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Dissipation-induced bound states as a two-level system
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Potential wells are employed to constrain quantum particles into forming discrete energy levels, acting as
artificial few-level systems. In contrast, an anti-parity-time-symmetric system can have a single pair of real
energy levels, while all the remaining levels are unstable due to the negative imaginary part of the energy. In this
work, we investigate the formation of bound states in a tight-binding chain induced by a harmonic imaginary
potential. Exact solutions show that the real parts of energy levels are equidistant, while the imaginary parts
are semi-negative definite and equidistant. This allows for the formation of an effective two-level system. For
a given initial state with a wide range of profiles, the evolved state always converges to a superposition of two
stable eigenstates. In addition, these two states are orthogonal under the Dirac inner product and can be mutually
switched by applying a w pulse of a linear field. Our finding provides an alternative method for fabricating

quantum devices through dissipation.
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I. INTRODUCTION

The bound-state concept pervades various branches of
physics, including optics and condensed matter. A bound state
refers to a particle confined within a localized region by
a real-valued potential, often due to interactions with other
particles, within the framework of the Hartree-Fock approxi-
mation. Throughout the field of physics, phenomena that are
stable or in equilibrium can be elucidated by the concept
of bound states, which applies to both quantum and classi-
cal systems. Experimentally, bound states can be engineered
by introducing artificial defects into photonic crystals. These
defects, arranged in an array, form what are known as coupled-
resonator optical waveguides (CROWSs), which enable nearly
lossless guidance and manipulation of wave packets, includ-
ing their bending [1-11] .

In contemporary physics, the presence of a complex poten-
tial is now permissible, as non-Hermitian quantum mechanics
has become a versatile framework for developing functional
devices that operate within the non-Hermitian domain. The
fundamental mechanism underlying non-Hermitian systems
with parity-time (P7) symmetry hinges on the concept of
an imaginary potential [12-23]. This concept has been both
theoretically explored and experimentally realized [24-33],
serving as an essential building block for constructing such
systems.

A non-Hermitian Hamiltonian exhibits unique characteris-
tics that set it apart from its Hermitian counterpart in three
distinct aspects. (i) An asymmetry hopping term can result in
the skin effect, a typical bound state [34-38]. (ii) Adding a
pseudo-Hermitian term to a non-Hermitian Hamiltonian con-
sistently reduces the level spacing. Conversely, a nontrivial
Hermitian perturbation invariably results in level repulsion.
The phenomenon of shrinking level spacing is analogous to
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the impact of a real potential on a quantum system [39]. (iii) In
a system with energy levels featuring semi-negative imaginary
components, only those eigenstates with real-valued energies
are considered stable.

In this work, we explore the formation of a two-level sys-
tem through the mechanism associated with the characteristic
mentioned as feature (iii) (see Fig. 1). We investigate the
formation of bound states in a tight-binding chain induced by
a harmonic imaginary potential. It is an anti-P7 -symmetric
system. Unlike P77 symmetry accompanied by real eigenval-
ues, an anti-P7 -symmetric system can have a single pair of
real energy levels, while all the remaining levels are unstable
due to the negative imaginary part of the energy. The phe-
nomenon of dissipation gives rise to bound states that can
be effectively described as a two-level system. We consider
a tight-binding chain induced by a harmonic imaginary poten-
tial to demonstrate this feature. Exact solutions show that the
real parts of energy levels are equidistant, while the imaginary
parts are semi-negative definite and equidistant. This allows
for the formation of an effective two-level system. For a
given initial state with a wide range of profiles, the evolved
state always converges to a superposition of two stable eigen-
states. We also find that these two states are orthogonal
under the Dirac inner product, and thus a superposition state
obeys the Dirac-probability-preserving dynamics. Therefore,
although the two-level system is engineered by non-Hermitian
terms, it acts as a conditional Hermitian device. In addi-
tion, it is shown that two states can be mutually switched
by applying a 7w pulse of a linear field. We demonstrate the
conclusions by numerical simulations. Our finding provides
an alternative method for fabricating quantum devices through
dissipation.

This paper is organized as follows. In Sec. II, we introduce
the non-Hermitian model and present approximate solutions
for low energy levels. In Secs. III and IV, we show that
two-level quantum states can be dynamically prepared and
operated. Finally, our conclusion is given in Sec. V.

©2024 American Physical Society


https://orcid.org/0009-0001-5289-4865
https://orcid.org/0000-0002-3315-4589
https://ror.org/01y1kjr75
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.110.054309&domain=pdf&date_stamp=2024-08-13
https://doi.org/10.1103/PhysRevB.110.054309

H. P.ZHANG AND Z. SONG

PHYSICAL REVIEW B 110, 054309 (2024)

gap N4 o

Non-Hermitian
two-level system

Hermitian
two-level system

FIG. 1. Hermitian two-level system versus non-Hermitian two-
level system. (a) A Hermitian two-level system can be achieved in
a many-body system when the gap between the first-excited state
energy and the higher energy levels is sufficiently large. The time
evolution preserves the Dirac probability for any initial state. (b) A
non-Hermitian two-level system can be achieved in a many-body sys-
tem when all the eigenstates decay with different rates y, y’, y”, and
so on, except the two lower levels. In general, the Dirac probability
for any initial state is periodic due to the biorthogonality of two-level
states. Nevertheless, the proposed non-Hermitian two-level system
can act as a Hermitian one.

II. HAMILTONIAN AND SYMMETRY

We start with the tight-binding model with the Hamiltonian
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where |/) denotes a site state describing the Wannier state
localized on the /th period of the potential. Here, —J is the
tunneling strength, and V is the strength of the harmonic
potential. The system is schematically illustrated in Fig. 2(a).
In previous work, it has been shown that the lower energy
levels are equidistant when the system is Hermitian by taking
V — iV [40,41]. In this work, we take J, V > 0 and constant
® = /JV/2. We note that the Hamiltonian has anti-P7 sym-
metry, satisfying

PTH(PT) ' = —H, )

where the linear operator P and antilinear operator 7 are
defined as

Plly = (=D, TiT ™' = —i. 3)

The eigenstate |,,), satisfying the Schrodinger equation

can be written in the form
W) =Y Ym(DIL). ()
I

According to the non-Hermitian quantum mechanics [42], iH
is a pseudo-Hermitian operator, and then iE,, can be real or
come in complex conjugate pairs.

Specifically, we expect the solution for the wave function
Y, (1) to be connected to a continuous function, ¥,,(x). In the
following, we aim to obtain the approximate expression of
the function ,,(x), under certain conditions. The Schrodinger
equation (4) shows that function (/) can be determined by
the equation
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Y+ 1)+ Yl — 1) = =2 ; Yu().  (6)
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FIG. 2. (a) Schematic illustrations of the Hamiltonian in Eq. (1), which represents a tight-binding chain with adjacent hopping strengths —J
and on-site imaginary potential —iV /2 (a constant iw is omitted). The anti-P7 symmetry of the system ensures the following characteristics for
the energy level structure. (b) Energy level structure diagrams for Hamiltonian of (a). E, stands for eigenenergy of the Hamiltonian in Eq. (1).
The solid line represents the real part of iE, with isoenergetic distance 2w. The red and blue blocks represent the positive imaginary part and
negative imaginary part of iE,, respectively. It can be seen that iE, is composed of conjugate pair energy levels due to the pesudo-Hermiticity

of the Hamiltonian iH.
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We propose two types of functions v~ (/) as the Bethe ansatz
wave function, which are defined as

a?l?
V(1) = Ny exp <_T>Hm(al) @)
and
v, (D) = (=D [y (DT, (8

with coefficients o =e ™/3(V/NH* and (N, %=
[ Hy(ax)Hy (e x) x e R¥Fdx. Obviously, ¥;i(x) are
eigenfunctions of the quantum oscillator system, satisfying
the differential equation

d2
[@ —a*x? 4 a*Q2m + 1)] Y =0 9)
with m=0,1,2,.... As known that function ¥ (x) is
smooth and slowly varying for small m and o (or V <« J),

where H,(ax) is the Hermite polynomial. This allows the
approximation

2
Y4 D4 yf (= 1) ~ 29,5 (x) + %M(x), (10)

resulting in the eigenenergy levels

Elf =[2m+ Do —2J] — i2mo, (11)
in association with Egs. (6) and (9). Similarly, we have
E, =1[2J — (2m+ o] — 2mw. 12)
This accords with the prediction with the relations
PTI) = V) (13)
and
(Ey) = (E,)"; (14)

i.e., the real parts of the levels are paired with opposite
signs. The additional feature of the energy levels is that their
imaginary parts are semi-negative definite and equally distant,
which is schematically illustrated in Fig. 2(b).

Remarkably, there are only two eigenstates that have real
energy, with wave function and eigenenergy

1//3:(1) — (:l:l)INOefa)l2/(2])e:|:iwlz/(21)’ (15)

Ef = F(2J — ), (16)

where the normalization factor Ny = [V/(2Jmx*)]'/8. All the
rest of the eigenstates decay as time increases. In this sense,
such a system only supports two stable eigenstates, the ground
state,

lg) = 1¥q), a7

and the excited state,

le) = [ ). (18)

In general, two different eigenstates are biorthogonal for
non-Hermitian system, which satisfies the relationship, i.e.,
(o7 |1ﬁ2/> = 6,mdso’ [43]. This accords with the fact that we
have

+00
(WElvd) = Y (~D'Nge™ =0, (19)

[=—00

in the limit w/J — 0 (or « — 0), where |g00i) satisfies

H*9oy) = (EF)*|gi). (20)
Meanwhile, we also have
“+o00

elg) = Y (=1)'NGe " =0 @
|=—00

in such a limit, which indicates that the Dirac orthogonality
still holds. Therefore, such a non-Hermitian system can be
regarded as a Hermitian two-level system.

III. TWO-LEVEL DYNAMICS

In quantum physics, two-level atoms are simple yet rich
quantum systems that are fundamental to our understanding of
quantum mechanics and are essential for the development of
quantum technologies. The ability to control and manipulate
these systems is at the heart of many advances in quantum
science.

In a Hermitian system, an effective two-level system can
be formed when the ground state and the excited state have
relative large energy gap from the high excited states. In
contrast, a distinguishing characteristic of the non-Hermitian
two-level system is that all other eigenstates are unstable in
dynamics or short lived (see Fig. 1). This enables the system
to exhibit the following dynamical behaviors.

We start with the time evolution for an arbitrary initial state
|®(0)), which can always be expressed as the form

|D(0)) =) (e 1¥.5) + ¢, 19, ) (22)

in the framework of the above approximation approach. Thus,
the time-evolved state is

D) =Y cre By, (23)
n,+
which tends to
(1)) = cfe i |g) +cye T le), (24)

after a long time.

Specifically, for an initial state |®(0)) with the wave func-
tion (/| ®(0)) varying slowly as [ changes, we have ¢, = 0 and
|®(00)) o |g). Then, the ground state |g) can be dynamically
generated from a variety of initial states. Note that the analyt-
ical expressions of |g) and |e) from |¢Oi) are approximate.
In practice, two such states can be obtained from numeri-
cal simulations. To verify and demonstrate the above results,
numerical simulations of the dynamic process are performed
using a uniform mesh for the time discretization.

We calculate the fidelity

F(t) = |(gle ™ |0 (0)) /e~ | (0))] ]2, (25)

to measure the distance between the evolved state and the
target state. We plot several typical initial states (/|®(0)) and
F(¢) in Fig. 3. These numerical results are consistent with
our previous analysis, which showed that the evolved states
converge to the state |g) for several selected initial states.
Therefore, we conclude that a harmonic imaginary potential
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FIG. 3. Plots of the profiles of initial states and the fidelities of the corresponding evolved states to the given target states. (a)—(d) Initial
states feature several typical amplitude distributions: point (delta function), Gaussian, top-hat, and random (stochastic) functions. (e) is the plot
of the ground state of the non-Hermitian two-level system as the target state. (f) is the plot of fidelity F'(¢) defined in Eq. (25). We can see that
the final states for (b), (c), and (d) are the same, the ground state, while the superposition of ground state and excited state for (a). The unit of

time is 1/J and the system parameters are J = 1,V =2 x 107*, and = 1072

can support the stable bound state |g), which can also be pre-
pared dynamically. We also investigate the small-size systems
by numerical simulation. We plot the profiles of ground states

Dirac-probability-preserving dynamics. We demonstrate this
point by computing the probability

and F(¢) of evolving from a uniform initial state in Fig. 4. P(t) = (D)D) (26)
This indicates that a small system size requires a small width o

of the wave function profile, which requires a large V (or @), ~ for initial state

resulting in faster convergence. The small size and the faster 1

convergence of the fidelity make the scheme experimentally [@(0)) = —=(lg) + le)), (27)

feasible.

In general, the dynamics of a non-Hermitian two-level
system are not Dirac probability preserving. However, as men-
tioned above, we have (e|g) = 0 in the limit w/J — 0 (or
o — 0 ). This indicates that a superposition state obeys the

/2

where |g) and |e) are obtained by the numerical simulation for
the systems with different values of w/J. The plots of the P(t)
function in Fig. 5 conform to the theoretical predictions we
established.
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FIG. 4. Plots of the profiles of ground states (target states) under different system parameters and the fidelities of the corresponding evolved
states to the given target states. The system parameters are (a) N = 40,V = 0.002,and J = 1; (b) N = 20, V = 0.02, and J = 1. The red line
and blue line represent the real and imaginary parts of the ground state, respectively, while the black line indicates the initial state. The plot of
fidelity F'(¢) in (c) defined in Eq. (25) for (a) and (b) is obtained by numerical simulation. It can be observed that increasing V' significantly
shortens the time required for the fidelity to reach 1.
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FIG. 5. Plots of P(t) defined in Eq. (26) for several different w/J.
(a), (b), (c) respectively correspond to w/J = 0.01, 0.1, 0.4. It can be
seen that when w/J is small (<0.1), the Dirac probability is almost
conserved, which indicates that our approximation is appropriate.
The unit of time is 1/J and the system parameter is J = 1.

IV. TRANSITION BETWEEN TWO LEVELS

In parallel, one can dynamically generate the excited state
|e) from initial states with car = 0. In this section, we focus
on a scheme designed to facilitate the transition between the
two states |g) and |e). Based on the above analysis, a possible
clue is provided by the relation P7 |g) = | e). We start with
the dynamic realization of operator P.

We consider realizing the action of operator P by the time
evolution under a quenching Hamiltonian

Hquen =H +Hp(t)7 (28)
where

+00

Hy(t) = p(t) Y 1| (29)
l=—00

(a)
A
\\ //l
(o)
o0—o0 oi o—o—o
-J

d

describes the action of an extra time-dependent uniform field.
Here the coefficient is defined as

X 0<t<A,
u(t) = 0 (30)

otherwise,

with which H,(t) acts as a 7 pulse. In general, the time evolu-
tion of a given initial state is governed by the time propagator

U(t) =exp |:—i/ Hquendt] 31
0

Under the condition 7 /A > 1, we can have

_ ' - A
U(t)~exp|—i [ Hdt|exp |:—i/ Hp(t)dti|
0

+00
[T exp(=inDInI

l=—00

= exp

=exp|—i

Hdt |P. (32)
0 J

This indicates that the time evolution of the initial state |g) is

U(r)|g) = exp [—i/ Hdt:||e)*, (33)
0

which tends to |e) after a long time. Inversely, we can also
realize the operation

U()le) — [g). (34)

To verify this result, we perform numerical simulation
for such a quenching process for two different initial states
|®(0)) = |g) and |e), which are obtained by exact diagonal-
ization of the pre-quench Hamiltonian H. We compute the two
fidelities

Fo(t) = |(gle ™"g)/le ™ |g) |1, (35)

Fo(t) = Itele™ ™ g)/le”™ |g) 1%, (36)

: ‘
1
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FIG. 6. (a) Schematic illustrations of the Hamiltonian in Eq. (28), which represents adding the time-varying skew potential pulse () on
the basis of the Hamiltonian in Eq. (1). (b) The plot of F,(¢) and F,(¢) defined in Eqs. (35) and (36) for initial state |g). For the case with initial
state |e), an almost identical figure is obtained by switching F,(¢) with F,(¢). It can be seen that the conversion between the ground state and the
excited state can be realized by applying 7 pulse. The unit of time is 1/J and the system parameters are J = 1,V =2 x 107, and 0 = 1072
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to evaluate the efficiency of the scheme. It is expected that the
fidelities obey F;(00) = 0 and F,.(0c0) = 1 [or F¢(c0) = 0 and
F,;(00) = 1]. The numerical results are presented in Fig. 6(b),
which are in accord with our analysis. Here the form of ()
is the simplest one for a 7 pulse. Other types of p(¢) could
also have the same effect.

V. CONCLUSION AND DISCUSSION

In summary, we have studied the formation of two-level
bound states induced by imaginary potential in a Hermitian
tight-binding system. We have shown that the real parts of
energy levels are equidistant, while the imaginary parts are
semi-negative definite and equidistant. This allows for the
formation of an effective two-level system. The existence of
bound states in a system with an imaginary potential is fun-
damentally due to the fact that the corresponding Hermitian
system has discrete spatial coordinates, which arise from the

presence of a periodic real potential. A similar phenomenon
occurs in another non-Hermitian system. It has been shown in
Ref. [44] that bound states can form in a tight-binding chain
in the presence of a linear imaginary potential. This allows for
the formation of an effective two-level system. In contrast to a
Hermitian two-level system, a non-Hermitian system can have
a single pair of real energy levels, while the remaining levels
are unstable due to their negative imaginary components. This
feature enables the dynamic preparation and operation of two-
level quantum states. Our findings reveal that the phenomenon
of dissipation gives rise to bound states that can effectively be
described as a two-level system.
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