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Double-leaf Riemann surface topological converse magnetoelectricity
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Electric field control of magnetism in solids, i.e., the converse magnetoelectricity, is highly desired for
applications of scalable energy-efficient logic devices. However, it is not only a technical challenge but also
a scientific paradox, since in principle the electric and magnetic degrees of freedom obey distinct rules of
symmetries. Despite the great progress obtained in the community of multiferroics during the past decades, the
success of magnetoelectricity remains on its way and more alternative approaches with conceptual revolution
are urgently needed. Here, by introducing the concept of topology into multiferroics, an exotic magnetoelectric
double-leaf Riemann surface is unveiled based on the mechanism of spin-dependent d − p hybridization in a
two-dimensional magnet: GdI2 monolayer. Protected by the topology, a 180◦ spin reversal can be precisely
achieved by an electric cycle, leading to a robust and dissipationless converse magnetoelectric function. Such a
topological magnetoelectricity allows the nontrivial manipulation of magnetization by ac electric field. In this
category, more candidate materials with better performance are designed targetedly, which paves the road to the
potential applications with topological magnetoelectrics.

DOI: 10.1103/PhysRevB.110.054424

I. INTRODUCTION

Symmetry and topology are two important mathemati-
cal concepts, which often govern the physics in explicit or
implicit manners. In condensed matter, ideal examples are
ferroelectrics and ferromagnets, which break the spatial in-
version and time reversal symmetries, respectively. And the
nontrivial topology can lead to the so-called topological pro-
tected physical properties, e.g., dissipationless edge transport
in materials with topological electronic/photonic/phononic
band structures in momentum space [1–3]. The concept of
topology has also been introduced to magnetoelectric re-
search. The most intuition cases are some topological ferroic
textures, such as vortices/skyrmions/merons of spin mo-
ments or electric dipoles [4–7]. These manifestations of
topology in momentum space and real space form different
branches of topological entities in matter, as summarized
in Fig. 1.

Expected by the demand of next generation information
devices, magnetoelectricity in solids, namely the electric field
control of magnetism or magnetic control of electric polarity,
is highly valued for applications [8–10]. However, limited by
their distinct symmetries, the intrinsic magnetoelectricity are
naturally difficult, while other ingredients must be involved
as the intermediary to glue the spin polarity and electric po-
larity [8,11]. Till now, it remains challenging to directly and
efficiently reverse the magnetization via electrical field, a key
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magnetoelectric function. Some approaches have been pro-
posed to overcome this difficulty. For example, a two-step 90◦
rotation of magnetization can lead to a net 180◦ reversal, via
the piezoelectric tuning of magnetocrystalline anisotropy [12].
The electrical tuning of charge disproportion in ferrimagnetic
systems can also reverse the net magnetization [13,14]. A
recent theory also proposed that the dynamics of a Néel-type
magnetic domain can resize the ferromagnetic domains during
the reversal of chirality [15].

Very recently, another kind of topology, i.e., topologi-
cal functions in magnetoelectric phase space (Fig. 1), was
unveiled in several multiferroics with complex antiferromag-
netic structures. In GdMn2O5, a topologically protected mag-
netoelectric switching coined as “magnetic crankshaft” was
identified, which can convert the increasing-and-decreasing
cycle of magnetic field into a circular spin rotation [16]
while, in TbMn3Cr4O12, the magnetism induced ferroelectric
polarization can span a Roman surface, a three-dimensional
nonoriented topological object, which can be traced via an
ergodic rotation of spin orientation [17,18]. These intrinsic
topologies lead to exotic magnetoelectric functions under
the magnetic field, which leads to conceptual revolution of
magnetoelectricity and extends the territory of topology in
condensed matter.

Here we propose another kind of topological magne-
toelectric function in phase space, coined the double-leaf
Riemann surface converse magnetoelectricity, which should
generally exist in various noncentrosymmetric magnets. For
simplicity and practicality, we use the ferromagnetic GdI2

monolayer as the first model system, since its correspond-
ing van der Waals (vdW) bulk is experimentally existing
[19]. In the following, we will demonstrate how the double-
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FIG. 1. Branches of topology in matter. There are topological
band structures in momentum space, topological textures in real
space, and topological functions in phase space. These branches are
different in physical manifestations, but uniform in their mathematic
root.

leaf Riemann surface topology provides a robust solution to
the long-term challenge of electric field reversal of magne-
tization. And the general conditions will also be clarified
and more candidate materials in this category will also be
suggested.

II. MODEL AND METHODS

A. First-principles calculations

The first-principles calculations based on density func-
tional theory (DFT) were performed using the projector-
augmented wave (PAW) method, as implemented in the
Vienna ab initio simulation package (VASP) [20–22].
The Perdew-Burke-Ernzerhof functional was used as the
exchange-correlation functional [23,24]. A vacuum space of
20 Å was added to avoid interaction between neighboring
periodic images. We used a cutoff energy of 600 eV for
the plane-wave bases and a Γ -centered 15×15×1 k-point
mesh for the Brillouin zone integration. The in-plane lattice
constants and internal atomic coordinates were relaxed un-
til the Hellman-Feynman force on each atom is less than
0.005 eV/Å. A convergence threshold of 10−7 eV was used
for the electronic self-consistency loop. To describe correlated
4 f electrons of Gd, the GGA + U method is applied [25] and
the adopted Ueff is 8 eV for Gd’s 4 f orbitals [26]. For compar-
ison, a Heyd-Scuseria-Ernzerhof (HSE06) hybrid functional
was also considered [27].

Phonon band structures were calculated using density
functional perturbation theory (DFPT). The phonon fre-
quencies and corresponding eigenmodes were calculated on
the basis of the extracted force-constant matrices with a
4×4×1 supercell, as implemented in the PHONOPY code
[28]. The ferroelectric polarization was calculated by using
the Berry phase method [29]. The unit volume of ferro-
electric polarization is measured by atomic layer thickness
(removing the thickness of the vacuum layer). In addition,
Monte Carlo simulations were performed to verify the mag-
netic ground states and estimate the magnetic transition
temperatures.

FIG. 2. Structure and magnetic properties of GdI2 monolayer.
(a) Crystal structure. (b) Schematic of the prism-type crystalline field
splitting of GdI2 monolayer. The orbital occupancy of 5d1 can be
visualized by the electron cloud obtained in DFT calculation. (c) Plot
of MAE. The z axis is along the out-of-plane direction. (d) Differen-
tial electron density �ρ(r) for Gd’s spin along the y axis. Here �ρ(r)
is defined as the difference of electron spatial distribution induced by
SOC.

B. Landau-Lifshitz-Gilbert

The simulation is based on the classical spin model, which
can be written as

H = −Ji j

∑

〈i, j〉
Si · S j − A

∑

i

(
Sz

i

)2
, (1)

with J and A as the exchange parameters and the anisotropy
constant. The nearest neighboring J1, next-nearest neighbor-
ing J2, and third-nearest neighboring J3 are considered, which
can be extracted from DFT energies.

In micromagnetic simulation, the spin dynamics are de-
scribed by the Landu-Lifshitz-Gilbert (LLG) equation:

∂Si

∂t
= − γ

(1 + α2)
Si × (

Hi
eff + αSi × Hi

eff

)
, (2)

where α = 0.01 is the Gilbert damping constant, γ is the
Gilbert gyromagnetic ratio, and Hi

eff = − 1
M

∂H
∂Si

is the effective
field derived from the Hamiltonian H [Eq. (1) plus the electro-
static energy −∑

i E · Pi], where M is the magnetic moment
of Gd.

The LLG equation is solved by the fourth order Runge-
Kutta method with time steps dt � T = 1

f . The sinusoidal ac
electric field is described as E(t ) = E0 sin(2π f t ). The pulse
sequence used in the four electrode configuration consists of
alternate half-periodic sinusoidal waves.

III. RESULTS AND DISCUSSION

A. Static magnetoelectricity in GdI2

The structure of the GdI2 monolayer is noncentrosymmet-
ric and nonpolar (space group P6m2, No. 187), as shown in
Fig. 2(a), although its corresponding vdW bulk is centrosym-
metric due to its 2H-MoS2-type AB stacking mode [19,26].
Wang et al. proved its possibility of exfoliation [26], with a
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FIG. 3. Double-leaf Riemann surface magnetoelectricity in GdI2 monolayer. (a) The evolution of MPG as a function of SGd’s orientation
(characterized by its azimuthal angle ϕS). Orange arrow: generic case of SGd. Red/pink arrows: the special cases of SGd along the x/y axes,
which reserve partial symmetries. (b), (c) In-plane components of magnetism induced polarization (Px and Py) as a function of azimuthal angle
ϕS . Dots: numerical results obtained from DFT calculations; curves: analytic fitting from the theory of spin-dependent d − p hybridization.
(d) The evolution of polarization (green vector) upon the rotation of in-plane magnetic field H. (e) The evolution of spin direction (i.e.,
the magnetization M) upon the rotation of in-plane electric field E. Red/blue arrows correspond to the odd/even cycle of rotating E. (f) The
one cycle rotation of E leads to the half cycle rotation of M, mimicking a gear set with 1:2 perimeters. This magnetoelectric behavior forms the
topologic double-leaf Riemann surface, which is a nonoriented surface with a half twist. Then protected by the topology, only even winding
numbers of E can restore M, while any odd winding number of E can only flip M by 180◦ robustly and precisely.

low cleavage energy 0.26 J/m2, lower than the experimen-
tal value of graphite (0.36 J/m2). As shown in Fig. 2(b),
the Gd2+ ion locates at the center of the trigonal prism and
there are eight unpaired electrons forming the 4 f 75d1 or-
bital configuration, as confirmed by our density functional
theory (DFT) calculation and previous study [26]. According
to the crystal field of distorted trigonal prism, the residual
5d electron stays at a singlet orbital, which is a hybrid one
of the 3z2 − r2/x2 − y2/xy orbitals [30], as visualized in
Fig. 2(b). The electronic band structure and orbital-projected
density of states can be found in Fig. S1 in the Supplemental
Material (SM) [31]. Such an orbital occupancy leads to an
easy-plane magnetocrystalline anisotropy. Our DFT calcula-
tion finds the magnetocrystalline anisotropy energy (MAE) is
∼ 0.7 meV/Gd, as shown in Fig. 2(c). The local magnetic
moment is 8µB/Gd and the magnetic ground state is ferromag-
netic (Fig. S3 and Table S1 in the SM [31]), as inherited from
its vdW bulk with a near room-temperature Curie temperature
(TC = 241 K for monolayer and 313 K for bulk) [26,32]. And
the monolayer is an insulator with a band gap 0.6 eV/1.1 eV
according to the DFT/Heyd-Scuseria-Ernzerhof (HSE06) hy-
brid functional calculation (Fig. S2 in the SM [31]), which is
consistent with the previous result [26].

Although its space group P6m2 is nonpolar, the magnetic
point group (MPG) can become polar, depending on the spin
orientation. Then a finite ferroelectric polarization can be
induced by magnetism, as a character of the type-II multifer-
roicity [11]. Microscopically, the spin-orbit coupling (SOC)
plays a key role to generate the polarization. An intuitive
result can be visualized in Fig. 2(d): when the spin of Gd2+

(SGd) points along the y axis, the contour map of electron
density shows slight asymmetry at the Gd site along the x axis,
indicating the emergence of electronic polarization along the
x axis. The concrete physics is analyzed as follows.

With the ferromagnetic SGd lying in the xy plane, the out-
of-plane threefold rotation (C3) symmetry is broken, which
allows the in-plane polarization. For example, when SGd is
along the x axis which is a twofold rotation axis, the MPG
becomes m′m′2, whose polar axis is also along the x axis. The
MPG becomes m′m2′ once SGd is pointing along the y axis,
but its polar axis remains along the x axis. For SGd along other
arbitrary in-plane directions, the MPG becomes m′, which
allows both nonzero x and y components of polarization (i.e.,
Px and Py), as shown in Fig. 3(a) and Table S2 in the SM [31].

The above symmetry analysis has given a phenomenolog-
ical and qualitative description of magnetoelectricity and its
microscopic quantum mechanism will be clarified as follows.
Due to the ferromagnetic configuration, neither the inverse
Dzyaloshinskii-Moriya interaction nor the exchange striction
is responsible for the magnetism induced polarization. Then
the possible route to type-II multiferroicity here is the so-
called spin-dependent p − d hybridization mechanism, which
originates from the modification p − d hybridization by SOC
[33–35]. Analytically, the magnetism induced polarization
can be obtained by summing the charge transfers between the
magnetic ion and its six ligands [36]:

P ∝
∑

i∈[1–6]

(SGd · ei )
2 · ei, (3)
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FIG. 4. Electrical response of P and SGd. The rotation dynamics of P (a) and SGd (b) excited by static electric field of 1 kV/cm. The black
arrow denotes direction of electric field. (c) The evolution of switching duration T90 (and its reciprocal 1/T90) as a function of static electric
field E. (d) Oscillation of P and SGd excited by sinusoidal ac electric field E(t) of f = 50 MHz (top) and f = 500 MHz (bottom). ϕS and ϕP

are azimuthal angles of SGd and the corresponding polarization P. (e) Schematic diagram of four electrodes in perpendicular configuration.
Inset: a period of alternate electric field pulses. (f) The half-harmonic dynamics of SGd excited by pulse-width modulated electric field sets of
f = 50 MHz. Inset: direction of SGd. In all cases, initial P and SGd are oriented to the +x direction and the maximum of ac electric fields are
1 kV/cm.

where ei is the unit vector of the bond between the magnetic
ion and ligand. Once SGd lies in the xy plane, it is straightfor-
ward to obtain the analytic expression:

P = (Px, Py, Pz )

∝ (
S2

x − S2
y ,−2SxSy, 0

)

= [cos(2ϕS ),− sin(2ϕS ), 0], (4)

where ϕS is the azimuthal angle of SGd as defined in Fig. 3(a).
The polar plots of Px and Py as a function of ϕS are shown as
curves in Figs. 3(b) and 3(c), respectively.

Such analytic results are further confirmed by our DFT
calculations [dots in Figs. 3(b) and 3(c)], implying that the
spin-dependent p − d hybridization is indeed the underly-
ing mechanism. The magnitude of P is a constant, reaching
125 µC/m2 (by using the thickness of the GdI2 monolayer to
estimate the volume), which is comparable to other multifer-
roics in this category (e.g., 100 µC/m2 for Ba2CoGe2O7 and
21.2 µC/m2 for Ca3FeReO7) [33,34].

Considering the direct coupling between spin orientation
(i.e., the magnetization M) and polarization P, it is natural
to expect intrinsic magnetoelectricity, namely using the mag-
netic field H to control P (i.e., the direct magnetoelectric
effect, DME), or using the electric field E to control M (i.e.,
CME). As shown in Fig. 3(d), by rotating the in-plane mag-
netic field H quasistatically for a cycle, the magnetization (i.e.,
SGd) will rotate synchronously, but the induced polarization P
will rotate with a twice angular velocity. Conversely, as shown
in Fig. 3(e), by rotating the in-plane electric field E quasistati-
cally for a cycle, the polarization P will rotate synchronously,
but the associated SGd will rotate with a half angular velocity.
Thus a cycle of quasistatic E will reverse M for 180◦, which is

a long-desired function of CME. Then two continuous cycles
of quasistatic E will restore M to its original direction.

The magnetoelectricity of GdI2 monolayers can be summa-
rized in Fig. 3(f). The coupling between electric and magnetic
degrees of freedom can be analogous to a gear set with 1:2
perimeters. Mathematically, such a magnetoelectric behavior
obeys the topology of a double-leaf Riemann surface. Only an
even winding number of E can restore M, while any odd wind-
ing number of E can only flip M by 180◦, protected by the
topology of the double-leaf Riemann surface which originates
from the mathematic formula of (S · e)2. In addition, since
both the |P| and MAE are isotropic in the xy plane, ideally
such an in-plane rotation of quasistatic E or H does not need
to overcome any energy barriers and thus is dissipationless.

B. Dynamic magnetoelectricity in GdI2

The above topological double-leaf Riemann surface mag-
netoelectricity is straightforward based on the protocol of
quasistatic electric/magnetic cycles. However, for information
reading/writing in potential magnetoelectric logic devices,
the dynamic process must be involved. Here we employ the
Landau-Lifshitz-Gilbert (LLG) equation to describe the dy-
namics of SGd and associated polarization.

First, starting from the case with SGd along the x axis (i.e.,
P also along the x axis), the intrinsic switching duration is
estimated by applying a static electric field E along the −x
direction. As shown in Figs. 4(a) and 4(b) and movie S1 in the
SM [31], under a moderate field 1 kV/cm, P is reversed within
5 ns, accompanied by a 90◦ rotation of SGd. This dynamic
process is fast in the beginning and becomes slower in the
home stretch. This switching duration (T90) is in proportion to
1/|E · P|, as expected from the LLG equation [Fig. 4(c) and
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FIG. 5. Symmetry classification and more candidates. (a) Symmetry classification of 2D noncentrosymmetric point groups in terms of
spin-induced polarization. The ferromagnetic state with in-plane spins are the preconditions. Class A: the p-d hybridization mechanism cannot
be an in-plane polarization. Class B: double-leaf Riemann converse magnetoelectricity is possible but not guaranteed. And the dissipation
of converse magnetoelectricity is unavoidable. Class C: double-leaf Riemann converse magnetoelectricity is guaranteed and dissipationless.
(b) The magnitude of spin-induced polarization of some selected 2D ferromagnets in the D3h category.

Fig. S4 in the SM [31]]. Thus the larger E (or P), the faster
the magnetoelectric switching.

Second, once an ac electric field E(t ) is applied along the
x axis, the dynamic behavior becomes frequency dependent,
as shown in Fig. 4(d) and movie S2 in the SM [31]. In the
low-frequency region, e.g., f = 50 MHz, the dynamics of
spin and dipole can fully follow the ac E(t ) forth and back
periodically [Fig. 4(d) and Fig. S5(a) in the SM [31]]. In the
high frequency cases, e.g., f = 500 MHz, SGd and P cannot
follow E(t ) anymore; the flippings of spin and dipole are only
partially oscillating around the middle point: 90◦ (or 270◦) for
P and 315◦ (or 45◦) for SGd [Fig. 4(d) and Fig. S5(b) in the
SM [31]].

Third, to obtain the topological winding of P and SGd,
four electrodes are arranged in the perpendicular configura-
tion, as depicted in Fig. 4(e). Then a sequence of alternate
electric field pulses (E13 and E24) is applied; also shown in
Fig. 4(e) and Fig. S6 in the SM [31]. At low frequency, e.g.,
f = 50 MHz, each pulse can generate a 90◦ rotation of P and
45◦ rotation of SGd. Then eight pulses leads to a full winding
cycle of SGd and twice cycles of P, as shown in Fig. 4(f) and
movie S3 in the SM [31].

Finally, it should be noted that the surrounding mag-
netic field generated by the ac electric field orientates to
the out-of-plane direction. Its Zeeman energy is in the or-
der of ∼0.15 µeV/Gd, which is negligible compared to its
MAE (0.7 meV/Gd). Thus this double-leaf Riemann surface
magnetoelectricity with in-plane rotations of SGd and P is
electrically driven.

C. General rules and more candidates

Although the above studies only focused on the GdI2

monolayer, the physical mechanism should generally ap-
ply to more systems. The spin-dependent p-d hybridiza-
tion can induce ferroelectricity only in those point groups
lacking inversion symmetry. In the 2D case, there are
18 noncentrosymmetric point groups. Their magnetoelec-
tric tensors are derived, as summarized in the SM [31].

According to these tensors, half of them [class A in Fig. 5(a)]
do not permit the in-plane polarization originated from spin-
dependent p-d hybridization when the ferromagnetic spins are
lying in the ab plane.

For those point groups in class B, although there is still
a 1:2 relationship between the spin and polarization modula-
tion period, the double-leaf Riemann converse magnetoelec-
tricity is not guaranteed, since the trajectory of polarization
may not pass through all four quadrants [e.g., Fig. S7(a) and
Fig. S8(b) in the SM [31]]. Even if the trajectory of polar-
ization can pass through all four quadrants [e.g., Fig. S7(b-c)
and Fig. S8(a) in the SM [31]], the amplitude of polarization
is not a constant, but depends on its orientation. Further,
the in-plane magnetocrystalline anisotropy will arise. These
two factors establish energy barriers during the spin/dipole
rotation, which lead to energy dissipation for converse mag-
netoelectricity.

Only those point groups in class C, which contain a
common threefold rotational symmetry (C3), allow the dis-
sipationless converse magnetoelectricity (e.g., Fig. S9 in the
SM [31]). In addition to these symmetry requirements, the
candidate systems should be ferromagnetic and the ab plane
should be the magnetic easy plane.

Following the above conditions, several materials were
screened for this magnetoelectricity, including the 2H-MX2

type and VSi2N4 monolayer. The p-d hybridization mech-
anism can indeed induce ferroelectric polarization in these
systems, while their amplitude depends on their electronic
structures especially their SOC strength, as shown in Fig. 5(b).
Despite their values of polarization, all of them exhibit the
double-leaf Riemann magnetoelectricity and dissipationless
converse magnetoelectric function.

IV. CONCLUSION

In summary, a double-leaf Riemann surface topologi-
cal magnetoelectricity has been predicted, in which the
topology protects the 180◦ reversal of magnetization un-
der a cycle of electric field. Based on symmetry analysis,
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p − d hybridization theory, and DFT calculations, the double-
leaf Riemann surface topological magnetoelectricity has been
demonstrated in the GdI2 monolayer and other candidates.
Such a topological magnetoelectricity allows the direct and
precise manipulation of magnetization by ac electric fields.
Our work extends the territory of topology in condensed mat-
ter and provides a robust solution to the long-term challenge
of electrical reversal of magnetism.
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