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Multiple tunable real-space degeneracies in graphene irradiated by twisted light
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We report the theoretical discovery of multiple real-space degenerate Floquet-Bloch states in monolayer

graphene coherently driven by twisted circularly polarized light. Using Floquet theory, we characterize the
real-space structure of quasienergies and Floquet modes in terms of the orbital angular momentum and radial
vortex profile of light. We obtain the effective real-space Floquet Hamiltonian and show it supports crossings of
Floquet modes, especially at high-symmetry K and I" points of graphene, localized at rings around the vortex
center. At specific frequencies, the vortex bound states form a multiply degenerate structure in real space. This
structure is purely dynamically generated and controlled by the frequency and tuned by the intensity of twisted
light. We discuss the experimental feasibility of observing and employing multiple real-space degeneracies for

coherent optoelectronic quantum state engineering.
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I. INTRODUCTION

The proposal to generate quantum Hall states dynamically
in irradiated graphene [1] opened a new research area [2—4]
to harness the novel nonequilibrium dynamics of many-body
systems, including the experimental realization of Floquet-
Bloch bands in the solid state [5,6] and synthetic systems
[71, theoretical advances in understanding the quantum ther-
modynamics of driven quantum systems [8—18], and Floquet
topological phases in quantum materials [19-37]. The Floquet
topological phases in graphene irradiated by circularly polar-
ized light are characterized by a pair of topological invariants
associated with quasienergy gaps at the Floquet zone center
and boundary. As the frequency and amplitude of the light
vary, the invariants change discontinuously at gap closings.
Corresponding to these invariants are midgap modes bound
to the edges of the sample that traverse the quasienergy gaps.
Thus, spatial modulations of the light amplitude or frequency
could be used to control the quasienergy gap structure and
realize novel optically tuned functionalities [23,38,39].

A dramatic display of spatially modulated light is realized
by optical beams carrying nonzero orbital angular momentum
(OAM), the so-called twisted light, in which the field ampli-
tude has a radial vortex profile and its phase winds around the
propagation axis [40—47]. Both twisted linearly polarized and
circularly polarized light break time-reversal symmetry and
realize a Chern electronic insulator in graphene. However, de-
spite the spatial variation, linear polarization does not induce
variations of the local Chern marker [48-52]. Since uniform
circular polarization induces topological phase transitions by
tuning the light frequency as well as its amplitude [21], the
question arises whether the spatial vortex profile of twisted
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circularly polarized light can thus create multiple coexisting
topological phases.

In this work, we demonstrate that irradiating graphene with
twisted circularly polarized light can indeed realize multiple
Floquet topological phases in the same sample. These phases
form concentric rings around the light vortex center with a
spatial profile determined by the amplitude and frequency of
light. At the edges of the rings, the associated quasienergy
gap at the Floquet zone center or boundary closes, resulting in
Floquet edge modes. Moreover, we find that rings for different
gap closings can be tuned to coincide at an infinite set of
frequencies, thus creating multiple real-space degeneracies of
Floquet bound states. The radii of these degenerate rings can
still be tuned by the optical field amplitude, opening a new
avenue for optical quantum engineering and control of many-
body electronic states. We provide analytical and numerical
evidence for these multiple tunable degeneracies and propose
a protocol for quantum state control for Floquet bound states
at high-symmetry points of graphene’s Brillouin zone.

II. SETUP AND MODEL

We consider graphene subject to coherent circularly
polarized light carrying orbital angular momentum at nor-
mal incidence, with vector potential components in the
graphene plane coordinates x + iy = re® satisfying A, +
iAy, = Ao f(r)e'+m9) Here Ay is the amplitude, Q is the fre-
quency, the integer m is the OAM, and f(r) is the radial vortex
profile of the beam. While the precise form of this profile is
Laguerre-Gaussian [41], we will show analytically that our
results do not depend on the specific choice of f(r) as long as
it vanishes at the vortex core. For our numerical calculations,
we choose a simpler Gaussian form, f(r) = (r/&)"e= /8",
which vanishes with a power m # 0 for r < &, the vortex
size of the order of the wavelength of light. We also assume
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& > ap = 0.142 nm, the graphene lattice spacing, which al-
lows us to treat the position r (a9 < r S &) semiclassically as
a parameter in our theory just as 2 and Ay.

We calculate the Floquet eigenstates u{”(k, r, ) and the
quasienergies ¢™(k,r) satisfying the Floquet-Schrodinger
equation Hpu™ = ¢™u™, where the Floquet-Bloch Hamil-
tonian in the sublattice basis of graphene is given as (A = 1 in
our units),

B —id, —yZ(k,r,t)
HF<k’r’”_<—yz*(k,r,t) ~id, ) v

Here, k is the lattice momentum in graphene’s Brillouin zone,
y =2.7¢eV is the nearest-neighbor hopping amplitude of
graphene and the tight-binding structure factor Z(k, r,7) =
23'21 lkF(e/OArDla;  \where the nearest-neighbor vectors
a; = ap(cosbj,sin6;), with 0; = (2j — 1)7 /3. Keeping the
lowest order in the Fourier expansion of Z(r) (see Ap-
pendix A), we obtain

e(T) = nQ + 3y Jo(af(r)), @)
W L1 e
=L )er )

at the I" point, and
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at the K point, K = (0, —1)4x/ 3ﬁa0. Here, the dimension-
less amplitude o = eApap/c, J, is a Bessel function, and uy s
are time-independent functions of position.

Using Egs. (2) and (4), we find at the Floquet zone center,
the crossings occur between £nr Fourier modes at the I'
point and between ng, —ng — 1 modes at the K point, where
nr, ng > 0 satisfy

Q
|Jolaf(r))l = I (6)
v
Q
[Ti(eef(re))l = Vg (ng + 1)5- (N

Similarly, at the Floquet zone boundary, we find crossings
between nr, 1 — nr Fourier modes at the I point and +ng
at the K, with nr, ng > 0 satisfying

J = )2 8

|Jo(af(re))l = (nr - §>§ )]

|Ti(@f(re))l =y /ng — 12 ©)
I e

Due to the structure of Z(¢) at these high-symmetry points
[21] (see also Appendix A), avoided crossings are found when
the Fourier modes are separated by a multiple of 3. Thus,
degenerate states at the I and K points are found at the Flo-
quet zone center when nr 7% 0 mod 3 (except if nr = 0) and
ng # 1 mod 3, respectively. Conversely, at the Floquet zone
boundary, degenerate states are found when nr # 2 mod 3
and ng # 0 mod 3.

FIG. 1. Quasienergies as a function of radial position for the I"
(blue) and K (orange) points with parameter values: Q2/y = 2.0 and
o = 6. Labels show the Fourier indices nr (blue) and ng (orange) for
each branch.

In Fig. 1, we plot the quasienergies at I' and K points,
Egs. (2) and (4), in the first Floquet zone. As in Ref. [21],
the quasienergy spectrum contains various band crossings and
avoided crossings between different Fourier modes leading to
multiple quasienergy degeneracies; however, these degenera-
cies can now occur for a fixed value of frequency and light
amplitude in the same irradiated graphene setup at different
positions on the lattice. As seen for the parameters chosen in
Fig. 1, the degeneracies at different lattice momenta can also
occur at the same position. We will explore this interesting
possibility further below.

We note that multiple band degeneracies are due to the
radial vortex profile f(r) that ensures spatial variations of the
light amplitude in the subwavelength scale. The case without
OAM, m = 0, is similar to the uniform circular polarization
case [21], as is evident from the form of the vector potential.
One could ask whether similar effects could also arise for
m = 0 via spatial variations of light amplitude. However, such
variations are limited by the diffraction limit either to occur
over many wavelengths (in the far field) or to be small in
the subwavelength scale (in the near field). Thus, the vortex
profile concomitant with m # 0 is necessary for the effects
discussed in this work.

III. EFFECTIVE FLOQUET HAMILTONIAN

To describe the real-space electronic structure near
quasienergy band crossings, we project the Floquet-Bloch
Hamiltonian onto the subspace of the two degenerate modes
around I'" and K points to obtain an effective Hamiltonian,
which has the general form,

Hr(k,r) =d(k,r) -0+ uk, ro, (10)

where the Pauli matrices o act on the pseudospin subspace of
the states u at the crossing, and p is a dynamically generated
mass term that depends only on the radial coordinate k and r.
Here k is measured from either I" or K point (not spanning the
entire Brillouin zone). Exactly at the I and K points, d = 0
and ©(0, r) is nothing but ei’) (") or sgf)(K ), respectively.
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TABLE 1. The conditions for various multiple degeneracies
of I' and K points, either of which can occur at Floquet zone
center (FZC) or Floquet zone boundary (FZB). Here, Jk;r =
[T f(re))] Tolef(re))l.

Multiple I' at FZC I' at FZB
degeneracies (nr # 0 mod 3) (nr # 2 mod 3)
K atFZC Tk = 7"'(:;1(“) Tk = 7’;';(:'{7;1)
(ng # 1 mod 3)

/n2 _ /"2 _
K at FZB Jx;r = §7F1/4 Txr = nl-,il/l2/4

(ng # 0 mod 3)

Also, as seen from Fig. 1, 8$ ) and hence (r) vanish and

changes sign at a critical radius r,, which results in gap closing
either at the Floquet zone center, n<2, or at the Floquet zone
boundary, (2n + 1)£2/2. Detailed calculations of the effective
Hamiltonian are presented in Appendix B, where we confirm
that, as with untwisted light [21], except for the quadratic I'-
point crossing at the Floquet zone boundary all other crossings
are linear.

We find the Floquet eigenstates near band crossings by
converting k to the real-space operator —iV, and solving the
resulting differential equations. The details of our solution
are presented in Appendix C. Here, we note that the effec-
tive Hamiltonian commutes with a pseudo-OAM operator /,
that combines the orbital and pseudospin angular momentum.
Thus, we label the eigenstates of Hr with eigenvalue / of the
pseudo-OAM operator, y;(r)" = [+ Pw (r), e-Pw_(r)],
where again =+ refer to the pseudospin subspace, and /5 are
combinations of pseudo-OAM, [, and pseudospin eigenvalues.
The complete Floquet eigenstate in the sublattice basis of
graphene takes the form

Yi(r, 1) = e Pwy (Nup(r, 1) + e Pw_(ru_(r,1), (11)

where uy are given by Egs. (3) and (5) at the corresponding
crossing.

We are particularly interested in bound-state solutions for
which wy are localized around r., where the mass term van-
ishes. These bound states form a ring of radius r, separating
two gapped regions in the graphene sheet. We present analyt-
ical properties of these bound states in Appendix C.

IV. MULTIPLE REAL-SPACE DEGENERACIES

Remarkably, one can tune the ring of bound states for
different crossings to coincide at the same r.. This realizes
multiple real-space degeneracies between various crossings.
Using Eqgs. (6)—(9), we summarize the general conditions for
multiple degeneracies at Floquet zone center and boundary in
Table I. Interestingly, since it is the value of « f(r.) that is
fixed by these conditions, the position of the multiple degen-
erate rings, 7., can itself be tuned by the amplitude «.

For example, at the highest frequency, the critical radius
for multiple degeneracies of the I'- and K-point crossings
are found at the Floquet zone center with nr = ng = 2 for
af(r.)~ 1.6 and Q/y =~ 0.7, and at the Floquet zone bound-
ary with np = ng =1 for af(r.) ~ 1.8 and Q/y =~ 2. For
these values of nr and ng, we plot af(r.) as a function of

(a) Floquet zone center (b) Floquet zone boundary
50 5,
4 4
— 7T
K

FIG. 2. Crossings and multiple degeneracies at I (blue) and K
(orange) points at (a) Floquet zone center with np = ng = 2, and
(b) Floquet zone boundary with nr = ng = 1. The multiple de-
generacies at (a) af(r.) =1.6, Q/y ~ 0.7 and (b) af(r.) = 1.8,
Q/y =~ 2 are indicated by dashed lines.

frequency in Fig. 2. Multiple degeneracies are obtained at the
intersection of these plots, giving rise to an infinite set of
degenerate frequencies. There is in fact an infinite family of
such sets, depending on the degenerate Fourier indices nr and
ng. This offers a large space of parameters to obtain and tune
multiple degenerate states.

Alternatively, real-space degeneracies may also be ob-
tained for one crossing at the Floquet zone center and the
other at the Floquet zone boundary. When the former is a I'-
point crossing we find nr = ng = 1 at the highest frequency
Q/y =~ 1.8 and af(r.) = 1.3. When the former is a K-point
crossing we find np = ng — 1 = 1 at the highest frequency
Q/y ~ 0.7 and af(r.) & 2.2. We note that these multiple
real-space degeneracies are distinguished from the higher-spin
momentum-space multifold fermions protected by crystalline
symmetries [53-56] by the fact that they occur at different
lattice momenta and possibly even different quasienergies, but
are localized in the same region of space.

V. NUMERICAL RESULTS

We numerically diagonalize the Floquet time-evolution op-
erator using the full tight-binding Hamiltonian in real space
and obtain the Floquet spectrum. We take a graphene sample
with a disk geometry of radius 3 nm ~21ay. The twisted light
is implemented as f(r) = (r/€)™e /5" with r measured
from the center of the disk. We take a large value of & = 100q
to explore the Floquet states within the light vortex core. The
values of other parameters are chosen so that, based on our
analytical expressions, we expect to obtain a band crossing at
either the I' point or K point at the Floquet zone boundary
within the disk. Note that these values are not representative
for experiments, rather they are chosen to allow efficient nu-
merical simulations for relatively small system sizes. The full
code generating our results is available online [57].

Our results are shown in Figs. 3 and 4. We find that the
states near the Floquet zone boundary shown in Fig. 3 are
indeed localized either within the disk (shown by black dots)
or near its edges (red circles). This is so because the two
regions separated at r. are in different Floquet topological
phases.
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FIG. 3. Quasienergies near Floquet zone boundary for (a) ¢ = 3,
m=1,& =100ay, 2/y =5.8,and (b) ¢ = 22.3, m = 1,& = 100ay
nm, and Q2/y = 1. Analytically, we expect a single I"-point crossing
for (a) at r. = 1.76 nm and a K-point crossing for (b) at r. = 2.04
nm. The black dots and red circles represent bulk and edge bound
states respectively. The numbered bulk edge states are presented in
Fig. 4.

We present the wave functions of several localized states
within the sample in Fig. 4. The real-space probability dis-
tributions | (r)|?> shown in Figs. 4(a) and 4(d) clearly show
localization near the expected values of r. = 1.76 nm and
ro = 2.04 nm (shown as red dashed circles) for the I'- and
K-point crossings, respectively. They also show an intri-
cate orbital structure within the sample due to pseudo-OAM
eigenvalues, for which we present explicit expressions in
Appendix B, that results in the variety of shapes of the wave
functions.

In order to test our analytical results, we find the dom-
inant momentum-space contribution to the bound states by
performing a numerical Fourier transform of the wave func-
tions separately for each sublattice to obtain 4/p(k) =
> ceasp € T (r). The probability distributions [/ (k)|* and
|¢B(k)|2 are shown in Figs. 4(b), 4(c) and 4(e), 4(f). They
show clear localization around I' and K points, respectively.
Thus, our numerics confirm our analytical findings and pro-
vide additional information about the orbital structure of the
bound states.

VI. DISCUSSION

The topological nature of Floquet states we have un-
covered here can be seen via Floquet topological in-
variants [21], Cy(r) and C,(r), calculated in the semi-
classical approximation in which r is treated as a pa-
rameter in the Floquet-Bloch Hamiltonian (1). For ex-
ample, for the parameter values as in Figs. 3(a) and
4(a), we have af(r) < 0.366 for r < r. = 1.76 nm, which
corresponds [21] to a change from C,(r <r,) = -2
to Cy(r >r.)=0 while Cy(r) =1 throughout the sam-
ple. The change AC;(r.) = 2 happens through a quadratic
band touching at the Floquet zone boundary at the I" point
[21], in agreement with the effective Hamiltonian derived in
Appendix B.

Moreover, by bulk-boundary correspondence, a change of
the Floquet topological invariants Cy and C;; at r, corresponds
to topologically protected bound states localized around

r = r, at, respectively, the Floquet zone center and boundary.
This explains the existence of bound states shown in Fig. 4(a).

Since it is the value a f(7.) that is fixed for a given fre-
quency, the value of 7. can be changed by tuning «. In Fig. 5,
we show our numerical results for « = 6 while keeping the
other parameters the same as in Fig. 4(a), for which r, = 0.88
nm. As expected, the bound state wave functions are now
localized around the predicted value of r.. This proves both
the tunability and the topological nature of multiple phases
and bound states in the sample due to topologically protected
quasienergy degeneracies.

The main property of the twisted light we have focused
on so far is the vortex profile f(r), which creates a spa-
tially variable amplitude o f(r) and, therefore, the possibility
of concurrent realizations of multiple Floquet topological
phases in the same sample. The OAM and angular winding
of light also appear in the wave functions of the Floquet
states, Egs. (3) and (5), and the pseudo-OAM eigenvalues in
Eq. (11). While the vortex profile is a consequence of m # 0,
it is natural to ask if this angular dependence manifests itself
more directly. We answer this question in the affirmative by
investigating a way to control the quantum states of multi-
ple degenerate bound states associated with I'- and K-point
crossings.

In particular, we propose to manipulate quantum superpo-
sitions of the I'- and K-point multiple bound states through
a localized real-space scattering potential V (r) that connects
I' to K. Such a potential must have some variation between
the two sublattices with wave vector K, which can naturally
exist at the edges of the system or may be created artifi-
cially. By tuning the light amplitude «, we can tune r. for
multiple degenerate states to coincide with the region where
V(r)#0.

As we show in Appendix D, due to the differences in
the linear vs. quadratic band crossings, for such a potential
to have nonzero matrix elements between I'- and K-point
degenerate states, the light OAM must take values m = £2
at Floquet zone center and m = +£1 at Floquet zone boundary.
Assuming the scattering potential has a primary wave vector
K, the dominant scattering process connects I" not only to the
K-point bound states, but also to the K’-point bound states at
the opposite valley. The multiple degeneracy conditions and
OAM values for I' <> K’ and I" <> K transitions are the same.
Howeyver, the matrix elements for the two transitions can be
different from each other and may be switched by the helicity
of the circular polarization as well as the sign of m.

Therefore, employing OAM offers the possibility to
engineer and control two-level systems from multiple degen-
eracies at the Floquet zone center and boundary. In the ideal
situation of nonvanishing couplings b and b’ between, respec-
tively, I' and K, and, I" and K’, the two levels are formed from
the I"-point bound state and a superposition of K- and K’-point
bound states weighted by b and &'. Quantum operations can
proceed by tuning . via the light amplitude «: the two levels
are stationary as long as r. does not overlap with the region
V(r) # 0, while a rotation between the two levels is achieved
by tuning 7. to overlap with the region V (r) # 0 for a time
t, with a precession frequency ~+/b% + b’2. Some details of
the calculations for the quantum state manipulation process
described here are presented in Appendix E.
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FIG. 4. Probability distributions in (a), (d) real space |y (r)|?> and (b), (c) and (e), (f) momentum space |4 z(k)|? for states numbered
1-9 in Figs. 3(a) (top row) and 3(b) (bottom row). The red dashed circles show values (a) r. = 1.76 nm and (d) . = 2.04 nm calculated
analytically for I'- and K-point crossings at the Floquet zone boundary, respectively. The black circles in (a) and (d) denote the edge of the
graphene sample. The blue hexagons in (b), (c) and (e), (f) mark the graphene Brillouin zone.

The parameters in our simulations were chosen for nu-
merical feasibility and illustration purposes. For electric field
amplitude 2 x 108 V/m in the laboratory, corresponding
to intensities 10° W/cm?, we obtain o ~ 1072($2/y)~". So,
for Q/y ~ 0.1, we can achieve o = 0.1. Since the vortex
profile f(r) <1, we must have o 2 af(r.) to realize mul-
tiple degeneracies. For f(r.) <1 we find r. ~ & ~¢c/Q =
5 x 10%ay. Thus, um-sized samples of graphene can accom-
modate multiple degeneracies near their edges. One may
utilize higher Fourier modes to enlarge the experimental
feasibility of parameters for multiple degeneracies. For exam-
ple, fixing ng = 2 and varying nr > 2 (and # 0 mod 3) we

(b)
]2
1.0
6

% 0.5

‘ :

e

<

e

obtain the highest-frequency multiple degeneracies for
af(r.)~ 2\/6n;1 and Q/y = 311;1 at the Floquet zone cen-
ter. Similarly, fixing ng =1 and varying nr > 2 (and #
2 mod 3) we obtain the highest-frequency multiple degen-
eracies for «f(r.) ~ 2/3Q2nr —1)~" and Q/y ~ 6(2n; —
1)~! at the Floquet zone boundary. Taking the Fourier mode
nr = 10, we have o f(r.) ~ 0.5 at Floquet zone center and
af(r.) ~ 0.2 at Floquet zone boundary with /y ~ 0.3 in
the infrared.

We have studied the interaction of twisted circularly po-
larized light with graphene and shown, both analytically
and numerically, that multiple Floquet topological phases

BN (@Y Yy ey

i 2 - [ = ¥ 2
e ATE A A s AR
RN PN N

i 05 c : ; 05
b T o T

<

FIG. 5. Probability distributions in (a) real space | (r)|> and (b), (c) momentum space |4 z(k)|?> for the I'-point crossing. Here o = 6
while other parameters are the same as in Fig. 3(a), so that now r. = 0.88 nm shown by the red dashed circle in (a).
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can be realized in the same sample. At certain frequencies,
multiple real-space degenerate states become possible and
may be tuned by light amplitude, thus creating a possible
route for in situ optical quantum state control of light-matter
bound states. Multiple real-space degeneracies occur and can
be tuned at subwavelength scale within the light vortex core.
By contrast, without OAM, optical field variations can only
resolve Floquet topological phases on the scale of many wave-
lengths.

Future work on local topological markers of various multi-
ple real-space degeneracies can also characterize their optical
and magnetic properties. An interesting possibility to explore
is using additional harmonics [39] of twisted light to control
the quantum states of the valleys, which may be operated with
graphene leads.
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APPENDIX A: FLOQUET SPECTRA

Here we calculate the full quasienergies of the Floquet-
Bloch Hamiltonian (1) for both the I' and K points.
The time-dependent Hamiltonian is expanded in its Fourier
components and organized similar to a time-independent
Hamiltonian in the extended Floquet-Hilbert space [58,59].
Using the expression,

3
Z(K,r,t) = Zez[kJr(e/c)A(l .0l ZZ (k, r)e””Q’

j=l1
(AT)

the Fourier components of the tight-binding structure factor
are given by

Zy(k,1) = injn(af(r))[(_l)"eikm

. 3 .
+ 2¢0/2 cog <? + %kya())]emm‘ﬁ,

(A2)

where 7, are Bessel functions, and o = eAgay/c is the dimen-
sionless amplitude.

Quasienergies obtained here improve the lowest-order ex-
pressions in Egs. (2) and (4) by adding contributions from
higher Bessel functions. For numerical purposes we truncate
this expansion by keeping a maximum order of Bessel func-
tions set to n = 12, shown in Fig. 6. As a result, the frequency
at which the first multiple real-space degeneracy at Floquet
zone boundary, shown in Fig. 2(b), occurs is shifted from
Q/y =2 in the lowest-order approximation to Q/y =~ 1.6
in the full calculation. This correction is more pronounced
for the K point since the next-order Bessel function [/, con-
tributes more than the next-order Bessel function 73 at the I’
point for a given value of «f(r) < 3.

0.5
— T
K
So-
W
-05 ‘ ‘
0.5 1

r/¢

FIG. 6. Quasienergies as a function of radial position for the I'
(blue) and K (orange) points with parameter values: 2/y = 1.6 and
a=6.

APPENDIX B: EFFECTIVE HAMILTONIANS
AT THE T AND K POINTS

1. Floquet zone center

Floquet modes with Fourier components Fnr are degen-
erate at ' and those with Fourier components ng, —ng —
1 can be degenerate at K with nr,ng > 0 (nr # 0 mod 3
and ng # 1 mod 3). The degenerate Floquet eigenstates

1 . i(Qu+mp) . .
are \/li(ﬂ)e*’"rﬂ’ for ' and %(E ”A>e’("’<9’+K " and

i(QU+mep) . .
%i(e “ ”B)e"“”K“)Q’_K‘” for K. Thus, in the degenerate

subspace, we find the matrix elements of the effective Hamil-
tonian at I are

up

(A" = —(Hr )F(O)——nr9+3yjo(af(7))( —%)
(B1)
(Hp)yy) = i(—l)"r%yjznr(af(r))
x[ky 4 i(—=1)" ™k, Jage e, (B2)
and at K are
H " = =" = [[(nx+ Dn? + nglQ
+6Vn$(af(r))( )}
(B3)
(Hp)fy” = i(—=1)"+D 2( 2 s @ )
x (ky — iBky)age s +me, (B4)

where 8 = +1 for ng =0mod 3 and B = —1 for ng =
2 mod 3, respectively. We have introduced

w22+ By sy
—i— = . B5
=, 3y Ti(af(r) B
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Due to the particular angular structure of H ; © and A ﬁ{( @,
we have [1-7;(0), T®]1=0 and [H;((O), [KO] =0, where
[TO and [K© are the respective psuedo-OAM operators
given by

) ) (_ 1 )l’lr‘ mod 3
[ = —idy + | nrm — — oy, (B6)

N 2 m —

KO — —idy — [M}% (B7)
Correspondingly, the eigenvalues of the pseudo-OAM opera-
tors are

—1)mr mod 3
L0 =1F (nrm — %) (B8)
2 )m —
KO 4 [M} (B9)

for I' and K, respectively. Thus, from the effective Hamilto-
nians we can see that there is a linear band crossing at both
I' and K points. The complete Floquet eigenstate for zero
quasi-energy at the I" point can be written as,

G ETE g I (O T 89

.ZF(O

4+ "0 OO k). (B10)
Similarly, for the K point
O = 0w O eul K, o)
+ e owKO (ryC DK ). (BT
2. Floquet zone boundary
Now, Floquet modes with Fourier components

1 — nr, nr can be degenerate at I and those with Fourier
components *+ng at K with np,ng >0 (nr # 2 mod 3
and ng # 0 mod 3). The degenerate Floquet eigenstates

1 VY —itar—DSt L {1\ jinrSa
are ﬁ(_l)e and ﬁ(l>e for I' and

1 (T uy g\ Li(ng Qt+Kor) :
ﬁ( s A )e for K. Thus, in the degenerate
subspace, the matrix elements of the effective Hamiltonian at

I" are
o Q 1
(Hp)[" = 5+ |:—<nr — 5)9

2
+ 3yjo<af(r>><1 - ‘fsz)}, (B12)
3
(BT —i(—l)”f—yjznrfl(af(r))
x (k +l( l)nr m0d3k )2 2 —z(2nr l)m¢ (B13)

ren _ 2| _( 1
(Hr)y, 2 e Q+ 3y Joaf(r))

(-]
4

(B14)

and at K are

(Hp)E ™ = L n+1 2y (e - 2 e
2 T2+ KTa K72

+ 6ynjl(af(r))<l )} (B15)

= Jan—1(@f(r)

K(T) _  1\(x+1)
H) = (-1) 2(2 -

x (ke — i(—1)" ™43k yqge?ikmé - (B16)
o Q 1 1 1
A =5 = | (e e (e 5) o
kzaé
+6ynjl(af(r))(l - T)} (B17)

where 7n(r) is given by Eq. (B5). We have pseudo-OAM oper-
ators /™™ and [X™ given by

~ 2nr — 1
T = g, + [%m (=Y ““’“}, (B18)

(_l)nK mod 3 )

> (B19)

iK(n) = —l8¢ — (”Km —

Correspondingly, the eigenvalues of the pseudo-OAM op-
erator are

2nr — 1
LW =15 [—( ”Fz D — 1y mO“], (B20)
—1)=« mod 3
Ko =4 <n m— %) (B21)

for I' and K respectively. Thus, from the effective Hamilto-
nians we can see that there is a quadratic band crossing at
I' and linear band crossing at K point. The complete Floquet
eigenstates for I and K are

() —npr
AR CDELR TR GUR ( §)

-lrm

+ =W P (T v, 1), (B22)
YEO @, 1) = 0wk (O (K x, 1)
+ e WO O K e, (B23)

APPENDIX C: ANALYTICAL RESULTS
FOR DEGENERATE BOUND STATES

Consider a crossing between nr = 1 modes at the Flo-
quet zone center. Using Egs. (B1) and (B2) to the lowest order
in k, we have

~ 3
AEY = pr(r)o. + - Jolef (1)ao
x [—i(k, — iky)e ™o, + Hel,  (Cl)

where the dynamically generated mass ur(r) = -+
3yJo(af(r)) and oy = (o +ioy)/2. The mass term van-
ishes at r =r, and changes sign on either side of the

gap closing. The bound-state solutions are found by solv-
IN(0)

~ )
ing the Schrodinger equation H, ,l; © (ZF(O)) = 0 after replacing
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k — —iV,. The radial wavefunctions wi(o)(r) satisfy the dif-
ferential equations,

(I¥1/2) 1 r(0)
[a’ TR YA (r))] e
 2pr(n) ro _ 2
yhafa F 2

These equations are in general difficult to solve analyt-
ically, although we still can gain some information about
the structure of u)jE Oy by looking at the limits » — 0 and
r— re. Asr — 0, up(r) — constant and J (et f(r)) ~ r*"!
and Eq. (C2) becomes

IF1
rZ\Wl| |:ar F ﬂ} wi(o) — Cow;(o) =0, (C3)
r

where ¢ is a constant. Eq. (C3) can be equivalently written as

2(Im| +1 ;
[83+%3f‘%]w§!°)=0, (C4)

where we have also used the approximation that wi(o)/ r- <

wh@ /47 Equation (C4) can be recast into the differential
equation for the modified Bessel function after suitable sub-
stitutions, yielding

WO () ~ %exp [— <ol } (C5)

2lm| = 1)

From the form of the wavefunction we can see that as r —
0, wi(o)(r) — 0 for all values of m as expected. On the
other hand, as r — r, ur(r) ~ (re —r) and J(af(r)) —
constant.

We perform the substitution wi(o)
forms Eq. (C2) into

1
32
|:r+(rc_

where ¢ is a constant and we have used the approximation
|r — r.| < rasr — r. Thus we find

= rE0F1/2y that trans-

cAre — r)2:|vi =0, (C6)

wi®(r) ~ rHIFD[A — B(r, — r? + e — 1)*], (CT)

where A and B are arbitrary constants. The above solution is
peaked around r = r, and falls off on either side for all values
of / and B > A.

Next we consider a crossing between the ng = 2, —3 de-
generate modes at the Floquet zone center. From Eqgs. (B3)
and (B4), to the lowest order of k, we have

H,f ©0)

= puk(r)o; + ————vJalef(r))ao

3
2>+ 1)
x [—ilky + iky)e®™® o, + H.cl], (C8)

where

32 42 6
pk(r) = ( T >9+< 2+1)y31(af(r)) (C9)

and n(r) given by Eq. (B5). In this case also, the mass
term vanishes at » = r, and changes sign on either side. The

bound-state solution at zero quasienergy satisfies the follow-
ing differential equation for the wavefunctions wfo)(r),

(I£1/2) 1 :| K(0)
9, £ 0, Julaf(r))
[ r RACTIG R
2% + Duk(r) ko)
- w;  =0. (C10)
3yJaef(r)ag ©
Using similar arguments as before,
wi® )
N 1 exp [——(4‘”[' ‘Cio)lraﬂm\—l] r—0
i(ljFl/z)[ —B(r. —r)?+ C/z(r — r)4] r—r,
(C11)

where ¢, ¢}, A" and B’ are constants and B’ > A’. The spatial
distribution of wX ¥ (r) is similar to that of w}®(r).

The values of the constants co, c1, ¢;, and ¢} are fixed by
the system parameters <2, «, |m/|, and r,.

APPENDIX D: SELECTION RULES FORT — K
TRANSITION

1. Floquet zone center

For the I' — K transition, we firstly need a scattering
potential V (r) that connects I' and K, since they are at dif-
ferent momenta. Then in order to have a nonzero overlap
|(le(0)|V(r)|wr(o))| we get appropriate conditions on nr, ng
as well as OAM, m. Using Egs. (B10) and (B11),

(v )|y )

[l

[ r'(0) K(O) : 1(1“‘” 5O _myp i g+ DS
4wy, K(O) i ei(lf(oLlf(oLm)tl) it —nk =)
n wr(()) K(())uz G5O —m)p ,—iCnr —ng)Qu
4 w0y, K(O)u; PN =15 —m)g inrtng )Rt

wi(O)wK(O)uz ei(zfo)—zf“”)qs o i)

+ w'© wﬁ(O)uz ei(lf(o)flf(o’)qb ol =)
wi(O)wK(O) uf, ei(zf"Ll’_““% i —ng—=1)Qu

. 1T(0) K(0) .
+ wE(O)H)f(O)M:el(L -1 )¢el(ﬂr+nk+1)ﬂt]. (Dl)

Since nr, ng > 0, we see that there are two possible cases for
nonvanishing overlaps: np = ng =2 mod 3 or nr = ng +
1 = 1 mod 3. In the former case, we must have either ZF(O)
15O 4 m, which yields m =2 and (WK(O)|V(r)|1//r(O))
fo i(o)wK(O) srdr, or 1" = KO which yields m =
~2 and (1//1K(0)|V( Wy @) = [ w Owf Curar.
larly, in the latter case, we must have either
X £ m, which yields m =2 and (¥ |V@)y ) =
2w OwfOusrd., or 15© = 1¥9 which yields m = —2
and (wf“”w(r)up”‘” — [ wOwE O rar,

Simi-
Lo _
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2. Floquet zone boundary

For 2/2 quasienergy, we use Eqs. (B22) and (B23) to get
a nonzero overlap

(v v )y, ™)

oo 2 27 /2
=/ rdr/ dqb/ dt
0 0

r K - T(r)_K(r) o
x [w+(77)w (n)l/l:el(l* Iy m)qbe i(np+ng)Q

+ wr(n) K(n)u*ei(lf(”)7lf(”)fm)¢ei(nrfnk71)ﬂt

+wr(n) K@), * ,(1”’” 150 _myg o i —ng)Qu

Ty, K(ﬂ)uzei(lf(”’flfm7m)¢ei(nr+"1<*1)9f
wi(n)wf(n)uzei(zi‘”—/f‘”))q>e—i(nr+m<—1)Qz

+ wf(”)wf (n)uz Pl 1T iCnr —ng)Su
wi‘”)w’f(”)uj; T 15T y—iCnr —ng— 1)

+ w @y K(n)u: ei(lf‘”hlf‘”’w ei(nrJrnK)Qt} (D2)
Since nr,ng >0, we see that there are two possible
cases for nonvanishing overlaps: np =ng =1 mod 3 or
nr=ng+1=0mod3. In the former case we must
have either 1,7 =1X") 4 m, which yields m = —1I
and <¢K(”)|V(r)|w””>> oo wl MWt rdr or
157 = 15 which yields m = 1 and (1/;,’“”>|V(r)|1//””)>
fooo wi(”)wf(”) *rdr. Similarly, in the latter case, we
must have either "7 = ¥ 4 m, which yields m = —1
and (Y OWV@OIY ) = [P Puirar o,
157 = 1% which yields m = 1 and (le(”)W(r)W,r(”)) =
—fooo wi(”) Ky, srdr.

APPENDIX E: T' — K TRANSITION PROCESS

Let, the transition amplitudes be b = |(1le(F)|V(r)|1//r(5))|
and b’ = |(yf OV )y ®)| where,e = 0 (m = £2)ore =
/2 (m = £1). For a given quasienergy, the transition ampli-
tudes are in general different and depend on the sign of OAM.
The reason is that the potential V (r) connects the wave func-
tions at opposite pairs of sublattices for ' - K and ' — K’
for a particular sign of OAM. For example, consider multiple
degeneracies at the Floquet zone boundary with m = +1 and
nr = ng,

b=

[e9]
/ rdr w'™ (nw™ (rug), (E1)
0

b=

o0
/ rdr wh ™ (Hw P (. (E2)
0

Thus, OAM of light can distinguish between the K and
K’ points due to its non-trivial helicity. Then in the basis

{hﬁlK(e)) WF(E)) |¢K @1 V(r) can be written as,

0 b 0
viy=|b 0 v]. (E3)
0 v 0

The eigenvalues are E = 0, +=+/b* + b2 and the correspond-
ing eigenvectors are,

v b
1 1
—— 10 —_— | £V/D2 + b7
VP2 +b?\ V2(b% + b?) X

So in the presence of V (r), if we prepare our initial state at "
as, (U@ =0))=(0 1 0)7,then after time ¢,

isin(v/b% + b%t)b
! 1
|WI=KEY (1)) = ——| cos(vB? + b21)Vb? + b2
b +b?

isin(v/b* + b2t)b
(E4)
Thus, when ¢t = 2(% (v € Z), |\¥) fully transitions into a
superposition of K and K’, and when ¢t = %, |W) transi-

tions back to I'. Similarly, if we start in a superposition of K
and K, ¥t =0) =B 0 ) /Vb? + b2, then after time
ts

cos(~/b% + b2t)b
|WKE=T (1)) = — | isin(~/B2 + b21)V/b? + b2
b2 +b/2
cos(vb? + b2t)b
(E5)
Thus, when t = ;?/”bf—i% (v € Z), |¥) fully transitions into I",
and when t = W’ |W) transitions back to a superposition

of K and K’. So even though we have used a three state basis,
it is effectively a two-level system since K and K’ points are
at time-reversal invariant momenta. Therefore, using nonzero
OAM and a suitable scattering potential V (r) we have en-
gineered a method to create and manipulate superpositions
of the multiple degenerate bound states at the I' and K(K")
points.
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