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Low-frequency signature of magnetization nutation in nanomagnets
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In this work, we show that surface anisotropy in nanomagnets induces a nutational motion of their magneti-
zation at various frequencies, the lowest of which can be described by the macrospin model whose dynamics
is governed by an effective energy potential. We derive analytical expressions for the precession and nutation
frequencies and amplitudes as functions of the size of the nanomagnet and its atomistic parameters, such as
the exchange coupling and the onsite anisotropy. Our analytical model predicts a reduction of the precession
frequency with increased surface anisotropy. We also simulate the dynamics of the corresponding atomistic
many-spin system and compare the results with the effective model. We thereby show that the first nutation
mode induced by the finite size and surface anisotropy occurs at a frequency that is four times larger than the
precession frequency, thus lending itself to a relatively easy detection by standard experiments of magnetic
resonance.

DOI: 10.1103/PhysRevB.110.054415

I. INTRODUCTION

Nutation is the well-known motion of a gyroscope de-
scribed by classical mechanics; it develops whenever an
external force tilts the rotation axis away from the direction
of the gravity field since then the rotation axis no longer
coincides with the direction of the angular momentum.

In the case of a magnetic material, magnetization nuta-
tion occurs whenever a time-dependent magnetic field (rf
or microwave field) is present in the system. Accordingly,
it has been demonstrated that there appears the fundamen-
tal effect of transient nutations in NMR [1], EPR [2], and
optical resonance [3]. Spin nutation was first predicted in
Josephson junctions [4] and was later developed using vari-
ous approaches based on relativistic quantum mechanics, first
principles [5,6], and electronic structure theory [7]. A more
recent macroscopic approach [8] deals with the magnetization
nutation by accounting for magnetic inertia through the addi-
tion of a second-order time derivative of the magnetization in
the Landau-Lifshitz-Gilbert equation [9]. On the experimental
side, evidence of the effects of nutation has been reported
for thin films [10] in the THz regime. Indeed, magnetization
nutation meets with a strong and expanding interest within
the magnetism community owing to the real possibility of
addressing and controlling the ultrafast magnetization dynam-
ics, in view of potential practical applications in high-speed
data processing and storage technologies based on magnetic
materials. Considering the strong potential of achieving high
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storage densities, this issue acquires still more enthusiasm for
nanoscaled magnetic systems.

The dynamic behavior of nanomagnets (NM) requires a
good understanding of the intricate interplay between differ-
ent factors influencing the spin dynamics, such as finite-size,
boundary, and surface effects. In particular, surface anisotropy
emerges as a crucial parameter that can significantly influence
the dynamics of nanomagnets as it affects the potential energy
and thereby the relaxation rates [11]. Recently, it was shown
[12] that spin misalignment, induced by surface effects, trig-
gers nutational motion of the magnetization of a nanomagnet,
with frequencies ranging from tens of GHz to THz, depending
on various physical parameters, the predominant among them
being the spin-spin exchange coupling and the onsite surface
anisotropy. For example, in Refs. [13] it was shown that
surface anisotropy in nanocubes triggers absorption modes
of higher frequency than the ordinary uniform precessional
motion with frequencies fp ∼10 GHz (conventional ferro-
magnetic resonance). More precisely, the authors of Ref. [12]
observed a resonance at a frequency fc that is four times fp and
another frequency fn in the THz regime. While fn is related
to atomic spin fluctuations and their exchange coupling, the
frequency fc emerges from the cubic anisotropy induced by
spin inhomogeneities at the surface of the nanomagnet [14].
As such, fc corresponds to the nutational mode with the lowest
frequency and should be more easily detected in resonance ex-
periments on, e.g., arrays of nanomagnets with acute surface
effects, such as platelets, pillars, spheres, or cubes.

In this work, we focus on the frequency fc and derive
its analytical expression using the effective macrospin model
whose potential energy is a polynomial in the components of
the net magnetic moment, with coefficients that are functions
of the spin-spin exchange coupling and onsite anisotropy con-
stants [14]. The results obtained using the effective model
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are compared with those of numerical simulations for the
corresponding many-spin nanomagnet. The effective model,
thus validated, allows us to derive analytical expressions for
the precession and nutation frequencies and the nutation am-
plitude and to study them in terms of the nanomagnet size and
surface anisotropy.

Plan of the paper: We first define the many-spin and
macrospin approaches and establish the connection between
them. Then, we discuss the numerical results from both mod-
els for the time trajectories of the net magnetic moment. In
particular, we discuss the results regarding the magnetization
nutation and its dependence on the particle size and surface
anisotropy. This study allows us to validate the effective
model which is then used to derive the analytical expressions
for the precession and nutation frequencies and amplitudes.
From these expressions and further simulations, we draw the
main conclusions of this work.

II. MODEL FOR THE MAGNETIZATION DYNAMICS

A. Many-spin approach (MSP)

In the many-spin problem (MSP) or many-spin approach,
or still atomistic approach, the nanomagnet is regarded as a
crystallite of a given shape and size, containing N atomic
spins Si = μasi located at the nodes of a given crystalline
structure; μa denotes the atomic magnetic moment and si is
a unit vector in the direction of Si. The magnetic state of such
a system is studied with the help of the atomistic Hamiltonian
[15–24]:

H = Hexch + HZ + HA

= −1

2
J

∑
〈i, j〉

si · s j − μaB0 ·
N∑
i=1

si +
N∑
i=1

HA,i, (1)

where Hexch is the nearest-neighbor (NN) exchange energy
with J > 0, HZ denotes the Zeeman energy with B0 = μ0H0

being the homogeneous externally applied magnetic field, and
HA the magnetic anisotropy energy. For the core spins, we as-
sume the anisotropy to be of uniaxial symmetry with constant
Kc, while for surface spins we adopt the model proposed by
Néel [25] with constant Ks. HA,i is then given by

HA,i =
{

−Kc(si · ez )2, i ∈ core

+ 1
2 Ks

∑
j∈NN(si · ui j )2, i ∈ surface

(2)

where the unit vectors ui j = (ri − r j )/‖ri − r j‖ connect the
nearest-neighbor spins “i” and “ j.” All physical parameters
are measured in units of energy per atom.

The (undamped) dynamics of the many-spin system is gov-
erned by the following Larmor equation:

dsi

dτ
= si × beff,i (3)

with the (normalized) local effective field beff,i acting on si be-
ing defined by beff,i = −δH/δsi; τ is the reduced time defined
by

τ ≡ t

τs
, (4)

where τs = μa/(γ J ) is a characteristic time of the system’s
dynamics. By way of example, for cobalt J = 8 meV, leading

to τs = 70 fs. Henceforth, we will only use the dimensionless
time τ . Accordingly, the frequency ω = 2π f = 2π/T is mea-
sured in units of τ−1

s and, as such, in the sequel ν ≡ τsω. Note
that in these units, beff is equal to the effective field (in Tesla)
multiplied by μa/J and is thus dimensionless.

To study the dynamics of this MSP, for arbitrary values of
all physical parameters, one resorts to numerical methods for
solving Eq. (3) using, for instance, the iterative routine based
on the fourth-order Runge-Kutta scheme in combination with
the projection step sν+1

i = sRK4
i /‖sRK4

i ‖ to preserve the con-
straint ‖si‖ = 1. The net magnetic moment m (unit vector) is
then computed using

m =
∑

i si

‖∑
i si‖ . (5)

For the initial state of the system, we choose a coherent
spin configuration along the orientation (θ0, φ0), i.e., si =
(sin θ0 cos φ0, sin θ0 sin φ0, cos θ0), for all i = 1, . . . ,N .

Nutational motion was investigated in Ref. [12] using this
MSP model and the results were compared with those of
the macrospin model studied with the help of the augmented
Landau-Lifshitz-Gilbert equation. In this work, our aim is to
derive analytical expressions for the precession and nutation
frequencies in terms of the atomistic parameters J, Kc, Ks and
the size of the nanomagnet. For this purpose, we resort to the
effective one-spin problem derived in Refs. [14] and compare
the corresponding results with those obtained for the MSP in
Ref. [12] in regard with the nutational motion.

B. Effective macrospin approach (EOSP)

The effective macrospin approach, or effective one-spin
problem (EOSP), is obtained from the many-spin problem un-
der certain conditions regarding the surface anisotropy, which
should not be too strong with respect to the exchange cou-
pling, and the particle size, which should not be too small (see
Ref. [14] for details). The EOSP consists of the net magnetic
moment (5) evolving in an effective energy potential given by

Heff � −k2m2
z + k4

∑
α=x,y,z

m4
α. (6)

The values and signs of the (effective) coefficients k2 and k4

are functions of the atomistic parameters J, Kc, Ks, in addition
to the size and shape of the nanomagnet and its underlying
crystal lattice [14]. In the following, we will use the dimen-
sionless constants defined by kc = Kc/J and ks = Ks/J , so
that k2 and k4 are dimensionless.

For a nanomagnet cut out of a simple cubic lattice, we have
[14,26]

k2 = kc
Nc

N , k4 �
⎧⎨
⎩κ

k2
s
z , sphere

(1 − 0.7/N 1/3)4 k2
s
z , cube

(7)

where z = 6 is the coordination number, κ represents a (di-
mensionless) surface integral, and Nc is the number of atoms
in the core of the nanomagnet (with full coordination), while
N is the total number of atoms (including both the core and
surface). Note that κ was derived in Ref. [14] in the absence
of core anisotropy. As shown in Ref. [27], in the presence of
the latter, the spin misalignment caused by surface anisotropy
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FIG. 1. Components of the net magnetic moment for both MSP (continued lines) and EOSP (dashed lines and symbols) for the spherical
nanomagnet with a sc lattice and size N = 1088. The constants kc and ks are indicated in the legend and the effective coefficients are given in
Table I. On the right, Tp, Tc, Tn denote the periods corresponding to the respective frequencies fp, fc, fn mentioned in the text.

does not propagate to the center of the nanomagnet; it is
“fended off” by the uniaxial anisotropy in the core which
tends to align all spins together. The result of this competition
is that k4 (or κ) is multiplied by the factor Nc/N . Likewise,
for both the cube and sphere, k2 may be approximated [14] by
the first expression in Eq. (7).

From the effective Hamiltonian in Eq. (6), we derive the
following effective field that drives the dynamics of the mag-
netic moment m

beff = 2k2mzez − 4k4
(
m3

xex + m3
yey + m3

z ez
)

(8)

through the Larmor equation of motion for m as follows:

dm
dτ

= m × beff . (9)

We would like to emphasize that the EOSP described here is
not some variant of a single-domain macrospin model. Indeed,
it is a macrospin model, but with coefficients that are functions
of the atomistic physical parameters. In other terms, it has
the advantage of being a “simple” macroscopic model which
inherits (to some extent) the nanomagnet atomistic features,
especially spin inhomogeneities.

Orders of magnitude of material parameters. Let us give
a few orders of magnitude of the physical parameters that
appear in the Hamiltonian (1) and Eqs. (7) and (8). Note that
Eq. (1) is the energy per atom, obtained by dividing the total
energy of the system by N , the number of atoms in the NM.
Hence, the physical parameters involved, namely, J, K , and
μa(μ0H ), are measured in Joule per atom. For instance, the

TABLE I. Effective parameters used for the simulations on the
nanospheres [from Eq. (7)].

N = 1088 (Nc = 706) k2 k4 ωc(GHz)

kc = 0.001, ks = 0.01 6.5×10−4 5.8×10−6 51.5
kc = 0.01, ks = 0.1 6.5×10−3 5.81×10−4 515

anisotropy energy, which is often written as K̃V where V is the
volume of the NM and K̃ the density of anisotropy energy (in
J/m3), becomes K̃V = N v0K̃ ≡ NK . Similarly, the Zeeman
contribution which usually reads as μ0HM is now rewritten
as Nμa(μ0H ). For instance, for cobalt, the magnetic moment
per atom is μa = n0μB, with n0 being the number of Bohr
magnetons per atom (n0 � 1.7) and μB = 9.274×10−24 J/T
is the Bohr magneton. Hence, μa � 1.58×10−23 J/T. Next,
the magnetocrystalline anisotropy constant is roughly Kc �
3×10−24 J/atom, the surface anisotropy constant is around
Ks � 5.22×10−23 Joule/atom and the (bulk) exchange cou-
pling is J � 8 meV or 1.2834×10−21 J/atom. The lattice
parameter is a = 0.3554 nm. As such, kc ≡ Kc/J � 0.002 34
while ks ≡ Ks/J � 0.04. The latter value is within the range
of values estimated by several experimental studies. Indeed,
one may find Ks/J � 0.1 for cobalt [28], Ks/J � 0.06 for
iron [29], and Ks/J � 0.04 for maghemite particles [30]. In
Ref. [14] we discussed the validity of the EOSP model for
different lattice structures and NM shapes. In regards to this,
the values of kc and ks used in our calculations are kept within
the validity range of the EOSP model.

A final remark regarding the NM sizes we have considered
in our calculations is in order. We want to emphasize that
today, nanocubes (of iron or cobalt) are routinely investi-
gated in experiments since their synthesis has become fairly
well controlled [31–38]. For example, in Refs. [37,38], iron
nanocubes of diameter in the range 5–25 nm are synthesized.
Considering the size of an iron atom (∼0.25 nm) and the
interatomic distance (∼0.3 nm) in a bcc lattice, the sizes
used in our simulations, e.g., in Fig. 4, are well in the range
achievable in experiments.

III. MAGNETIZATION NUTATION

A. MSP versus EOSP

In this section, we compare the dynamics of the net
magnetic moment of different many-spin nanomagnets with
that of the corresponding effective models for spheres [39],
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FIG. 2. Components of the net magnetic moment for both MSP (continued lines) and EOSP (dashed lines and symbols) for a cube-shaped
nanomagnet with a sc lattice and sizes N = 153 (left) and N = 93 (right). The constants kc and ks are indicated in the legend and the effective
coefficients are given in Table II.

cubes [13,31–36], and truncated octahedrons [14,40]. Before
discussing the results in more detail, let us summarize the
procedure followed for the comparison between the MSP and
EOSP. For a given nanomagnet with a given size, shape,
underlying lattice, and energy parameters (J, Kc, Ks), we solve
the undamped Larmor equation (3) for all atomic spins si start-
ing from the initial state (θ0, φ0) taken here to be (π/4, π/4).
Then, we plot the components mα (with α = x, y, z) of
the net magnetic moment (of the MSP) as functions of
time.1 Next, for a cube or a sphere with a simple cubic lattice,
we use the expressions for k2 and k4 in Eqs. (7) to solve the
Larmor equation (9) for the EOSP and obtain the components
mα as functions of time. For other shapes and/or lattice struc-
tures, such as the truncated octahedron or cubes with, e.g.,
body-centered-cubic (bcc) lattice (see Fig. 3), k4 is obtained
by fitting the MSP data. Note that in the case of an underlying
bcc or fcc lattice, k4 becomes negative [14].

The results of such a comparison confirm the following
facts: the net magnetic moment of the many-spin nanomagnet
exhibits three oscillation modes with different frequencies
(see Fig. 1 right): the precession frequency fp for the x, y
components and the nutation frequencies fc and fn for the
z component. The data in Figs. 1–3 are plotted as contin-
ued lines, in black and red for sx,y and in blue for sz. The
corresponding EOSP magnetic moment exhibits only two os-
cillation frequencies: the precession frequency fp for mx,y (in
red and black symbols) and the (smaller) nutation frequency
fc for mz (in magenta). This result obtains in all cases of
size, shape, and other physical parameters, as confirmed in
Figs. 1–3. We see that as far as fp and fc are concerned, and
this corresponds to the validity domain of the EOSP (i.e.,
relatively weak surface anisotropy), the dynamics of EOSP
perfectly matches that of the MSP. However, the latter ex-
hibits (in blue) an extra wiggling motion in the component

1Note that in all plots we denote by sα , α = x, y, z, the Cartesian
components of the net magnetic moment of the MSP and by mα ,
α = x, y, z, those of the magnetic moment of the EOSP.

sz (with frequency fn) on top of a signal with frequency fc. As
mentioned in the Introduction and discussed in Ref. [12], the
appearance of the frequency fc is due to the quartic term in
the Hamiltonian (6), which is a consequence of spin disorder
induced by surface anisotropy in the EOSP regime; the coeffi-
cient of this term (k4) is a function of Ks, as can be seen from
Eq. (7). On the other hand, fn is due to the fluctuations of the
individual atomic spins with frequencies on the order of the
exchange coupling J .

Further analysis of Figs. 1–3 reveals further useful infor-
mation. First, the two frequencies fp and fc change with size,
shape, and energy parameters. As the size decreases, the ratio
Nc/N decreases, and the surface contribution to the overall
energy increases [27]. Second, as the surface anisotropy con-
stant Ks increases, the nutation frequency fn is more clearly
identified with an increasing amplitude. This effect is more
clearly seen in Figs. 1 and 3 (plots on the right). However,
the value of the frequency itself changes with the exchange
coupling. Likewise, when going from the cube to the more
rounded geometry of the sphere, through the truncated oc-
tahedron, we see that the nutational motion is progressively
enhanced, and its amplitude increases.

B. Nutation frequency and amplitude: Analytical approach

From the previous section, we conclude that the effective
model (EOSP) perfectly describes the dynamics of the many-
spin nanomagnet as far as the validity conditions are met (i.e.,
small surface anisotropy). On the other hand, we have seen
that, in addition to the nutation frequency fc, the MSP exhibits
another nutation mode with a much higher frequency fn; the

TABLE II. Effective parameters used for the simulations on the
nanocubes [from Eq. (7)].

N Nc k2 k4 ωc (GHz)

729 = 93 343 4.7×10−4 12×10−6 355
3375 = 153 2197 6.5×10−4 13.8×10−6 52
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FIG. 3. Components of the net magnetic moment for both MSP (continued lines) and EOSP (dashed lines and symbols) for the truncated
octahedron with fcc lattice and size N = 2075. The constants kc and ks are indicated in the legend and the effective coefficients are given in
Table III.

amplitude of this mode increases with the enhancement of
surface effects, either through an increase of the anisotropy
constant or that of the number of surface spins.

Now, with the macroscopic EOSP model at hand, we can
derive analytical expressions for the frequency and amplitude
of the precession and nutation modes and study their behav-
ior in terms of surface anisotropy and size. Instead of the
Cartesian components mx, my, mz of m, it is more convenient

to parametrize the vector m using the spherical coordinates
q = (θ, φ), with θ being the polar angle and φ the azimuth
angle, i.e., m(q) = (sin θ cos φ, sin θ sin φ, cos θ ). Then, in
this coordinate system, the Larmor equation (9) becomes

dq
dτ

= b′
eff (q), (10)

with the following effective driving field

b′
eff (q) =

( −k4 sin (4φ) sin3 θ

− cos θ [2k2 + (3 − 7 cos2 θ )k4] − k4 cos θ sin2 θ cos (4φ)

)
. (11)

Note that in Eq. (11), the appearance of trigonometric func-
tions with the argument 4φ already hints to the fact that we
should observe a mode with a frequency four times that of the
“fundamental” mode, namely, the precession mode.

For the special case of k4 = 0, the Larmor equation (10)
with the driving field (11) has an exact analytical solution,
where the polar angle θ (τ ) = θ0 is time independent, while
the azimuthal angle φ(τ ) = φ0 − (2k2 cos θ0)τ is a linear
function of time. Thus, the constant νp,0 = 2k2 cos θ0 is the
precession frequency in the absence of k4. For small but fi-
nite k4, we expect the polar angle θ (τ ) to be an oscillating
time-dependent function with a small amplitude, which can
be treated as a small disturbance to the precessional motion.
Thus, we approximate the driving field by a function of a
precession-motion ansatz qp(τ ), where the time dependence
of θ is neglected, namely,

dq
dτ

� b′
eff [qp(τ )] (12)

with

qp(τ ) =
(

θp(τ )
φp(τ )

)
=

(
θ0

φ0 − νpτ

)
. (13)

Here νp is the new precessional frequency, which is a function
of k2 and k4. More explicitly, the approximate differential

equations for the angles θ and φ are
dθ

dτ
� −k4 sin3 θ0 sin(4φ0 − 4νpτ ),

dφ

dτ
� − cos θ0[2k2 + (3 − 7 cos2 θ0)k4]

− k4 cos θ0 sin2 θ0 cos(4φ0 − 4νpτ ). (14)

Next, using a time integration in the form q0 +∫ τ

0 b′
eff [qp(τ ′)]dτ ′, with the initial condition q0 = (θ0, φ0), we

obtain the following approximate solution:

θ (τ ) � θ0 + k4 sin3 θ0

4νp
[cos(4φ0) − cos(4φ0 − 4νpτ )],

φ(τ ) � φ0 − cos θ0[2k2 + (3 − 7 cos2 θ0)k4]τ

+k4 cos θ0 sin2 θ0

4νp
[sin(4φ0 − 4νpτ ) − sin(4φ0)], (15)

TABLE III. Effective parameters used for the simulations on the
truncated octahedrons obtained by a fitting procedure. Note that k4 is
negative for the fcc lattice [14].

N = 2075 k2 k4 ωc (GHz)

kc = 0.001, ks = 0.01 6.7×10−4 −4.5×10−6 54.6
kc = 0.01, ks = 0.1 6.7×10−3 −2.9×10−4 546
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FIG. 4. EOSP parameter k4, nutation frequency ωc, and amplitude aθ as a function of the linear size N of a bcc iron cube of size N×N×N
(kc = 0.001 and ks = 0.01). The parameters were obtained from a fit of the many-spin nanomagnet results to Eqs. (16)–(18). The full curves
are guides to the eye.

which is, as expected, in the form of the precessional ansatz
(13) plus additional terms in the form of oscillating functions.
We find that the new precession and nutation frequencies are
given by

νp = cos θ0[2k2 + (3 − 7 cos2 θ0)k4],

νc = 4νp (16)

with the corresponding amplitudes

aθ = k4 sin3 θ0

4νp
,

aφ = k4 cos θ0 sin2 θ0

4νp
= aθ cot θ0. (17)

In a more compact form, we may finally write

θ (τ ) � θ0 + aθ [cos(4φ0) − cos(4φ0 − 4νpτ )],

φ(τ ) � φ0 − νpτ + aφ[sin(4φ0 − 4νpτ ) − sin(4φ0)]. (18)

As mentioned earlier, in our calculations we start with all
atomic spins si in the initial state (θ0, φ0) = (π/4, π/4). In
this case the solution (18) yields the time trajectories of the
net magnetic moment (aθ = aφ):

q(τ ) �
(

π
4

π
4 − νpτ

)
+ aθ

(−1 + cos(4νpτ )
sin(4νpτ )

)
. (19)

The set of Eqs. (16)–(18) constitutes the original result of
this work. Before discussing the conclusions we can draw
from them, we summarize how they can be used in prac-
tice. Given a (many-spin) nanomagnet of a certain size and
shape and a chosen set of energy parameters J, Kc, Ks, so
that the spin configuration is not too much disordered, we
can characterize the (modified) precession and the first nu-
tation modes by their frequencies and amplitudes given by the
corresponding effective macrospin model. If the nanomagnet
is a nanocube or a nanosphere with an underlying simple-
cubic lattice, the effective coefficients k2 and k4 are given
by Eqs. (7). In the general case, one may fit the MSP curves
mα (τ ) to Eq. (18) and infer the quantities in Eqs. (16) and (17).
In fact, once the constant k4 is obtained, all the other quantities
(νp, νc, aθ , aφ) can easily be derived. By way of illustration,

we have applied the latter procedure to the much-studied iron
nanocubes [31,32,34,41,42] with an underlying bcc lattice.
The results are shown in Fig. 4, where k4, ωc, and aθ are
plotted against the (linear) cube size N ; the fit for k4 yields
k4 � −12.5k2

s /8(1 + N )5/3.
From Eqs. (16) and (17) and the numerical results in Fig. 4,

we make the following observations:
(i) The frequencies νp and νc increase when the size in-

creases but decreases with surface anisotropy, i.e., when Ks

(k4 ∝ k2
s ) increases, for a small initial polar angle θ0 (pre-

cession angle). For a relatively large angle θ0 (�49◦), the
frequency becomes an increasing function of Ks (plot not
shown).

(ii) The nutation frequency νc is four times the precession
frequency νp, independently of the nanomagnet’s size.

Regarding the amplitude, from Eqs. (17) we see that it
increases with the surface anisotropy constant Ks, as already
concluded from the results of the MSP simulations in Figs. 1–
3. On the other hand, its behavior as a function of the size
depends on the shape. In Fig. 4, we see that it is a decreasing
function of N .

For a cube with simple-cubic lattice, Nc/N = (1 − 2/N )3

and thereby aφ, aθ ∼ 1/N , which means that when the size
increases, the nutation mode dies out. This has a very im-
portant implication. In general, any bulk or thin magnetic
film presents an anisotropy energy that is an expansion in the
components of its net magnetic moment, similar to the Hamil-
tonian in Eq. (6). However, the dynamics of a bulk magnetic
material with such a Hamiltonian does not necessarily exhibit
magnetic nutation. Here, we see that nanoscaled magnetic
systems, such as nanocubes, do develop such a nutational
motion at a frequency that should be observable in resonance
experiments on arrays of such objects. For a sphere, using k2

and k4 from Eq. (7), Eqs. (17) imply that the amplitudes aφ, aθ

do not depend on the size, as has also been confirmed by the
MSP numerical simulations. For an arbitrary shape and/or
lattice structure, it is not easy to derive simple formulas for the
coefficients k2, k4. Nevertheless, as was discussed above, they
may be obtained by fitting the dynamics of the net magnetic
moment of the many-spin nanomagnet to Eqs. (18). This is
what has been done for the bcc cubic nanomagnets, studied
by experimental groups [13,31–36], and the results are shown
in Fig. 4.
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IV. CONCLUSION

We have shown that the magnetization of a nanoscaled
magnetic material may exhibit nutational motion with fre-
quencies in the GHz to THz range, the lowest of which is four
times the precession frequency. We have provided analytical
expressions for precession and nutation frequencies and the
amplitude of the nutational oscillations as functions of the size
of the nanomagnet and atomistic energy parameters, such as
the spin-spin exchange coupling and the onsite surface and
core magnetocrystalline anisotropies.

This has been possible owing to the correspondence we
have firmly established between the many-spin approach and
the effective macrospin approach, a correspondence that has
been validated through numerical simulations of the dynamics
of various nanomagnets (cubes, spheres, and truncated octahe-
drons) with different energy parameters and lattice structures.
The results of these simulations have confirmed that the
effective model recovers very well the dynamics of the many-
spin nanomagnet in the low-frequency regime, when surface
anisotropy is not too strong. In this regime, we observe the
precession frequency fp and the lowest nutation frequency fc

that is four times fp and whose existence is related to the effec-
tive cubic anisotropy induced by spin inhomogeneities. The
many-spin nanomagnet also exhibits a much higher frequency
fn that can be related to the spin-spin exchange coupling.
Even the precession frequency fp turns out to be affected

by surface anisotropy, among other parameters. Within the
effective macrospin model, we have demonstrated that the
amplitude of the nutational motion is enhanced by surface
anisotropy, but its behavior with the size depends on the shape
of the nanomagnet.

All in all, in this work, we want to emphasize the fact
that surface-induced magnetization nutation in nanoscaled
magnets, such as nanocubes and nanospheres, already occurs
at the lowest frequency which is four times the precession
frequency, which itself is altered by spin misalignments. This
low-frequency nutational oscillation lends itself to a detection
and characterization using standard experimental techniques
of magnetic resonance, such as the network analyzer with
varying field and frequency, at low temperature. An array
of well-separated platelets or nanocubes should provide ad-
equate conditions for such measurements. Inelastic neutron
spectroscopy [43] might also be able to resolve the predicted
nutational spin dynamics in nanomagnets.
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