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Inhomogeneous adiabatic preparation of a quantum critical ground state in two dimensions
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Adiabatic preparation of a critical ground state is hampered by the closing of its energy gap as the system
size increases. However, this gap is directly relevant only for a uniform ramp, where a control parameter in the
Hamiltonian is tuned uniformly in space towards the quantum critical point. Here, we consider inhomogeneous
ramps in two dimensions: initially, the parameter is made critical at the center of a lattice, from where the critical
region expands at a fixed velocity. In the 1D and 2D quantum Ising models, which have a well-defined speed
of sound at the critical point, the ramp becomes adiabatic with a subsonic velocity. This subsonic ramp can
prepare the critical state faster than a uniform one. Moreover, in both a model of p-wave paired 2D fermions
and the Kitaev model, the critical dispersion is anisotropic—linear with a nonzero velocity in one direction and
quadratic in the other—but the gap is still inversely proportional to the linear size of the critical region, with a
coefficient proportional to the nonzero velocity. This suffices to make the inhomogeneous ramp adiabatic below
a finite crossover velocity and superior to the homogeneous one.

DOI: 10.1103/PhysRevB.110.054410

I. INTRODUCTION

The idea of an adiabatic quantum state preparation (AP)
is to start from an easy-to-prepare ground state of an initial
Hamiltonian H; and then drive the Hamiltonian adiabatically
to a final Hamiltonian Hy, whose ground state is the desired
state [1]. This target state may contain a solution to a hard
computational problem that only needs to be measured in
a suitable basis, making AP identical to adiabatic quantum
computation [1,2]. Alternatively, the ground state of H; may
be interesting in its own right with all its correlations, aligning
AP more with quantum simulation. The Hamiltonian is typi-
cally ramped as H(A) = (1 — A)H; + AH, with the parameter
A smoothly increasing from 0 to 1 within a ramp time t.
Adiabaticity can be enhanced by optimizing the ramp profile
(1), slowing its increase rate where the gap is smaller, or by
adding counter-adiabatic terms to H(A) in order to make a
shortcut to adiabaticity [3,4].

AP becomes hard when the gap closes at a quantum critical
point. For instance, driving H(X) across a critical point is
described by the quantum version [2,5-60] of the Kibble-
Zurek mechanism (KZM) [61,62], which predicts the density
of excitations (or excitation energy) to decay with a small
power of the ramp time. At least for a symmetry-breaking
transition, adding a tiny symmetry-breaking bias could open a
gap when crossing the critical point and suppress excitations
exponentially [34,63], but any such bypass of the criticality
becomes useless when the target is the critical state itself.

When the critical H; is approached uniformly in space, the
AP ramp is a “half-KZM” ramp, ending at the critical point
instead of crossing it, and the KZM power laws still apply, as
discussed at length in the following Sec. II. A full KZM ramp
can be made adiabatic by making it inhomogeneous in space
[64—74]. Initially, the parameter A(f, r) can be driven across
the critical point at the center of the lattice, then the central
region with H is expanded towards the lattice edges with a
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velocity v slower than the speed of sound at the critical point,
see Fig. 1.

An inhomogeneous ramp has also been considered as a
means to prepare a critical ground state, either in a 1D chain
[75] or a quasi-1D stripe [76]. These studies focused on
slightly supersonic ramps that create excitations, which fol-
low the ramp towards the ends of the chain, leaving behind
the critical ground state in the bulk. Since the excitations
eventually bounce back from the ends, we prefer to focus on
subsonic ramps in this work. Furthermore, instead of using
excitation energy as a cost function—which under-represents
low-frequency excitations that can distort the target state
without significantly increasing its energy—we focus on the
density of excited quasiparticles (for integrable systems) or,
more generally, on the (in)fidelity between the critical ground
state and the final state (for nonintegrable systems).

II. A UNIFORM RAMP TO A CRITICAL POINT

In this section, we consider ramping a system towards its
quantum critical point by continuously varying a parameter
in its Hamiltonian towards its critical value uniformly in
space. This is a half quantum Kibble-Zurek ramp that, instead
of crossing the quantum phase transition, terminates at the
critical point. In line with the quantum KZM, instead of the
bare Hamiltonian parameter, it is more convenient to use a
dimensionless parameter € that measures the distance to the
critical point and is turned down to zero as

r

. (1

t
€t) = ‘—

T

Here, time t < 0, 7 is the ramp time, and r > 0 is the ramp
exponent. The power law (1) is assumed only near the end of
the ramp, close to the critical point where € is small. Before
the ramp begins at a large initial €, the system is initialized
in an easy-to-prepare ground state of the initial Hamiltonian.

©2024 American Physical Society
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FIG. 1. Inhomogeneous ramp. Here, € is a dimensionless param-
eter in a Hamiltonian that measures the distance to the quantum
critical point. (a) shows an inhomogeneous ramp in a 1D chain at two
different times. The transition begins at the center of the chain, where
the critical € = 0 is reached first, and from where it expands with
velocity v towards the chain’s ends. (b) shows an inhomogeneous
ramp in a 10 x 10 square lattice. The critical region with € =0
expands with velocity v from the center towards the edges of the
lattice. Both (a) and (b) demonstrate ramps with slope o = 1.

Thanks to its large energy gap, the initial stage of the evolution
is adiabatic. The adiabaticity must fail when the critical point
is approached and the gap shrinks to zero. For a long enough
ramp time t the failure happens close enough to the critical
point for the asymptote (1) to be accurate and, furthermore,
for the gap to scale as A o |€|*”, where z and v are the dynam-
ical and correlation length exponents, respectively. According
to the nonlinear KZM [18-20], see also the review [9], the
failure happens when the rate of the transition, |é/€| o 1/[¢],
becomes comparable to the gap near —7, where

F o prev/dra). )

In first approximation, after —7, the evolution becomes im-
pulse, i.e., the state freezes out because the Hamiltonian is
varying too fast for the state to catch up with it. In this way,
the ramp ends at ¢+ = 0 with the state approximately equal to
the ground state at € = (f/t)" with a correlation length

é— o g*\) I rrv/(lJrrzv). (3)

As discussed at length in Ref. [37], the adiabatic-impulse
approximation is not quantitatively accurate, as the correlation
range can more than double between —f and 0. However, it
correctly predicts the power law (3) satisfied by the KZ length
£, which is the unique scale of length characterizing the state
in the framework of the KZ scaling hypothesis [77-79]. In

particular, the density of pointlike excitations scales as

p o £ o gdr/ (), (4)
where d is the lattice dimensionality. The inverse,

foc B oc g/, 5)

sets a scale for the maximal quasimomentum of excited quasi-
particles [79]. With the quasiparticle dispersion, @  |k|?, the
maximal group velocity of excited quasiparticles is

% Izzfl o _L,fr(zfl)v/(lJrrzv)' (6)

When z = 1, then ¥ is the speed of sound, but in general, the
speed limit depends on the ramp time. For z > 1, the excited
quasiparticles have velocities ranging from 0 for small k to D
near k.

Most importantly for the adiabatic preparation, the KZ
length & discriminates between the KZM regime, where
£ < L and the above power laws hold, and the adiabatic
regime, where .§ > L. In the latter, the evolution remains
adiabatic up to the critical point thanks to a finite gap due to
the finite size of the system. The number of excitations decays
exponentially with the ramp time and can be often described
by a Landau-Zener process [8]. The condition & >> L trans-
lates to ramp times

> L, (7

The right hand side is the minimal time necessary to make the
uniform ramp adiabatic.

The limit r — oo might appear optimal for the adiabaticity,
but it drives (1) to zero, and the adiabatic-impulse crossover
can happen within its range of applicability for extremely long
ramp times only. In order to make the point more precise
without juggling with the limits, let us consider a ramp

€(t) ocexp(t/t) (®)

that approaches O faster than for any finite . The transi-
tion rate |¢/€| = 7/t* equals the gap A oc €? when 1772 =
exp(zvt/f). A solution for f involves the Lambert function
whose asymptote yields é o (7 In? 7)~!/@) and the KZ length

£ eV o (rln® 1)z 9)

Up to a logarithmic correction, it is consistent with the
limit » — oo of (3). However, the asymptote is approached
very slowly and requires not only the usual T > 1 but even
In T > 1 or, equivalently, the ramp time spanning many orders
of magnitude. On the one hand, for extremely long t, the
adiabatic-impulse crossover happens at an exponentially small
€ that is difficult to control experimentally. On the other hand,
for a relatively short 7, the ramp (8) can be caricatured by a
linear ramp shrinking to € = 0 near t & —0.157, resulting in
an effective reif = 1. Thus, for T spanning one or two orders
of magnitude, & appears to satisfy the power law (3) with
reft € (1, 00) depending on the range of t. This is similar to
the KZM in the Kosterlitz-Thouless transition [80,81].
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In order to avoid these traps we employ a simple symmetric
ramp profile with a timelike parameter u:

1, foru < —m /2,
ew)= {3 —1sinu, forlul <m/2, (10)
0 foru > /2.

This profile has a continuous time derivative at u = F /2 to
suppress initial and final excitations. For the uniform transi-
tion, we set

u=tjt. (11)

The ramp approaches its end at ¥ = 7 /2 in a parabolic way
with r = 2, which seems to be a reasonable compromise be-
tween a linear ramp and the large r limit. For later comparison
with inhomogeneous transitions, we note that

Tiotal =TT 12)

is the total time to complete the uniform ramp.

III. AN INHOMOGENEOUS RAMP TO A CRITICAL POINT

We consider inhomogeneous ramps that employ the enve-
lope function (10) with a local timelike parameter

u=«alvt —d(s, s.)]. (13)

Here, v is the spatial velocity of the ramp that we assume to
be time-independent, « is its slope, and d (s, s.) is the distance
between site s and the lattice center s.. For a NN interaction,
s is the center of a NN bond. The transition begins at s,
where € = 0 is reached first, and from where the region with
the critical Hamiltonian expands with velocity v towards the
edges of the lattice (see Fig. 1). For an L x L square lattice, it
takes a total time

T +1L—1
Total — —— - =
“ v V2

to fully execute the ramp everywhere between its center and
four corners. The offset 7~ is due to the finite width of the
ramp. This is the time needed for € to reach O at s, plus the
time from when € starts decreasing until it becomes 0 at the
corners.

When the critical exponent z = 1, quasiparticles confined
inside the expanding critical region have a definite speed of
sound c. A quasiparticle mode evolves adiabatically under
continuous change of its parameters when

lw/w| K w, (15)

(14)

where w(?) is its instantaneous frequency. For a quasiparticle
confined in the gapless region of size L, the frequency w =~
¢/L and the condition becomes

L<e, (16)

i.e., the critical region’s expansion has to be subsonic.

Setting v & ¢ in (14), we obtain an estimate for a lower
bound on the total time required for the inhomogeneous adia-
batic preparation:

b4 1L 1L

> N = 17
Tiotal > +Cf c\/— a7

For finite L, the time offset ;- favors steeper ramps with
larger o, however, we have to keep in mind that (17) requires
smooth ramps with o << 1 such that the lattice discreteness
can be ignored. Therefore, within the range of applicability of
(17), @ S 1 is the optimal choice, but with increasing L, any
o < 1 becomes equally good. For a smooth ramp and large
enough L, we have Ty, o L that scales with L better than the
total time required to make the uniform ramp adiabatic. For
z = 1, the latter is equal to L' according to (7) combined
with (12).

IV. QUANTUM ISING CHAIN

To begin with, we consider the 1D quantum Ising chain:

ZJs s+1(t) 5+1

The transverse field and the interaction are ramped as g,(¢) =
1+ e€(u) and Js511 = 1 — €(u), respectively, towards the
quantum critical point at g = 1 = J, characterized by the ex-
ponents z = v = 1. The speed of quasiparticles at the critical
point is ¢ = 2.

Figure 2(a) shows the final density of excited quasiparti-
cles in a finite chain with open boundary conditions after an
inhomogeneous ramp, as a function of the ramp velocity. For
smooth ramps with slope o <« 1, we can clearly see suppres-
sion of excitations when the ramp is slower than the speed of
sound ¢ = 2. The picture is further corroborated in Fig. 2(b),
where the density is scaled by a factor =%/ and shown as
a function of scaled velocity v/c. For the smooth ramps, the
scaled plots collapse. Setting s. = 0, the profile (13) becomes
u = a(vt — s) and, from the point of view of site s, it appears
locally like a uniform ramp with a ramp time

L
=Y &tyol.  (18)
s=1

r=a vl (19)

As we elaborate in Appendix, for supersonic v > ¢, the ramp
indeed proceeds as if it were locally uniform, leaving behind
the quasiparticle density scaling like d o T]ocz /13 o a?/3. This
effective locality follows from the inability to communicate
what happened behind the supersonic front to the area ahead
of it. However, the effective local time undergoes a dilatation
that decorates the density with an extra quasi-Lorentz factor:

Cz 3/4
d(v > c¢) %Az(av)2/3<l — ﬁ> } (20)

Here, A, is a numerical constant; compare (A25) in Ap-
pendix. A numerical integration similar to the one in the
Appendix yields A, = 0.049, while the best fit in Fig. 2 is
Ay = 0.045. The latter value determines the function d(v) that
compares well with the numerical data in Figs. 2(a) and 2(b)
for all smooth ramps with the slope o < 1.

For a uniform ramp, the excitation density is d oc £~! o
772/3, and the uniform ramp becomes adiabatic when & > L
or, equivalently, T > L*?. Figure 2(c) shows the density of
excitations as a function of the total ramp time for both the
uniform and inhomogeneous ramps. It demonstrates a clear
advantage of subsonic smooth inhomogeneous ramps with
o K 1.
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FIG. 2. Quantum Ising chain. In (a), the final density of quasipar-
ticle excitations as a function of the ramp velocity v for several ramp
slopes «. For smooth ramps with & <« 1, there are no excitations for
v below ¢ = 2. Here, the theoretical prediction for v > ¢ is d(v) =
Ar(v)?3(1 — 2 /v?)/0, see (A25). A, = 0.045 is a coefficient fitted
to the data for « = 1/64. In (b), the same data as in (a) but presented
as scaled density a~%3d, plotted against scaled velocity v/c. For
smooth ramps, they collapse to a single plot consistent with scaled
a?3d() = AP /e)*3(1 — ¢ /v*)*/S. In (c), the density as a
function of the total preparation time Ty for the uniform (12) and
inhomogeneous (14) ramps. The data demonstrate the advantage of
the inhomogeneous ramp, here for the chain length L = 1000.

V. 2D FREE FERMIONS

A fermionic representation of the integrable 1D Ising chain
naturally generalizes to p-wave paired spinless fermions on a
square lattice:

H = Z(cjcs/
(

s,8")

— ycscy +Hoc) — 4A Z cjcs. 21

Here, c; is a fermionic annihilation operator, and for a given s,
the sum runs over its two NN sites s = s 4+ &, and 5" = s + &,.
The frequency spectrum of fermionic Bogoliubov quasiparti-
cles is

w(ky, ky) =2[(cos k, + cos k, — 21)*

+ y2(sinky + sinky)*]"/2. (22)

For y > 0, the model is in a critical gapless p-wave su-
perconducting phase when 0 <A < 1, and in a gapped
superconducting phase when A > 1. In the following, we set
y =1 for definiteness. When A > 1, the gap is w(0,0) =
4|1 — 1]'. Near the phase boundary, it closes with an exponent
zv = 1. In the following, we consider ramps ending at Ay = 1
and parameterized as

Au) = Ay + (A — Ap)e(u), (23)

where A; = 2 is an initial value. At Ay = 1, the gap closes at a
Fermi point (k, k,) = (0, 0).

This Fermi point results from merging, as A — 17, of
two Fermi points that coexist within the gapless phase, 0 <
A < 1, located at +(kp, —kF)/«/i, where kr = /2 arccos A.
Near each of them, we can parametrize (kx, k,) = (£kp +
g+ p, Fkr — q + p)/~/2 and expand the dispersion for small
P, q. Close to both Fermi points, w? ~ cl%()n)p2 +c2()\)q2,
where ¢, and ¢, are the quasiparticle velocities in orthogonal
directions. c,(A) monotonically increases with A from ¢,(0) =
0, while ¢, (4) decreases to ¢ (1) = 0 at the phase boundary.
At A =1, the two Fermi points merge at (k, k,) = (0, 0).
Near this double Fermi point, there is a finite speed

cp=2\/§

in one direction and a quadratic dispersion w o ¢* along
the orthogonal direction. The dynamical exponents in these
directions are z = 1 and z = 2, respectively. The quadratic
direction is the one along which the two Fermi points merge
asA — 1.

(24)

A. Uniform ramp

For Ay = 1, the uniform ramp approaches the critical point
in a parabolic way with r = 2, and the gap closes with zv = 1.
It fails to be adiabatic at 7 oc 7/?/U+") = £2/3 In each of
the two orthogonal directions with z = 1, 2, quasiparticles
become excited up to k. = (7/7)"” = t=2/32 and, therefore,
their density should scale with the ramp time as

d o kykr oc T 1 (25)

This power law is consistent with the numerical results in
Fig. 3 for a sufficiently large system size L.

For a crosscheck, we also consider the excitation en-
ergy per site. At Ay =1, the dispersion near the Fermi
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FIG. 3. 2D fermions - uniform ramp. In (a), the density of excited
quasiparticles d as a function of the total ramp time 7o, for different
system sizes L x L. d oc ™! in (25) is consistent with the data for
large enough system sizes. The fit for L = 60 in the linear region
gives exponent —0.99(3) with uncertainties corresponding to the
95% confidence interval. In (b), the density of excitation energy, e,
as a function of the ramp time. e o« T=>/3 in (28) is consistent with
the data for large enough L, where the fit for L = 60 gives exponent
—1.64(4). The insets in (a) and (b) show, respectively, scaled L*?d
and L>?e as functions of scaled time L™3/?1y. The collapse of
the scaled plots confirms that T >> L*? marks the crossover to the
adiabatic regime.

point is
4
q
w2%8q2+p4—?—2q2p2 (26)
q\’ r\*
o~ —4/3]| g 2 4
T ajl — | +a5| — . 27
|: 1<k1> 2(k2>i| @7

In the second line, we kept only the leading term for large
7. Here, the nonuniversal constants a; , are coefficients in the
asymptotes 121 =a;t %3 and 122 = a,7 /3. Given that |p| and
g are excited in the range from 0 up to k; and k,, respectively,
Eq. (27) implies average energy of excited quasiparticles o
772/3 and the excitation energy density scaling as

eoxt Pd ot (28)

in agreement with Fig. 3(b).
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FIG. 4. 2D fermions - effective speed limit. In (a), the final den-
sity of quasiparticle excitations as a function of the ramp velocity
v. The ramp ends at Ay = 1 where the speed is highly anisotropic:
¢, = 2+/2 but ¢, = 0. Here ¢, is marked by a vertical dashed line.
For the smooth ramps with @ < 1 and the fastest velocity, the density
satisfies d oc ! in accordance with the power laws for uniform
ramps in Fig. 3. A smooth supersonic ramp is effectively uniform.
In (b), the same data as in (a), but presented as scaled density a~'d
as a function of v/c,. For decreasing o, they tend to collapse to a
single plot. Here, the lattice size 60 x 60 is much larger than the
ramps’ widths 1/a.

For large enough L, Figs. 3(a) and 3(b) demonstrate the
crossover to the adiabatic regime. In a finite system of linear
size L, the minimal quasimomenta p, ¢ &~ 1/L and, for large
enough L, it is the nonzero speed ¢, = 24/2 in the direc-
tion z = 1 that determines the minimal gap oc L™! in (26).
Accordingly, the KZ scale of length that is relevant for the
minimal gap is & ock;! oc 723, and the uniform ramp is
adiabatic when &, > L or, equivalently, T > L2, This pre-
diction agrees with the insets in Figs. 3(a) and 3(b) that show,
respectively, scaled L*/?d and L>/?e as functions of scaled
time L3/27,y,. The collapse of the scaled plots confirms that
T o L¥/? marks the crossover to the adiabatic regime.

B. Inhomogeneous ramp

The dispersion near the anisotropic double Fermi point
(26) has a finite speed ¢, = 24/2 along p and a quadratic
dispersion along ¢. In an expanding critical region of linear
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FIG. 5. 2D fermions - total time. The final density of quasi-
particle excitations as a function of total preparation time Ty, for
uniform (12) and inhomogeneous (14) ramps. The data demonstrate
the advantage of the inhomogeneous ramp with a suitable slope
o. Here, the lattice size 60 x 60 is much larger than the ramp’s
width 1/c.

size a, the minimal quasimomenta are p, g = 1/a and they
determine the minimal frequency

Wy = cpa_l + O0@@™). (29)

For large enough a, the adiabatic condition, |@,,/w,| < wpy,
becomes

da 30
7 <o (30)
Despite the anisotropy, ¢, marks a crossover to a regime where
the evolution is adiabatic (see Fig. 4). As far as causality is
concerned, the two velocities ¢, = 24/2 and ¢, = 0 in the or-
thogonal directions imply that in almost any direction (except
direction ¢ that is a set of measure zero), there is a finite veloc-
ity o ¢, and, therefore, ¢, serves as a velocity scale that marks
a crossover between supersonic and subsonic/adiabatic.

As a self-consistency check, we notice that for the smooth
ramps o = 1/2,1/4, 1/8 and the fastest velocity in Fig. 4(a),
the density d is linear in «. When we fix the position d (s, s.)
in the inhomogeneous (13) and compare it with the uniform
(11), we find that locally the ramp proceeds with a ramp time
7 = o~ 'v~!. This formula translates d o< ="', valid for a uni-
form ramp, to d  « for a supersonic inhomogeneous ramp;
compare with the scaled plots in Fig. 4(b). For a supersonic
ramp, excited quasiparticles cannot propagate across the ramp
and, for this lack of communication, the ramp proceeds as if
it were locally uniform.

The subsonic adiabaticity results in the inhomogeneous
advantage demonstrated in Fig. 5, where the density of excita-
tions is shown as a function of the total ramp time for several
values of the slope . The smooth ramps with « < 1 reduce
the density below that of the uniform ramp for a sufficiently
long total time. In other words, when a low density of excita-
tions is desired then it can be achieved by an inhomogeneous
ramp faster than by a uniform one.
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FIG. 6. Kitaev model: uniform ramps. In (a), the density of ex-
cited quasiparticles for a ramp ending at A, = 2 for different system
sizes L, where the lattice is a hexagon with L hexagonal plaquettes at
its edge, see the inset in Fig. 7. The data are consistent with d oc 77!,
where the fit for L = 32 in the linear region gives exponent —1.00(3)
with uncertainty at 95% confidence interval. In (b), the excitation
energy per site. The data are consistent with e oc 7=/3, where the fit

for L = 32 gives exponent —1.64(4).

VI. KITAEV MODEL

The Kitaev Hamiltonian [82] in a vortex-free sector be-
comes [83]

Hy =iy bi(Jia;_g + Ly + Teaz). (31

Here, 7i numbers the (vertical) J* bonds of the hexagonal
lattice. a; and by are Majorana fermions sitting at the top
and bottom ends of the 7ith J* bond, respectively. They can
be expressed by

b; = c; + c;, iap = ¢ — C;, (32)

where the fermionic annihilation operators c; live on a square
lattice. The Hamiltonian (31) is quadratic in ¢; and c;, and
the dispersion of quasiparticle excitations in a uniform infinite
system reads

oy, ky) = 2. + Joe™ 4 e (33)

where M, = (v/3/2,3/2) and M» = (+/3/2, =3/2).
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strate the advantage of the inhomogeneous ramp for slope « < 1.
Here, the lattice is a hexagon with L = 32 hexagonal plaquettes at its
edge. The inset shows a hexagon with L = 3 as an example.

Here, we fix J* = J¥ = 1 for definiteness, making the gap-
less critical phase confined to 0 < J° < 2, and consider a
ramp of J% from J; = 4 in the gapfull phase to J; = 2 at the
boundary of the gapless one:

T2 =Jp 4 (i = Jp)eu). (34)

The relevant properties of the spectrum (33) are the same as
those of the free fermions. At J° = 2, there is a double Fermi
point at (0, 27 /3) with dynamical exponents z = 1, 2 depend-
ing on the direction. It has a quadratic dispersion along k,
and a linear one along k, with velocity ¢, = 6. Consequently,
we obtain the same power laws in a uniform transition and a
similar inhomogeneous advantage as for the paired fermions,
see Figs. 6 and 7, with the advantage stemming from an
effective speed limit set by ¢, despite vanishing cy, see Fig. 8.
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FIG. 8. Kitaev model: effective speed limit. The scaled density
of quasiparticle excitation as a function of the scaled velocity of
the inhomogeneous ramp as in Fig. 4. The plots tend to collapse for
smooth ramps, o < 1. Here, the lattice is a hexagon with L = 32.
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FIG. 9. 2D quantum Ising model. In (a), the logarithmic infi-
delity (36) as a function of the velocity v for different slopes «.
In (b), the log-infidelity as a function of the total time. Here lattice
size is 10 x 10, maximum bond dimension of a matrix product state
x = 128, and time step dt = 0.005.

VIIL. 2D QUANTUM ISING MODEL

The last example considered is the (nonintegrable) quan-
tum Ising model on a square lattice:

H=-Y Jyoioi— Y go;. (35)
(s,s") K

The ramp is implemented as g,(t) = g.[1 + €(u)] and
Jos (1) = J:[1 — €(u)], with u being either uniform (11) or in-
homogeneous (13). We fix the energy scale by setting J. = 1.
The para-ferromagnetic quantum phase transition is located at
gc/Je. = 3.04438 [84].

A quantity of interest is the logarithmic infidelity between
the final state and the final adiabatic ground state:

1
f=—n (W rIGSs) 2, (36)

where N is the number of sites. In an integrable fermionic
model, we would have

1 1
fz—NZIH(l—pj ~sz,=d. (37)
J J

Here, the sum runs over all fermionic quasiparticle modes of
the final Hamiltonian, p; is the excitation probability of the
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Jjth mode, and the approximation is accurate when p; <1
for all modes. Therefore f can be thought of as a substitute
for the density of quasiparticle excitations d in the case of a
nonintegrable system.

Our simulation results are shown in Fig. 9. The exponential
growth of the matrix product state’s bond dimension with
system size limits the simulations to a 10 x 10 lattice with
open boundary conditions. Figure 9(a) shows the infidelity
as a function of the ramp velocity. It is clearly suppressed at
low velocities but the speed of sound is obscured by finite
size effects. Nevertheless, as shown in Fig. 9(b), there is a
clear advantage of a suitable inhomogeneous ramp over the
homogeneous one in terms of the infidelity as a function of
the total preparation time. Due to the limited size, « = 1, 1/2
are the optimal slopes as they not only minimize the excitation
but also their small width limits the time offset.

VIII. CONCLUSION

For a system with a definite speed of sound at the critical
point, ¢, a subsonic inhomogeneous ramp starting from the
center of the lattice requires shorter adiabatic preparation time
than a ramp uniform in space.

This conclusion generalizes to situations where the energy
gap is inversely proportional to the linear size of the expanding
critical region. The numerical prefactor of the proportionality
defines a velocity scale that marks a crossover to the adiabatic
regime.
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APPENDIX: SUPERSONIC RAMP IN
THE 1D QUANTUM ISING MODEL

For clarity and to connect with Refs. [8,64], in this Ap-
pendix, we set J = 1 in the Hamiltonian (18) and ramp only
the transverse field g;. Furthermore, we assume that an inho-
mogeneous ramp does not start in the center but is moving
from the left to right with velocity v. Behind the ramp, at site
numbers s < vt, the transverse field is the critical g = 1 and
for s > vt, it increases monotonically to g; = 1 + ¢; far ahead
of the ramp. The critical g; = 1 is approached as

=g —l=€lals—v)]~e-[als—vr)]" (Al
for sufficiently small positive «(s — vt). For v greater than
the speed of sound at the critical point, ¢ = 2, we will map the
inhomogenous ramp to an equivalent uniform one.

After the Jordan-Wigner transformation to spinless
fermionic operators c;,,

(A2)

ol =1- 2cjcs,

of = —(c;+cD [ [ —2¢le), (A3)
the Hamiltonian becomes
L L—1
H=2 ngc;"cx - Z(c;'mn + cyr1cs + Heel).  (A4)

s=1 s=1

It is diagonalized to H = Ey + Y, Ww ¥, v by a Bogoliubov
transformation ¢, = Zﬁl:l(usqmym + v;my;) with m numer-
ating L eigenmodes of stationary Bogoliubov-de Gennes
(BdG) equations,

+ _ F _ +
wmus,m - 2g5us,m ZMXII,m’

(AS5)

with w,, > 0. Here, ui[m = U,y £ Vs - A time-dependent ver-

sion of the BAdG equations is

ut ut ul —ut
i ') =2¢elas—v)lo*| " ) +205[ 7 ).
us_ us_ I/l; - usfl
(A6)

Here, we suppressed the mode number m. For a uniform ramp,
we would have € = g; — 1 o< (|¢|/t)" for sufficiently small
negative ¢/t in place of the inhomogeneous (A1). Locally, i.e.,
for a fixed position s, the inhomogenous (A1) approaches zero
on a timescale

7 o (v)” L (A7)

For a supersonic ramp, this simple observation can be refined
by mapping the inhomogeneous (A6) to a uniform transition
with an effective ramp time 7 > t.

To this end, we make a transformation:

(A8)

s =3,

62 ~
+ 1—; f.

It introduces a local time variable 7 measured with respect
to time when €, becomes 0 for a given s. Defining y =

V1 —c?/v? and

e |«

t= (A9)

ut(t) = uiG + y2f> = i (7), (A10)
we obtain
5 - . . 1
“;r+1(t) = “§++1 (; + yzt) = u;;l (t — v_y2> (A11)
_ (5 N\ . 1
u_ O =u_ |\ - +yir)=i_ (1 +—) (A12)
v vy
and (A6) becomes
it (7) i ()
iop| * | =2y%e(ayPvi)ot| T
i (f) i (f)
i@ — it (F— L
+2p2%%| ~f1(~ ”{2) . (A13)
it (1) — ity (T + 572)

Anticipating that relevant modes are smooth in §, we ex-
pand @i, to first order in 3 and then also to first order
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in o

et
i(l + S 4 Eaxi8§>8;<'f>
v v u
+

~ +
= 2y26(ayzvf)0x<g > + 2y20»"iag<;‘_>. (Al14)

Here, ii* = i () for short. A substitution

aty _ ag\ ks
<ﬁ> =5, <b];)e , (A15)
where
2 -
S, = -z W (A16)
0 1
brings (A14) to
o a,; _ 2~ _x a,; AT a,;
13,(b12> = 2ye(ayvi)o (bk) 2ko (bk>
~C 7~ a/}
+ 2k—[1 + e(ay~vi)] , (A17)
v blZ

where we systematically neglected terms oc k> and higher.
Here, 0’ =07V 1 — f}—Q + %az is a rotated Pauli matrix, and
the second line generates a mere phase factor that can be
removed by a redefinition:

ap = a,;e‘i’;‘”, b; = l;,;e_ﬂ;‘p, (A18)
where
dgo,; c 2~
— =2—[1 4+ e(ay vi)]. (A19)
dt v
With the asymptote in (A1) and a dilated ramp time
2\
T=r <l - —2> (A20)
v

(A17) can be brought to a nonlinear Landau-Zener form [85]

N A N R -
ld_Z(E,;) = §[|8z| o —o mgn(k)]([r). (A21)

k

Here, z=4[k|f is a new timelike variable and § =
471e)/"|k|=0 /7%= is a transition rate. As § is the only pa-
rameter, the ramp ends at z = 0, precisely at the anticrossing,
with a transition probability p,(§). The probability does not
depend on the sign of k. It is non-negligible when the transi-
tion rate 8 >> 1 or, equivalently, for |k| up to approximately
#=r/(471) We note that for v — ¢, the rate § shrinks to zero,
suggesting adiabaticity for subsonic ramps. In order to obtain

the number of excited quasiparticles for v > ¢, the probability
pr(8) has to be integrated over quasiparticle modes with a
proper measure that can be determined by initial conditions.

The initial ground state ahead of the supersonic ramp is
not affected by the approaching ramp. It is a vacuum for Bo-
goliubov quasiparticles in the quasimomentum representation
with Bogoliubov coefficients:

+

’/l . o

_ ) o eseiten,
u

Here, wy is a quasiparticle spectrum for the initial constant
value of €. If there were any quasiparticles excited above this
ground state, their density would be given by an integral,

/ﬂ dk
g 27 P

averaging excitation probability p; over the first Brillouin
zone with a uniform measure % Every mode (A22) is mod-
ified behind the passing ramp, but as it remains orthogonal to
the other modes, the measure is preserved. In order to express
it by k, we note that an inverse of the transformation in (A8),
(A9), and (A15) maps the initial state (A22) to

~+ -
u T i F(1—c2 /2
<ﬁ_> x ethe it (1—c* /v )7

where k = k — 2% For a sufficiently large initial ¢;, the quasi-
particle dispersion wy is nearly flat, and & is just shifted by
a constant with respect to k. Therefore the density of excited

quasiparticles can be approximated by an integral over &:

(A22)

(A23)

(A24)

dk
d(l) > C) ~ / 2_pr(8) :Ar%—r/(1+r)
T

241

__r C2 4z

= Ar'L' 1 — - .
v

Here, A, is a nonuniversal constant. Numerical integration
yields A, = 0.039, while A, = 0.029 is the best fit to data ob-
tained by simulation of a supersonic inhomogeneous ramp of
the transverse field g;. We note that the values of A, provided
here are for linear ramp of the transverse field considered in
the Appendix, and the values of A, appearing in the main text
are for a smooth ramp of both transverse field and couplings
considered there. Equation (A25) is used in Fig. 2 as a theoret-
ical function with A, being its only fitting parameter. Finally,
we notice that for v > ¢, the density

(A25)

dv>> o)~ At T (A26)

with a local ramp time 7 in (A7), is the same as the density
after a uniform ramp with the same global .
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