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An analytical theory is developed for predicting the nonlinear susceptibility of ionic polarization to continuous
electromagnetic waves in both bulk and strained thin film ferroelectrics. Using a perturbation method for solving
the nonlinear equation of motion for ionic polarization within the framework of Landau-Ginzburg-Devonshire
theory, the full second-order nonlinear susceptibility tensor is derived as a function of frequency, temperature,
and strain. The theory predicts the coexistence of a significantly enhanced second-order dielectric susceptibility
and a relatively low dielectric loss in BaTiOs films with a strain-stabilized monoclinic ferroelectric phase and
in a strained SrTiO; film near its temperature-driven second-order ferroelectric-to-paraelectric phase transition.
In this paper, we establish a theoretical framework for predicting and exploiting nonlinear interactions between
terahertz waves and ferroelectric materials and, more generally, suggest exciting opportunities to strain-engineer
nonlinear dynamical properties of ferroelectrics beyond the static and quasistatic limits.
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I. INTRODUCTION

Nonlinear susceptibility in the terahertz (THz) band (fre-
quency: 0.1-10 THz) is critical to nonlinear THz wave
interactions such as THz high-order harmonic generation
[1-5], THz-field-induced second harmonic generation (SHG)
[6-8], and THz field-induced Kerr effect [9]. These nonlin-
ear processes underpin the development of a wide variety of
THz applications ranging from nonlinear THz spectroscopy to
high-power THz sources to THz imaging [10,11].

Ferroelectric materials, due to their noncentrosymmetric
nature, permit even-order harmonic generation and have been
widely used for nonlinear wave phenomena at optical fre-
quencies (NlO14 Hz). For example, LiNbO3, a workhorse
nonlinear optical material [12,13], is a uniaxial ferroelectric
whose spontaneous polarization (denoted as P'*" to indicate
its origin in ionic displacements) aligns along the ¢ axis of
its hexagonal unit cell. More specifically, in displacive ferro-
electric systems such as LiNbO3, PbTiO3, and BaTiOs, P
is caused by the condensation of a soft mode phonon below
the Curie temperature and can be expressed as P" = Z:QF,
where Z}; and QF are the Born effective charge density and the
normal coordinates of the soft mode, respectively [14,15].

In the optical regime, frequency-dependent dynamic (lin-
ear or nonlinear) susceptibility of ferroelectric materials is
primarily associated with the optical electric field-induced
electronic polarization P° [16,17] (note that P® = 0 under
zero electric field). In the THz and gigahertz (GHz) regimes,
dynamic susceptibility of ferroelectrics contains contributions
from both the P*°" and P° because both types of polarizations
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can promptly respond to the GHz-THz electric fields given
their high resonant frequencies (~10'? Hz for Pi°" [18] and
~10" Hz for P¢). However, the contribution of P" to the
dynamic susceptibility should be much more significant [19]
because the linear dielectric susceptibility of Pi°" is much
larger than the induced P° in the GHz-THz range and because
the P°" can resonantly interact with the THz electric field.

Frequency-dependent nonlinear susceptibilities of P in
bulk ferroelectric crystals have been analytically calculated
by employing the perturbation method to solve the equation
of motion for P within the framework of a Landau-
Devonshire-type thermodynamic energy density function (a
polynomial of P°") [20-24]. However, the thermodynamic
potential used in these works [20—24] does not incorporate the
coupling between P*°" and strain (i.e., the piezoelectric effect),
which has recently been shown to have a significant influ-
ence on the resonant frequency of the P even in stress-free
bulk ferroelectric materials [18,25]. Furthermore, these works
[20-24] are largely focused on the mathematical derivation
without extensively discussing the underlying physical pic-
ture, e.g., the relation between the nonlinear susceptibility and
the landscape of the thermodynamic energy density.

In this paper, based on the equation of motion for P*"
(specifically, the ionic polarization associated with the soft
mode) and the Landau-Ginzburg-Devonshire (LGD) thermo-
dynamical energy density function of P" that incorporates
the coupling between Pi" and strain, we analytically derive
the full nonlinear susceptibility tensor of P*°" in monodomain
ferroelectrics and incipient ferroelectrics as a function of fre-
quency, temperature, and in the case of coherently strained
thin films, the epitaxial strain.

While the theoretical framework presented in this pa-
per is directly applicable to various types of THz nonlinear

©2024 American Physical Society
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phenomena [e.g., third harmonic and sum frequency gen-
eration (SFG)/difference frequency generation (DFG)] in
ferroelectrics, the examples are focused on THz SHG, where
a nonlinear THz polarization P'" with an angular frequency
2w is generated in the material by an incident THz field
E with an angular frequency w. After calculating the THz
second harmonic susceptibility in a few bulk ferroelectric
single crystals, we predict a dramatically enhanced THz sec-
ond harmonic susceptibility in monodomain BaTiOs3 films
with a strain-stabilized monoclinic phase as well as near the
temperature-driven ferroelectric-to-paraelectric phase transi-
tion in strained SrTiO; films. These findings indicate the
potential application of using these strained ferroelectric films
for source-current-free SHG at both the microwave and THz
frequencies. The theory advances the physical understanding
of the nonlinear interaction between THz waves and ferro-
electrics. More broadly, in this paper, we suggest exciting
opportunities for strain engineering of nonlinear dynamic
properties in ferroelectrics beyond the static and quasistatic
limits.

II. THEORY

The nonlinear THz susceptibilities refer to the third- and
higher-rank x tensors in the relation between the total ionic
polarization P (hereafter P) and the incident electric field
E. In ferroelectric materials that have a spontaneous polariza-
tion Pio under zero electric field, the total polarization can be
written as

P=P + AP =P+ APV + APP + ..,
(1a)
APV (@) = ko Y xij (@)E;j (@), (1b)
J
AP,'(Z)(wn + wm) = Ko Z Z X,(jzk)(wn + Wy, Wiy a)m)
Jjk  (mn)
X Ej(wp)Ex(wm), (Ic)

where «q is the vacuum permittivity, and E; is the electric-
field component of the incident THz wave. The subscripts
i,jk = 1,2,3 indicate crystal physics coordinates. Under the
plane-wave assumption in the thin slab limit, i.e., the thickness
of the ferroelectric is significantly smaller than THz wave-
length A, kRe (kR¢ is the real component of the complex
wave number k [25]), one has E; = Eioexp( iwt). Equa-
tion (1c) follows the notation in Refs. [26,27] except that all
P’s hereafter referring to ionic polarization; AP; in Eq. (1a)
is the dynamic variation of the ionic polarization, which
can be separated into a first-order polarization APl.“)(a)) =

APl.(l)’Oexp(—iwt) that has the same angular frequency as
the incident THz wave [Eq. (lb)] and second-order polariza-
tion AP(Z)(wn +w,) = AP exp[ i(w, £ w,,)t] that can
contain multiple frequency components [Eq. (1c)]. Here, i
denotes the imaginary unit. Specifically, an incident THz
wave containing waves of two angular frequencies w, and
w,, [the notation (mn) indicating that the w, £ w,, is fixed,
while w, and w,, can individually vary] can generate two
SHG polarization components AP( )(2a),1) and AP( )(Zwm)

a SFG component APi(z)(a),, + wy), a DFG component
APi(z)(a)n — wy,), and a dc polarization shift APi(z)(O) induced
by a static electric field rectified from complex electric fields

E(w) = Eioexp(—ia)t) and its conjugate £ (w) = Ei(—w) =
Eioexp(ia)t).
Each  second-order  polarization = component  is
associated with its own Xi(jzk) tensor, including
X7 en, wn, o) KR QOm Oy ), X (@On + O,
Wy, a)m) ljk (wn Wy Wp,y _wm)s and X,(Jzk)(ov Wi s _wm)

and/or xl ik 2(0, a),,, —wy). In this paper, the analytical formulae

for all these Xi '1< tensors are derived. The examples focus on

the THz SHG, where a monochromatic incident THz wave

with an angular frequency w, E(w), generates a second-order
larizati 2) .

polarization AP;”'(2w), i.e.,

AP Qw) =Ko Y x5 Co, 0, 0)Ej(@)E(@).  (2)
Jjk

The analytlcal formulae for the frequency- dependent linear
susceptibility X ) and second-order susceptibility x; k) can be
obtained by ﬁndlng the steady-state solution of the equat10n
of motion for AP; [25], which is analogous to the equation of
motion for an anharmonic oscillator, given as

82AP,-+
oz iy

AP, _ e
1

7

— EiLandau _I_EiElast + Eld +E1 +Elrdd(73)

where the subscripts i = 1,2,3 of the polarization component
indicate the Cartesian crystal physics coordinates of the para-
electric cubic phase within the framework of the LGD theory
[28]. Here, u = FL% is the mass coefficient (polarization

inertia) with an ionic plasma frequency w, = Vv ﬁ > A(f,—i,
where g, and M,, are the charge and mass of the nth charged
ion in a unit cell with a volume V; [29], and y;; is the phe-
nomenological viscous damping coefficient that can be related
to the crystal viscosity [30]; the temporal variation of the total
effective electric field is AEFT = EST(P) — EFT(PP). At the
initial equilibrium state (P, = Pio), one has Ef’ff(PiO) =0, and
thus, AEl-eff = El-eff(Pi). Among the various (effective) electric

. . Landau
fields contrlbutlng to the EFff, plandau — S g5 and E; Elast
_art

are nonlinear polynomials of P; (f14"a% and fElast are
the Landau and elastic energy densities, respectively) [25].
The derivation of Eq. (3) is provided in Appendix A.

Specific ferroelectric materials considered in this paper
include (i) tetragonal perovskite ferroelectric single crystals
BaTiO3 and PbTiOs, where the initial equilibrium polariza-
tion P° aligns along the x axis in the lab coordinate system;
(ii) trigonal ferroelectric single crystals LiTaO3 and LiNbO3,
where the initial equilibrium polarization P° also aligns along
the x axis in the lab coordinate system; (iii) an anisotropically
strained (001),. BaTiOs (pc: pseudocubic) thin film, which
has a surface parallel to the (001) plane of its cubic paraelec-
tric phase; and (iv) an biaxially strained (001),. SrTiOs film
grown on an orthorhombic (0) DyScO3 (110), substrate [31].
Normal incidence of a p-polarized THz wave is considered
under the plane-wave assumption, where the THz electric
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FIG. 1. Schematics of (a) the tetragonal unit cells of BaTiO; and
PbTiO; and (b) the hexagonal unit cells of the LiTaO5 and LiNbOj.
(c) and (d) Cubic representation of the pseudocubic (pc) unit cells
of a (001),. strained BaTiO; film and a (001),, strained SrTiO; film.
The red arrow indicates the direction of the spontaneous polarization.
In (¢) and (d), x;-x,-x3 coordinates indicate the Cartesian axes of the
cubic paraelectric unit cells of the BaTiO; and SrTiOs, consistent
with the notation P; (i = 1, 2, 3) in the Landau-Ginzburg-Devonshire
(LGD) thermodynamic energy density function. x-y-z coordinates
indicate the lab coordinate system.

field inside the ferroelectric material, E; in Eq. (3), only
contains an x component in the lab coordinate system. The
lab and the crystal physics coordinate systems in the above
four cases are illustrated in Fig. 1. Expressions of fLandau
and fE*t for BaTiOs, PbTiOs, SrTiO3, LiTaO3, and LiNbO;
and the relevant material parameters are summarized in
Appendix B.

Under the plane-wave assumption in the thin slab limit
(i.e., the thickness of the ferroelectric slab is much smaller
than the THz wavelength in the slab), the polarization-
oscillation-induced radiation electric field can be calculated
as E[rad = (—% %, —sz—OL "a—f, 0) for a single-domain ferro-
electric [25], where dj is the thickness of the ferroelectric,
and c is the speed of light in vacuum. For thick bulk crystals,
E™ has a complex analytical expression and varies spatially
along the thickness direction, as derived in Ref. [25]. At the
initial equilibrium state, both E; and El-”ld are zero. For a
single-domain ferroelectric thin film with an infinitely large
x-y plane and mobile screening charges (e.g., electrons, holes,
and absorbed ions) at the top and bottom surfaces, the depolar-
ization field at the initial equilibrium state is zero. Under the
excitation by THz or higher-frequency electric fields, we as-
sume that these charged species at the surfaces remain largely
frozen. Consequently, the film is subjected to a dynamic de-
polarization field that is given by AE? = (0, 0, —mAP)
where «p is the background dielectric constant accounting
for the contribution from the electronic contribution [32,33].
Here, a typical value of k, = 5 [34] is used for all ferroelec-
tric materials in the calculation. The lab coordinate system
(i=x,y,z) is used in the above expressions for E;, Eimd,
and EZ.

The elastic energy fEl"‘St = %c,-jkg (e — 8,?1)(5,-]- — s?j),
where c;jy; is the elastic stiffness tensor under constant electric
field and temperature; the stress-free strain € is induced by
the P; through the electrostrictive effect. The solution of the
total strain ¢;; at the initial equilibrium state depends on the
mechanical boundary condition of the system. In the case of
coherently strained BaTiO3; and SrTOj3 thin films, one has a
mixed boundary condition [35] with &} = 5‘1“1“, &y = 55;5“,
€12 =0, and 053 =0 (i = 1,2,3) from which the expressions
of the total strain ;3 can be obtained. The mismatch strains
ems and e result from the lattice constant and/or thermal
expansion coefﬁcient mismatch between the epitaxial film
and substrate. It is known that such mismatch strain can
enable polymorphic ferroelectric phase transitions that are
absent in the stress-free state or modulate the ferroelectric-to-
paraelectric transition temperature in ferroelectric thin films
[35,36] and that the static (i. e drlven by dc electric field) lin-
ear dielectric susceptibility Xz P = 3 £ can be significantly
enhanced near such phase transitions [28 37].

To analytically solve Xi(fk), we first rewrite Eq. (3) into the
following matrix form by expanding E% and EF®t in

Taylor series and dropping the higher-order terms (see
Appendix C):

3ZAP or OAP oAP
ILW'F}’ o + KAP + CAP; = E, “4)
where  both the  polarization change AP =
(AP;, AP,, AP;)" and the incident THz electric

field E = (E|, E;, E3)T are a 3 x 1 matrix; APy =
(AP}, AP}, AP}, 2APAP,, 2AP, AP, 2AP1AP2)T is
a 6 x 1 matrix; yeff is a 3 x 3 matrix which contains
contributions from both the phenomenological intrinsic
damping (related to crystal viscosity of the ferroelectric)
and the radiation-induced damping [18,25]. For strained
ferroelectric thin films in the thin slab limit, one has

Y11 + 2 K0L 0 0
A 0 v + 32 w0 ®)
0 0 V33

where the off-diagonal components are assumed to be
zero, and the intrinsic damping coefficients are assumed
to be isotropic yi; = y» = y33 =2 X 1077 Qm [25]. The
additional term added to y;; and y,; describes the radiation-
electric-field-induced damping [18], where the thickness of
the ferroelectric film dyp = 10 nm is small enough to ensure
that the film is coherently strained by the substrate. For thick
bulk crystals, the complex expression of the radiation elec-
tric field E™ would result in a radiation-induced damping
that varies along the thickness and does not have an explicit
analytical expression [25]. For simplicity, we use the same
y°T in the analytical calculation of both bulk and thin-film
ferroelectrics in this paper. For the components of the 3
x 3 matrix K, K;; = —A;; — B;; (i,j = 1,2,3). In the case
of (001),. BaTiO3 and SrTiO; thin films [Figs. 1(c) and
1(d)] under dynamic electric field excitation (w # 0), we use
K33 = —A33 — B3z + — povet where the term 1/kgky, results from

the dynamic depolarization field AEf(t) = —AP,(t)/kokp
(z= 3) in a thin film with infinitely large x-y plane (see
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Appendix C). In the case of dc excitation (w = 0) and/or bulk
ferroelectric crystals, the dynamic depolarization field does
not need to be considered; thus, K33 = —A33 — Bs3. For the

components of the third-rank tensor C, C;jx = —3A;jx — 3Bij
(i,j,k = 1,2,3), where
32 fLandau 83 fLandau
A= T 5RaR, e T T anar g Y
i9Lj Ip=po 9L jO k [p=po
2 Elas 3 rElas
o o’ f
B == 3par, = T 3papaP, (b)
Jjlp= po {9508k Ip=po

Thus, K;; and C;j represent, respectively, the local curva-
ture of the total free energy density (a sum of the Landau and
elastic energy density) at the initial equilibrium (spontaneous)
polarization state P°. Both the mismatch strain and the tem-
perature can modulate the P%, K, and C tensors.

We then employ the perturbation method, which has pre-
viously been used to derive the nonlinear susceptibility of
electronic polarization at optical frequencies [26], to an-
alytically solve Eq. (3) for both the linear and nonlinear
susceptibility (see Appendix C). The linear susceptibility
Xi(jl)(w) is given as

-1

Dn(w) K> Ki3
X (@) = Ky Dn(w)  Ki ,
Kol Ky K Di(w)
i,j=12,3, @)
In Eq. (7), the diagonal components D;(w)=
w(w? — w*) —iySTw, where the resonant frequency of
polarization oscillation w; = /K;;/u [25]. Under the

apPllCﬁthIl of a static (dc) electric field (w = 0), one has
9 = 1/koKij (i = 1,2.3).

The THz SHG susceptibility Xl.@k) 2w, w, w) is given by

D Capyitia Qo)xg) (@)x (),
o,B,y=1,2,3

i, jk=1,23. ®)

2
Ijk(2a) W, W) = —K;

Equation (8) indicates that X.(.Z) can be expressed as a

function of linear susceptibilities X( ), which is consistent
with the theory by Garret [38] and Mayer and Keilmann [39].
A notable finding of our theory is that the coefficient Cypg,,,
which was referred to as the generalized Miller’s coefficient
[39] and typically fitted to experimental measurement [11,39],
is now specifically connected to the third-order derivatives
of the LGD energy density with respect to the equilibrium
polarization P. For SHG, the tensor d; k=3 X k ) is also used.

(1)

In this paper, we use xi(jk) to show its relation with x;;, as in

Eq. (8).

To demonstrate the validity of Eq. (8), two tests are per-
formed (see details in Appendix D). First, the expression of
Xi(fk)'dc directly from thermodynamic analysis is the same as
the expression obtained by letting @ = 0 in Eq. (8). As an
example, in the case of a tetragonal BaTiO3 bulk crystal,
we first calculate the static Xg(% 4 based on Eq. (8), which
describes the generation of static nonlinear polarization APz
by a static electric field E3 [=E, in the lab coordinate sys-

tem, see Fig. 1(a)]. The calculate value [x3(3% ©=—-1.573 x

107% m/V] agrees well with the value of —1.576 x
107% m/V extracted by fitting a static P; — E3 curve ob-
tained from thermodynamic analysis. Second, the numbers
of nonzero and independent elements in the third-rank tensor
Xz k % for stress-free BaTiOs crystals of cubic, tetragonal, or-
thorhomblc or rhombohedral phase are consistent with those
of the second-order susceptibility tensor of the electronic
polarization (optical SHG) under the same crystal symmetry
[26].

III. RESULTS AND DISCUSSION

We first calculate the frequency-dependent nonlinear sus-
ceptibility at room temperature (25 °C) in the bulk tetragonal
BaTiO; and PbTiO;z as well as the trigonal LiNbOj3; and
LiTaO; single crystals. As shown in Figs. 1(a) and 1(b),
the initial equilibrium polarization P° aligns along the polar
axis of BaTiOj3, PbTiO3, LiNbOs3, and LiTaO; in the crystal
physics coordinates, which is the x axis in the lab coordinate
system. When the incident THz wave is polarized only along
x in the lab coordinate system (E, = E3), one has

AP 2w) = ko xS E3(w)?. )

Since the amplitude of the incident THz electric field inside
the material has a time-dependence E3(w) = Eoexp( iwt),
the amplitude and the phase of the second-order nonlinear
polarization AP( )Qw) = P(z) Oexp{l[ 2wt + @]} are re-
lated to the modulus | Xm | and the argument 6 of Xi(jzk)’
respectively, i.e.,

AP — §§§|E°2, o? =9, (10)

Figure 2(a) shows the frequency-dependent | X333| for the
four ferroelectric materials. Notably, in the case of LiTaOs3,
by tuning the Landau parameters provided in Ref. [40],
good agreement with the experimental measurement [39]
is achleved both in the nonlinear susceptibility modules
| x333| and the resonant frequencies. Based on Eq. (8), one
has

X = —kaCaaxsy Qo) xsy (@) (11)

Equation (11) also suggests the existence of two peaks
(2) _ (1) (1

for |x33;] at @ = @3, w3/2, where x3;3'(w) and x3;"(2w)

reach their maximum, respectively, as shown in Fig. 2(a).

By comparison, )(33 )(w) resonates only at w3, as shown in

Fig. 2(b). The |)(3 | at w3/2 is at about the same order of
magnitude with its value at wsz. Furthermore, the dielectric loss
of the ferroelectric [41], which is represented by the imagi-
nary part of the linear susceptibility X“) ™ is three orders of
magnitude smaller at w3/2 [see bottom panel of Fig. 2(b)].
Therefore, for potential applications of THz SHG, it is an
attractive option to set the frequency of the incident THz wave
at the half-resonance frequency of the ionic polarization in
ferroelectrics.

By leting w=0 in Eq. (I1), one has x % =
—K; 2Caz3 X(l) de’ . Therefore, materials with large dc dielectric

(1),de (2),dc

susceptibility x;;"" also tend to have large x;33 . From
Fig. 2(a), it is ev1dent that the tetragonal BaTiO3 has a sub-

stantially larger X3(3; “ and larger peak values of | x333| than
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FIG. 2. Frequency-dependent (a) modulus of the nonlinear susceptibility |x;3;] and (b) real and imaginary components of the linear

susceptibility Xé;)
crystals. (c) Free energy density f as a function of AP; = P; —
of the dc second-order nonlinear susceptibility | xg; de

of the four ferroelectric materials studied herein.

the other three ferroelectric materials. As shown in Fig. 2(c),
the local curvature of the energy landscape near Py is the
smallest in the tetragonal BaTiOs. As a result, the tetrago-
nal BaTiO3 has the largest X33) ¢ and hence | Xég;‘dﬂ among
the four materials, as shown in Fig. 2(d). Furthermore, the
analytically calculated | x333| of the tetragonal BaTiO3 agrees
well with the values extracted independently from dynamical
phase-field simulations (see Appendix E), demonstrating that
the analytical model is vahd

We now calculate X111 in an anisotropically strained
(001)c BaTiOj3 film at room temperature (25 °C). Here, Xﬁ:
is associated with the generation of second-order nonlinear
polarization AP; by a dynamic electric field E; [=E, in the
lab coordinate system, see Fig. 1(c)]. The BaTiO; film is
subjected to a fixed mismatch strain &33* = —1%, yet the
strain &M can vary. This strain condition is considered for
three reasons. First, varying ™ from 2 to —1% leads to a
transition from an in-plane tetragonal 7; phase with (Pl0 # 0,
0, 0) to an out-of-plane orthorhombic O3 phase with (P #
0, 0, Pf # 0), followed by a transition to an out-of-plane
tetragonal 73 phase with (0, 0, P30 # 0), as shown in Fig. 3(a).
We can therefore study how these two ?Iylcal polymorphic
ferroelectric phase transitions influence x,7;. Second, the zero
PY component in such an anisotropically strained film allows
for excluding the contribution of x21)(z =1,23) to Xfﬂ [see
Eq. (7)], thereby simplifying the analysis. Third, the three

in tetragonal BaTiO3 (BTO) and PbTiO;3 (PTO) as well as the trigonal LiTaO3 (LTO) and LiNbO; (LNO) bulk ferroelectric
P0 in these four materials. (d) dc linear susceptibility y;
| of these four materials. The temperature is 298 K, which is below the Curie temperature

(D-4¢ and the magnitude

strain-stabilized polar phases (77, O3, and T3) have all been
experimentally observed in BaTiOs, where the O3 phase is
also defined as a monoclinic Mc phase if |P)| > |P| [42,43].

The variation of Xl(ﬂ‘dc with 8‘1“115, as shown in Fig. 3(b),
can be understood by analyzing the strain modulation of the
local curvature and asymmetry of the energy landscape. For

the tetragonal 77 and T3 phases, one can analogously derive

that Xfﬂ’dc = —KOC”]X(I)dC In the T3 phase, Ci;; = 0 since

the local energy landscape is symmetric with respect to AP;;
thus, x ;1% = 0. In the 7; phase, x|} '® decreases as }* in-
creases, which is attributed to the decreasing x, (1).de

in Fig. 3(c). For the O3 phase:

, as shown

(2),dc

(1),de
X1

+ 3C, X(l) de? X13

1
= — Ko[CmX( »d
(1),dc2

+3Ci3 0 x0T+ O X<”d°]. (12)

(1),dc -

As shown in Fig. 3(c), the diagonal component x;,”"" is much

larger than X(l) “ in the Mc phase, especially near the O3/T3
phase boundary. Thus, the significant increase in Xﬁi‘dc of
the Mc phase is mainly caused by the associated increase
in (e

Let us now discuss the frequency dependence of | Xl 1 )| for
the O3 and T} phases under dlfferent strain e™s noting that

| Xf%“ = 0 in the 7| phase. The Xm of the tetragonal 7; phase
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FIG. 3. Strain-dependent (a) equilibrium polarization state P°, (b) dc nonlinear susceptibility absolute value | ;)
in a coherently strained (001),,. BaTiO; film. 85"2“ is fixed at 1%. The shade indicates the monoclinic M¢ phase,

susceptibility x| "% and x 3%

which belongs to the 013 phase but with |P?| > |P?|. Frequency-dependent (d) | Xxi11l and (e) xy,

temperature is 298 K.

is given by

A = —k3Cix Vo)) (@) (13)

Notably, Eq. (13) above is also approximately aPphcable to
the O3 phase since it is reasonable to consider xl3 = x3(ll) A
0 because the large dynamical depolarization field tends to
suppress the magnitude of the out-of-plane polarization vari-
ation [i.e., |AP3(¢)| is much smaller than |AP;(¢)|]. Based
on Eq. (13), there should be two peaks at w;, w;/2, in the
frequency spectrum of |x(2)|, consistent with the results in
Fig. 3(d). The locations of w; can be seen more clearly at
the peaks in the frequency spectrum of X(l) Im “as shown in
Fig. 3(e).

As the strain el becomes less compressive (e.g., from
—0.05 to —0. 008%) in the O3 phase, K;; decreases [see
Fig. 3(c)], leading to a smaller w; = +/K;; /. As a result,
the discrepancy between w; and w;/2 also decreases. Since
the peaks of w;, w;/2 both have a finite linewidth due to the
nonzero damping, these two peaks can partially overlap when
they are close. This explains why | xl 1 )| at w; /2 is larger than
its value at w;/2 at 8“‘“ = —0.008 %. Together, Figs. 3(d)
and 3(e) demonstrate the effectiveness of using strain to en-
hance | X” a yet keeping X(]) ™ (dielectric loss) at a relatively
low value. Specifically, at elis = —0.008 %, | X1%1| reaches
a value of ~2.54 x 107 m/V at 0.45 THz, yet xDIm s
~636.5 (one order of magnitude smaller than its peak value).
This value of |X1(ﬂ| is one order of magnitude larger than
| Xéfzf)| (~10~* m/V) reported in the superconducting NbN thin
film [44].

The above analyses indicate that a significant enhance-
ment in Xfﬂ simultaneously requires a vanishing curvature

214 “and (c) dc nonlinear

2) (1).Im

under different mismatch strains 7. The

(in other words, a large dielectric susceptibility) and a non-
vanishing asymmetry (Cj;; # 0) of the energy landscape,
which can be achieved in BaTiOs; with a monoclinic M¢
phase, occurring near the strain-driven second-order O3 — T3
ferroelectric phase transition in coherently strained BaTiO3
film. With this understanding, we further evaluate Xﬁ; near
the second-order ferroelectric-to-paraelectric transition in an
equixially strained (001),. SrTiO; film with gis = glis —
1%. As shown in Fig. 4(a), the calculated equilibrium po-
larization P° is (PY,0,0), which is consistent with the recent
experimental observation in a coherently SrTiO3 film grown
on (110), DyScO; substrate with a largely single polarization
domain after in-plane electric poling [31]. As the temperature
T approaches the Curie point 7, P10 gradually decreases to

zero [Fig. 4(a)]; Xfﬁ’dc —K0C111 x de? increases dramat-
ically and then drops to zero in the paraelectric phase, as
shown in Fig. 4(b). Likewise, this is mainly because X(l) d s
enhanced significantly at near 7, [see Fig. 4(c)] and because
C11 1s zero in the cubic paraelectnc phase.

The frequency spectrum of | X111 | of the in-plane tetragonal
SrTiO; film should likewise only display two peaks at w;/2
and w;, which are tens of GHz due to the reduced soft mode
frequency near T, [45]. Furthermore, at close to T, the two
peaks of the | X;§;| spectrum at w;/2 and w; can merge into
one; see, for example, the cases of 243.7 and 243.5 K in
Fig. 4(d). Importantly, these features allow for identifying
the frequency of the 1n01dent THz/GHz wave for obtaining
significantly enhanced | X111| together with a relatively low

x ™. For example, at T = 242 K, |x)| has a value of

0.466 m/V, yet x|"'™ is ~56.46 at 1 GHz; at T = 242 K,
Ix| has a value of 0.611 m/V at 16 GHz, yet x|"™ is

054311-6



THEORY OF NONLINEAR TERAHERTZ SUSCEPTIBILITY ...

PHYSICAL REVIEW B 110, 054311 (2024)

(@) __o0.08 (d) 104
g 0.04 gMis= glis = 19, gMiS= ¢S = 19
~ " — T
& | P € 102] 243.7K 243K
®) 4o =
2 1 _
\Ef 10 mis— ~mis 10°
5 : € =€ = 1%
=3 -11 |
SR (e) 2
= 10°1
() 107 )
1068, . . kS
5 108 SR =% | 2
< 10¢ ~
103, , .
102 : . : T —
200 220 240 260 280 0 20 40 60 80 100
Temperature T (K) w/2m (GHz)

FIG. 4. Temperature-dependent (a) equilibrium polarization state P, (b) dc nonlinear susceptibility absolute value | x;7)
in a coherently strained (001),. SrTiO; film at &1}

susceptibility x| "%

214 “and (c) dc linear

= &S = | %. Frequency-dependent (d) [x7)| and () x|*™ under

different temperature at 8‘1“1“ = eggs = 1 %. The structural order parameter ¢; = ¢, = ¢3 = 0 under these strain and temperature conditions.

~985. These values of |X1(3| are three orders of magnitude
larger than | Xéff)| (~10~* m/V) reported in the supercon-
ducting NbN thin film [44]. Such a high |x®|, along with
manageable dielectric loss, suggests an exciting prospect of
using coherently strained SrTiO; film as a structurally simple,
source-current-free (and hence ultralow power dissipation)
frequency doubler operating in the GHz/millimeter-wave
band for high-data-rate wireless communication.

IV. CONCLUSIONS

We have developed an analytical theory for predicting the
dynamic nonlinear dielectric susceptibility of monodomain
ferroelectric crystals as a function of frequency, temperature,
and in the case of strained thin films, the epitaxial strain.
Our theory reveals the important role of the strain-polarization
coupling in ferroelectrics, which has been ignored in existing
theoretical works [20-24], in determining the nonlinear di-
electric susceptibility through the modulation of the curvature
and asymmetry of the local energy landscape.

Based on the well-established LGD thermodynamic en-
ergy density function and the kinetic parameters of different
ferroelectric materials, the theory predicts a route to enhanc-
ing the modulus of the second-harmonic susceptibility Xﬁi
and simultaneously maintaining the dielectric loss at a low
level in a (001),. BaTiOs film with strain-stabilized mono-
clinic Mc phase and a strained (001),. SrTiO; film near its
temperature-driven second-order ferroelectric-to-paraelectric
phase transition. These results reveal the critical importance

of stabilizing the M phase in enhancing Xl(ﬂ of BaTiO;
and similar ferroelectric systems, which is analogous to the
critical role of the M phase in enhancing the nonlinear opti-
cal and piezoelectric property coefficients of BaTiO3 [42,43].
In addition to Xfﬂ which is relevant to the THz SHG, the
analytical formulae of other second-order Xi(jzk) ’s, including
THz SFG/DFG and THz wave rectification (dc shift), are also
derived (see Appendix C). By comparing the predicted l(jzk) to
experimental measurements (e.g., THz SHG), one can refine
the LGD coefficients [e.g., here, we refine the coefficients of
LiTaOs3, as shown in Fig. 1(a)] and the kinetic parameters
such as the mass and damping coefficients of a wide range of
ferroelectric materials. The procedures of derivations can be
readily extended to calculate the higher-order susceptibilities
[e.g., Xi%] as well.

Overall, in this paper, we provide a theoretical basis for
studying the nonlinear interaction between a THz (typical
frequency range: 0.1-10 THz) or lower-frequency elec-
tromagnetic (EM) wave and a ferroelectric material. The
analytically calculated nonlinear susceptibility of the ferro-
electric polarization P'" (soft mode) is obtained by finding
the steady-state solution to the equation of motion for P*",
thus only applicable to continuous THz wave or multicycle
narrowband THz pulse. However, the theoretical framework
can be readily generalized to calculate the nonlinear suscepti-
bility of ferroelectric polarization to single-cycle broadband
THz pulse, as used in many experiments [46-50], by find-
ing the transient-state solution to the equation of motion
for Pion,
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Moreover, by (i) extending the LGD potential (a polyno-
mial of P°") to incorporate the coupling between P and
the ionic polarization associated with the higher-frequency in-
frared (IR) active phonons (denoted as P°™IR) and (ii) solving
the coupled equations of motion for both P and PR it is
possible to analytically calculate the nonlinear susceptibility
of P°" to a mid-IR (frequency: ~20 THz) pulse, as has been
studied in many computational [51-53] and experimental
[14,54-56] studies (a.k.a. the nonlinear phononics approach).
Furthermore, by introducing a nonlinear coupling between
P°" and the electric field of a near-IR pulse (frequency: tens
of THz) in the framework of impulsive stimulated Raman
scattering (ISRS) into the equation of motion for P (like
Refs. [57-60]), it is possible to analytically calculate the non-
linear susceptibility of P" to a near-IR pulse via the ISRS.

More broadly, the theory in this paper can also be extended
to calculate susceptibilities of the ferroelectric polarization
under the excitation of a circularly polarized THz wave
which can enable emergent phenomena from the dynamic
multiferroicity [15,61,62], to ferroelectrics under mechanical
boundary conditions such as an uniaxially stretched ferroelec-
tric membrane [63], and to other polar materials that have
a spontaneous ionic polarization such as wurtzite III-nitride
semiconductors [64].
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APPENDIX A: DERIVATION OF THE EQUATION
OF MOTION FOR THE IONIC POLARIZATION
(SOFT MODE) IN FERROELECTRICS

We begin by writing the equation of motion for the soft
mode, which has a coordinate QP (Qf, i = 1,2,3, with units of
m) based on the Newton’s second law, i.e.,

Ld2QP
dr?’

where p* is the effective mass density of the soft mode (unit:
kg/m?). Here, F is the volumetric coulombic force (unit:

Fext + Frestoring + Ff =p (A1)

N/m?), given by

Eexl — Z;; (Ei 4 E;‘i 4 Eirad), (A2)
where E;, Eid, and Eirad are the electric field of the incident
THz EM wave, the depolarization electric field, and the ra-
diation electric field inside the ferroelectric, respectively, as
mentioned in the main text. The subscript i = x, y, z indicates
that these electric fields are typically defined in the lab coor-
dinate system, with x = 1, y = 2, and z = 3 for the case of the
(001 Ipe strained BaTiOj3 film and the (001 Ipe strained SrTiO3
film [see Figs. 1(c) and 1(d)]. The Born effective charge Zj
describes the charge density associated with the soft mode. It
has units of C/m? and relates QP and ferroelectric polarization
Pin (or simply P hereafter) via Qf = P;/Z;;, as mentioned in
the introduction.

The volumetric restoring force F; , which is analo-
gous to the restoring force that drives the electron back to
its equilibrium position in nonlinear optical phenomena [26],
is related to the local slope of the potential energy density
landscape of the soft mode with contribution from both the
Landau free energy density and elastic energy density. When
P is spatially uniform and oscillates in-phase in the ferroelec-

restoring

tric (as is the case in the thin slab limit), F"**"" is expressed
as
Frestoring __ 8(fLandau + fElast) — a(fLandau + fElas[)
l 00 " op,
= Z; (EiLandau + El-ElaSt), (A3)

where the expressions of fl4na and fEat are provided in
Appendix B. Furthermore, the volumetric frictional force is
assumed to be linearly proportional to the velocity of the soft
mode, given by

Ff_ *dQJp __y_;;ﬁ

Y ied . Ad
TN T Tz ar (Ad)

Substituting Egs. (A2)—(A4) into Eq. (A1) and using P; as
the variable, one has, after some rearrangement,

* d’P, | Vi dP; ‘
’0_2_21 Uz ) E + Ezd + Eirad + EiLandau + EiElast.
VAS Z%° dt

(A5)

By letting u = z%’ Vij = %, and using a total effective

P P

electric field E°T to represent the summation of all the fields
on the right-hand side of Eq. (AS), the latter can be rewritten
into a concise form, i.e.,

(A6)

which is equivalent to Eq. (3) because P, = P + AP, and
EST = AEST, as discussed in the main text. Equation (3) can
alternatively be derived based on an Euler-Lagrange approach
by generalizing the procedures in Ref. [65] to consider the
complete set of driving forces mentioned above.
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APPENDIX B: DETAILED EXPRESSIONS OF f'% AND f**! FOR BaTiOs, PbTiO3, SrTiOs, LiTaOs, AND LiNbO;
AND THE ASSOCIATED MATERIALS PARAMETERS

Eighth-, sixth-, and fourth-order f Landau>g are ysed for BaTiOs, PbTiOs, and SrTiOs, respectively, given as [66]

RN =y (P + PF 4+ P5) +an (P + Py + P) + «in(PEPY + PP + PUPS) + ann (PP + Py + FY)
+aip[PH(Py + P5) + P3 (P} + Py) + Pi(P} + PY)] + c1osPPPe Py + a1 (PP + P5 + PS)
+ai112[PE(Py + P}) + PS(PE+ P}) + P§(PL+ P})]| + 1o (P P; + PYPY + PIPY)

+ a3 (P P3Py + P PP P + P{P; ), (B1)

FEY = (PE+ P+ P§) + i (P} + PY + Py) + an(PEPy + PyP5 + PEPY) + an (PP + Py + P)

+ oo [PH(PS + P}) + P2 (P} + PY) + P3P + P})] + a3 PEP2PE, (B2)
FU — o) (P4 P} 4 P2) + oy (P + P + P3) + aia (PP} + P2P} + PPPY) + Bi (3 + &3+ &) + Bu (4} + & + )
+ B0 s + BE: + 6163) — 1 (Piar + Pogs + Pig3) — ta(Pr (s + 43) + P (47 +43) + P5 (41 + 43))
— tu(P1P2q1q2 + PoP3q2g3 + PiP3q1q3). (B3)

Note that f129% of SrTiO5 also includes the terms that describe the coupling between the polarization P; and the structural
order parameter ¢; (i = 1,2,3), which represents the linear oxygen displacement associated with oxygen octahedra rotation [67].
The elastic free energy density is given as f Elast — %c,- jkiexieij, where e;; and ey, are the elastic strains, and c;j, is the elastic
stiffness tensor at constant electric field £ and temperature 7 and can be related to the density of the electrical Helmholtz free

energy f (see its definition in Appendix D) via the relation ¢;jx; = (% )T S (36‘2;{6_ )T . For the pseudocubic BaTiO3, PbTiOs,
‘ s ij T,
and SrTiO; films, f Elast jq expanded as
FEs = i (6%1 + 3, + €§3) +cialeren + erie33 + exness) + 2cu (6%2 +els + 633), (B4)

where cj;, c12, and c44 are the independent components of the 6 x 6 elastic stiffness matrix ¢, (m, n = 1,2,...6), which
represents the elastic stiffness tensor ¢;jx; following the convention described in Ref. [68]. The ¢;; = &;; — s?j (i,j = 1,2) is the

elastic strain, where ¢;; is the total strain, and 8?]- is the stress-free (eigen)strain. For BaTiO3 and PbTiOs3, one has

e =0nPl+0n(P + ), e =0uP +0u(Pl+F), &5=00P+0u(P +P); (BSa)
€3y = QuPoPs, &)y = QuPiPs, &), = QuPiPs, (B5b)
where Q;1, Q12, and Q4 are the electrostrictive coefficients. For SrTiOs, one has
ey = QP + 0n (P + Pi) + Angt + Ai(g +43), (B6a)
9 = QP + le(P12 +P32) + AL+ Al2(q% + q_%), (B6b)
8(3)3 = Q11P32 + Q12(P12 +P22) + Anq% + Alz(q% + q%), (B6¢)
% = OQuPoPs + Ausqags, €y = QuPPs + Auqiqs, &), = QuPiP> + Auqiqo, (B6d)

where Ay, A, and Ay are the linear quadratic coupling coefficient between the strain and structural order parameter. At

the initial equilibrium state, the total strain g;; is determined based on the mechanical boundary condition. In monodomain

(P; and g; are spatially homogeneous), stress-free bulk crystals, ¢;; = S?J In biaxially strained films, as indicated in Sec. II,
mis 0

¢ 0 0 0 0
el = €11, €0 = £33, 33 = — ()] + 3" — £ =€) + €335, and £33 = £33, 613 = €73, €12 = 0.

For trigonal crystals LiTaO3 and LiNbOj that are uniaxial ferroelectrics, the Landau free energy density is written as [40]
o (0%) o3
2 4 2

Following Ref. [40], the elastic energy density fF!* of LiTaO; and LiNbOj is written, in contrast with Eqs. (B4)—(B6), using
Voigt notation, i.e.,

SR = — PP+ — P+ (P + PY). (B7)

S = Bied + Baler +&2)* + Bs[(e1 — &) + 85] + Bags(er + &2) + Bs (82 + &3) + Bol(e1 — &2)ea + e586]
+ 1181 + 2)Pf + y263PF + 13l (e1 — €2)PaPs + 6Py Ps] + ya(esPiPs + eaPaP3) + ys(e + 82)(P]2 + P22)
+ Y6€3 (P12 + P22) + )/7[(81 — 82)(P12 — P22) + 2£6P1P2] =+ )/8[84(P12 — P22) + 285P1P2], (B8)
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TABLE I. List of the coefficients in the Landau and elastic free energy densities of BaTiO3, PbTiO3, and SrTiOs. The temperature is in

units of °C for BaTiO; and PbTiO; and K for SrTiO;5.

Coefficients BaTiO; PbTiO; SrTiO;

o) (Nm?C™?) 4.124 x 10(T—115) [69] 3.8 x 10°(T'—479) [70] 4.05 x 107[coth(3}) — coth(3)] [71]
oy Nm®C™) —2.097 x 108 [69] —0.73 x 108 [70] 2.899 x 10° [31]
ap, NméC™) 7.974 x 10® [69] 7.5 x 10% [70] 7.766 x 10° [67]
o (Nm'°C%) 1.294 x 10° [69] 2.6 x 10° [70] 0

o (Nm'C9) —1.950 x 10° [69] 6.1 x 108 [70] 0

a3 (Nm'?C%) —2.500 x 10° [69] —37 x 108 [70] 0

o (Nm'™ C™) 3.863 x 10'° [69] 0 0

o, (Nm' C8) 2.529 x 10'° [69] 0 0

112 (Nm™ C™8) 1.637 x 10'° [69] 0 0

1123 (Nm™ C—9%) 1.367 x 10' [69] 0 0

Bi (Nm~°) 0 0 1.32 x 10”[coth(42) — coth(12)] [71]
B Nm~) 0 0 1.688 x 10% [71]
B Nm—©) 0 0 3.879 x 10 [71]
t1it Nm?C™?) 0 0 —1.902 x 10% [31]
t1, (Nm?C~?) 0 0 —1.014 x 10% [71]
iy (Nm2 C2) 0 0 5.865 x 10% [71]
c11 (GPa) 178 [69] 174.6 [70] 336 [71]

c1» (GPa) 96.4 [69] 79.37 [70] 107 [71]

cas (GPa) 122 [69] 111 [70] 127 [71]

O (m*C™2) 0.1 [69] 0.089 [70] 0.0536 [71]
O, (m*C2) —0.034 [69] —0.026 [70] —0.0154 [71]
Q4 (m* C2) 0.029 [69] 0.03375 [70] 0.00472 [71]
Ay (NC™?) 0 0 8.820 x 10" [71]
A, (NC™2) 0 0 —7.774 x 108 [71]
Ay (NC?) 0 0 —4.528 x 10" [71]

where the ¢;’s here are the total strain. For monodomain, stress-free bulk crystals, ¢; can be obtained by solving the mechanical
boundary condition o; = BfElas/st =0, j = 12,34,5,6, given by

g1 = [\P} + TaP; + T3P + T4PyP;, & = [2P} + TPy + 3P — 4Py P, (B9a)
g3 = [sP} + 5Py + 6Py, &4 = 7P} —T7P5 + 3PP, (B9b)
g5 = I'gP1Ps + 2I'7P 1Py, &6 = 24P P3 + [oP( P, (B9c)
. ) _ Bi(=8B3B5ys+2B2ys—8BaBsy1+4B2Bsys)+Ba(4BsBsve—Beve+2BaBsy1— ,34ﬂ6}/8) _
Here, the coefficients I; are = 2B oD AP B~ ) I, =
B1(—8B3Bsys+2B2vs+8B2Bsy1—4B2Bsvs)+Ba(4B3Bsve—Bive— 254ﬂ5}’7+134/361/8) - —2B1v1+Baye I, — —2Bs5y3+Besva _ Bays—2Bvs I =
2(4B1B2—B7)(4B3 Bs— L) T 20BiB—BD’ 4T 2B O T 4Piha- 6=
Bavi—=2B21» — Ber1=2B3y8 Iy = _ Bov3—2B37s and Ty = _ 2Bsys 4/39)/7
4iB—p2 0T T apsps—pI 4psps—pZ apsps—pB;

Tables I and II list the coefficients in the Landau and elastic free energy densities of the four ferroelectric materials. The
mass coefficient u = 1.35 x 107! I ms2 C~2 for BaTiOs [29], & = 1.59 x 103 Jm s> C~2 for PbTiOs [29], u =22 x 1078
Jms? C~2 for SrTiO3 [72], and . = 1.81 x 107'® Jm s C~2 for LiNbO3 [29]. The j value of LiTaO3, which is not yet available
in literature to our knowledge, is set to be the same as LiNbOs.

APPENDIX C: LINEAR AND NONLINEAR SUSCEPTIBILITY DERIVATION BY PERTURBATION METHOD

Given that EFM(r) = ELnda(PO) + AEF™ (), EF'(t) = EF"'(P)) + AEF™'(r), E} = E}(P?) + AE{ (1), and that
glandau(pOy  pElast(pOy 4 £4(P0) = 0 in the initial equilibrium state (P, = P?), the equation of motion for polarization [Eq. (3)]
can be rewritten as
2AP,  OAP;

o2 iy

where AEiLa“da” and AEI»EIaSl can be expanded through Taylor series expansion, i.e., AEiLa“da“ =A;;AP; + %Ai kAP AP+ ..,
AEEI"‘St = B;;AP; + lBijkAP'APk + ..., where the expressions of A;j, A;jx, Bij, and B;j; are provided in Sec. II, with i, j =
1,2,3; AEd 0, 0, —%AP) and Er‘id = (- Z‘Ifgc 3(.5*, — doc dj , 0) are often expressed in the x-y-z lab coordinate system,
with x = 1 y=2,and z = 3. Moreover we assume that only the diagonal components of the 3 x 3 matrix y;; are nonzero.
This assumption is also adopted in the derivation of the nonlinear susceptibility of electronic polarization to optical light waves

" = AES"™™ 4+ AEF™ + AE! + Ei + E 1)
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TABLE II. List of the coefficients in the Landau and elastic free energy densities of LiTaO3 and LiNbO3 at room temperature (298 K).

Coefficients LiTaO; LiNbO;3

o) (Nm2C™2) 1.25 x 10°(fitted from [39]) 2.012 x 10° [40]
o, (Nm2C2) 6 x 10® (fitted from [39]) 3.608 x 10° [40]
a3 (Nm?2C~2) 1.3 x 10° (fitted from [39]) 1.345 x 10° [40]
B Nm~—2) 13.55 x 10'° [40] 12.25 x 10" [40]

B, (Nm~2) 6.475 x 10'° [40] 6.4 x 10" [40]
B3 (Nm~2) 4.925 x 10 [40] 3.75 x 101 [40]
Bs Nm~2) 7.4 x 10'° [40] 7.5 x 10'° [40]
Bs (Nm~2) 4.8 x 10'° [40] 3 x 10" [40]
Bs (Nm~2) —1.2 x 10'° [40] 0.9 x 10'° [40]
1 (Nm?C~?) —0.202 x 10° [40] 0.216 x 10° [40]
¥, (Nm2C2) 1.317 x 10° [40] 1.848 x 10° [40]
ys (Nm2C2) —2.824 x 10° [40] —0.33 x 10° [40]
ys (Nm? C~2) 4.992 x 10° [40] 3.9 x 10° [40]

[26]. The values of y;1, ¥22, and y33 determine the linewidth of a peak in the frequency spectra of both the linear and nonlinear
susceptibilities and therefore can be calibrated by comparing the theoretically predicted and experimentally measured linewidth.
If only keeping the first two terms in the expanded expressions of AEF% and AEF®, Eq. (C1) can be expanded into the
following equations:

ZAP, dy \ AP 1 )
MW-F vit + o) o (A11+B11)AP, — (A12+B12) AP, — (A13+B13)AP; — E(A111+B111)AP1
0

1 1
_§(A122+Bl22)AP12 - §(A133+B133)AP12 — (A123+B123) AP APy — (A113+B113) AP AP; — (A112+B112) AP AP, = Ey,
(C2a)

2AP, < dy )8APz
J +

1
— T\ vets— — (A21+B21) AP, — (Ap+B»n)APy — (A3 +B23) APy — —(Aa11+B211) AP}
ot 2kgc ) Ot 2

1 1
_E(A222+B222)AP12 - E(A233+B133)AP12 — (A3 +B23) AP, APy — (A213+B213) APLAP; — (A212+Boin) AP AP, = E»,

(C2b)

9ZAP; IAP;
ot? Y3 ot

1 1
— (A31+B31)AP; — (A3p+B3) AP, — <A33+333 - W)A& - 5(1‘1311+3311)A1”12
0Kb

1 1
—5(1‘\322-|-B322)A1”12 - §(A333+B333)AP12 — (A323+B323) AP, AP; — (A313+B313) AP AP; — (A312+B312) AP AP, = Ej.

(C20)
Equations (C2a)—(C2c) can be written into a matrix form as shown by Eq. (4), reproduced below:
3ZAP it OAP

where the expanded expressions of the matrices AP, E, APy, and yeff as well as the tensors K and C are provided in the main

paper, as shown by Egs. (4), 6(a), 6(b), and the related text. To solve Eq. (C3) by the perturbation method, we begin by replacing
E with AE, where A is a parameter that characterizes the strength of the perturbation and ranges continuously between 0 and 1
and will be set equal to 1 at the end of calculation. In the framework of the perturbation method, the solution of Eq. (C3) can
be written as AP = AAPWD + 2ZAP® + A3AP® + .. where AP is the lowest-order (linear) contribution to AP, calculated
as APW) = Al"}‘i“""‘1r = Ko X[(jl)E s AP® is the second-order nonlinear term of nonlinear polarization oscillation, calculated as
AP® = Koxl.(fk)EjEk; and so forth.

It is worth emphasizing that the premise of the perturbation theory in the present application is that the center of polarization
oscillation is always at P; = P?, which is only valid when the amplitude of Eii"C is not too large. Under strong excitation,
the dc polarization shift AE(Z)(O), as discussed in the text after Eqgs. (6a) and (6b), would be large and therefore shifts the
center of polarization oscillation from P? to P? + APZ.(Z)(O). Alternatively, the polarization dynamics under strong excitation can
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be obtained by numerical solutions from a dynamical phase-field model with coupled strain-polarization-EM wave dynamics
[18,25]. With this in mind, we proceed by writing the term APy as

2 2 2 2 2
APy = HZ MP;“}, [Z AiAPZ(i):| , [Z )»iAPéi):| :
i=1 i=1 i=1
2 2 2 2 2 2 r
2 [Z AiAPz(i):| [Z Al APéi):| : 2[2 Al APfi):| [Z )J'AP3(")} : 2[2 Al APl(i):| [Z AiAPz(i)] ]
i=1 i=1 i= = i= i=1

= 22[AP% AP APD? 2APVAPD, 2APD AP, 2AP<”AP<”]
+2°[2aP" AP 2APSV AP 2 APV AP,
2APOAPP 1+ 2APNAPY 2APDAPP 4 2APV AP 2APD AP 4+ 2APVAPP] 1 ..
= AAPY + APAPTY + ... (C4)
Plugging in the expression AP = AAPD + A2AP® + 13AP® 4 .| and Eq. (C4) into Eq. (C3), Eq. (C3) can be rewritten

into a form given by A(Eq.u; )+ A*(Eq.us) + A3(Eq.u3) + ... = A E"°. The solution to this equation requires that Eq.u; = E™™
and that Eq.u, = 0 (n = 2,3,4, ...), which can be expanded into a series of linear equations as follows:

3?APD  LIAPD
¢ KAP" = E™, C5
h—p TV 5t (C5a)
2AP? IAP®
(1
o +y<ff > +KAP® + CAPy =0, (C5b)
2AP® IAP®
p— T — +KAP® + CAP|? = 0. (C5c¢)

Under a single-frequency continuous incident THz wave in the thin slab limit E/"(¢) = E}“C'Oexp(—iwt), one can write
APD = APY%xpli(—wt + ¢)] as a steady-state solution, where ¢ is the phase difference between the incident THz wave and
the excited polarization wave. Accordingly, Eq. (C5a) can be rewritten as

— e’ AP — iy AP 4 KAPD = Ein°, (C6)
Rearranging Eq. (C6), one has AP = (K — puow? — iy*fw) 'Ei = &, 0Xij )E‘“C from which the expression of x| ; ) can be
derived, as shown by Eq. (4) in Sec. 1I.

Substltutlng the steady-state solution of AP into Eq. (C5b) allows for deriving the steady state solution of AP® and
therefore X k To do this, we first expand the terms that are contained in the expression APH as follows:

AP;])(w)APk(U(a)) = K5|ij|E,i:°'0 cos(wt + <pj'”)|xk,,|E,il“°'0 cos(wt + ¢*™)

. Tt . 1 .
Kg(|xjm|Er1;c,0)(|xkn|Erllnc,0) |:§ COS((me _ (pkn) + 5 cos(2a)t + gojm 4 (pkn):|

= 2 Xj(’ln) [E,i) *Emc OEmC 0 + 2 Xj(:n) kn)E,l,I:C OElnC Oexp(_lzwt) —_ AP(Z)(Q) + AP(Z)(Zw) (C7)

which therefore contains both a dc shift AP (0) and a second-order harmonic component AP® (2w). Here, ¢/" refers to the
phase difference between the oscillatory polarization component AP}I)(t) and the excitation electric field component E'°, and

so forth, for ¢*". Also, X(l) = XISL) Re 1)((’1) ™ s the conjugation of the complex susceptibility of X;f,? = X]Sl) Re ¢ 1)(,5,11) fm

Plugging both the steady-state solution of AP(1> and Eq. (C7) into Eq. (C5b), and if only considering AP®®(2w), Eq. (C5b) can
be rewritten as

2
. K .
—M4w2AP<2>—iy§“2wAP<2>+KAP<2>=—7° ST G| Y aERCT YT xVEMO | (C8)
Jjk=1,2,3 Jjm=1273 k,n=1,2,3
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Thus, the SHG susceptibility Xi(jzk) (2w) can be expanded as

X Qo w,0)=—k] Y Capytiy Qo)xs) (@) (@)

a,B,y=123

) 2) 2) 2) 2) 2)
X X2 X133 X123 X1z X2

_ (2) (2) (2) (2) (2) (2)
= | Xa1i1n Xozz X233 X223 X213 X212

2) 2) 2) 2) 2) 2)
311 X322 X333 X33 X3z Xap
(1)(2 ) (€] 2 ) (1)(2
X Qo) x5 Qo) x32e)| |G Ciz Cizz Ciz Cuz Cinp
=—ig| x3P2w)  xWQw) xWCw) |G Ca Cas Gz Cuz G
Qo) xPCw) x3Cw) | G CGxn G Gz Gz G

2 2 2
1) x5 () x5 () 2x N (@)x 3 (@)
12 12 12 1 1
xS (@) x5 (@) x5y (@) 253 (@) 533 (@)
2 2 2
x5 (@) x5y (@) x5y (@) 2x V(@)Y (@)

2050 @) @) 2x (@) (@) 25 @) @) 2x53(@)x33) (@) + 2% (@)Y (@)
2xP@)xP@) 2xP@x (@) 2x P @) @)  2xP(@)x V(@) + 2xF (@) d (@)

2x P @) @) 2x D@y (@) 2xF @) @)  2x 3 (@)x3) (@) + 2x 5 (@) (@)

2x (@) V(w) 2x V(@) D(w) |
2551 (@) 33 (@) 25 (@) x5, (@)
25 (@) x5 (@) 25 (@) (@)

1
2)(2(1
241

1
2)(1(1

i, k=1,2,3  (C9)

(@)x3 (@) + 2x3 (@) x5 (@) 205 (@)1 (@) + 2355 (@) 1) (@)
(@)Y (@) 4+ 2xP@)x @) 2x @)y (@) + 2x 3 (@) xiP ()
@) @)+ 2x (@) (@) 2% (@) xsy (@) + 2x 5 (@) 181 ()

The dc shift component AP®)(0) can be derived from the following equation:

2
K . .
KAP®(0) = —=> > G| Y XWEROL YD xoERO | (C10)
jk=1,2,3 jm=1,2,3 k,n=1,2,3

Accordingly, the nonlinear electric susceptibility Xj(jzk)(()) can be derived as

2 1 1 1),
X0, 0, —0)=—k5 Y Capyxia x5 (@)x )" (@)
o,f,y=1,2,3
2) 2) 2) ) (2) (2)
X1 X1z X3z X123 X1z X2

_ (2) (2) (2) (2) (2) (2)
= | Xo1i1 Xozz X233 X223 X213 X212

2) 2) 2) 2) (2) (2)
X311 Xs2 X333 X33 X313 X312

X0 x0)  xFO [[Chi Cm G Ciz Cis Ci
==k | x3,(0)  x3,)(0) Xz(;)(()) G Gn Gz Cnz Gz Gn
x0)  xP0) xPO) [[Gu G2 Gz Gz Gz G
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X @l 12 @) |x D)) 2D @) D*(w)
|X2(1>(a))|2 |X2(;>(w)|2 |X2<§)(w)|2 2x2§)(w)x(” *()
13 @)’ D) V)| 2 D@ (@)

25050 @) s @) 2x 3 (@)x) (@) 26 (@) (@) 2% (@) H (@) + 2 x5 (@) xy ()
2011 @31 (@) 2205 @)1 @) 23 @)™ @) 20 (@) (@) + 2415 (@) (@)
2x @) @) 2x(@)xy) (@) 2x P @)y (@) 2x B @) H (@) + 2x 3 (@) x4y (w)

217 (@)x13 " (@) 2x M)y D (w) T
ZXZi)(w)X(l)*(w) 2X2P(w)x(l)*(w)
214 (@) (@) 214 (@)% () o
2D @)D (@) + 2x P @ @) 2@ @) + 2V @y | PR RS
(1)(60))((1)*(60)+2X(1)(0))X(1)*(a)) 2)((1)(60))((1)*(60)+2X(1)(w)X(1)*(w)
2x11 @)x3y (@) + 2x13 @)x3 (@) 2x11 (@)x5 (@) + 2x15 (@) x5 (@)
(C11)

It is noteworthy that X.@)(O w, —w) in Eq. (C11), which describes the rectification of two THz waves with the frequencies
o and —w, is conceptually different from the second order dc nonlinear susceptibility XQ) de The latter can be obtained by
letting @ = 0 in Eq. (C9). Like the expression of X (2a) w, w) in Eq. (C9) the expression of Xz ik (0 w, —w) is only valid when
the amplitude of El-inc is not too large. On one hand, the derivation of X[ o (0, w, —w) assumes that the center of polarization

oscillation is always at P, = P as the premise of the perturbation theory. On the other hand, the resulting dc shift component
APP(0, w, —w) describes a shift of the oscillation center away from Pl-o, which would cause sizable change in the coefficient
matrices K and C if the magnitude of AP®(0, w, —) is sufficiently large.

If the incident electrical field contains two frequencies w, and w,, (@, > w,,), the linear polarization oscillation APD =
APD(w,) + APV (w,,). Substituting the steady-state different-frequencies solutions AP (w,) and AP (w,,) into Eq. (C5b)
allows for deriving the steady-state solution of AP® (w, % w,,) and therefore Xi(jzk) (w, £ @y, w,, @y,). To do this, we likewise

expand the terms that are contained in the expression AP}II) into the following expression:

AP (@) AP (@) = k3 Ximl Ef° cos(@nt + /™) x| Ey° cos(@nt + ¢*)

inc 1 jm n 1 jm n
= kg (| Xjm|Ep 0)(kan|E,1“"°){§ cos[(w, — w,)t + @™ — "] + 5 cosl(@n +omt + 7" + o ]}

= > X/(;)X/Erll) *Einc,OErilnc,OeXp[_i(wn wn)t] + X;,L)X(l)Emc OEmc Oexp[—i(a),l + wp)t]
= APP(w, — wp) + APP (@, + o), (C12)

Following similar procedures as the derivation of Xi(fk) (2w) and xi(izk)(O), we can derive that

X @+ Oy 00, 00) = =i D Capy Xy (@n + @) 257 (@D X (@) + X557 (@) x5 (@0)], (C13)
o,B,y=1,23
X (@n = Oy ons 0n) = =13 Y Capy Xl (@0 — o) [ X5 (@10 @) + 157 (@n) 1Ly (@0)]. (C14)
o,B,y=1,23

APPENDIX D: THERMODYNAMIC VALIDATION AND SYMMETRY VALIDATION

1. Thermodynamic validation

Let us first show that the dc nonlinear susceptibility X(z) % which can be obtained by letting @ = 0 in Eq. (C9), can

equivalently be obtained from thermodynamic analyses. To th1s end, we consider a monodomain ferroelectric material, which
has an electric Helmholtz free energy density given as

f(T, P E;, &) = go(T) + fH"“(T, P)) — kokpEiE; — EiPi + [P (&1, P), (D1)

where go(7) is the Gibbs free energy density of the initial nonequilibrium state with zero spontaneous polarization; the Landau
free energy density fL*9% (T, P,) is a function of temperature and ionic polarization; and the elastic energy density fE®!(g;;, P,)
is a function of the total strain ¢;; and ionic polarization, where the total strain &;; depends on the mechanical boundary condition
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of the system. If omitting the depolarization field, the total electric field E; (E;) in Eq. (D1) is the same as the applied electric

field. Minimizing f(T, P;, E;, ¢;;) with respect to P; under a constant electric field E; yields a relationship between P; and E;,
that is,

Landau Elast
E = [3(f aP—I—f )} ' (D2)
i T,E; &
Performing Taylor expansion for Eq. (D2), one has
32 Landau 82 Elast 1 83 Landau 33 Elast
E= Y A + f AP+ = Y f + f APAP + ... (D3)
Py dP;0P; 0P 0P; 2 o 0P, 0P;0P,  0P,0P;0P;

Equation (D3) can be rewritten in the matrix form, i.e., E = KAP + CAPy (see Sec. II for the definitions of the coefficient
matrices K and C), or in its expanded form:

AP ]
AP?
E; K1 K Kiz|| AP Cin Ca Cs3 Cxn Ci Cn AP2
E| =K1 Kn K3|[|AP |+ |GCn G Gz Gz Gz G AP AP | (D4)
E; K31 Ky K3y || AP G Grn G Gypn Gi G 2003
2AP, AP
| 2AP AP,

Since Egs. (D2)—(D4) are derived for the thermodynamic equilibrium state of polarization under an applied dc electric field,
the polarization does not change with time. Therefore, the time derivatives of the polarization are zero, i.e., 0"AP/dt" = 0,

n = 1,2. Under this condition, Eq. (D4) is equivalent to Eq. (3). Accordingly, X[(jl 19 derived from Eq. (D4), with x4 = K~!
is equivalent to the solution shown in Eq. (4) under w = 0. Likewise, the solution of Xi(.zk)’dc derived from Eq. (D4) via the
perturbation method is equivalent to the solution shown in Eq. (C9) under w = 0, as listed below (where the superscript dc is
omitted for brevity):

(2) (2) (2) (2) (2) (2)
X1 X1z X3z X1z X1z X1z

2) (2) (2) (2) 2) 2)
Xo11 Xozz X233 X223 X213 X212

(2) (2) (2) (2) (2) (2)
X311 Xz X333 X323 X313 X312

1 M 1
Xl(l Xi2 X1(3) Cii C Gz Cxn Cin Cn

=—k5| x5 X3 X3 ||Car G Cuz Gz Caz Con
o) xd a6 Gz Gas Gz Gz G

1)2 1)2 12
1) 1) X()

X\ X\ i3 2155 115 200115 oy ]
X 1% 1 255 X33 2151 133 2151 x50
W xS xS 205 153 2580 153 218 x5
2’ 2% 2 sy 2005 200 2 a2 2 xs + 2000 k)
a0V’ 2 x% 2 sy 20 s 20 2 s+ 20y 20 s + 20
s’ 2 e 25y 20 xes 25 e 20 s 20 e a0 s + 20 X

(D5)

To demonstrate Eq. (D5) is valid, we consider a tetragonal BaTiOs single crystal with a spontaneous polarization P? =

0,0, P30) under zero electric field (E§lC = 0), as shown in Fig. 1(a). The X;g;‘dc calculated via Eq. (D5) is —1.573 x 107
m/V, while Xg)’dc calculated by setting w = 0 in Eq. (7) is 125.55. In parallel, we evaluate the value of P; under different

bias electric fields Eg“ at thermodynamic equilibrium by numerically minimizing (via the random search method) the cor-

responding electric Helmholtz free energy density f (7, P,, E;, &;;) in the Mathematica software and obtain a static Py — ES°
curve, as shown in Fig. 5. Next, we fit this static curve using the equation P; = P§ + KO[XS)’dCE:fC + xg;’chgcz], through
which we determine that X;;)’dc = 125.2 and Xg;'dc = —1.576 x 107% m/V, which agree well with the analytically calculated
values.
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Tetragonal BaTiO; crystal
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FIG. 5. P; as a function of an applied dc electric field ES ob-
tained by thermodynamic analysis in a bulk tetragonal BaTiO5 single
crystal [shown in Fig. 1(a)] at 25°C, and its nonlinear fitting as
explained in Appendix C.

2. Symmetry validation

The numbers of nonzero and independent elements of both
Xi(jl)’dc and Xi(;k)’dc can be mathematically evaluated based on
Eq. (D5), which depends on the coefficient tensors C and K
(in other words, the symmetry of £l and fElast with re-
spect to the equilibrium polarization state and the mechanical
boundary condition of the system). As an example, consider-
ing a stress-free boundary condition, the numbers of nonzero
(independent) elements of X,.(.l)’dc for cubic, P4mm, Amm?2,
and R3m BaTiOj; bulk crystals are determined to be 3(1), 3(2),
5(3), and 9(2), respectively, in the cubic coordinate system.
The numbers of nonzero (independent) elements of x i(.zk'dc for
cubic, P4mm, Amm?2, and R3m BaTiO3 bulk crystals are 0(0),
5(2), 10(3), and 18(3), respectively, in the cubic coordinate
system. By transforming y;; " “ and Xi(]?k)'dc tensors from the
cubic to princig)al coordinate system (PCS), one can diago-
nalize the Xi(jl)’ “ tensor and simplify the matrix for the Xi(jzk’dc
tensor. We perform this transformation by first transforming
the polarization P; in the Landau free energy from the cubic
coordinate system (indicated as the x;-x,-x3 coordinates in Ta-
ble IIT) to P/ in the PCS (indicated as the x}-x}-x5 coordinates

1(1),de

in Table III) via P/ = T;;P;, and then calculating the x;;

and x/["* tensors in the PCS based on Egs. (D4) and (D5).
The transformation matrix 7; ;j is calculated as

cosp; —sing; 0|1 0 0
T = | sing; cosp; O[O0 cos® —sind
0 0 1{[0 sin® cos®
cosg, —singy 0
X | sing, cosg, O, (D6)
0 0 1

where the Euler angles ¢;, ®, and ¢, (also illustrated in
Table IIT) describe the sequence of rotating x;-x,-x3 (cubic) to
xj-x5-x4 (PCS). Specifically, the rotation starts with an initial
rotation ¢; about the x3 axis, followed by a rotation & about
the x; axis, and then a final rotation ¢, about the x3 axis again.

As shown in Table III, the numbers of nonzero (indepen-
dent) elements of X;;i)’dc for cubic, P4mm, Amm?2, and R3m
BaTiO3 bulk crystals are 0(0), 5(2), 5(3), and 8(3), respec-
tively, in the PCS. The obtained number of independent and

nonzero elements for Xl./](.z)‘dc are consistent with Ref. [26].

APPENDIX E: EVALUATING |x341(20) AND xi5"™ (@)
FROM DYNAMICAL PHASE-FIELD SIMULATIONS

A dynamical phase-field model with coupled dynamics of
strain, polarization, and EM waves [18,25] was used to simu-
late the excitation of polarization oscillation in a freestanding
tetragonal BaTiO; slab by a monochromatic continuous THz
wave with an angular frequency w. The BaTiO; slab has
an initial equilibrium polarization (P, on s P30) = (0, 0,
0.26 C/m?) at 298 K. The slab thickness is set to be 10 nm
(which is far smaller than the THz wavelength) to ensure
that the excited polarization is spatially uniform along the
thickness direction and in-phase. A sinusoidal source current
J, = J%sin(wt) was injected to generate a continuous incident
THz wave with an electric field component that is spatially
uniform in the thin BaTiOj slab, i.e., E () = Efexp(—iwt),
with x = 3 [see Fig. 1(a)]. We consider 36 different @’s in total
near the two peaks of the analytically calculated | X§§;|(2w),
shown in Fig. 2(a), and performed 36 groups of simulations to
extract | X3(§;|(2a)) at each w. In all simulations, we set Jf =
2 x 10" A/m?, leading to E"0 of 376 730 V/m. Under this
electric field, the BaTiO3 slab will be driven into the anhar-
monic regime, but the magnitude of the dc polarization shift
AP3(2)(()) arising from Xg;(o, w, —w), see Eq. (C11), remains
relatively small. For such a weakly nonlinear oscillation, one
can expect that the numerical simulation results would agree

(@ < 08
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o
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()]

10 15 ¢ (ps) 20 25 30

(b)

Amplitude
g2,

0 2 wlon (THz) 4 6

P
(1)
~
o
oo

AP (mCim2)
o

s
IS

-0.8
18.376 18.776 19.176

t (ps)

19.576

FIG. 6. (a) Steady-state evolution of the dynamically excited po-
larization AP;(t) = P3(t) — P? in a thin freestanding (100) BaTiO3
slab under a continuous terahertz (THz) wave with w =27 X
2.0542 THz at 298 K. (b) Frequency spectrum of AP;(t) for the
duration of + =5 — 33 ps. (c) Reconstructed temporal profiles of
AP;I) and AP;Z) as well as the profile of the incident THz electric
field E3(¢) obtained from a reference simulation without the (100)
BaTiO; slab. r = 0 ps is the moment the source current is injected.
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TABLE III. List of elements in x| and x*

ijk

of a stress-free BaTiO; bulk crystal.

x5[[[001]. x{; in the cubic and X, in the cubic and
the principal coordinate the principal coordinate
%[|[010]|  systems systems
x1|[100]c
Cubic ¥ 0 0 000000
P°=0 0o 22 o (0 0000 o)
(61, ®, 6) =(0°, 0°, 0% 0 0 0 2O 00000 O
¢ YD 0 o (0 00000
J[1[010], o) 000000
*2|[010] 0 i ‘(’1) 000000
, o o0 Y
, x1[[[100]. "
T=200 °C Po=0 2 =% =1610.96
Tetragonal P4mm
P° = (0,0,P?) Xy 0 0 0o 0 0 0 2P o0
@ @
(61, @, ¢,)=(0°, 0°, 0°) 0 a0 0 0 0 Zm 0 0
0 0 kY D oh o dm o0 0 o0
T x3[|[001];
010, Yy o o0 0 0o 0 0o 2¢Z o
T ] l 0 ¥ o 0o 0 0 2% 0 o0
} x| [100], o 0o x% DoXS @ 0 0o
L > 1 = y® = 3599.76 xZ = ¥@), = 874x1075 m\V
. W _ @ _ @ _ @ _ -
T=25°C  po_ (0,0,0.26) C/m? X33 =X'33 =187.85 12 = ¢ = 437x10" m\V
Orthorhombic Ammz2 WD 0 4O wh an aH 0 n 0
PO = (P},0,P) P = Py 0 A2 o 00 0 2l 0 21y
- o ° _QN° 22
(¢4, @, ¢2) =(90°, 45°, -90°) g) 0 4D g)z xﬁ)l xg% 0 213)2 0
x| {0017, o 0 o 0o 2¢® o
N [101] X% 0 o0 0o 0 0o 2% o o
ol |\ 0 X o D X% A% 0 0 0
%/|[010], o o x{¥ >
7, = 7.65x10"° m/V
N, S )qu[look [010] 2D = D = 246409 xt:; 22, =3.85x107° mV
" [101] (1)22 22 o 22 =-2.32x10"5 m\V
o = 698.7 = —466.1
T=-10°C i %13 28, =705x105mV 45X 10-5 Y
P° = (0.225,0,0.225) C/m3 /1) — 1164.8 ¥V = 2326 X 332 =245x107°m
( ) X 11 X33 X,§23)3 = 4.92)(10_6 m/V
uy oxy oy ¥n 0% % 1B wd 2l
Rhombohedral R3m o 0 @ @ @2 ) @) @)
. 0 50 By b0 . . X120 X Xi2 Xiz2 X1 Xz 2z X2z 2z
P*= (PP, P5) P =P} =P; 3 13 13 D 1D AR w2l B
(61, D, ,)= (0°, 54.736°, 45°)
XY@ o0 o o 0 0 o 2P 2P,
X4 [001], o Xy o i X 0 wH 0 0
[111], o 0o ¥ PSR S Y A 0 0
+ @ = 63658 X2 =666x107° MV ()
x3/|[010] o . . Xizz = —1.65x107° mNV
’ 2
A O | - sseaw
C
T=-100 °C ¥V = 87451 X5, =—621x105mV_ 2 B1x10-5 MV
= 2.81X107> m,
P° = (0.221,0.221,0.221) C/m3 ¥ =160.72 X2, = 1.87x1076 mV A1

054311-17




YUIJIE ZHU et al.

PHYSICAL REVIEW B 110, 054311 (2024)

well with the results calculated analytically based on the
perturbation theory because a negligibly small A[’i(z)(O) is
the premise of the present analytical model, as discussed in
Appendix C [see the paragraph before Eq. (C4)]. Details of the
dynamical phase-field model and the setup of the numerical
simulations are provided in Ref. [25].

As an example, Fig. 6(a) shows the steady-state evolution
of APs(t) in the middle layer of the BaTiOs slab (note that
AP; is spatially uniform in the slab) under a continuous
THz wave excitation with w = 0.5w3 = 27 x 2.0542 THz,
corresponding to the first peak of | X§§;|(2a)) in Fig. 1(a).
Figure 6(b) shows the frequency spectrum of AP;(¢),
which display two prominent peaks. The first peak at
w/2mr = 2.0542 THz is related to the linear polarization
oscillation AP;I)(t) = AP;I)’Oexp{i[—wt + o]} that
has the same frequency as the incident THz wave.
The second peak at w/2m = 4.1084 THz corresponds
to the second-harmonic component of the polarization

oscillation, given by AP;Z)(I) = AP;z)’Oexp{i[—%ot + @1}
Performing the inverse Fourier transform for the second
peak allows for reconstructing the temporal profile
of Asz)(t), as shown in Fig. 6(c), from which both
the amplitude AP;Z)’O (=0.027762mC/m?) and phase
¢? (=1.48140 rad) (84.878°) can be extracted. Thus,
X2 2w)| = 28PP0 /i (E"0) is  calculated to  be
4.454 x 107> m/V, which agrees well with the analytically
calculated value of 4.67 x 107> m/V. Likewise, performing
the inverse Fourier transform for the first peak enables
the reconstruction of APW(t), from which we obtain
AP =0.569 mC/m? and ¢ = 0.0515 rad (2.951°).

Therefore, [x} (@) = AP /ioER? = 170.5995. Given
that ) = X Dlexplig] = 0 + 1D,
™ = |V Ising™® = 8.651, which agrees well with the
analytically calculated X;;)’Im of 7.259 at w = 2 x 2.0542

THz.
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