PHYSICAL REVIEW B 110, 045442 (2024)

Diagrammatic perturbation approach to moiré bands in twisted bilayer graphene
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We develop a diagrammatic perturbation theory to account for the emergence of moiré bands in the continuum
model of twisted bilayer graphene. Our framework is build on treating the moiré potential as a perturbation
that transfers electrons from one layer to another through the exchange of the three wave vectors that define
the moiré Brillouin zone. By working in the two-band basis of each monolayer, we analyze the one-particle
Green’s function and introduce a diagrammatic representation for the scattering processes. We then identify the
moiré-induced self-energy, relate it to the quasiparticle weight and velocity of the moiré bands, and show how it
can be obtained by summing irreducible diagrams. We also connect the emergence of flat bands to the behavior
of the static self-energy at the magic angle. In particular, we show that a vanishing Dirac velocity is a direct
consequence of the relative orientation of the momentum transfer vectors, suggesting that the origin of magic
angles in twisted bilayer graphene is intrinsically connected to its geometrical properties. Our approach provides
a diagrammatic framework that highlights the physical properties of the moiré bands.
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I. INTRODUCTION

In recent years, moiré heterostructures have emerged as
a promising platform to study strongly correlated phases of
matter [1-5]. The most prominent example is twisted bi-
layer graphene (TBG) [6-8], where superconductivity and
metal-insulator transitions have been experimentally observed
around the magic angle (6 ~ 1°) [9,10]. These correlated
effects are thought to be induced by a sharp increase in the
density of states as the lowest moiré bands become flat at
the magic angle [9,11]. The ability to easily manipulate the
parameters of the system, such as the twist angle or the
carrier density, provides a rich experimental platform to test
and understand the nature of the correlated phases [6,7,12].
Such understanding may prove to be not only relevant for
the phenomena observed in moiré heterostructures but also
for elucidating the mechanisms responsible for unconven-
tional superconductivity in more complex systems, such as in
cuprates [13,14].

A first step towards modeling the electronic properties in
moiré heterostructures is describing its band structure within
the independent electron approximation, from which correla-
tions can then be, when possible, treated perturbatively. There
are, in general, two methods to obtain the moiré bands: first-
principles calculations [15-19], such as DFT or tight binding
computations, and effective continuum models [9,11,20,21].
First-principles calculations, although naturally more exact,
require commensurate superlattice structures, which for twist-
induced heterostructures it only occur at a discrete set of twist
angles [22,23]. In addition, the number of atoms within the
supercells increases as the twist angle decreases. Around the
magic angle the supercell can typically contain up to 10 000
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atoms [24], thus requiring a high computational capacity and
time to perform first-principles calculations [25,26]. This has
naturally led to the need of having effective continuum models
that can capture the low-twist angle behavior in the system.
One of the main advantages of the continuum models is that
they can be constructed even if the moiré pattern is incommen-
surate [11,27]. With only a few set of parameters, such as the
hopping energies between different sublattices, the continuum
models can yield results in excellent agreement with those
obtained by first-principles calculations [21,28].

There are different contintum models in the literature
[9,11,27,29-31]. The most sophisticated and realistic ones
take into account lattice relaxation effects [25,28,29,31-33],
usually through the inclusion of deformation-induced gauge
fields. The rich physical properties arising from the contin-
uum models, especially around the magic angles, have further
sparked numerous studies on its mathematical properties
[34-36]. For twisted bilayer graphene, all of these continuum
models share the essence of coupling both layers through
a moiré-induced potential, whose strength is modulated by
the twist angle [11]. In momentum space, the leading-order
Fourier expansion of the moiré potential couples the Dirac
points in each layer through the exchange of three twist-
dependent wave vectors [27], which are related by a hexagonal
symmetry that determines the moiré Brillouin zone [11]. This
leads to one the main features of the continuum models,
namely that its Hamiltonian has no inherent momentum cut-
off, since any Dirac point can be always coupled to another
one. In practice, a sufficiently high momentum cutoff is deter-
mined by when the resulting moiré bands of interest (usually
the low-energy ones) converge to a steady value. As the twist
angle decreases the strength of the moiré coupling, relative to
the energy difference between the uncoupled Dirac points, in-
creases. Consequently, around the magic angle one generally
needs a relatively large momentum cutoff in order to archive a
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diagonalization convergence for the low-energy moiré bands,
which translates to a continuum model Hamiltonian of high
matrix dimensions. Besides being less computational appeal-
ing, this increase in the need of a higher matrix dimension
hinders the understanding of how the flat moiré bands emerge
and behave. Numerous lower dimension models, which still
aim to capture the continuum model physics, have been con-
sequently developed, such as two-band models [9,11], helical
network models [37-39], 10-band models [28], Kondo-lattice
models [40,41], (2 + 2) models [42], and topological heavy-
fermions models [43,44].

In this work, we propose and develop an alternative dia-
grammatic perturbation approach to study the moiré bands.
Our motivation is twofold: On the one hand, the perturbative
approach provides a natural framework to study the increasing
effect of the moiré coupling on the one-particle excitations of
the system as the twist angle is decreased; on the other hand,
the diagrammatic approach gives a direct physical picture
of the moiré-induced scattering events taking place and how
this may lead to flat bands. Our framework is build on the
usual continuum model, but explicitly working in the two-
band basis of each uncoupled layer. In this basis the moiré
potential acts as a one-body operator that transfers electrons
from one layer to another by the exchange of the three wave
vectors that determine the moiré Brillouin zone. By treating
this potential as a perturbation to the uncoupled layers, we
obtain the moiré-induced self-energy that renormalizes the
linear massless dispersions onto the moiré bands and discuss
its physical interpretation by identifying the contributions of
irreducible diagrams. From the self-energy we further obtain
the one-particle spectral density, the quasiparticle weight, and
the velocity of the moiré bands. We also relate the properties
of the lowest moiré bands to the behavior of the static self-
energy at the magic angle and show that the emergence of flat
bands can be directly connected to the particular geometrical
properties of the moiré potential in twisted bilayer graphene.

The developed approach opens a path to deploy diagram-
matic techniques to the study of moiré bands. Compared to
traditional approaches based on truncated continuum model
Hamiltonians, the diagrammatic formalism is entirely based
on the perturbation expansion of the Dyson equation. This
is in contrast to the usual perturbation theory applied to
a truncated TBG Hamiltonian, since in the diagrammatic
approach such truncation is already accounted by the pertur-
bation order in the Dyson series. The power of the developed
approach is highlighted by showing that properties such as
the moiré-induced self-energy, and other related quantities,
can be diagrammatically obtained using a simple set of Feyn-
man rules at any perturbation order. The developed approach
further paves a way to obtain effective models for the moiré
bands, namely, by identifying those diagrams that make the
larger contribution.

The rest of this work is organized as follows: In Sec. II
we give a brief recap of the continuum model of twisted
bilayer graphene, which serves as a basis for the subsequent
perturbation approach. Next we describe the formulation of
the continuum model in the two-band basis of each layer. In
Sec. III we develop the proposed diagrammatic perturbation
approach to the moiré bands. We introduce the one-particle
Green’s function and give its exact closed form through a
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FIG. 1. Reciprocal space representation of two twisted honey-
comb Brillouin zones, with corresponding reciprocal vectors b;"_g/ 2
and Dirac points K., K/, for the top (+) and bottom (—) layer,
each rotated by £6 /2. The moiré vectors are given by the difference
between the rotated reciprocal vectors, g, = bi)/zz - b;f;/ 2. In the
continuum model, the twisted Dirac points in different layers are cou-
pled, to leading order, by the exchange of three momentum transfer
vectors q, q2, q3 that determine the borders of the moiré Brillouin
zone (right). For momenta originating from the K valley of both
layers, the moiré valleys are set by Ky = K and K;, = K_, while
around the K’ valley K); = K’ and K;, = K. The three momentum
transfer vectors relate inequivalent valleys within the moiré Brillouin
zone.

matrix inversion of the continuum model Hamiltonian in the
band basis. We identify the moiré-induced self-energy, com-
pute it to leading order in perturbation, and give its physical
interpretation. We then discuss the one-particle spectral den-
sity, the velocity renormalization of the moiré bands, and the
emergence and origin of flat bands around the magic angle.
We end with the conclusions in Sec. I'V.

II. CONTINUUM MODEL
OF TWISTED BILAYER GRAPHENE

Two honeycomb lattices in a bilayer configuration, rel-
atively rotated by an angle 6, give rise to a moiré pattern
of characteristic length L ~ a/2sin(8/2) [6], where a is the
lattice constant of the layers (a ~ 0.246 nm in graphene).
For arbitrary twist angles the moiré pattern is in general
incommensurate, i.e., it is not technically a crystal struc-
ture [22,23]. Nevertheless, one can geometrically describe
the moiré pattern by defining a set of two moiré vectors
g; (i =1, 2), constructed by taking the minimum difference
between the rotated reciprocal vectors in each layer [21,27],
g =b!? — b7, where b"/> = R(%6/2)b; with R the ro-
tation matrix and b; the reciprocal vectors of a honeycomb
lattice. In real space, the moiré vectors so defined connect
all the AA stacking regimes of the moiré pattern. We choose
the primitive lattice vectors of the layers as a; = a(1, 0) and
a, = a(1/2, +/3/2), which lead to the reciprocal space orien-
tation shown in Fig. 1.

The continuum model captures the low-energy electronic
properties of the moiré pattern, in the regime where the
moiré length is much larger than the atomic length [9].
While first-principles models require commensurate super-
lattice structures, the continuum model holds even if the
moiré pattern is incommensurate [11,27]. There are different
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formulations of the continuum model in the literature; they all
share, however, the essence of coupling the Dirac points in
each layer through a moiré-induced potential. In this work we
will, in particular, consider the Bistritzer-MacDonald model
[11], for momenta relative to the K valley in both layers (see
Fig. 1). The corresponding Hamiltonian reads

¥
. (h+<k) T (r))’ 0
T(r) h_(k)

where A4 (k) = hivo 44/, - ky are the Dirac Hamiltonian in the
top (+) and bottom (—) layers, with v = V3ta /2h the Fermi
velocity in graphene (f being the nearest sublattice hopping
energy), ki the momenta relative to the rotated K points,
and 019/2 = (0 +0/2, 0y, 1+9,2) the rotated Pauli matrix vector
[45,46]. The angle dependence in the Pauli matrices leads
to a small energy shift in the system; in what follows we
neglect this and set 019/, — o (this restores the particle-hole

symmetry in the system) [11,47].
The coupling between both layers is dictated by the moiré
potential 7' (r). At small twist angles, its leading-order Fourier

expansion is given by [11,21,27]

3

To‘ﬂ(l‘) = Wp Zeiqj-rr;lﬂ’ )
j=1

where o and $ are the sublattice indices in each layer, wyg
is the corresponding coupling strength, and q; are the three
equal-length wave vectors arising from the difference between
the three equivalent rotated Dirac points, cf. Fig. 1. The wave
vectors ; thus determine the moiré Brillouin zone (mBZ) and
can be obtained from the moiré vectors as q; = (2g; + g2)/3,
q2 = R27/3)q;, and q3 = R(47/3)q;. For an initial AA
bilayer configuration, the coupling matrices for each wave
vector q; read [27]

- wo wie ¢ 3
T \w Tl Wo ’

where wy = waa and w; = wyp are the AA and AB hopping
energies and ¢; = (j — 1)27 /3. Due to relaxation effects,
the ratio wy/w; tends to decrease at low twist angles, effec-
tively reducing the energetically costly AA stacking regimes
[28,48,49]. In this work, unless otherwise stated, we consider
w; = 0.11eV, wy = 0.8w;, and t = 2.8 eV, which gives the
first magic angle at 6y, ~ 1.06° [11,50].

The moiré bands are obtained by diagonalizing the contin-
uum model Hamiltonian in momentum space. As each Dirac
point couples to other three by the exchange of the wave
vectors (;, the continuum model Hamiltonian has no bound in
momentum space. However, only the low-energy moiré bands
are relevant, for which the eigenstates effectively converge
up to a sufficiently large momentum cutoff. In this work we
adopt the original tripod model expansion of the continuum
model Hamiltonian [11,30], in which the momentum is mea-
sured from a Dirac point and the cutoffs are set by shells of
equidistant Dirac points from the origin, cf. Fig. 2.

The continuum model Hamiltonian around the K’ valley
can be obtained from the one in the K valley by replacing o —
o' = (—o0y,0y), q; = —q;, and ¢; — —¢; [21]. The moiré

FIG. 2. (a) Tripod model of the TBG Hamiltonian expansion
in momentum space, in which the momentum is measured from
the Dirac point in one layer. Empty (filled) circles correspond to
Dirac points in the top (bottom) layer. Circles indicate the trunca-
tion (or cutoffs) at increasing shells, corresponding to equidistant
Dirac points. (b) Schematic representation of successive momentum
exchanges k_ — k, = q; between adjacent Dirac points, up to the
third shell.

bands for momenta around the layer valleys K and K’ (not to
be confused with the moiré valleys Kj,) only differ slightly
around the I'y; and M)y, moiré symmetry points [21]; their
general properties, particularly as a function of the twist angle,
are nevertheless the same. As intervalley scattering events
within each layer are negligible at low energies, throughout
this paper we continue to work with the TBG Hamiltonian for
the K valley, keeping in mind that the results for the K’ valley
can be trivially obtained by the above correspondence.

Band basis

The continuum model Hamiltonian given by Eq. (1) is writ-
ten in the sublattice basis for each layer. To make a connection
with perturbation theory, it will prove more convenient to
rather express it in the band basis of each layer, in which
the Dirac Hamiltonian is diagonalized. In momentum space,
the matrix elements of the corresponding TBG Hamiltonian,
which we shall denote as Hp, are given by (cf. Appendix A)

(¢, K, s'|Hplt, Kk, s)

3
= 80.0shv K|S wbyy + 8o D (TS 48k ks,
j=1
+ Tk 5500 ~Ok k—q)- @

Here s, s' = %1 are the band indices in the £, ¢’ = & top and
bottom layers. The moiré potential reads

7;,k,s,s’ = I/III_‘_q]JrTj‘/fk,Ss (5)

where T; are the moiré matrices given by Eq. (3), and

1
o= (sjek) ®)

are the pseudospinors eigenstates in graphene (accounting for
the neglected rotation of the Pauli matrices amounts to replace
Ok — Ok = 6/2 in Yy 5). The overlap of these pseudospinors
leads to the momentum dependence of the moiré potential
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FIG. 3. (a) Diagrammatic representation for the scattering be-
tween electrons in different layers induced by the moiré potential.
Solid lines represent the free Green’s function gf(’,x(iw) =1/(iw, —
€k ;) for a Dirac electron with momentum k in the s = &1 band
and energy €k ; = shv|k|. Empty (filled) circles represent the moiré
potential strength 7 (7*) for the scattering of an electron in the top
(bottom) layer to the other layer. (b) A curved line connecting one
empty and one filled circle is used to indicate the same exchanged
momentum ¢, regardless of possible in-between scattering events
that may modify the initial and final momenta.

in the band basis. Specifically, the AA hoppings lead to a
contribution of the form 7; ~ wol/fl: +qj,s'¢k,s’ whereas the
AB/BA hoppings lead to a contribution of the form 7; ~
wllpl;rqqu,a @Yk, where ¢; is the versor with an angle
¢; relative to the x axis. The latter overlap is similar to the
one obtained for the interaction between two chiral states
mediated by a vector potential A; ~ w1 ¢;.

The use of the band basis provides a natural framework
from which one can deploy perturbation methods into the
problem. To this end, we second quantize the continuum
model Hamiltonian and separate H= I-?o + T, where

Hy = Z Z Gk,séz,k,xéi,k,m @)

k,s (=%

3
T=2"3 Tiswé g vlens +He ®)
=1

k,s,s' j

Here the operators 621‘“ and ¢, ks create and annihilate an
electron in the ¢ layer, with momentum Kk in the s band
and energy €k ; = shv|k|. We adopt the convention that the
momentum is measured relative to a Dirac point in the top
layer. The moiré potential 7 can be thought as a one-body
operator that exchanges electrons from one layer to another
by the transfer of a momentum ¢, cf. Fig. 3.

Since the potential 7' is quadratic in the operators, the total
Hamiltonian can be, of course, exactly diagonalized:

5 At A
sV v sV
H= )" > Ec.af ik, ©)

kemBZ v

Here the operators &IT” and ayg , create and annihilate an

electron in the v moiré band with momentum k within the
moiré BZ and energy E,. Equation (9) formally solves the
problem, provided that the energies Ey , are obtained by diag-
onalizing the continuum model Hamiltonian. However, such
matrix diagonalization implicitly requires a truncation of the
TBG Hamiltonian, on which the number of moiré bands in
the sum over v, as well as the corresponding expressions for

their energies, depend. The same holds for the moiré operators
ag.,, whose expansion in terms of the ¢ operators generally
depends on the momentum cutoff. This sort of perturbation
dependence in the continuum model is hidden in Eq. (9).
The effectiveness of the truncation, as measured by diago-
nalization convergence, further depends on the twist angle:
Although at relatively high angles it may be sufficient to
consider a low momentum cutoff to describe the lowest moiré
bands, at lower twist angles one generally requires a higher
momentum cutoff for convergence. As a result, a physical
understanding of the emergent properties of the moiré bands
becomes increasingly harder to get as the twist angle decrease,
since a larger momentum cutoff translates to a TBG Hamilto-
nian of high dimensions.

III. DIAGRAMMATIC PERTURBATION
APPROACH TO MOIRE BANDS

In this work, rather than reducing the problem to a matrix
diagonalization, we propose and develop a diagrammatic per-
turbation approach to study the nature of the moiré bands. We
treat the system as an effective many-body problem in which
the moiré potential 7' acts as a perturbation to the Hamiltonian
Hy. Our interest will be the effect of the perturbation on the
one-particle excitations in each layer. In particular, we con-
sider the imaginary time one-particle Green’s function [51]

Gyy (1) = —(T:2, (7)E),(0)), (10)

where the index y = (¢, k, s) accounts for the layer, mo-
mentum, and band indices of the ¢ operators; 77 is the
time-ordering operator; and (---) is the ensemble average
over the interacting system. By treating the moiré potential 7
as a perturbation, the ensemble average (- - - ) can be expanded
as an ensemble average over the noninteracting system, cf.
Appendix B.

Since the problem is exactly solvable, the Green’s function
can be obtained in closed form. Indeed, in frequency-
momentum space the Green’s function of the system can
be reduced to a matrix inversion [51] G(iw,) = (iw,] —
Hp)~!, where w, = (2n + 1)1 /18 are the fermionic Matsub-
ara frequencies (with n an integer and B = 1/kgT), Hp is
the band-basis continuum model Hamiltonian in momentum
space [cf. Eq. (4)], and I is the identity matrix of the same
dimension as Hg (which depends on the shell truncation). The
Green’s function given by Eq. (10) can then be obtained as

gyy’(iwn) = (iw,I — HB);;H (11)

with y and y’ being matrix components such that (Hp),, =
€, and (Hpg),,» = €,. The retarded Green’s function follows
by analytical continuation iw, — w + i0*.

From a numerical point of view, Eq. (11) gives a straight-
forward method to obtain the Green’s function of the system.
However, as it stands, it does not provide a direct physical
picture of the moiré-induced scattering processes taking place.
To this end, in what follows we make a connection between
Eq. (11) and the usual many-body diagrammatic techniques.
We identify the self-energy, discuss its diagrammatic expan-
sion, and relate it to the spectral density, the quasiparticles
velocity, and the emergence of flat bands around the magic
angle.
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FIG. 4. Top: Diagrammatic representation of the moiré-induced
self-energy; double lines indicate the full dressed Green’s function.
Bottom: Leading-order examples of irreducible diagrams that con-
tribute to the self-energy. First row is in terms of the Feynman
diagrams detailed in Fig. 3. Internal momentum transfers and band
indices are to be summed over. Diagrams in which at a midpoint
the electron returns to the same initial momentum, as in the second
diagram, imply a change of band. Last row is a hexagonal picture
representation of the above diagrams, in the same order. Curved
lines indicate the path of an electron by coupling to successive Dirac
points. For simplicity only one possible equivalent path is shown.

A. Self-energy

Since the moiré potential, Eq. (8), exchanges electrons
from one layer to another, with different momenta and arbi-
trary band indices, in general the Green’s function given by
Eq. (11) will depend on the indices y, y'. Nevertheless, most
of the information about the one-particle excitations spectra
can be deduced by analyzing the Green’s functions with y =
y'. To simplify the notation we shall write G,, = G,. The
Dyson equation in momentum-frequency space then leads to
the exact expression [52] (from now on we set i = 1)

o I
i) = e S i)’ (12

where €, =€, — u are the unperturbed energies measured
relative to the chemical potential p (henceforth we set, for
simplicity, the energy origin at u© = 0, and drop the bar no-
tation) and X, (iw,) is the proper self-energy (henceforth just
the self-energy). As with the Green’s function, the self-energy
can be directly obtained from the continuum model Hamilto-
nian through Eq. (11), which implies that
1

2, (lw,) = iw, — €, — m, (13)
n vy

where the component index y should be read as the index at
which (Hp),, =¢,.

The self-energy describes the renormalization of the un-
coupled dispersions €, due to the interaction with the moiré
potential. One can thus obtain valuable insights into the nature
of the moiré bands by solely analyzing the properties of the
self-energy. One of the main advantages of the developed
approach is that the self-energy can be obtained diagrammat-
ically by summing irreducible diagrams. Some examples of
those are shown in Fig. 4. The diagrammatic approach gives
not only a straightforward method to compute the self-energy
(in principle, to any perturbation order) but also a clear physi-
cal picture of the involved moiré-induced scattering processes.

This can be very valuable for understanding the emergent
properties of the moiré bands, particularly when compared to
the numerical diagonalization procedure.

It is worth noting that the perturbation description put for-
ward here does not imply small corrections to the unperturbed
energies, since those can actually be strongly renormalized,
especially at low twist angles. As long as the dressed Green’s
function converges (so that Eq. (12) holds), such an increase
in renormalization does not, however, invalidate the pertur-
bation approach. In fact, the perturbation expansion of the
moiré potential simply accounts, in a diagrammatic approach,
the construction of the TBG Hamiltonian in terms of cou-
pled Dirac points. Since the moiré potential given by Eq. (5)
only depends on the angles of the momenta, a coupling to a
Dirac point at a general position —Q = Y j(£4;) (see Fig. 2)
roughly scales, to leading order, as ~w; /(v — v|k + Q|) in
the total self-energy Xk (w), cf. Figs. 3 and 4. Therefore,
although as the twist angle decreases the contribution of
couplings at high Dirac points increases (since |q;| o 6),
their effect can still be effectively neglected at low ener-
gies if w;/v]k+ Q| « 1, thus justifying the perturbation
approach [11,30].

1. Physical interpretation

The self-energy can be directly computed by summing
irreducible diagrams, cf. Figs. 3 and 4. Due to the strong
coupling of the moiré potential at low twist angles, and the
nonnegligible contribution of interband transitions, one gen-
erally needs to consider many irreducible diagrams in order
to achieve a convergence of the self-energy. A valuable guide
to visualize the relevant scattering events can be obtained by
giving a diagrammatic representation to Eq. (13). For concise-
ness, throughout this section we will focus on the self-energy
for the top layer, so that y = (4, k, s). The results are readily
generalized for the bottom layer by replacing k — k + q,
q; > —q;,and 7; — T (see Fig. 1).

We start by considering the lowest TBG Hamiltonian in the
tripod model, where the momentum is truncated at the first
shell (cf. Fig. 2). This leads to the well-known 8 x 8 TBG
Hamiltonian, which in the band basis takes the form

B T T T

g | T e O 0 14
Bk = B , (14)
Tox 0 Mo 0
Tk 0 0 hﬁﬂh
where hﬁ = —v|k]o; is the diagonalized Dirac Hamiltonian
and [cf. Eq. (5)]
Tix-— Tik+-—
Tiw=|_" M) (15)
Tik-+  Tik++

The self-energy given by Eq. (13), for the top layer, can then
be recast as

20 ) = TP (iw,) + TP (io,), (16)
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FIG. 5. Diagrammatic representation of the moiré-induced self-
energy T\ = Xt 4y corresponding to the first shell
truncation of the continuum model Hamiltonian. The first diagram
T gives the intraband contribution, where an electron scatters
back and forth to the opposite layer, returning to the initial state
in the same band. The second diagram Ef{y‘_‘f‘ gives the interband
contribution, where an electron transitions to the opposite band by
scattering back and forth to the opposite layer, before scattering back

again to the initial state.

where
2
[T ks
Te o) = ) (17)
i lw, — 6kJrqj,r
* *
mter(la) )= Z ﬂ,k,s,rﬁ,k,fs,r 7;'1('75"’7;,](,5,7
n - .

lwy, — €k+qur T lwy, — €k+q],r

Jr

. |7;,k,—.s,r|2
x [ — ey — 3 LTer

i lwy, — €k+q,,r
(18)

To give a diagrammatic interpretation of these expressions, we
first recall the Feynman rules of the system shown in Fig. 3.
From it one readily sees that the two irreducible contributions
to X1 have a simple physical interpretation:

(i) The term Z‘“"a accounts for intraband transitions in
which an electron in the state |k, s) scatters back and forth
to the opposite layer only once, returning to the same initial
state |k, s).

(ii) The term ™" accounts for all interband transitions in
which an electron in the state |k, s) transitions to the opposite
band state |k, —s) by scattering back and forth to the opposite
layer, before finally scattering again back to the initial state
Ik, s).

The corresponding diagrammatic representation is shown
in Fig. 5. The full perturbation calculation that effectively
leads to Eq. (16) to leading order can be found in Appendix B.

The leading-order diagrammatic representation of Eq. (13)
suggest that, in general, the self-energy for a shell truncation
of the continuum model Hamiltonian is given by the sum of
all irreducible scattering processes with momentum transfer

up to the corresponding cutoff. It is important to note that the
perturbation order in the computation of ¥ (cf. Appendix B)
does not generally equal number of shells in the truncated
Hamiltonian. This is due to the effect of interband scattering
events, which imply higher perturbation orders than intraband
ones.

Consider the next truncation of the TBG Hamiltonian at
the second shell. The corresponding self-energy X® can
be obtained directly from Eq. (13) by inverting the 20 x 20
truncated Hamiltonian. The resulting expression, however, is
highly cumbersome and hard to work with, hindering the
inference of physical insight from it. Instead, one can ob-
tain a relatively simple expression for £® by using the
diagrammatic approach, taking into account all the possible
irreducible scattering events up to second order in momentum
transfer. The full calculation is large and left to the Ap-
pendix C (see Fig. 11 for the diagrammatic representation).

As the number of shells increase, the exact diagrammatic
computation of the self-energy gets increasingly harder very
rapidly. The situation actually becomes quite complicated be-
yond the second shell, since then one has to take into account
multiple connected paths that an electron can take (see, for
instance, the last diagram of ¥ in Fig. 4). This complexity in
the computation of the self-energy, by diagrammatic methods,
can be in a way related to the nonlinear matrix dimension in-
crease of the continuum model Hamiltonian as the momentum
cutoff increases.

B. Spectral density

The one-particle spectral density is given by A, =
Ing where gf Gy (i, — o +i0%) is the retarded
Green S functlon [cf. Eq. (11); we continue to consider the
case y’ = y]. The renormalized quasiparticle energies follow
from the peaks in the spectral density, which occur when [53]

w—€, —2;(w)=0, (19)

where ¥'(w) = Re[Z(iw, — w + i0™)] is the real part of the
retarded self-energy. The quasiparticle energies w that satisfy
the above equation are the same eigenvalues that diagonal-
ize the continuum model Hamiltonian, i.e., the moiré bands.
However, each state carries different quasiparticle weight
[53,54]. To see this, we first note that since each quasiparticle
state diagonalizes the TBG Hamiltonian, in perturbation terms
their lifetime is infinite. Consequently, the imaginary part of
the self-energy vanishes when o = E , [this can be proved
rigorously from Eq. (11)]. Thus A, = §[w — €, — Z;(a))],
and resolving the delta we obtain

Ay = sz,y(s(w_Ek,v)v (20)

Zl=1 —82; 21
vy — 4 9w (2D
w=Ek,,

is the quasiparticle weight of the moiré band with energy Ex .
It can be proved that the normalization condition ) Z, , = 1
is satisfied. The quasiparticle weight Z, ,, measures the ampli-
tude of creating a single-particle state with energy Ej , from

where

045442-6



DIAGRAMMATIC PERTURBATION APPROACH TO MOIRE ...

PHYSICAL REVIEW B 110, 045442 (2024)

0 = 5°, top layer

6 = 1.06°, top layer

03 —
0.8 ~. : 03
0.2 < ;
1 ; 0.25
0.6 0.1 1 =
> =L 3 ] L&
<L L 0of :
w 0.4 m ; 0.15
. 201 _/
1 0.1
0.2 0.2 —
R 0.05
0.3 ; i
15 0 ~ 0
1—‘M KM K M 1—‘M 1—‘M KM K M 1—‘M
0 = 5°, bottom layer 0 = 1.06°, bottom layer
1.5 : : ~_—
i i 0.3 i i
1R i 3 08 N 03
~— ; 0.2 : :
\ : ; " 0.25
_ 05 3 3 06 _ 01 3 3
> i ‘ > L i i 02
L0 & o : —
S 0.4 ) \ 0.15
0.5 % % 0.1 : :
—\/ 02 0.2 ; o
1 ; : ; )‘\ 0.05
0.3 i :
1.5 0 Za 0
I‘M KM K M IWM 1—‘M KM K M 1—‘M

FIG. 6. Quasiparticle weight (QW) of the moiré bands for the K
valley, in the top and bottom layers, for twist angles 6 = 5° and 0 =
1.06° (magic angle). The QWs are calculated with Eq. (21) summing
the contribution of electrons in both Dirac bands. At high twist angles
the QW is mainly on the lowest moiré bands, while at lower twist
angles the QW disperses to remote moiré bands.

the interaction of the bare electrons with the moiré potential:
Zoy ~ |k, v[e]12) 7, (22)

where |€2) is the total (interacting) ground state and |k, v) is
the excited single-particle state with energy E ,.

Figure 6 shows the quasiparticle weight (QW) in the top
and bottom layers, calculated by summing Eq. (21) over both
Dirac bands in each case. The strongest QW is always on the
lowest (in energy) moiré bands, and around the Ky, (Kj,) for
the top (bottom) layer, consistent with Fig. 1. At relatively
high twist angles only low-momentum couplings contribute
to the self-energy, so the QW is almost entirely contained in
those lowest moiré bands. This means that the quasiparticle
renormalization around a Dirac point in one a layer is only
influenced by the coupling to the nearest Dirac points in
the other layer. At lower twist angles the QW disperses to
higher moiré bands, resulting in a significant reduction in the
weight of the lowest moiré bands. Around the magic angle
By ~ 1.06°) the QW of the lowest moiré bands are effec-
tively reduced by more than a half, with higher bands having
an increasingly higher weight. In addition, the QW of the
lowest moiré bands in both layers becomes more uniformly
distributed in momentum space, reflecting the high hybridiza-
tion of the Dirac points. Breaking the layer degeneracy, for
instance, by an effective mass in one layer arising from a hBN
substrate effect [55], can thus result in a larger split of the
narrow moiré bands as the twist angle decreases [56].

By differentiating in each layer the QW contribution of
electrons in each Dirac band, one observes that an interest-
ing band-inversion behavior takes place around the magic
angle [57]. This is seen in Fig. 7, where we show the
QW difference AZ = Z, x + — Z, k. — in the top layer, for the

40 02
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_25(p=115° 01 Tlo=106 :
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FIG. 7. Difference between the QW contribution of each Dirac
band in the top layer, for the low-energy moiré bands in the K valley
around the magic angle. Red (blue) indicates a QW coming mainly
from electrons in the top (bottom) Dirac band. An inversion behavior
in the lowest moiré bands takes place around the magic angle 6 =
1.06°.

low-energy moiré bands. For 6 > 6y, the QW of the top
(bottom) lowest moiré band comes mainly from electrons
in the top (bottom) Dirac band. This behavior is expected
for a low moiré coupling or when interband transitions are
nondominant. However, as the moiré bands flatten around the
magic angle, a band-inversion behavior takes place, with the
QW of the top lowest moiré band now coming mainly from
electrons in the bottom Dirac band and vice versa for the other
lowest moiré band. As the twist angle is further decreased, one
sees a nonuniform, momentum-dependent QW behavior in the
lowest moiré bands, where the weight of electrons in the top
Dirac band may dominate around the Iy, point, while that of
electrons in the bottom Dirac band may dominate around the
Ky point (in the particular case of & = 0.95° in Fig. 7, such
behavior arises because the remote bands touch the lowest
bands at the I'y; point). In general, a band-inversion takes
place when two moiré bands touch at a particular momentum
k, or when at such point the quasiparticle velocity vanish. This
band-inversion behavior has been noted before by projecting
the moiré eigenstates on the eigenstates of the decoupled
layers [57].

The quasiparticle weight in each layer can be experimen-
tally relevant in angle-resolved photoemission spectroscopy
of moiré heterostructures [58—61], particularly because then,
by design, the topmost layer typically contributes the most
to the signal. Within the simplest sudden approximation, the
resolved photoemission intensity I can be directly linked to
the one-particle spectral density [54,62],

I ~ MAg(o)f (@), (23)

where f(w) is the Fermi-Dirac distribution and M are the
matrix elements accounting for the signal dependence on
the incident light intensity, polarization, and frequency (see,

045442-7



FEDERICO ESCUDERO

PHYSICAL REVIEW B 110, 045442 (2024)

e.g., Refs. [63,64] for a detailed account). The above equa-
tion gives a direct intensity dependence on the spectral density
and thus a signal pattern similar to that in Fig. 6, which is in
relatively good agreement with recent experiments [65—67].
We note that photoemission spectroscopy measurements have
been previously explained by a band-unfolding approach
[59,65], which in essence is similar to what Eq. (22) measures.

C. Renormalized velocity and flat bands

The emergence of flat moiré bands is one of the most
remarkable and intriguing aspects of the continuum model,
prompting many works devoted to study their nature and ori-
gin [30,33,50,68]. Within the perturbation scheme developed
here, the moiré-induced self-energy provides a direct account
for the quasiparticle velocity renormalization and the origin
of moiré flat bands. In line with the previous sections, in
what follows we will consider the perturbation on electrons
in the top Dirac band of the top layer and for brevity omit
those indices in the self-energy. Thus throughout this section it
should be understood that X x ¢ — 2. The analysis done,
however, is valid for both layers and Dirac bands.

From Eq. (19) it follows that the quasiparticle velocity
vector vi |, = ViEk , of the moiré band v is given by

Vi, = Zio [k + (Vi Z)ozp, 1. 24)

where Zy , is the quasiparticle weight given by Eq. (21), and
Viex = vk is the velocity vector in graphene. We are, in
particular, interested in the renormalized velocity v* of the
lowest (in energy) moiré bands at the Dirac point. To leading
order in the perturbation, Eq. (16) gives X; _;(w = 0) = 0 and
Vi (k=0=w) x k, and it can be numerically checked
from Eq. (13) that the same holds at higher orders. Conse-
quently, v* = v*k with

v L (821’(/8k)0/v’ 03)
v 1= (%) /8w

where the subindex “0” implies evaluating the derivatives at
k =0 = w. To leading order, Eq. (16) gives (0%, /9k)y =
—31)0(12 and (0%, /0w)y = —3(a(2) + a%), where o; = w;/vkg
are the moiré coupling strengths. Replacing in Eq. (25) then
leads to the well-known result v*/v = (1 — 3e2)/(1 + 3a? +
30{%) when the TBG Hamiltonian is truncated at the first shell
[11,30,50]. The computation of v*, using the self-energy, can
be carried out at higher perturbation orders, cf. Appendix D.
When v* vanishes the lowest moiré bands actually flatten
across the whole moiré BZ [11,30]. To understand this overall
behavior one needs to go beyond the analysis of the quasiparti-
cle velocity at the Dirac point. The self-energy again provides
a natural framework for this. Indeed, from Eq. (19) it follows
that low-energy (w ~ 0) flat bands emerge when the condition

ex + 2k (0) ~0 (26)

is satisfied, which can only occur when the static self-energy
behaves as ¥ o —k to leading order in k.
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FIG. 8. (a) Static self-energy at the magic angle 6 = 1.06° for
wo = 0 (chiral model) and wy = 0.8w;. (b) Density plots for the
uncoupled dispersion —ex/vky (top), and the static self-energy
2k (0)/vk,y at the magic angle (bottom), centered at the Dirac point
Ky. Except for small deviations around the I'y, point, the static
self-energy converges to Xx(0) ~ —vk, leading to zero-energy flat
bands.

Considering the self-energy given by Eq. (16), expanding
in orders of k/kg (Where kg = |q;]), at @ = 0 one has

20(0) ~ —3vk[af — of sin (36k)(k ko)
—2aga; cos (36 )(k/kg)* + O(k/kg)’].  (27)

Up to order ~(k/ky), the flat band condition ex + El((l) 0)~0
is then satisfied at the first magic angle where a% ~ 1/3 and
v* ~ 0. Since the two leading-order corrections in Eq. (27)
scale with ~«g, the moiré bands become more flat as the AA
hopping energies decrease.

Equation (27) only gives a partial picture at the simplest
first shell approximation. At higher perturbation orders (i.e.,
higher number of shells) one actually sees that at exactly the
magic angle the self-energy converges to X (0) ~ —vk, only
up to small deviations around the 'y, point; see Fig. 8. As
a result, the uncoupled dispersion €x = vk is renormalized to
zero-energy moiré bands that satisfy the flat band condition
ex + 2k (0) ~ 0 over almost the whole moiré Brillouin zone.
In the chiral limit one has Xy (0) ~ —vk in all the mBZ,
leading to the formation of absolute flat bands [50].

D. Origin of flat bands

We now ask what properties of the moiré potential lead
to those in the self-energy that, in particular, allow the flat
band condition (26) to be satisfied. A first point to note is
that the behavior of the moiré potential, as given by Eq. (5),
depends on both the phases ¢; of the moiré matrices and
the momentum transfer vectors q;. In the continuum model
the phases ¢; arise from the underlying hexagonal symmetry
of the layers (technically, from phase factors ~e¢™? relating
the reciprocal lattice vectors b and the basis vectors § of a
honeycomb lattice [9,11,21]) and are therefore independent
of the geometrical properties of the moiré pattern. The mo-
mentum transfer vectors q;, on the other hand, depend on the
orientation and shape of the moiré BZ [69-72], which are
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FIG. 9. Renormalized Dirac velocity at the first magic angle in
the chiral limit, as a function of the orientation ¢ of the momentum
transfer vectors ; relative to the phases ¢; in the moiré potential
(see inset). The solid line is the converged numerical result, while the
dashed line is the analytical result at the first shell given by Eq. (30).
The velocity only vanishes in the TBG case ¢ = 90°.

determined by the difference between the reciprocal lattice
vectors in each layer.

To understand how both ¢; and q; may influence the emer-
gence of flat bands, we consider the leading-order self-energy
given by Eq. (16) but keeping now explicitly its dependence
on those parameters. At the origin point k = 0 = w one has

E(()l)(O) = —6vkgapa; cos @, (28)
where
¢ =10, — ¢; (29)

is the j-independent difference between the angles 6y, of the
momentum transfer vectors and the phases ¢;. Therefore in
general X((0) only vanishes in the TBG case ¢ = 90° (see
Fig. 1), which implies that only then there is a zero energy
solution to Eq. (19) at k = 0; otherwise the Dirac points are
shifted in energy.

The energy shift of the Dirac points modifies the compu-
tation of the corresponding quasiparticle velocity v*, since
then the derivatives of the self-energy must be evaluated at
o such that w — ¥¢(w) = 0, which in general depends on ¢.
The situation simplifies in the particular chiral limit oy = O,
where Eq. (28) gives X¢(0) = 0 for all ¢. In that case, the
quasiparticle velocity in terms of ¢ reads (cf. Appendix E)

v \/1 + 6a7 cos (2¢) + 9o}

(30)
v 1+ 30}

Crucially, we see that v* can only vanish in the TBG case
where ¢ = 90°. The same behavior is numerically observed
at higher perturbation orders, see Fig. 9.

Equations (28) and (30) put the value of ¢ as a key factor
in the origin of magic angles. This observation can be tested
by studying the behavior of the moiré bands for different
orientations of the momentum transfer vectors q; in the con-
tinuum model. The results for the bottom lowest moiré band
is shown in Fig. 10, for both the chiral and nonchiral cases.
In line with Eq. (30), at the magic angle only the TBG case
¢ = 90° leads to the formation of flat bands across the whole
mBZ. This behavior also occurs in the general nonchiral case,
where in addition the Dirac points are effectively shifted in

¢ = 90° (TBG)

K

M M

FIG. 10. Bottom lowest moiré band for the magic angle 6 =
1.06° and different orientations ¢ of the momentum transfer vectors
in the continuum model, in steps of 10° from top to bottom (see
inset in Fig. 9), for the cases (a) wy = 0 (chiral model) and (b)
wo = 0.8w. Flat bands across the mBZ only occur in the TBG case
@ =90°.

energy, leading to a stronger suppression of the flat bands as
@ changes.

Figure 10, and in particular Eq. (30), incidentally give a
simple explanation as to why flat bands in TBG seem to
disappear in the presence of strain [69,72,73], whose effect
generally modifies the momentum transfer vectors. Even in
those cases in which the hexagonal symmetry of the moiré
pattern in preserved, as, e.g., with a combination of twist and
biaxial strain [72], the rotation of the wave vectors q; would
generally suppress the formation of flat bands.

IV. CONCLUSIONS

We have developed a diagrammatic perturbation approach
to study the properties of moiré bands in twisted bilayer
graphene. This approach differs from previous studies on
several aspects. First, it is build on a perturbation of the two
uncoupled Dirac bands in each monolayer. This provides a
natural framework to deploy perturbation methods and gives
a direct physical picture of the moiré-induced scattering pro-
cesses. Second, our approach treats the perturbation by the
moiré potential within the full framework of a many-body
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problem. In this scheme, the moiré potential acts as an ef-
fective one-body potential that transfers electrons from one
layer to another, in all possible Dirac bands, by the exchange
of the three wave vectors that determine the moiré Brillouin
zone. The strength of this coupling is naturally accounted by
the value of the twist angle; namely, the decreasing length of
the momentum transfer vectors as the twist angle is lowered
translates to an increase in the coupling between the Dirac
points, and therefore in the perturbation strength.

The developed perturbation approach leads to a direct di-
agrammatic representation of the scattering processes taking
place. By a set of simple rules, one can obtain, describe or
approximate, the moiré-induced self-energy of the electrons,
and from it the moiré bands of interest. This not only brings
the full power of Feynman diagrams into the problem but also,
and perhaps more importantly, provides a physical picture of
the relevant scattering events. Furthermore, since the pertur-
bation problem is quadratic in operators, one can naturally
obtain, through a straightforward matrix diagonalization, a
closed expression for the Green’s function. As a result, there is
a direct relation between the moiré bands properties at a given
shell cutoff of the continuum model, and the diagrammatic
expansion of the Dyson equation.

The moiré-induced self-energy can be related to differ-
ent one-particle properties of interest. In particular, we have
obtained the quasiparticle weight of the moiré bands for elec-
trons in each layer and Dirac band. The layer distinction can
be particularly useful for interpreting photoemission spec-
troscopy experiments in moiré heterostructures, where usually
the topmost layer gives the larger contribution to the measured
signal. In line with previous studies, the perturbation approach
naturally yields an increasingly weight of higher moiré bands
as the twist angle decreases, reflecting the contribution of mul-
tiple high-momentum scatterings events at successive Dirac
points. Around the magic angle, an interesting band-inversion
behavior takes place: The contribution of electrons in the top
and bottom Dirac bands to the quasiparticle weight of the flat
bands is inverted.

The self-energy also gives a natural account for the emer-
gence of flat bands in twisted bilayer graphene. We have
shown that exactly at the magic angle the static self-energy
practically cancels out the uncoupled linear dispersion in each
layer, except only for small deviations around the I'j; point
in the nonchiral case, leading to zero-energy flat bands over
almost the whole moiré Brillouin zone. By analyzing how the
moiré potential influences such behavior in the self-energy,
we have further shown that flat bands can emerge only under
a particular orientation of the momentum transfer vectors,
which is indeed satisfied in twisted bilayer graphene. For
different orientations of the momentum transfer vectors the
Dirac velocity can never vanish. The geometrical properties
of twisted bilayer graphene thus seem to play a crucial role in
the formation of flat bands.

Finally, we note that the developed diagrammatic approach
has only taken into account the moiré potential as a perturba-
tion. A more realistic treatment should also include electronic
correlations, which can indeed become significant as the
moiré bands flatten around the magic angle. Electron-electron
interactions can be included in our model as an additional
perturbation to the system, competing with that of the moiré

potential. Both perturbations may then be tackled diagram-
matically, in a similar approach as the one developed here. It
would be interesting to study the competition of both perturba-
tions as the twist angle decreases, and how this influences the
properties of the moiré bands. We leave this for future work.
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APPENDIX A: CONTINUUM MODEL HAMILTONIAN
IN THE BAND BASIS

Here we give details on the construction of the TBG Hamil-
tonian in the band basis. We adopt the original tripod model
[11,30], with the origin set a Dirac point (cf. Fig. 2). Following
the convention in the main text, we take the origin Dirac point
belonging to the top layer.

The continuum model Hamiltonian in the band basis,
which we shall denote as Hp, can be directly obtained from the
usual one in the sublattice basis H, Eq. (1), by the similarity
transformation

Hy = C7'HC, (Al)

where C is the matrix that diagonalizes the Dirac Hamiltonian
Hy (i.e., that without the moiré potential coupling). In momen-
tum space C is a matrix whose columns are thus given by the
eigenstates of Hy,

Uy 0 0 0
0 Wiiq 0 0
c=|o 0 W o . (A2
0 0 0 Witq,
where [cf. Eq. (6)]
1 1 1
W= =5l ) A

Note that C~! = CT. The similarity transformation (A1) leads
to the moiré matrices in the band basis:

(k_|Tjlky)p = ¥ TjWy, 8k k,+q;- (A4)

where T; is given by Eq. (3). The matrix components in the
above equation lead to Eq. (5) in the main text. The above
result can be also obtained by making a direct basis change of
the moiré matrix elements, using the relation |k, s) = (JA) +
se'™|B))/ /2 between the band basis and the sublattice basis.
The computation of the Green’s function through Eq. (11)
is done by a matrix inversion of the continuum model Hamil-
tonian in the band basis. Given the relation (A1), this inversion
can be also directly obtained from the original TBG Hamilto-
nian H, Eq. (1) (in momentum space), and a basis change:

Gliw,) = C'(iw, 1 — H)™'C, (A5)
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In particular, for the two cases y = ¢y’ = (+,k, s = %), the
matrix components of (iw,I — H );)‘/, given our convention,
areyy = (1, 1) and yy = (2, 2) for the bottom (s = —1) and
top (s = 1) Dirac band, respectively. Defining

H(iw,) = iw,] — H, (A6)

we thus have
Gy —(iw,) = C] H ! (i0,)C1, (A7)
Gyt (iwy) = Cf H )} (iw,)Coa, (A8)

where repeated indices are to be summed over. Here it should
be understand that Hl;}(ia)n) are the (u, v) components of

J

H~'(iw,). From Egs. (A2) and (A3) it follows that
Grxslioy) = YA + Hy' £ AL ™ £ Hy'e™™). (A9)

This provides a direct way to obtain the Green’s function by
working entirely in the sublattice basis. From it we readily see
that

Gy k1 (i®y) + Gy ke _(iwy) = H,' + Hy,', (A10)

Gy ki lio)) = Gy k-~ (iw,) = Hy'é™ + Hyle™™. (A11)

It should be noted that the dependence of G on the moiré
potential 7k ¢ in the band basis, when computed using
Eq. (A9), would not be explicit; it would rather be implicitly
contained in the couplings between the Hamiltonian ~o - k of
different Dirac points. From a diagrammatic point of view, and
physical interpretation, it is thus more convenient to compute
G by directly working in the band representation.

APPENDIX B: PERTURBATION EXPANSION OF THE MOIRE POTENTIAL

By treating the moiré potential 7', Eq. (8), as a perturbation, the Green’s function given by Eq. (10) can be expanded as

[51-53] (we set /i = 1)

Gy (T) = —(Tr8, (1), (0)U (B, 0))o.c,

B

where B = 1/kgT and (- - - )¢ is the ensemble average over the noninteracting system, taking into account only the contribution

of connected diagrams. The evolution operator reads

o0

R 1 v g . .
Uz, t’):ZF(—l)l / drl.../, duT.(T(x)... T @)l

=0 T

(B2)

T

The perturbation expansion of the evolution operator naturally accounts for the shell truncation of the continuum model
Hamiltonian. Following Sec. III, we are interested in the case y = y’ in Eq. (B1); we note G, (t) = G, (7). In that situation,
since the moiré potential 7' always exchanges one electron from one layer to another, only even orders in / contribute to the
expansion of the evolution operator. For conciseness we shall consider the particular case y = (+, k, s5). The leading-order
correction to the Green’s function (second order in /) reads

Gl () = —21!(—1)2 fo ' dry /0 ' Aoy (T g (T4 (O ()T (22))0 e (B3)
Replacing Eq. (8) leads to the following four kinds of ensemble averages:
Ct = (Tlks(DE 4,08 L (T (08 o (2)8 ks (T2))oc, (B4)
Co = (Tebr s (DE O 4 ()81 (T8 s, (1208 a5, (7))o (B5)
Cs = (Tl k(D 4o ;O 1 4 (08 kv (T Lo (2)8 ks (T2)oe, (B6)
Cs = (Trlqus (T2, (01 (T)E iy, (TDEL 4 (00 oty (T2))0cc- (B7)

Applying Wick’s theorem, considering the anticommutation relation {¢; k s, EZ, k] = 00,08k Kkds,s (all others anticommutators
vanish), and taking into account only those contractions that represent connected diagrams, yields C; = 0 = C4 and

G = —QE,S(T - TZ)Sk,kzay,szgg’s(Tl )Sk,kl(ss,slg&q“,sr] (12 — T1)8k,+q), ki +q;, 6555, » (B8)
G = —QE,S(T — T1)8k k, Os.5, gﬁ,s(fz)5k,k23s,ng£+q/2,x/z(ﬁ — T2)8k, +q;, ki+q;, 655, » (B9)

where
(Treras(T)E) o o (T))0 = =800k i Go (T — T) (B10)
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is the noninteracting Green’s function. Both C, and Cs give topologically equivalent diagrams. Thus

B B
GO = T f dry f dnGy. (t — )G (TG, (T2 — T1)- (B11)
0 0

J.s'

Using the Fourier transform

1 .
G0 = 5 DGR (ione™" . 0, = Cnt D /B, (B12)
and the relation
B
/ dtexp [i(wn, — o, )T] = Bbu, 0, (B13)
0 J J
we get
G s(i0n) = G (i) (i02) D | Tixsw PGirq, o (ion), (B14)
Js'
where
0 /- 1
Gy (iwy) = ———. (B15)
’ Wy — €k,

Since the perturbation is quadratic in the operators, there is no dependence on the statistic of the particles. One readily sees that
Eq. (B14) represents the leading correction to the Green’s function coming from the intraband contribution to the leading-order
self-energy, cf. Eq. (17) (the other interband contribution comes from higher orders in the perturbation expansion).

From the above derivation one can easily infer the Feynman rules for the system, see Fig. 3. As an example of applying the
Feynman rules, the contribution to the self-energy of the five diagrams in Fig. 4 (in the same order as shown) read

000 =Y Y Tiksr Tiis Ggay rin), (B16)
i r
21((1,5:4’[1) (lw”) = Z Z Z 7;1('5»’1 77.kk,—s,r1 7}@‘&*&"2 77,k,s.r2 gl(()ﬂ—q,»,rl (lwn )gl((),—s(iwn)g](()q-q/,,rz (iwn)s (B17)
JooJornn

U=4b): : . : .
Ek,s (iw,) = 77,k,s,r17;",k+qj—qj/,s1,r,7;’,k+qf*qjun,rz jK.s.r

VAL RAREE

X Grqyon (0G4 q g, 5, (0GR g, (100, (B18)

(I=6,a) . _ - s« - % - *
Zk,s (iwn) = ﬂ,k,squ7;’,k+q,-7qj/,sl,r17;”,k+qf*llju51,rz j”,k+qj7qj/,sz,r277'~k+(lj*q,'/,Sz»"z jK.s,r3

JoJFETJFET T2,13 81,82
X Gittqy.m (0n)Gy (i,)Gy (i0n)Gy ()G 1,1, ((0n) (B19)
k+q;,7 nJIk+q;—qj .81 nIk+q;—qy+qr.r n/Ik+q;—q; .52 nJJIk+q;,r3 n’s
Z ) = Tiksn T} T T T :
ks e Jksri L j ktqj—qp s LI KA =52 D jk—qp g 1T K= 52,03 T KR s s
JoJFET T FELT 112,13 51,82

0 . 0 . 0 . 0 . 0 .
X Girayn (00t q,—q;.5 @0k g, —qy+a0m TO)DGK—g 0.5 09 q ry ({On)- (B20)

APPENDIX C: DIAGRAMMATIC COMPUTATION OF THE SELF-ENERGY AT SECOND SHELL

As noted in the main text, the self-energy for a momentum truncation at the second shell (see Fig. 2) can be directly computed
by inverting the corresponding 20 x 20 TBG Hamiltonian, but this leads to a highly cumbersome expression, which is hard to
work with and gives little physical insight. For this reason, here we rather compute the self-energy by means of only diagrammatic
methods. This approach highlights the involved scattering processes and provides a workable analytical expression from which
one can further study different properties of the moiré bands, such as the quasiparticle velocity renormalization (Appendix D).

We consider, as in the main text, the self-energy for the top layer. The diagrammatic representation that accounts for all
scattering processes with momentum exchange up to Ak ~ |q; — q2| (second shell in Fig. 2) is shown in Fig. 11. Applying the
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2(2)
= () =———m e (P Y i e P i mim () L ()= P
ks ktqgr,,r;
-1
—1
—_— (_)_ S s
k,—s k,—s k+q,rp,r;
"
_——— ——— J— + _——— . -
ktq.rr k+q;,r ktq;,r ktqir kg nr
"
U —— - = _,_2 N —— -
k+q;,1—r k+q;,r ktq,n—r k+q, - NS
AN
e = U ™+
GrTs k+qrql-r,r k+qj,fr2 k+qf—qu,r k+qjkqj,jr' \"\—'m‘. e} /‘——7
Ay o
| :, ‘,\ 7N
1 YA YA
V| WK
..... > T T I—] (—)— — '\v.’ N
k+q;,r ktq;,r k+q;—q;.r"

FIG. 11. Left: Diagrammatic representation of the moiré-induced self-energy in the top layer, up to a momentum truncation at the second
shell (cf. Fig. 2). Dot-dashed Green’s functions represent the dressed propagator for an electron in the bottom layer, with momentum k + q;,
by the coupling to an electron in the top layer with momentum k + q; — q;/, where q;; # q;. Right: Schematic hexagonal picture of all the
scattering processes up to a second shell truncation (top panel), and the dressed dot-dashed Green’s function (bottom panel).

Feynman rules we get

2 . 5 . 5 .
Ziy)k!s(lwn) = Z 7;',k,s,r17;'jkk,75,rzgk+qj,r1,rz(la)n) Z ﬂ,k,fs,rzﬁfk,s,rl ngrq,v,rl,rz(lwn)

Jsr1,r2 Jirisra

1
< ion—e—s— D Tiksn T —snOctamnon) |+ Y Tikon TsnOkia.nnlion).  (Cl)

Jir1.r2 Jirir2

Here we defined Gk+qj,,],,2(ia),,) as the Green’s function for the propagation of |-,k + q;, 1) to |—, k + q;, r2), taking into
account only the interactions with the other layer with q; # q;. It can be obtained diagrammatically by differentiating the cases
ri = rp and r; = —r, (cf. Fig. 11), with the result

~ 1
gk+q/,r,r(lwn) = o — e Y ( )7 (C2)
n k+q;.r k+q;,nr Ly
1" .
~ X 1 2:k+q‘ rA—r(lw”)
Oktq;.r.—r(iwn) = - 7 . — . (C3)
lw, — 5k+q,,7r - 2k+qj,—r,—r(la)”) lwy — 6k+q_,',r
where
* *
" . 7;”](""‘1/—‘1// o 7Kk =y 7;’,k+q/—q,f’ ron Tkt —ayrn
Zk+qj,r1,r2(lwn): Z iw, — € , Z iw, — € ,
JE n k+q,—qj/,r JEjr n k+q/-—ql-/,r
2\ * A
. |7;’,k+q/—qu,r/,—r2| 7;",k+q/—q/-r,r/,r1 7;',k+qj‘—ql'/~r’,"2
x | ion — €rqpon = D + : . (©d

iwy — €k+q;—q;.7 lWp — €ktqj—q;.r"

J'#Epr JELr

It is important to note that j* # j in the summation over j’, in order to not overcount scattering processes. We have checked
numerically that the self-energy given by Eq. (C1) agrees with the one obtained from the general expression given by Eq. (13),
for a momentum cutoff at the second shell.

Note that Eq. (C1) reduces to Eq. (16) when the momentum is truncated at the first shell and therefore one does not consider
the dressing of the propagator with momentum k + q; by the interaction with higher-order Dirac points, i.e., when Gk+qj,,] =

0
gk+qj,r1 87’112'
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APPENDIX D: DIRAC VELOCITY RENORMALIZATION

The renormalized velocity v* of the lowest moiré bands at the Dirac point can be directly computed from the self-energy
(Sec. III C). Here we give, for completeness and reference, details of the analytical calculation of v* up to the second shell
momentum cutoff, using Eqgs. (16) and (C1). Of course, this approach complements and yields the same results as usually
obtained by traditional perturbation methods applied to a truncated TBG Hamiltonian [11,30,50]. As we are interested in the &
and w derivatives, around the zero point k = 0 = w, of the real part of the retarded self-energy, we shall directly replace iw, —
when doing the analytical continuation.

Following Sec. III C in the main text, we consider the self-energy for the top layer, but keeping here in general both bands s.
The generalization of Eq. (25) for both bands is

vt L@, /0k)0/v

— = - . (D1
v 1 — (0% /dw)
To condense the notation we will note ¥} & = ¥.
1. First shell
The self-energy when the momentum is truncated at the first shell is given by Eq. (16). From Eq. (5) one has
1+ srcos(Bx — 6 1+ srcos(bk + Oktq, — 2¢;
|7;,k’s’r|2 — wg ( k k+q_,) + w% ( k k+q; ¢j)
2 2
+ swowi[cos(O — ¢;) + s7cos(Okrq; — @)1, (D2)
o oosrsin(Bk — Okyq,) . ,SrSin(Bk + Okiq, — 2¢0;) . .
7;’k,s,r’7;.’,“k’_“ = zwé% + zw% 5 9 22+ iswow; sin(fk — @;). (D3)
It follows that
T,k,s,rT* —s.r 8 7d',k,s,r7d'>)< - 8 T,k,s,rT* -
Z J Jj.k,—s, _ g Z J Jj.k,—s, _ 9 Z J Jj.k,—s, _ O, (D4)
" ® — €kiq;.r ok Y ® — €k+q;.r Jw Y ® — €k+q;.r
' 0 I 0 I

where the subindex “0” implies evaluation at k = 0 = w. Consequently the interband term given by Eq. (18) makes no
contribution to the first-order derivatives (0 X /dk)o and (9 X /dw)o. We thus continue considering only the intraband contribution
given by Eq. (17), which yields

3 3
0 - 8|7;.ksr|2 1 - |7; 0,5 r|2 8€k+q/,r
= — sK, 5, s, 5, DS
@JO ZZ( ok MW+ZZ(WY Kk )y (D5)

j=1 r==%1 j=1 r==%1

where T 0.5, = Tjx=0.s.- and we replaced €4, = vkg, which is independent of j (|q;| = k¢ being the moiré BZ length). We get

3
- 0| Tjxsr|? 1 3
Z Z ( 7| ) = “sv(ag +af). (D6)
iy ok olvky 2
3 . 2 [ 0€ktq. r 3
Z |7;,0,s,r2| k+q;, — —SU(O[% _ 0[%)’ (D7)
= (k) ok ), 2
where o; = w;/vky. Thus,
X
(ﬁ) = —3sva]. (D8)
0
For the w derivative we get
3
E) | T 0,502 2, 2
=) - _ 2R = _3(ad + af). D9
(86{))0 ;rgl (Uk(;)z ( 0 l) ( )

Replacing in Eq. (D1) leads to the well-known leading-order renormalization
* 1—-3 2
v_ %' (D10)
v 14305+ 304

The case wy = w; gives the original result first obtained in Ref. [11].
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2. Second shell

Truncating the momentum at the second shell yields the self-energy obtained in Appendix C. The moiré potentials in Eq. (C4)
are given by Eqs. (D2) and (D3), with the replacements j — j’, s — " and k — k + q; — q;. From Eq. (C4) it follows that, at
k=0=w,

S, (0) = —rvksag, (D11)
S0 =0, (D12)

and, therefore, at the same point, Egs. (C2) and (C3) reduce to

r 1
nr [ D13
Gurr(0) = kg 1 —a2’ (D13)
qu,r,—r(o) =0. (D14)
Moreover, one has
Z 7;,0,s,r77f(),7S,rg~q,v,r,r(0) =0. (D15)
J.r

Given these relations, from Eq. (C1) we have
X a|T srl agk JaT1T
ja— :Z K, gq,rr(0)+ Z 7,0.5,71 jOSrz ZZkta;n.rn . (D16)
ok /o Jr ok Jirir ok 0

The first term is the same as the one appearing in the first shell case, Eq. (D6), but with the inclusion of the factor ~(1 — aé)“
in Eq. (D13), so

Tyl et
Z( o )gq,rrm) e (D17)

Jr

For the second term in Eq. (D16), using Eqgs. (C2) and (C3) we get

Z T * ag~k+q;\,r1q"2 _ Z |7;,0,s,r|2 86kJrqj,r + 821/(/+q, rnr
J,0,5,1 7,0,8,72 8k . 1 _ ao 2 (vk9)2 ak 0 ak .

Jariar J.r
9%
05” jOsr k+q;,r,—r
. D18

The first summation with the term proportional to (d€k4q;,r/0k)o is given by Eq. (D7). For the other terms, a long but
straightforward calculation using Eq. (C4) yields

|T,0,‘.r|2 82l/(/-Q—q rr 1 2 2
L (T ) =l ) et ®19
Z 7;,0,&,‘7—;,‘0,3,_,‘ azl/(/+q n—=r — _lsv (a% - 2(18) (a% + a%) (DZO)
- (vky)? ok 2 1—a} ’
Jr 0
Combining the previous results and simplifying, for the k derivative we have
<3_E) _ v3a1 —af —af — : 4050051. (D21)
ok (1-aj)
For the other derivative over w, proceeding as with the momentum derivatives we get
(@ ) _ 3o +oi) +2(eg +2a;‘ +4a12a3)_ 02
Z (1—)
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Finally, replacing in Eq. (D1) yields

v (1-a2)’ =302 + af + ot + 4aa? 023)
v (1—a))’ +3(ef +of) +2(ef +of +40de})

In the chiral case oy = 0, the above reduces to v*/v = (1 — 3a12 + a‘l‘)/(l + 3a% + Za‘l‘), in agreement with Ref. [S0] up to Na‘l‘.

APPENDIX E: FIRST-SHELL VELOCITY v* AS FUNCTION OF ¢; AND q;

Here we give details of the calculation of v* at the first shell using Eq. (16), but keeping explicitly the dependence on the
phases ¢; and momentum transfer vectors q; as they enter in the moiré potential given by Eq. (5); cf. Sec. III D. As before, we

focus on the perturbation on the top layer, and for simplicity note throughout Eﬁr”k s = Zks. We will, in particular, consider the
chiral limit g = 0, which simplifies the calculation because then the Dirac points are never shifted in energy [cf. Eq. (28)], and
thus v* can be obtained, as before, by simply evaluating the derivatives of the self-energy at k = w = 0.

The calculation of v* can be done by following the same procedure as in the particular TBG case in which 64, — ¢; = 90°,
where 0, is the angle of the momentum transfer vectors q; (see Fig. 1). However, since for 6y, — ¢; # 90° the derivatives of
the interband contribution to the self-energy do not vanish, one must be careful with the divergences of the last term in Eq. (18)

when evaluated at k = 0 = w. One way to circumvent that is to rather start from Eq. (19),
w— ek — (T, + 2 =0, (ED)

where we have explicitly separated the intraband and interband contributions to the self-energy, Eqs. (17) and (18), and to
simplify the notation we have noted

Do = I B = (E2)

Now we multiply Eq. (E1) by the last factor in Eq. (18), so that

[0 —€xs — (Z + Tl — e — T _) =0. (E3)
Using e _; = —ei s We get
o=, — (@—a)E _ —(@+ea)Z + IS - S (0t e — T ) =0. (E4)

The last factor 21:, o+ ey — E]:f _,) gets effectively rid of the divergences of El; ,atk = 0 = w. It is convenient to define

~ 7;ksr7—‘*k,
Sy = o JRESE E5
D D (ES)

Jr

so that X (@ + ex,s — Ek S) =3 vEf; ,» cf. Eq. (18). To obtain the quasiparticle velocity v* = (dw/dk)y at the Dirac point,
we now derlve Eq. (E4) twice in momentum, evaluate all at k = 0 = w, and use the chiral limit results

2 . *
Z [T} k,s.r Z Tiks.r T -
S, K, 8,1 — JoK,—S,r — 0’ (E6)
— W — €k4q;,r - W — €k4q;,r
Jir J 0 Jor i 0
0 |Tk |2 ad 7;',k,s,r7-'*k — . .
— E ) = 3sva% cos (2¢), — E = RE ) = z3sva% sin (2¢), ED
dk r W — €k+tq;,r dk r W — €k+tq;,r
0
d |T k |2 0 T; k,s rT* —
J.K,s,r _ 2.2 1K, 817 K, —s,r _
1020, ] = |l oman, ) =" (E8)
ir ) ir kekar
2 2 2 2 2 2
a |7},k,s,r| _ a |7;',k,s,r| _ 0 Z |7;,k,s,r| -0 (E9)
k2 —~ w — €xiq;.r 00? —~ © — €xyq,.r dkdw “—~ w — €xtq,.r
Jr 0 Jsr 0 Jr
2 . *
ksr ]k —s,r ksr ]k —s,r d 7;,k,s,r7;’k',&r
pres Z ol b Z = 2 =0 (EI0)
ok — 6k+q/ o ow — €k+q r o dkdw r w — €k+qj,r
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where ¢ = 0y, — ¢; (which is j independent). The last two rows imply, by Eq. (E1), that also (3%w/0k?)y = 0. Then we get

0= (v*)z(l - agzlis - 322;7S + 822+ 302;:*5)

K, s o

A /N O RSN SR 1T TR TN DN i S S0 IR 0 DA O Ygl)

— v — (P - D) + S a0n) L — S0y (E11)
where, to condense the notation, we have noted 3}3 — (0/0k)p and 82 — (0/0w)o. Replacing the derivatives yields
0= (v*)2(1 + 6a; + 9af) — v — sv[6svar] cos (2)] — [3va] cos (Zgo)]2 — [3vef sin (2g0)]2, (E12)

which leads to Eq. (30) in the main text. Note that the interband contribution comes only from the last term in Eq. (E11), which
vanishes when ¢ = 90°. This means that moiré-induced interband scatterings, within each layer, do not contribute to v* only for
the specific orientation of the momentum transfer vectors in TBG; otherwise, they influence v* and can actually prevent it from

vanishing.
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