportional to the derivatives of the distributions, and they
can be regarded as an analog of the “intrinsic Fermi surface ef-
fect” in an electronic system [37]. Interestingly, from Table I,
it is found that the LP responses (apart from the DSC since it
is not geometry-related) are determined by the band-resolved
quantum metric, while the CP responses are determined by
the Berry curvature. Our quantum kinetic theory-based treat-
ment of the electric field interaction via the effective dipole
interaction provides a complete picture of the magnon SPGE,
as summarized in Figs. 1(b)-1(d).

D. Symmetry characters

Since the present method and the developed theory have
been proposed, a symmetry analysis is quite useful to outline
the scope of this study. For a magnet with collinear magnetic
order, it is invariant under the combined symmetry operation
of the time-reversal 7 and a m spin rotation about the axis
perpendicular to the plane of the magnetic order. This is
called the effective time-reversal symmetry 77 [42,43]. A gen-
eral Hamiltonian can be transformed with the effective TRS
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TABLE II. Classification on the spin photoconductivities the Drude, BCD, injection, shift, and rectification spin current for LP and CP
light by the point-group operation and the effective time-reversal 7”. The allowed (forbidden) conductivities are indicated by v (x).

P C C PC PC C C PC Co, T PT OT CGT PCOT PCGT CGT CGT PCET Co,T
1% x v ox VY v vV x X v  x Y v v v X X X X X
Kpen? X v x vV x x X v v X v v v v x X X X
P T 2 v v ox X v oox v v v v X X X X X
X VXY vV x x X v v ox v v v X X X X X
mlox voox v vV o x X v  vox v v v v X X X X
w? x vVox v vV x x X v o x Y v v v v x X X X
R x vV ox YV v v ox X v x v v v X X X x X
Rl % Vox Y vV X x X v v X v v v X X X X X
operation 7" as suggesting that 1y 3 is 7'-even. The CP SSC « (1 is jus-
/ N—1 _ g tified to be 7’-odd in a similar way. In analogy, the LP RSC
THAT) ™ = Mok =My (20 Nesia! is 7'-odd and the CP RSC k{5 is T'-even.
It gives rise to Now we consider the point-group symmetry transforma-
+ ot . tions. With a point-group symmetry M, the eigenvalues
U MUk = Ug H4 U = & @D satisfy &, = &, A¢-1%» and the Berry connection transforms as
Noting that the eigenvalues are real, we have N P
T — * T — kmn = MaﬂAM’lkmn' (30)
Ukakak = (U,k) HkU—k = g—k~ (22) . . .
The derivative operation transforms as
The superscript T stands for transpose. Equations (21) and
(22) indicate that U, and U*, differ only by a phase factor O8km _ g, 280 o, G1)
matrix, and they share the same eigenvalue equation with & = ke okpg

E_k- The element of the Berry connection matrix is
o . a(Uk) n . 8l]k n
b =1 Y, 5, W
p P «

oky
The 7’ symmetry gives a constraint on the Berry connec-
tion A7 == A‘iknm, and the Berry curvature then satisfies
Qp, = —QF, . Similarly, with T, the band-resolved Berry
curvature, the band-resolved quantum metric, and the shift

vector satisfy

QZlfm == Q(i/;}cmn’ (23)
Gl(:r/fm = Goiimn‘ (24)
RZrin = R‘i}zmn' (25)

Let us consider the magnon spin photoconductivities.

15 brge 18 77-0dd, indicating that they are finite only when

T are broken. The integrand of 3} transforms as

0UQL, = 0"Q7,,. (26)

*2192 being T'-even. For the LP injection current

5,BCD
we have

It results in «
oo
ns,inj ’

AzmpG]lzn);pgkmp = _AoikmpGli}]/cmpg—kmp’ (27)

leading to the LP ISC being odd under 7'. Similarly, the
integrand of CP ISC « 71 satisfies

s,inj

o Qﬁ?

Azmpglfr};pgkml’ = A7kmp _kmpgfkmp» (28)

i.e., the CP ISC is 7 -even. For the LP SSC n?‘f}‘lﬁc{, the inte-
grand satisfies

LAl sled] — pPY1o] o)
kan kan 8kmn = R G—kmng*k’"”’

—kmn

(29)

From these properties, for a general conductivity tensor, one
can find that

o ool oo\ qojo ayon o0
XEGG = M@ A p g 0,

For a CP response tensor, it is antisymmetric by permuting
the last two indices, and it is convenient to transform it to an
equivalent rank-2 pseudotensor

(32

waﬁ — 6;30110121(01011012/2, (33)
and the operation of M yields
P = det (M)MYC MPPrb. (34)

The constraints on the in-plane magnon spin photoconductiv-
ity tensors from the point-group symmetries and the effective
time-reversal 7' are listed in Table II. It is seen that the
existence of the magnon spin current requires either 7 or
PT’ symmetry to be broken. For example, the Drude contri-
bution is forbidden by 7, while the Berry curvature dipole
contribution is forbidden by P7’. Further constraints on
the magnon spin currents are introduced by the point group
symmetries. For example, the C3, symmetry forces all the
circularly-polarized-light responses of the magnon spin cur-
rent to vanish.

III. RESULTS

A. Application to breathing kagome ferromagnet

The breathing kagome lattice has gained growing interest
in studies of the quantum spin liquid [44—49]. To illustrate
the proposed magnon spin photogalvanic effect, we study
a breathing kagome-lattice ferromagnet in the absence of
inversion symmetry, as shown in Fig. 2(a). With a nonuni-
form strain field, the three sublattices are deformed farther
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FIG. 2. (a) Schematics for the kagome ferromagnet with lattice constant a. The NN vectors are labeled by a;. Sublattices A, B, and C are
placed at the corners of the triangles. Dzyaloshinskii-Moriya vectors are aligned normal to the lattice plane, and their directions (up and down)
are represented by the symbols © and ®, depending on the chirality of the triangles. The dashed lines represent a unit cell. (b),(c) Strain is
introduced by letting the sublattice be farther away (6 > 0) or closer (§ < 0).

away (positive perturbation § > 0) or getting closer (negative
perturbation § < 0) from their shared corner, as shown in
Figs. 2(b) and 2(c). The Hamiltonian is

H:_Zjijsi'sj+ZDij'SiXSj~ (35)
(i.) (.J)
J >0 is the nearest-neighbor (NN) ferromagnetic

coupling strength. The second term is the out-of-plane
NN  Dzyaloshinskii-Moriya interaction (DMI); the
Dzyaloshinskii-Moriya (DM) vector is specified as
D;; = v;;Dz with v;; = &, depending on the chirality of
the triangles in the kagome lattice. The ferromagnetic
exchange interaction and the DMI are given by [48,50]
Ji = (1 F3n8)J, Di=(1F+/3178)D, where subscript
4+ (—) denotes intracell (intercell) NN couplings, n is
a parameter describing the response of the couplings
to the displacements of sublattices, and & is the strain
parameter. The bosonic Hamiltonian can be derived
as sz’Ho—HJNN—HDM, where Ho=4J543. The
nearest-neighbor magnetic exchange coupling reads

0 » v
HN=|yy 0 »|,
» oy 0
0 & —d
Hom=i|l—di 0 & |, (36)
ds —di 0

Wlth Vi = J+eik-(l+8)a; +J_e—ik~(l—6)ai and di:D+eik~(l+6)a, +
D_e—ik(1-8a;

Different topological phases are characterized by sets of
Chern numbers (Cy, C,, C3) of the lower, middle, and upper
magnon bulk bands. A topological phase transition has been
discovered by tuning § [50]. Figure 3(a) shows the magnon
bulk bands along the high-symmetry directions (I'-K-M-I")
of the Brillouin zone. For 6§ = 0 the topological phase is
(—1,0, 1), and for § = 0.1 the topological phase is (0, —1, 1).
A topological phase transition occurs at 6. = 0.05, where the
two magnon branches cross linearly at the K point.

The DMI breaks the effective 7’ symmetry, and it also
reduces the Cg, symmetry to Cs,, yet it preserves the Cy, sym-
metry. Then both of the LP and CP responses are forbidden.
It is worth noting that the breathing geometry preserves the

Cs, symmetry and breaks C,,, hence all the CP responses are
forbidden but the LP responses are allowed. In Fig. 3(b) we
show the magnon spin photoconductivities 7 of the allowed
injection, rectification, and shift spin current in response of
the LP light, varying with the lattice deformation. For § = 0,
the LP responses are zero due to the C, symmetry. As &
increases, finite LP responses appear as required by symmetry.
The (—1, 0, 1) phase and the (0, —1, 1) phase are separated
by the critical points of the phase transition represented by
the dashed black lines. Remarkably, both the injection and the
rectification spin current exhibit a peak at the critical point,
while the derivative of the shift spin current maximizes at the
critical point. As for the DSC, there is no such drastic change
at the critical point, because the DSC is exclusively deter-
mined by the group velocities and their derivatives, which is
independent of the magnon topology. This clearly indicates
a topological phase transition that is also manifested as a
plateau of the total LP photoconductivity at the critical point,
which can serve as a prominent indicator to determine the
topological phase transition in experiments.

A breathing kagome-lattice ferromagnet preserves the Cs,
symmetry, hence all the CP responses are forbidden. Now
we consider an additional uniaxial strain along the x-axis
breaking the Cs;, symmetry, for which the spins along the
x-axis are pushing closer, 8’ > 0, or farther, §' < 0, as shown
in Figs. 2(d) and 2(e). The remaining point-group symme-
try is oy, for which the CP responses are allowed. In the
presence of &', the diagonal component H, is modified as
Ho = J diag(4,2(2 +8'),2(2 + &')). For HIN, only the (1,2)
and (2,1) elements are changed to y, = (1 +8')y, [51]. By
increasing 8’ from zero, a topological phase transition occurs
at the critical point 8/, = %[1 — (D/J)*], where the upper band
and the middle band cross at the M point. In Fig. 3(c) we
show the magnon bands along the high-symmetry points for
different 8’ but with fixed § = 0.02 (and D/J = 0.2). Similar
to Ref. [51], a topological phase transition occurs when the
system is tuned from the (—1, 0, 1)-phase to the (—1, 1, 0)-
phase by increasing 8’, while the critical point is found at
8, = 0.54. In Fig. 3(d) we show the CP spin conductivities
k;>" as functions of 8’, where we set the circular polarization
of light to be in the xy plane, and we measure the z-direction
spin current. One observes that all four kinds of CP responses
change abruptly at 8’ = §., indicating a topological magnon
phase transition, which is a direct manifestation of the change
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FIG. 3. (a) Magnon band structures of a breathing kagome-lattice ferromagnet with different lattice deformation §. Considering that § > 0
and § < 0 are equivalent, only cases § > 0 are plotted. (b) LP photoconductivities as a function of the lattice deformation. The critical point of
the phase transition is shown as a vertical dashed line. (c) Magnon band structures of a breathing kagome-lattice ferromagnet in the presence
of § = 0.02 with different uniaxial strain §'. The critical point is §' = 0.54. (d) The CP photoconductivities vs the uniaxial strain §’, where the
critical point of the phase transition is shown as a vertical dashed line. Parameters are set as J = 3.405, D = 1.02, 72 = 0.15 in units of meV.
Gilbert damping constant « is estimated as @ = 1072, temperature is T = 50 K.

of the topological properties, such as the Berry curvature and
the shift vector in momentum space.

B. Materials realization

In the previous section, we qualitatively analyze the re-
sponse tensors by symmetry, and we characterize the behavior
near the phase-transition point. Now we consider the magni-
tude for the magnon spin photoconductivity. The candidate
materials can be the three-dimensional (3D) ferromagnetic
pyrochlore oxides Lu, V,07, InoMn, 07, as well as Ho, V,05
[8], with a nonuniform strain applied. Instead of considering a
true 3D lattice, we can realize our idea by treating the system
as a stack of noninteracting (or weakly interacting) kagome
layers. Here we consider the Lu, V,07 with nonuniform strain

applied. The lattice constant is a = 7.024 A and the Curie
temperature is 70 K [8]. The nearest Heisenberg interaction is
estimated as J; = 3.405 meV [52], and we set the temperature
to T = 50 K with a ferromagnetic ground state. From these
values and our numerical result in Figs. 3(c) and 3(d), we
obtain that the total magnon spin photoconductivity under the
LP and CP light can reach 1072 ¢/V near the phase-transition
points. When applying an ac electric field of E ~ 10° V/m, it
leads to a magnon spin current J; ~ 1072 eV /cm?, which is
experimentally detectable. The generated magnon spin current
can be detected via the inverse spin Hall effect [53].

Though the AC phase scales with 1/c?, the obtained
observable magnon spin currents induced by the AC
phase can be understood as follows. We can compare
the AC-phase-resulting magnon spin currents to electron

054434-7



YUANDONG WANG, ZHEN-GANG ZHU, AND GANG SU

PHYSICAL REVIEW B 110, 054434 (2024)

spin currents in response to the electric field. To be
specific, suppose that we consider a circularly polarized
laser (electromagnetic) field with the electric field com-
ponent E(t) = Ep(cos wt, sinwt, 0). With use of E(t) =
—0,A(t), the magnetic vector potential is written as A(t) =
Ap(sinwt, —coswt,0). The AC phase is given by Glf?c =
&y fr "I[E(t) x &,] - dr, which can be rewritten as Gi‘?c =

g;‘g‘” "IA(t + 5-) x &] -dr. As is known, the Aharonov-

Bohm phase is GAB % [/ A(t) - dr. This means that for the
same vector potent1a1 A or electric field E, there is a relation
911?0/91] ~ gupw/qc?, implying a considerable AC effect
with large w. For example, a 100 THz electric field yields
gupw/qc® ~ 107%, Consequently, when increasing the elec-
tric field to three orders larger (considering that the magnon
spin photogalvanic effect is of the second-order response), the
magnitude of the magnon spin current can approach that of
the charge spin current case.

Note that the intrinsic (without nonuniform strain) breath-
ing kagome ferromagnet has been synthesized in rare-earth-
based pyrochlore materials such as Baz;Yb,Zns50;; [54] as
well as LiZn,Mo3Og [55]. Also, a field-aligned ferromagnetic
phase was experimentally observed in the centrosymmetric
breathing kagome lattice Gd;RusAl;; [56]. We expect that
the MSPC we proposed can be observed in these candidate
materials. With symmetry analysis, this study can be naturally
extended to other materials by using the magnetic structure
database MAGNDATA [57].

IV. DISCUSSION AND CONCLUSION

To conclude, we proposed a magnon spin photogalvanic
effect, and we uncovered the geometric origin due to an AC
phase accumulation. It provides a mechanism for the optical
(electric) generation and control of the magnons. Because
the electric component of light is of a wide, tunable param-
eter scale and is very fast, this method may have a realistic
platform in applications. We further identify five new mech-
anisms: Drude, BCD, injection, shift, and rectification spin
current. It is found that the linearly-polarized-light responses
(except Drude) are determined by the band-resolved quan-
tum metric, while the circularly-polarized-light responses are
determined by the Berry curvature. In general, the magnon
does not conserve spin angular momentum in processes such
as the dipolar interaction [58] and the magnon-magnon in-
teraction, which involve the pair creation and annihilation
of magnons, as well as scattering with magnetic impurity,
which disturbs the magnon spin angular momentum [59].
Here we assume that the Heisenberg exchange coupling is
strong enough to suppress the dipolar interaction [60], the
temperature is low, and the impurities are sufficiently sparse
that the magnon-magnon interaction and impurity scattering
are negligible [61]. We can then restrict the study to a situation
in which the magnon preserves the spin angular momentum
4/ when it transfers among sites; we leave the generalization
in which the magnon does not conserve the spin angular
momentum for future study. Finally, we emphasize that the
present calculation is also valid for the case of an ac bias
applied to the sample, and it may be of great interest to
experimenters.
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APPENDIX A: LINEAR SPIN-WAVE THEORY AND
MAGNON HAMILTONIAN

Here we rewrite the general two-body spin interaction
Hamiltonian,

H= ZZZS?nH:;S(l_])Sfm

i,j nm of

(AD)

By setting global (reference) coordinates (X, J,Z), the local
coordinates (spherical coordinates) of each spin are related to
the global coordinates via

Sin = Ru(0i, $i)So. (A2)

The classical ground state is identified by treating the
quantum-mechanical spin operators as classical vectors and
minimizing the classical ground-state energy. The magnons
have the usual low-energy excitation in ordered magnets,
which is considered via the Holstein-Primakoff transforma-
tion in local coordinates [25,62],

ln f(al n+aln)

- \/7(611}1 - j,n ’ (A3)
S' =5 a alins
and we obtain
S,
s = \/;u,,ai,n + \/7uja, p TS —al,ai). (A4

where o = x,y, z. The coefficients &, and Z, are related to
the relative rotation between the global and local coordinates,
which are written explicitly as

uy cos 0, cos ¢, + isin ¢,
uy | = | cosb,cosp, —ising, |,
u —sin6,
z, sin 6,, cos ¢,
z | = | sin6,sin¢, (A5)
z cos g,
Expanding the coupling interaction, we obtain
B 1. ax T % T
SftnS]m_ uaa (Mﬁajm_‘_uﬂ ]m)
+ a,n(uﬂ* T otu ajm)
- Z,(;YZ,S (Cl WGin + Clj m4j, m) (A6)
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By inserting Eq. (A6) into Eq. (A1), we have

H= %" Awli—j)al,ajm

i,j,n,m

1 .
+ 2 Z [Bum (i — J)azna;m + H.c.]

i,j,n,m

+2Y Gt} a1, (A7)
i,n,m
in which
«/S S
Amli— ) = Zua*H“ﬁ(z b,
VSuSu
Bunli = ) = S5 Y i Hili = ', (A8)

Cnm = Snmsl ZZ?, Z ZHzf(l - J)Z;S
apf J

By transforming Eq. (A6) to the reciprocal space, we have

ain=(1/VL) Y explik - (r; +t)larn,  (A9)
k

where r; is the position of the ith unit cell, and ¢,, is the relative
vector of the mth sublattice. We have H = % >k \IJ,j H k)Y,

where
B(k)
AT(=k)—-C

is a 2N x 2N bosonic Bogoliubov—de Gennes (BdG)
Hamiltonian with a vector boson operator, where wi=

(a;c [3e2ns a,tN, a_k1,-.-,a_gn), and the N x N block ma-
trix is given by

Ay = " u* {Z ¢k pop (d):| ub |
o,f d

Hk) = (A(k.) -C (A10)

Bi(k)

Bn(k) =) ul* {Z ek dH“’S(d)j| ub*, (A11)
o,pB d
Con = Smn Z Z Zz* |:Z H,(,Y[ﬂ(d):| Zlﬁs
a,f 1 d

where d = (r; +t,) — (rj —t,,) is the difference vector be-
tween the mth and the nth spin. In deriving Eq. (A11), the
relation

ZZAnm(k)ak Aig,m = ZZAT (- k)a k”afkm

(A12)

is used. For collinear ferromagnets, the Hamiltonian
Eq. (A10) is block-diagonal with an identical block, which
can be reduced to H = ), Wi H Wy with Hy = (Ax — C) and

t_ ¥
v, = (ak’l,...,ak’N).

APPENDIX B: PERTURBATION OF ELECTRIC FIELD IN
THE FORM OF MINIMAL COUPLING

Now we consider the AC effect. In Eq. (A6), the first two
terms describe the magnon hopping. In the presence of an
electric field, the magnon acquires a phase while traveling
between the mth and the nth spin on the ith and jth site, which
is given by

g [ .
ein,jmz_ﬁ/ [E(t)xen]'dr-

Tin

(B1)

Note that Eq. (B1) is general despite the dependence of the
local coordinates on each site. To see this let us recall the
original expression of the AC phase, 9 hc_ r’ [E(t) x
] - dr, with p being the magnetic moment of the magnon If
the direction and magnitude of the magnon magnetic moment
do not change during the hopping processes (i.e., we neglect
the magnon scattering that involves the angular momentum
transfer), then QAC is determined by the distance between the
sites once the magnetlc ground state is fixed, irrespective of
the local coordinates. Similar demonstrations can be found in
Refs. [30] and [63]. The coupling interaction is modified as
S¢S0 =susal (USajm+ UL d],)e

i,n* jm n “in
+ 308 a; (UL al, + Ufa)e

VaVﬂ(a JGin + a] nGjm)-

m

(B2)

If the scale of the spatial variance of E is much larger than the
lattice constant, and introducing the effective vector potential
Af = %E x &,, one obtains

O m = AT -d. (B3)
Following the same procedure, we have
Anm(k) - Anm (k - g;:BAE)
Bun(k) = B (k = g“—BAE) (B4)

while the matrix C,, is unchanged because there is no magnon
hopping involved.

Now we consider two special cases, namely the collinear
ferromagnet and the collinear antiferromagnet.

1. Collinear ferromagnet

For ferromagnets due to the absence of the magnon

pairing al ndj, and aipaj,, the 2N-dimensional basis is re-

duced to N-dimensional \I!,; = (ak e ak ~)- Accordingly,
the Hamiltonian Eq. (A10) is reduced to He =Ak) —C. Tt
is obvious that the global coordinates are the same as the
local coordinates for each spin, which can be chosen such that
the z-direction is identical to the magnetization direction. In
that regard, the magnetic moment of a magnon is —hé,, and
the effective vector potential is A; =A* = 1E x e,. Con-
sequently, the kernel Hamlltonlan becomes H(k) = Ak —
gltg AE )
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2. Collinear antiferromagnet

To be specific, we consider a collinear antiferromagnet
honeycomb lattice that has two spins in a unit cell, with the
Hamiltonian given by

H=18-5; +DZ§,,Z Si xS, +KZS,Z, (B5)
(i.) i

where J; > 0 is the antiferromagnetic exchange interaction,
D is the DMI interaction along the z direction, and &;; =
1 (—1) when §; and §; are arranged in a counterclockwise
(clockwise) manner. K < 0 is the easy-axis anisotropy. One
can choose the local coordinates of the first spin of the unit
cell as the global coordinates, while the local coordinates
of the second spin are obtained by a 7 rotation about the
x-axis or y-axis of the global coordinates. Subsequently, the
HP transformation is performed as

/S . /S, .
S?fl = Eulai’l + Eufazl +Z1(S_azlai,l)a
/S . /S ., . t
S?fz = 5u2ai'2 + Euzazz +ZZ(S - a[’zai,2)v (B6)

where

uj 1 bal 0

w | =1-il, zl=10}.

uj 0 z 1

i 1 z 0

wl=1i|. [a]=]|0 (B7)
us 0 ke -1

Therefore, the magnon Hamiltonian is H = H' + HP + HX,
with
H' =18 (aia;2 +af,a},),
(i, j)
HD = — Z iDzS(aZIaj,I - aj._la,;l -
(i, 7))

=Y (31 — K)S(a] jai1 + af ,a;2). (BS)

+ ¥
a;,0j2 + a;5a2),

The operator a; ; (azl) annihilates (creates) a magnon with
magnetic moment —#%é,, and the effective vector potential is
given as AL = AF = 1E x e.. The magnon Hamiltonian in
the presence of an electric field is written as

ioN
H' =18 E (ai1aiqs2€"77 + H.c.),
I8

__:aNN
HP = — E lDzS(azlaH,;,le Oriri+o
i0
i NN
— a],aip92¢" " + He.), (B9)

where the phase accumulated along the nearest-neighbor
(second-nearest-neighbor) hopping is given as

ri+6
_ 8K
Orts = = 5 f [E() x e.] - dr.
ri+d
_ 8K
Ones = gt | EOxed-dr. (B10

If the scale of the spatial variance of E is much larger than the
lattice constant, one obtains

N gH/B E
=—A" .4,
riri+é T fic
8B
P = AL, (B11)

Making use of the Fourier transformation Eq. (A9),
one directly obtains H =), \IJ,I"H,(k — 82A4)W;, with the
Nambu basis given by \I'; = (a;i 1 az 2> @—k,1,A—k2), Where

mn(k) m,, is dlagonal with A“(zz)(k) C11(22) = %[3]1 —
KQ2S —1)/S+£ DY ;2sin(k - §)], and B, (k) is nondiagonal
with Bi2(k) = By, (k) = 3[Y_, exp (ik - #)].

APPENDIX C: GAUGE TRANSFORMATION
AND DIPOLE INTERACTION

In this Appendix, we present a gauge transformation to
derive a perturbed Hamiltonian in the form of a dipole
interaction. The single-particle Hamiltonian and the Bloch
Hamiltonian satisfy

Ho(—iV,r) = e* Hok)e *7. (C1)

According to Sec. II, the perturbed Hamiltonian is written as

HA=H0<— V+g“—BA ) (C2)
The time-dependent Schrodinger equation is

Oy (r, 1))

D)y ). (©3)

There is a freedom of choice regarding the phase of the wave
functions. A unitary gauge transformation of |y (r,t)) takes
the form

[/ (r, ) =UDIY(r, 1)). (C4)

The time-dependent Schrodinger equation transforms as

th:[UHAUTW/(r, )+ in ut )wm] [y (r, 1)).
(C5)

The unitary transformation is chosen as U(t) = /@), with
5w =22Aw)-r. (C6)

For the first term on the right-hand side of Eq. (C5), with use
of the Baker-Campbell-Hausdorff identity

. . 1
EMHpe™S =H +i[S, Hal — 5[3, [S, Hall- -

n

+,’7[8, LIS HAN+ . (D)
it is obtained that
UDHAU (1) = H,y. (C8)

For the second term on the right-hand side of Eq. (C5), by
introducing the effective electric field K = —0;A, it is straight-
forward to show that

3U (l ) 8B

—U'(@t) = —E(r) (C9)
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Then the Hamiltonian in the velocity gauge transforms to

8B =~

He(t) = Holk) + TE(I) -T. (C10)

APPENDIX D: MAGNON SPIN CURRENT

Now we define the magnon spin current. Because the z
component of the total spin is conserved, the local magnon
spin density (LMSD) is n (r;)) =h)>_,, zma;ma,-,m, satisfying
the continuity equation. The Fourier transformation of the
LMSD is written as

h .
—ig-(ritty
ny(r;) = N E Zme (r )azﬂqmak,m-
kqm

(D)

The Heisenberg equation of motion for gy, is used to derive
the equation of motion for n,(r;):

ak,m ZE [ag,m, H]

1
:E Z(Ak,mnak,n + Ak,mnak,n + B;mnafk,n)
n

Z% Z(zAk.mnak,n + Bk,mnaik’n + B—k,nmaik,n)s
n (D2)
where H is given by Eq. (A10), and we obtain
ong(r;)
ot

— i e M Tim [—(24 aT
= iN Zm kt+q.nm%yq
kqmn

+ Biygmn + Bt g ) g )k
+ a,—:+qym(2Ak,mnak,n + (Bk,mn + B—k,nm )aik'n)]~
(D3)

In the case of > 8 =0, and assuming the long-wavelength
limit ¢ — 0, the magnon spin current is obtained with use
of the continuity equation dn.,/dt + iq - J,, = 0, which is
given as

0A, 0A_g,
Jsz=h sz( = a;;mak,n + = a*kwmaik,n

kmn ok Uk
aBk,mn + F 8anm
+ ok ak,ma—k,n + ok A—k,mAk,n
+_ OHy
=h V' Z—. D4
; T (D4)

When the long-wavelength limit is invoked, the continuous
translational symmetry is respected by removing the
dependences on the lattice structure’s long-wavelength
limit. In the low temperature we considered, the spin-wave
excitation is dominated by the long-wave modes, which
justifies the use of the long-wave approximation. In Eq. (D4)
we define the diagonal matrix Z,

Z = diag(zy, ..., 2N, 25 - -
Making use of Eq. (10), we have

. 0ZHy
Js: = hzq)kzza—k
X

<3 IN)- (D5)

Oy (D6)

It is found that

0ZH,  0ZMp =, 0U U7
= — ZH U =5 — U Z (D7)
ok ok [ P

and we obtain

0ZHy -
k

where the Berry connection is defined by

. + 8Uk
= lZZUk Zza—k

aUx

A (DY)

J—
A = iU,

Note that the Berry connection given in Eq. (D9) is different
from iU,: % This is because the Bogoliubov transformation
is generally not unitary [64].

For collinear ferromagnets, due to the reduction of the
2N-dimensional basis to the N-dimensional basis lllz =
(a;1 R a,t, ~)» the direction matrix Z in Eq. (D5) becomes a
unit matrix, and the magnon spin-current operator in Eq. (D8)
becomes

EEY)
J, = hZcI>,i<a—k" - i[Ak,Hk]><I>k. (D10)
k

APPENDIX E: MAGNON SPIN PHOTOCURRENT IN
COLLINEAR FERROMAGNETS

In this Appendix, we derive the equations of motion for
the magnon density matrix in the presence of the AC phase
induced by the electric field of light. A similar method for
electron second-order optical responses is used to calcu-
late the electric bulk photogalvanic effect [37,65]. We give
the formalism of nonlinear responses for the magnon spin
photocurrent using the standard perturbation technique. Ac-
cording to Eq. (7) in the main text, the recursion equation can
be rewritten as

SUB
p1§1nn+l)(a)) = h_Cz mn(w)

d
y /ﬂwlemzﬁEalDﬁ[pw)(w_wl)]mm
2
(E1)

where €% is the Levi-Civita symbol, and summation is
implied over repeated spatial indices. In deriving the second-
order reduced density matrix, it can be divided into terms
originating from the intraband (i) and interband (e) compo-
nents of the D,y operator:

dwidw,
) a
P (@®) = Ve EX :/ e w1 EY (1)

X E® ()€™ e oXBY (491 ),  (E2)

2
where the constant gj 2’2 £ is denoted as v.. Then, the contribu-
tion of each term in Eq. (E2) to the spin photoconductivities is

denoted as oy ™'** for X = ii, ie, ei, and ee. Keeping in mind
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that the energy conservation @ = w; + w, is always satisfied, the expressions for each term are obtained as

i

OBV (@1, 2) = = dn(@)dyun (@2)(97 37 1)y

0l (w1, @2) = — idyn(@)dm(@2) AL, 0" g,

ol (@1, 02) = = idyn(@) (" [dn(@2) AL, 8um | — i(AL,, — AL) [dun(@2) AL, gum]).

05l (@1, @) = Y dun(@)[ AL, dpn(@2) Ab 80y — A diup(@2) AL 8], (E3)

pF#m,n

where we define g,,, = g» — g, Note that Qii and Qei include the derivative to the Bose-Einstein distribution. Together with
Egs. (D8) and (E3), the second-order magnon spin current is given as

J& (w1, ) =Y EX(@)E” (0)xg" (@1, @), (E4)
X
with
Xi?alaz = _% /[dk] ZealZﬂEOQZVwlwz‘]gmmdmm(wZ)dmm(w)aﬂaygm (ES)
+ (o1, 1) < (@2, )], (E6)
s = =2 [ Y e 0102 o @ @2) A7 E7)
+ (a1, w1) < (02, w)], (E8)

Xi‘zalaz _% /[dk] Z iealZﬁeazzywla)ZJ;)fmndnm(a))(aﬂ[dnm(wZ)-Al:mgnm] - I(Afn - Aﬁm)

X [dnm(a)Z)Angnm]) + [(Ol], (1)1) <~ (O(Za wZ)]a (E9)

VC a1z, o o
X = = / [dk] Y " €€ w100 d2 (@) [dpm(@2) AL AL, gy — dup(@2) AL AT 2] + (a1, 1) <> (02, @2)].

m,n,p
(E10)

Note that the conductivity tensors are symmetrized by the indices and frequencies of electric fields. This is because the physical
observables should not be affected by an arbitrary permutation of applied external fields, that is, the conductivity tensor has
intrinsic permutation symmetry [37,66]. It is clearly seen that the magnon photocurrent is quite different from the case of charge
photocurrent. For the magnon photocurrent, the electric field is restricted to the plane perpendicular to the axis of the magnon
spin, while for the charge case the direction of the electric field can be arbitrary.

1. Drude spin current

According to Eq. (E6), x;*'“* only involves the intraband contribution, which is given by

- , | B 1
Xﬁzmaz - }Eﬂ) 2;20) /[dk] Z <€a1~ﬁ€d2~}/$ 4 by pron Q)Q(w 4 Q)ngmaﬂaygm_ (E11)

It describes the drift movement of magnons driven by the optical field, and it is called the Drude contribution. Following the
definitions

naalrxz — %Re(xaalaz + XO(O(gOt])’

e — %Im(xaalaz _ Xotazal)’ (E12)
we obtain the LP spin photocurrent conductivity
UC z z
o= Yo /[dk] Z(Eal«.ﬁGUZ«.y + @ By pbyre (E13)

In Eq. (E11) we use the relation J,,, = fivy,, with v, = %3“8,,1 being the group velocity. To simplify the formulas, we define
the symmetric combination of the Levi-Civita symbols as

EQP = enbemiy o gnibenzy (E14)
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and the antisymmetric combination as

EX‘“Z’SV = My _ cwif ey (E15)

and we have
oy ajon By Ve B
ny = ZH,/[dk E EJ'™ v 0707 g, (E16)

Note that the integrand v%9#9” g,, in Eq. (E16) is symmetric by exchanging the external field indices 8 and y, hence Eg awhy — o

for oy = ap while Eo“‘“ﬁy = —2 for o; # a3, and Eq. (E16) can be rewritten as

M = / [dk] Z U0 8% g, (E17)
where we define ¢ = 1 for o) = oy and ¢ = —1 for «; # ap. Note that for the LP Drude response, it is independent of the
frequency of the light.

The CP-component is given as
2% — _ lim ajonfy L _ 1 Qw + Q)Uotaﬁa)/g
B w—0 2hw ) —Q w + Q " "
= —lim —f[dk]ZE“mﬂVszu 3797 g, (E18)

For the CP responses, the external field indices are restricted by o # «,. Making use of the exchanging symmetric property of
the integrand v 379" g, it is easy to verify that the CP-response vanishes.

2. Berry curvature dipole spin current

oo
s,€ei

1 1
X;alaz — 111’1’1 e /[dk] Z( alzﬁeﬂtzzl/ - _I_Gazzﬁeotlz)’w n
m#n

In this subsection, we consider the spin photocurrent originating from x . For the dc current, it is given as

3 ) Qo+ Q)A% AL 3P g, (E19)

where we used the relation lim,_, ¢ d,,, (w)J* ih_lA;;n for m # n. The LP-photocurrent tensor is

s,mn

nglmctz — lim ) mzﬂeazzy + Eazzﬁealzy)AznA’;;maﬂgnm
w— m;én
iy
- Y (A% AT — AT A% )0 (E20)
m#n

It can be seen that the LP response vanishes for the dc current. The CP-photocurrent tensor is derived as

Q2
ke =i / [dk1 Y (e e — enPen ) An AT 805, = P i TP Ql g, (E21)
m#n
The magnon Berry curvature is defined as
i
T _ " ayt o Y Yy o
Q= e DO (ALAL = AN A (E22)

n#m
With use of Eq. (E22) and partial integration, Eq. (E21) can be rewritten depending on the frequency of incident light as O(£2),

ggbum — 2h /[dk] ZE(XlazﬁV Ol)/faﬂQ‘L' gm — 2h aazraal _ a(xl‘taaz)Qf Sm- (E23)

m

It is clear that this comes from the dipole of Berry curvature in momentum space. The BCD contribution is classified as a
CP photocurrent. The BCD-induced nonlinear current has been extensively studied in electric systems. In bosonic systems, the
magnon BSC driven by temperature gradient has been proposed [35]. Here we reveal the BCD contribution to magnon spin
current generated via the light method.
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3. Injection and rectification spin currents

Now we study the spin photocurrent coming from y... First we consider the contribution from the diagonal component of .
with m = n, denoted as x4, Which is given by

: Uch o %) a
Heeq " = lim == / [dk1) " e w1y AL dpn (@) Al A, gy + [(1, 1) < (@2, 2)]
mz£p
— lim / [dk] )y (en ey _ by 1 Qo+ QA% AP AV o (E24)
00 2w = —hQ — &pm fiw 4+ hQ — &pm mpTmpT P

where A7, is the interband-transition of the velocity. Making use of Eqs. (E14) and (E15), we have

v.h 1 1
Qoo __ 1; ¢ ajar By o B AV
MTeed ™ = L})LO 2w /[dk] mZ;épES <—TZQ — Epm + ho + hQ — 8pm>Q(w * Q)AmpAmpApmgmp
v.h 1 1
=1 < dk | opel —— Y U4 - A A O DAY g, . E25
020 200 /[ ]%7: s TR — ey T G TR oy e )@ D A8y (E2)

Because of the prefactor 1/w, Eq. (E25) diverges with the limit @ — 0. Therefore, O(w) and O(w") are retained. Performing the
Taylor expansion,

1 1

_ _ O(w?), E26
hot Qi mate. Gaten 0@ (E26)

and with use of the Cauchy principal integral,

1 1

=P — im§(hQ2 — &mn), E27
R0 Fom R ey O Em) (E2D)

where P denotes the principal value. We have

inv:h
ooy . c o f o
Meea " = = lim =~ / [dk] ; E" P (Q — en) Q0 + QA (AR, AL, + ALLAT)
— lim vch /[dk] ZEalazﬂy Lﬁ(w + QA% AP A o (E28)
0=0 20 =0 (=) SR
Define the quantum metric and the Berry curvature,

G = 3 (AL AL, + AL AL, (E29)
anﬁ = Z(Agm‘Ar}:m - ‘A}?/m'Agm)‘ (E30)

The first term in Eq. (E28) diverges as w — 0, which is recognized as the injection current. Considering that the band-resolved
quantum metric is symmetric with the indices permutation 8 <> y, the injection current is

o . imvh o o
e = = tim T 1) YD B 502~ 605, Gl
m##n
e,
= _ lim ¢ /[dk]ZcS(hQ — ) QPAY G2 (E31)
w—0 w i

Note that the LP injection current diverges in the dc limit. This seemingly unphysical behavior can be eliminated by introducing
the phenomenological scattering rate I', and the calculations are carried out by shifting the poles, i.e., the matrix d,,,(®) is
modified as

dpn(w) = (E32)

hw — ey + ic
In Eq. (E32) the relaxation-time approximation is invoked with ¢ = aw = 1/7, « is the Gilbert damping constant, and t is the
relaxation time. The § function holds the property

S

1
S(hQ2 — &) = lim — . E33
( 8m1) QI*IR)JT (hQ—E,nn)2+§2 ( )
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With use of Eq. (E33), the injection current is given by

(e70370%] QZ o o
Mg > = — G2vch f [dk]) G e 5 o2 S g (E34)
matn mn
hence it converges in the dc limit. The second term in Eq. (E28) is
oy = - f dk Eoe2By R QXAY AP AY
nee,d,2 - 2 [ ]r; S (FIQ _smn)z mnY \nm Y \mn8mn
1
= —2¢v.hi f [dk] Y —————Q*A% GU%g,,
mgn (hgz - Emn)z
1
= —2¢v.h | [dk 3 —— )| Q2°GU2g,,. E35
cv /[ ]m%; (m—s,,m> g (E35)
We will show in the following that Eq. (E35) is a part of the LP rectification current. The CP response of X;‘ﬂaz is
iv.h 1 1
s — im [ (k] ESPY - Qo+ Q)Ay, AL AL g,
— lim / [dk] ) Eg P L 7 R SN Sy T Q(w + QA% g (E36)
w0 2w = A —hQ — Eum mn¥ nm ha)—i—hQ—i—enm nm> *mn mnoSmn:

With use of Egs. (E26) and (E27), we have

oo« : TV, h o o
Keed™ = lim 2; / (dk] ZEA‘ BV SRR — ) Qw + Q)AL (AL AL — A8 AV Vg,
m#n
iv:h 1
— lim =~ [ [dk])Y EJ“P"P———Q(w + Q)AL (AL AV + AP AT g
wlil}) 2(,0 /[ ]ngl A EQ_Smn (w+ ) mn( mn nm+ nm mn)g
. ivch aja w
1 k1) Ej —————Q QA% AP AV o E37
+w1ino 2w /[d ]mX:#n ! (A2 — & )? (@ D) B A A S (E37)
The first term in Eq. (E37) is the CP injection current, which is written as
Ch a1
g = lim / [dk] Y S B $(HQ — e Qe + QAL (Af, AL, = Al ALL) 8
m#n
imv:h
_ (s aja By _ B
= — lim —~ /[dk]ZEA‘ PYS(hQ — ) Q0 + Q)AL QP g,

m#n

v h e Q? N
— /[dk] ZEAl 2By = 3 Aanﬁngn
m##n

2 emn)? + ¢
= — vl / [dk]) Fo jﬂi)z o A% Qg (E38)
The second term in Eq. (E37) is "
Keedz = = lim ”;)h / [dk] Y E;*" VPM%MQZAZPG%%W (E39)
mstn

Noting that in the CP responses f # y, Ey'“**" = —E{'*’” and making use of the fact that Gh = Gk, we have %% = 0.
The third term in Eq. (E37) is written as
aaoy l
Rec,1

v.h w 2 A o o o 3]
2;) /[dk] Z mg Amp ('Amn'Anrzn - 'Amzn‘Anm)gm”
o mn

vl Q2
= — dk E  AY Qux o
) /[ ]m#n (hSZ — 5mn)2 mpS“mn &

ch 1
”2 / [dk]S " 5° <m> QrQueg, (E40)
m#n mn
oo

We will show in the following that k! is a part of the CP rectification current.
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4. Shift spin current

Now we consider the remaining terms xj. and the nondiagonal component of x.., which is denoted as yecoq. We show that
the summation of these two terms comprises the shift current. With use of used partial integration, ;. can be rewritten as

Ve .
K = lim = / [dk] e e wyan[—0P AL, + i(AL, — AL, )AL Ndun(02) AL gum + (a1, @1) < (02, @2)]

w—0

m#n
= lim & f[dk] Z emzﬁeazzy; + Eazzﬁemzy;
w—0 2 = —hQ — gy how + hQ — epm
X ooy —0P AL, +i( AL, — AL, )AL AL - (E41)

Note that
PAL, —i(AS — AP

mn mm

) A = [DP A (E42)
Making use of Egs. (E26) and (E27), the LP-photocurrent tensor is obtained as

aajy . 1; & ajaa By 1 B po Y _; B Ao 14
U lim = f [dk]an#Es (—m—em D ANy = oo (DA LA, ) 2 + g

v 1
= _C dk E'a]aZﬂyP—S22 Dﬁ « mn y D/S “ nm 4 nm
> [i 13 B P (D Al + DA AL )

+ T Ve
1
2

[k Y B 502 — )2 (D7 A A~ (D AL A o E43)
m#n

The CP-photocurrent tensor is

aoiay __ 1; & aja By 1 B po Y ; B A« v
Kie _(;1)113) 2 /[dk] mZ;énEA <_h9 — Eum [D A ]nlnAnm + Flw + hQ + Enm [D A ]nmAmn Q(w + Q)gnm

e f [dK] > EL P S(RQ — )2 (1D AT AL, + [DP AL AL, ) g
m##n
1

v,
_ < EuePrp_ —  o2(1pfge Y _pPAY Y ) E44
5 / [dk]m%én A ra— o (PP AL AL, — (D AL AL ) 8 (E44)

Now we consider the remaining component of x.., which is denoted as Xec od>

aogo : v o o) o
Xeeod = ilﬂ)lfc / [dk] >~ P w1 AL, [dpn(@2) Al AL, gy — dup(@2) Al AL o] + [(@1, 1) < (2, 2)]
m#n#p

. .vc o [ %¥4 o o3
= limi = / [dk] )" e Pe o wyay (AL, AL — AL AL )dp(02) AL, gy + (@1, 1) <> (02, @2)]

np
mERFEp
v, 1 1
— lim i-$ azf zf o AP _ AP A«
= })13)1 > /[dk] Z <e 128 gonzy o — + @By Py o gpm>Q(a)+ Q)(As, AL, — ALLAY )AL gy
metnp
Ve 1 1
= lim =< a1z ponzy azf onzy Q Q) (ID* AP —[DP A% 14
lim = / [dk]mZ#<6 s A m_gﬁﬂ) (@ + (D" A1y~ [DP A1) AL, mps
(E45)
where in the last equality the relation Y, (A% AP — AP A% ) = —i([D* AP),, — [DP A*],,) is used. For notational

simplicity, we denote K,ﬁgy = ([D* AP}, — [DP A*],p) Al and the LP response of x&%19* is written as

ee,od

oo o . Ve oo 1 1 o
eeod = 1T /[dk] 2B <—hsz e | ho Q- )Q(w + KL
me£p pm pm

Ve 1 1
=lim = | [dk Eaebr( __—  gepy _ —  gebr|Qle.
wli%zf[ ]%; § (—hsz—epm " e+ RQ A+ ey Smp
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Ve 1 o a
== / [dk] Y E§P"P———— (K2bY + K287 ) Qg

= hQ2 — ey,
it / (k] Y B 852 — o) (KE = Ko )2 g (E46)
m#p

Adding Eqgs. (E43) and (E46) yields

TV, oo o .
e et = — > f [dk] ZES‘ PPN — &) (1D APl AL, — (DY AP 1 AL, ) g
m#n

Ve 1
— = | [dk] Y E$P QPP ———— (D" AP1, AL, + [D* AP 1 AL, ) i
) (0 Ay 4 A )

= —ig ”2” - f [dk] ) QP8(RQ — &) (ID* A L AL, — (DA™ L A,
m#n
+ (DA™ L A, — 1D A™ L A, ) 8o
v 1
-5 f (k] Y Q2P (ID" A™ AT, + (D" A™ A, - (DA™ Ly AL 4D A Ly AL )
m#n mn
(E47)
Making use of the relation
[DaAa]]mnAZ,Zn = ([DaAal]nmAzfn)*a (E48)
we have
i e = s, [ 1dh) Y QPO — ey (D Ay AT, + (DA Ly A ) g
m##n
2 1 o fo a O qo 14
—sve [ [dk] )" Q P Re(ID" A" L AT, + (DA™ L AL ) - (E49)
metn Emn
The first term in Eq. (E49) is the shift current. Following Refs. [65,67], we define the shift vector:
Ry = Ay — Ay — 9% arg AL (E50)
We can write the LP-shift current in terms of the magnon shift vector as
neser — T /[dk] Z Q28(h2 — e;“,,l,,)(R”“"1 + R“”‘Z)G"“”‘ng,,
Sh 2 mn mn mn
m#n
T“)c o o [°3] o) o o : o] (o5}
-3 /[dk] D Q782 — ) (| AL, 09| Al | — Az |0% A%, |) sin (dg, + 052) gmn- (E51)
m#n

It describes the current generated by the shift of the magnon position in the interband transition from band m to n. One can verify
that the shift current is invariant to the gauge transformation with use of the relation

Re([DY A )yn A%, + [D* A% ], ALL) = 0°Gol. (E52)

The second term in Eq. (E49) is part of the rectification current, which is written as

aoa 1 o oA

Mree.y =~ S2Ve / (k] )_ P e — 3" G g (ES3)
mn mn

Combining Egs. (E35) and (E53), we have

1
o (0263707 o) 2 o0 Qo
R = s =2 1R @ G, (ES4)
metn mn
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The CP-photocurrent tensor is

oo o oo 1 1 o o
€ = lim i /[d"] 2 Zﬁy( W2 — e ho+ B2 — e, )Q(w+ DD ALy = [DF ALy Ay
mtp m m
1 1
= lim i [ [dk] ) ES"*" KP4 —— K% |Q%,,
oL /[ ]Z ( o S ey To WP R

oo 1 o a
— i /[dk] > E Zﬂ”P (ngy — K28 Q%g,,
m#p

/ [dk] ZEmazﬂJ/S(hQ _ gmn)[K,{;;ﬁy + KaﬁV]Qngp‘
m#p

Adding Eqgs. (E44) and (ESS5), we have

ch

1
KO gl = f [dk] ZE"““Z’SVP — (ID* AP1,p AL, — [D* AP, AV, ) Q2781
m;ép mn
ﬂvC [31°%) o o
/ (K S B 582 — ) (1D AP AL, + (D" AP AT, ) 2y
m#p
- ”2”" / [dk] > SRS — £u) (ID* A p A%, + (DA™ ] AL,
m#p

'v 1 o o o
DA A, — D A S ) @y / (k] Y P (D" A% ] A%,
map mn

- [DaAal]pmAs[nzp - [DaAaz]mpAz;n + [DaAaz]pm-A;;lp)ngmp
Using Eqs. (E48) and (E52), we have

T

oo ooy
+ K =

Kee,od

/ [dk] Z 8(RQ — emn)Re([D* A 1np Az, — [D* A% Lnp Ass, ) 2 iy

m#p
Ve 1 o Ao % o N o
) f [dk] ) P Im([D* A“ 1p A%, — [D* A®1p A% ) Q2 G-
m#p mn

Inheriting the concept from the electron photocurrent responses, the first term in Eq. (E57) is the CP shift current:

Ve

Kp ' = / [dk] Y " 8(hS2 — £yn)Re([D* A“ 1y A2, — [D* A% ]y A%t ) Q2 gmp.

m#p

Introducing the chiral shift vector,

Ra,:EZAot _Aa argA

mn?’

with use of the circular representation of the Berry connection A [(.Amn +iA),,), Eq. (E58) can be rewritten as
A " ot A
e = =T 10k Y 925002 — ) (R 1AL = B 1A P
m#n

with use of the relation
Im([Da.Aa]]mp.A;in _ [DaAaz]mpA(;,]/n) — _%aaQ(nxqu.

The second term in Eq. (E57) is a part of the CP rectification current, which is written as

Kpee = —/[dk ZP 923“9“'“2gmn
Combining Egs. (E40) and (E62), we have
oo v Qz oo o
e = ey = % [k Y 2 a0
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In conclusion, the magnon spin photocurrent is expressed in terms of the following gauge invariant quantities:

v = %S“Sm, AL, =V, — U, (E64)

i
Q= S ; (A, AL, — ALLAS), (E65)
Q= i(AL AL, — ALLAL). (E66)
G =5 (AfinAxm +ALAL). (E67)
R =A — A — 3% arg A7 (E68)
Ry = A, — A, — 0% arg A, (E69)

where vj; is the group velocity, 2}, is the Berry curvature for the mth band, QP is the band-resolved Berry curvature, GEY is the

band-resolved quantum metric, and R%1%2 ig the shift vector, R%:* is the chiral shlft vector with the Berry connection in circular

representation AL = \%(Af,m + l.A%m). The magnon spin photocurrent is composed of five distinct parts: Drude current, Berry

curvature dipole (BCD) current, injection current, shift current, and the rectification current:

m g— / [dk] Z V0™ 9% g, (E70)
ggi)wz — 2h aazraal _ aalraaz)Qt an (E71)
QZ
Mo = = G2 / Ldk] Z e 1 o2 G g (E72)
m#n mn
QZ
K - = —vch / [dk] Z Q2 — e 1 < 5 A5 2 8mns (E73)
Ngn o =STVe f [dk] Z QSRR — &) Riyy Got” Guns (E74)
m#n
kG = TV / dk]ZQZS(FzQ —sm,,)(RgnﬂA 1 —Ry|ALL )gmn, (E75)
m#n
et =s2u [k Y 2 G0 g, &0
m#n
KRee | = / [dk] Z Q;I,,“za“gmn, (E77)
m;én
in which ¢ = 1 for ¢y = a; and ¢ = —1 for oy # .

5. Some derivations for the symmetry analysis

According to Eq. (D9), the element of the Berry connection matrix is

A Ui
kmn—sz D ( ")” = Z o kp. (E78)

The 7' symmetry gives a constraint on the Berry connection

* * 8U*k” o
kmn =i Z(U k)mP =i Z Ufkmep = Afknm' (E79)
With use of Eq. (E79), the Berry curvature satisfies the relation [see Eq. (E65)]

i i
lem = Eéaw Z( kmnAI}c/nm A]}c/mn loc[nm) = Eeayf Z (’Aoiknm'Akan - Afknm'Aakmn) = _Qr—km' (E80)
n#m n#m
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For the point-group symmetry transformations M, with eigenvalues €, = &,-1x, the Berry connection transforms as

IMUN-1pn iZ (OM~ k)P
- ok*

b = 1D MUY oy =
) o

p

The derivative operation transforms as

a(MUM’lk)pn

(MU Imp = MTh),

= Mo A, (E81)

~lkmn®

8gkm _ (aM_lk)ﬂ 8g./\/l’lkm - M ﬂag/\/l’lkm

ke, ok,

E82
ok, (E82)
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