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Heavy-hole spin relaxation in quantum dots: Isotropic versus anisotropic effects
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Non-charge-based logic in single-hole spin of semiconductor quantum dots (QDs) can be controlled by
anisotropic gate potentials providing a notion for making next-generation solid-state quantum devices. In this
study, we investigate the isotropic and anisotropic behavior of phonon-mediated spin relaxation of heavy-hole
spin hot spots in QDs. For the electron spin in isotropic QDs, hot spots are known to be always present due to
the Rashba spin-orbit coupling. But for heavy holes in isotropic dots, we show that the occurrences of spin hot
spots are sensitive to the bulk g factor. The hot spot for Rashba coupling in InAs and GaSb dots arises because
these materials possess negative bulk g factor, while that for the Dresselhaus coupling in GaAs and InSb dots is
found due to their positive bulk g factor. For anisotropic QDs, on the other hand, the spin hot spot is universally
present due to their broken in-plane rotational symmetry. Further, the increasing electric field, that strengthens
the Rashba coupling, is shown to cover a wide range of magnetic field by the hot spots. Results demonstrate that
the magnetic field, choice of dot materials, and size anisotropy can act as effective control parameters, which
can be experimentally used to design the device for detecting the phonon-mediated heavy-hole spin-relaxation

behavior of I1I-V semiconductor QDs.
DOI: 10.1103/PhysRevB.110.045422

I. INTRODUCTION

Manipulation of a single-hole spin with gate-controlled
electric fields, magnetic fields, as well as optical pump-
ing methods in confined nanostructure-based complementary
metal-oxide semiconductor (CMOS) devices is an ongoing
proposal for the solid-state realization of quantum comput-
ing and quantum information processing applications [1-8].
In these metal-oxide field effect transistors (MOSFET), it is
possible that heavy-hole spins can be initialized from one of
the source spin currents and can be detected from drain spin
currents with the application of gate controlled electric field
through the gate oxide layer [9—-16]. When a spin current is
chosen as a qubit, its decay time is given by a spin-relaxation
time or decoherence time 7> ~ 27T, where T is the hole relax-
ation time [17]. To preserve the quantum behavior of a qubit,
the relaxation time should be several orders of magnitude
longer than the minimum time required to initialize and read
out the spin currents [18-21]. Large decoherence times of
nanostructure qubits have been reported experimentally and
theoretically [6,17,22-25]. At low-temperature measurements
due to the interaction of spin-orbit coupling with the phonon,
the spin hot spot, i.e., the strong admixture of spin states to
other states, is observed in the decoherence of electron and
hole spins in quantum dots (QDs) [26,27]. In III-V semi-
conductor, the spin-orbit coupling is mainly dominated by
the Rashba coupling and linear Dresselhaus coupling [26,27].
The Rashba coupling arises due to the structural inversion
asymmetry along the growth direction while the Dresselhaus
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coupling is due to the bulk inversion asymmetry of the crystal
lattice.

In semiconductor nanostructures including QDs, gate con-
trol of single-electron and single-hole spin degree of freedom
is an important recipe for building spin qubits [22,27-32].
Both isotropic and anisotropic QDs are potential candidates
for the realization of spin qubits or controlling their spin
behavior for applications in solid-state realization of quantum
computing. The spin hot spot that can be observed in these
devices significantly reduces the decoherence time due to the
very strong mixing of spin states with the other available
states. This may be considered a drawback but may also
be useful for quantum entanglement [33-35]. Hence, finding
an ideal location of the spin hot spot in both isotropic and
anisotropic dots is an important ingredient to initialize and to
read out spin qubits. In isotropic QDs, it is well known that
the electron spin hot spot is observed in the phonon-mediated
spin relaxation for the case of pure Rashba coupling, whereas
it is entirely absent for the Dresselhaus case [26,27]. The
electron spin hot spot is always present in anisotropic QDs
due to the broken in-plane rotational symmetry [27]. How-
ever, behaviors of hot spot for the heavy-hole spin in both
isotropic and anisotropic QDs have not yet been explored in
details.

In this paper, we show that the heavy-hole spin hot spot
in phonon-mediated spin relaxation is very sensitive to the
bulk g-factor of the heavy hole in QDs. More precisely, in
GaAs and InSb isotropic dots, the spin hot spot for a heavy
hole can be observed for the pure Dresselhaus spin-orbit
coupling due to the presence of a positive bulk g factor of
the hole. In contradistinction, for each of GaSb and InAs
isotropic dots, a spin hot spot is predicted for the pure Rashba
coupling because these materials possess a negative bulk g

©2024 American Physical Society
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factor. However, the anisotropy in the dot shape breaks the
in-plane rotational symmetry. As a result, the spin hot spot in
the phonon-mediated heavy-hole spin relaxation can appear
in both pure Rashba and Dresselhaus spin-orbit couplings for
anisotropic dots, akin to the electron spin case. The rotational
symmetry of heavy-hole QDs can be broken by inducing the
anisotropy through the design of external gates. Furthermore,
at low magnetic fields and for small lateral sizes of the dots
the pure Dresselhaus case suggests an asymmetric behavior of
heavy-hole spin relaxation: the relaxation rate increases until
it reaches a maximum, then decreases and again increases
until the level crossing of the states occurs. As the strength
of the Rashba spin-orbit coupling increases with the rise of
electric field, the spin hot spot is shown to cover a wide range
of magnetic fields.

The paper is organized as follows. In Sec. II, we de-
velop a theoretical model for isotropic and anisotropic
heavy-hole spin relaxation mediated by phonon that will
allow us to investigate the interplay between the Rashba
and the linear Dresselhaus spin-orbit couplings. In Sec. III,
we briefly describe the computational diagonalization tech-
nique of finite-element method simulations to find the energy
spectrum and the matrix elements of the phonon-mediated
spin-relaxation rate in QDs. In Sec. IV, we present and discuss
the results of isotropic and anisotropic heavy-hole spin-
relaxation rates versus the magnetic field and the QD radius
for the pure Dresselhaus and the mixed Rashba-Dresselhaus
(RD) coupling cases in III-V semiconductor materials of zinc
blend GaAs, GaSb, InAs, and InSb QDs. Finally, Sec. V
summarizes our results.

II. THEORETICAL MODEL

For low-temperature measurements, it is possible to decou-
ple heavy-hole states from light-hole and spin split-off states
in the Luttinger-Kohn Hamiltonian [17,36-38]

H = Hy — %J-SZ, (1)

where Hpg is the Luttinger-Kohn Hamiltonian. The contri-
bution of y comes from the bulk inversion symmetry, 7 is
the spin split-off energy, J = (Jx, Jy, J;) are 4 x 4 matrices
corresponding to spin 3/2, and £ = (L2, ,, £2.) are momen-

J

tum operators. Here, Q, = PX(Py2 —P?), Q, = P(P? — PD),
Q. = P,(P? - Pyz). We assume that the heavy-hole and light-
hole splittings and spin split-off are large in such a way that at
low temperature measurements we can use a two-band Kane

model for the heavy hole in the presence of a magnetic field
in z direction as [17,36-38]

H = Hy+ Hy + Hp, @)

Hy, = L(P2 + P2) + lma)(z)(a)c2 +by*) + éaz, 3
2m> Y2 2

Hp = iC(R((T+PE - OLP_':), “

HD = —aD(U+P_P+P_ +U_P+P_P+). (5)

Here, P = p + ¢/A with A = B(—y+v/b, x\/a, 0)/(\/a + /b)
is the vector potential, p is the momentum operator, and the
second term in Eq. (3) can be used to control the shape
and size of the QD [e.g., for an isotropic QD (a = b) and
for an anisotropic QD (a # b)]. The third term in Eq. (3)
is the Zeeman spin-splitting energy due to the applied mag-
netic field B in z direction, where A = gy,upB. Here, m is
the effective mass of the heavy hole in QDs, £y = +/ii/mwy
is the radius of the lateral size of the dots and gy, is the
bulk g factor of the heavy hole. The spin-orbit coupling,
H,, = Hr + Hp, where Hg is the Rashba and Hp is the Dres-
selhaus spin-orbit coupling. Here ag = 3yyygrE /2myA and
op = 3)/0th2/(2 /2mon A are the coefficients of Rashba and
Dresselhaus couplings, k = (2meE /li*)'/3 is the thickness of
a two-dimensional hole gas, E is the applied electric field
along z direction, o4 = oy &£ io,, where o, o, are the Pauli
matrices, and Py = P, & iP,. The energy bands for unper-
turbed Hamiltonian, H), can be written as

A
£y u w2 =y +n_+ Dhoy + (np —n)ho_ + 7 (6)

where wi = 1[0w? + w3 (Va £ vb)?1V%, and ny are the

eigenvalues of the Fock-Darwin number operators alai.

Here, a4 and ai are usual annihilation and creation operators.
Also, we label the Fock-Darwin states as |ny,n_, £) with
=+ being the eigenvalues of the Pauli spin matrix along z
direction [27]. In terms of raising and lowering operators (a+
and al) for symmetric QDs (¢ = b = 1), we can write the
spin-orbit coupling terms as

| [ HE PR (Yo (300" 1 e Nl ]
R= —004 -G
() = 34— 1eBPRe 3 () Jaral 4+ { - (1) + % ~jeBPAe+ (4) fal’
(ﬁ)3{aia, —2a; —nyay —2an_+a +2n,a’ +n_al —da" 2} i
' +2(eBh ) {a +a_ —2ay —3niay +2ayn_ +a’ +2n+a —3n_a’ +al, a 2}
Hp = —iBoy +Hec., 8)

+l(eB)2h€{aia_ +2a, + 3nyay —2a.n_ + a + 2n+a —3n_d — a+aT 2}

(934) {ala_ +2ay +nia; +2a.n_ +a +2npa’ +n_a’ +a }
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where H.c. represents the Hermitian conjugate, £ = /hi/mS2
is the hybrid orbital length and 2 = v a)(z) + a)g /4 for isotropic
QDs. Operators algebra for anisotropic QDs is extremely
lengthy and we only perform computational calculations of
full Hamiltonian of (2).

We now turn to the calculation of the phonon induced
spin-relaxation rate at low temperatures in QDs. Since we deal
with small energy transfers, we consider the interaction of the
piezophonon with holes to write as [27,39-41]

h ) N
qo — (qr—wyqt)
) = S Ay + Hes )

where p is the crystal mass density, V is the volume
of the QD. Also, b:’la creates an acoustic phonon with
wave vector  and polarization é,, where o =1/, 1,1, are
chosen as one longitudinal and two transverse modes of the
induced phonon in the dots. In Eq. (9), Aqy = qic}keﬂijke{m
is the amplitude of the electric field created by the
phonon strain, where §q =4q/q and eB;j; =ehis4 for
i#k,i+# j,j#k. The polarization directions of the
induced phonon are ¢&; = (sin6f cos ¢, sinf sin ¢, cos ),
é;, = (cosf cos ¢, cosfsing, —sinf), and é, =
(—sin ¢, cos ¢, 0). Note that the Gaussian cutoff at q ~ 1/¢,
with £ being the hybrid orbital length of the dots, restricts
the coupling of long wavelength phonon to the dots so the
frequency of phonon can be replaced by its value at the center
of the Brillouin zone (dispersionless approximation) [39—41].
Based on the Fermi Golden Rule, the phonon induced
spin-relaxation rate in the QDs is given by [27,41]

where s;, s, are the longitudinal and transverse acoustic
phonon velocities in QDs. The matrix element M(qo) =
(¢i|ugz (r,)|¥s) with the emission of one phonon qo has
been calculated perturbatively and numerically [27,41,42].
Here |;) and |/f) correspond to the initial and final states
of the Hamiltonian H. More precisely, we write the dipole
matrix element as

n
20wgy

1—iq-r—3(q-r)’
(i .
v +i(q-r)y +

M(qa) = Y. (1D)

As can be seen from Eq. (7), the state |0, 0) interacts with
|0, 3) and |3, 0) due to the Rashba spin-orbit coupling. To cap-
ture such an interaction, we expand the hole-phonon coupling
beyond the dipole approximation so that we can calculate the
influence of the Rashba coupling in the phonon-mediated spin
relaxation of heavy hole. Similarly, from Eq. (8), the state
|0, 0) interacts with |1, 0), |0, 1), |2, 1), and |1, 2) due to the
Dresselhaus spin-orbit coupling. Hence, within the dipole ap-
proximation, we find the spin relaxation due to the interaction
of the states |0, 0) with |1,0) and |0, 1) for the pure Dres-
selhaus case. Also, going beyond the dipole approximation
allows us to find the spin relaxation due to the interaction of
the state |0, 0) with |2, 1) and |1, 2) for the Dresselhaus case.
In other words, in Eq. (11), (¥;|q - r|v/f) and (y;|(q - r)3|¢f>
induce the nonvanishing matrix elements. Within the dipole
approximation, the spin-relaxation rate due to the interaction
of states |0, 0) with |1, 0) and |0, 1) for the Dresselhaus cou-
pling can be written as

2(AE) (ehia) (
Wop) = ——————
ot 3570 p 353
where M, = (Yilx|yry) and M, = (;|y|yrs). Beyond the

dipole approximation, the spin-relaxation rate for the case
of mixed Rashba and Dresselhaus spin-orbit coupling due to

4
)(IMI + 1My, (12)

wo = 271 (2 )3 Z |M(qoz)| S(liseq — 5 + &), (10) longitudinal and transverse phonons is written as
|
y AET(ehi)? 1 [ TI(ila® + 3319 ) 12 + I8Re{ (Wil |9 ,) (Wil xy? |9 ) )} } .
00 = T % 0 i~
27 ph®s) 9009 | +-18Re{(ily® [ ) (Wil ) ) + 271 (Wilx®y + xy*|vrs) |2
. AET(ehyy)? 1 [ 251 (Wil + Y ) P + ZERe{ (il |9 ) (Wilxy? [974))*) } .
0f = = %2 0 ~rnn~ .
367 ph®s; 9009 | 3B Re((yily® 19 ) (Wil x| ,))*) + 28 (WilxPy + xy2[ys) 2

Due to the presence of two transverse phonon modes, we can
write the total spin-relaxation rate for the mixed Rashba and
Dresselhaus coupling case as worp = wo; + 2wy -

III. COMPUTATIONAL METHOD

We suppose that a QD is formed at the center of a 1200 x
1200 nm? geometry. We then diagonalize the total Hamilto-
nian H numerically using the finite element method [42].
Since the geometry is much larger compared to the actual lat-
eral size of the QD, we impose Dirichlet boundary conditions,
find the eigenvalues, eigenfunctions and the matrix elements
M(qa) of H. The material constants for the simulations are
taken from Table I.

(
IV. RESULTS AND DISCUSSIONS

The diagonalization of the Hamiltonian (2) finds a set of
eigenvalues and eigenfunctions. As can be seen from opera-
tors algebra results, Eqs. (7) and (8), the Rashba spin-orbit
coupling is responsible for the admixtures of spin states
|0, 0, —) to |0, 3, 4+) and the Dresselhaus spin-orbit coupling
is responsible for the admixtures of spin states |0, 0, —) to
10,1, +) and |1, 2, +) for GaAs and InSb. This is because
these materials possess a positive bulk g factor. On the other
hand, for InAs and GaSb, the intermixing of spin states
|0, 0, +) to |0, 3, —) is due to the Rashba coupling, while the
Dresselhaus coupling is accountable for the mixing between
spin states |0, 0, +) to |0, I, —) and |1, 2, —). This effect is
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TABLE 1. The material constants used in our calculations are
taken from Ref. [27] unless otherwise stated.

Parameters GaAs InAs GaSb InSb
i 2.5° -2.2° -3.0° 3.0f
m 0.14* 0.115* 0.35¢ 0.32¢
v [A2] 4.4 110 33 500
vp [eVA3] 26 130° 187 228

A [meV] 346° 380° 756° 810°
Yo 6.85¢ 20¢ 19.7¢ 35.08"
E,(eV) 1.519° 0.417° 0.822° 0.235
N =Ay/(E;+ Ay) 0.186° 0.477¢ 0.48° 0.775¢
ehi4 [107° erg/cm] 2.34 0.54 1.5 0.75
57 [10° cm/s] 5.14 4.2 4.3 3.69
s [10° cm/s] 3.03 2.35 2.49 2.29
o lg/cm?] 5.3176 5.667 5.6137 5.7747

aRef. [17]; PRef. [43]; “Refs. [44,45]; 9Ref. [46]; °Ref. [47];
fRef. [48]; Ref. [49]; °The value of 7 is consistent with Ref. [17];
fRef. [50]; 2Ref. [51]; "Ref. [52].

due to the fact that InAs and GaSb display negative bulk g-
factor. In any case, these spin states provide the level crossing
at several different values of the magnetic field and the QD

(a) Isotropic GaAs QDs (a=b=1)

10=25 nm, E=1x105V/cm
3.8 =

Energy (meV)

0.8 s

15 20 25 3.0
Magnetic Field (T)

00 05 1.0

radius. Hence, it is important to identify the exact and ideal
location of the level crossing points so that the spin hot spots
can be recognized in the phonon-mediated spin-relaxation rate
of III-V semiconductor QDs. In Fig. 1, we have plotted the
band structures of GaAs QDs obtained from the exact diag-
onalization technique (solid circles) and compared them with
the analytical results obtained from Eq. (6) for both symmetric
QDs (a = b = 1) (dashed-red lines) in Fig. 1(a) and asym-
metric QDs (a = 1,b = 1) (dashed-red lines) in Fig. 1(b).
We have only shown the analytical results (dashed red lines)
involving some particular states of interest that interact with
the lowest spin-up and down states mediated by phonon. As
can be seen, the analytically obtained band structures from
unperturbed Hamiltonian are in good agreement with the band
structures obtained from the exact diagonalization method
because the spin-orbit coupling being weak has almost no in-
fluence on the eigenvalues of the bands. However, identifying
states |0, 0, +), |0,0, =), |0, 1, +), |0, 3, +), and |1, 2, +) in
the bands of GaAs QDs obtained from exact diagonalization
method, is beneficial when we calculate the matrix elements
of the spin-relaxation rate between several different states of
the dots [see Eqs. (12)—(14)].

(b) Anisotropic GaAs QDs (a=1, b=4)
10=25 nm, E=1x105V/cm

Energy (meV)
w
N

1.5
Magnetic Field (T)

25 3.0

FIG. 1. Energies of hole states in GaAs QDs are obtained analytically from Eq. (6) (dashed lines, red color) and an exact diagonalization
method (filled circles with solid lines). As can be seen, the influence of spin-orbit couplings on the unperturbed eigenenergy is not profound,
but wavefunctions are influenced in such a way that the interaction of phonons with heavy holes via spin-orbit coupling allows for the phonon-
mediated spin-relaxation time or decoherence time (7, ~ 27}) to be calculated. Note that the interaction of |01+), |03+), and |12+) states
with |00—) states are of interest to calculate the phonon-mediated spin-relaxation rate of hole states between |00—) and |00+) [see Eqgs. (7)

and (8)]. We chose an average dot height of 5 nm.
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FIG. 2. Probability density of valance band states of isotropic (a = b = 1) (upper panel) and anisotropic (@ = 1, b = 1) (lower panel)
GaAs QDs. From left to right, the density of quantum dot states corresponds to [00+), |00—), |01+), |034), and |12+). As can be seen from
Eq. (8), |01+) and |12+) states are responsible to flip the spin between |00—) and |00+) due to the Dresselhaus spin-orbit coupling, while
from Eq. (7), |03u) is responsible for flipping the spin due to the Rashba spin-orbit coupling. We chose £y = 25nm, B =0.5T,E = 10°V/cm

and average dot height = 5 nm.

In Fig. 2, we plot the probability density of the states
[0,0,+), 10,0,-), [0,1,+), [0,3,+), and [1,2,+) for
isotropic QDs (a = b = 1) (upper panel from left to right) and
for anisotropic QDs (a = 1, b = 4) (lower panel from left to
right). Note that these states of heavy hole in QDs can only
interact with phonons within the dipole approximation for the
Dresselhaus spin-orbit coupling but for both the Rashba and
Dresselhaus spin-orbit couplings beyond the dipole approxi-
mation. As can be seen in these figures, the anisotropy has a
significant influence on the probability density of the heavy-
hole wave function, which induces the spin hot spot regardless
of the pure Rashba or the pure Dresselhaus couplings. This
effect is a direct consequence of the broken in-plane rotational
symmetry. For the heavy hole in QDs, it is therefore expected
that the anisotropy [a # b in Eq. (3)] will always induce spin
hot spots both for the cases of pure Rashba and pure Dressel-
haus couplings. Our results in Figs. 3—7 in general predict this
universal trend. A similar anisotropic effect for the electron
spin hot spot has also been observed in the cases of Rashba
and Dresselhaus spin-orbit couplings [27]. On the other hand,
we find that for heavy holes in isotropic QDs, the spin hot
spot for the pure Rashba and the pure Dresselhaus couplings
critically depends on the bulk g-factor of the heavy hole (also
see Figs. 3—7 and Fig. 10 in Appendix).

J

In Fig. 3(a) for the isotropic GaAs QD, we observe that
the spin-relaxation rate is a monotonous function of the mag-
netic field for the pure Rashba coupling [see Fig. 10(a) in
Appendix], while the spin hot spot, i.e., the cusp-like struc-
ture, is present for the pure Dresselhaus coupling. However,
in Fig. 3(b) for the anisotropic GaAs QD, we find that
the spin hot spot is present for both the pure Rashba and the
pure Dresselhaus cases. This is a direct consequence of the
broken in-plane rotational symmetry caused by the anisotropy.
In Ref. [27] for electrons in an isotropic and anisotropic QD,
we have previously shown that the spin hot spots originate
due to the strong interaction of the spin states with other
available higher states mediated by phonon [53]. In fact, as
can be seen in Eqgs. (26) and (27) of Ref. [27], the spin hot
spot will only be produced if there is a degeneracy in the
denominator of the matrix element. Since we also observe the
spin hot spot for heavy holes in both isotropic and anisotropic
dots, it is reasonable to assume that such degeneracy will
appear in the denominator of the matrix elements in the full
calculation involving heavy holes within the framework of
second-order perturbation theory. The probability density of
degenerate states (the last figure of upper panel and the first
figure of lower panel) are shown within the inset panels of
Fig. 3. To be more precise, the matrix element of Eq. (10) can
be found as

0,0|Up|n+, n_){ny,n_, —|H|0, 0, + 0,0, —|Hs|n+,n_, +){ny, n_|U,,|0, 0
M(ger) = Z (0, O1Upn| ! ) +0 |Hol )Jr Z ( |Hso| - 0)( +> 1 |Upn| )’ (15)
nyn_ 80,0,+ - 8n+,n_,7 Ny 80,0,— - 8n+,n_,+

and Hy, can be written in terms of raising and lowering oper-
ators, as given in Egs. (7) and (8). However, the calculation
of the matrix element M (ga) of Eq. (15) for the heavy hole is
rather cumbersome.

At low magnetic fields in the range 0 — 0.5 T for the case
of pure Dresselhaus spin-orbit coupling in Figs. 3(a) and 3(b),
we find maxima in spin-relaxation rate due to the presence

(

of minima in the band structures of |1, 2, +) state; these
minima are presented in the inset plots. Note that the band
structures of |1, 2, +) state interact with phonon through the
spin-orbit coupling for the pure Dresselhaus case only [see
Eq. (8)]. To capture the resulting maximum points in the
spin-relaxation rate, we expand the matrix element beyond
the dipole approximation [see the fourth term on right-hand
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(a) Isotropic GaAs QDs (a=b=1)
-~ Pure D-case, w21

Pure D-case, w31

(b) Anisotropic GaAs QDs (a=1, b=4)
Mixed RD-case, w21, E = 1x10% V/cm

Mixed RD-case, w31, E = 1x10% V/cm - Mixed RD-case, w21, E =1x10°V/cm - Mixed RD-case, w31, E =1x10°V/cm

1x1012
1x1010
1x108

1x10°

Spin-relaxation rate (1/s)

1x10? _
3 3.42 ]

2 S
1x10 53.37:

0 332 i
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0.0 0.5 1.0 1.5 2.0 25 3.0 3.5 4.0
Magnetic Field (T)

FIG. 3. Spin-relaxation rate of the heavy hole versus magnetic field in isotropic (a) and anisotropic (b) GaAs QDs. The spin hot spot, i.e.,
the cusp-like structure, can only be observed for the pure Dresselhaus spin-orbit coupling case due to the strong admixture of higher states to
the heavy-hole spin states. The spin-relaxation rate is seen as a monotonous function of the magnetic field for the pure Rashba coupling case
(see Fig. 10 in Appendix). Also, at low magnetic fields (B < 0.35T), nonlinearity in the spin-relaxation rate is found for pure Dresselhaus
case. This nonlinearity is due to the band curvature of the state |1, 2, +) (see insets). The spin hot spot is always present in the anisotropic QDs
due to the broken in-plane rotational symmetry. Energies of hole states, as in Fig. 1, are shown for isotropic and anisotropic dots. Probability
densities of the states where the spin hot spot is observed, as in Fig. 2, are presented in the other insets in (a) and (b). Here, w21 represents the
spin-relaxation rate between the states |0, 0, —) and |0, 0, +) and w31 represents the spin-relaxation rate between |0, 1) and |0, 0) that have
same spin states. The letters R, D, and RD correspond to the pure Rashba, pure Dresselhaus, and mixed Rashba-Dresselhaus couplings. We

chose £y = 25 nm and average dot height = 5 nm.

side of Eq. (11)] so that the nonvanishing matrix element from
the hole-phonon interaction between the states |1, 2, +) and
|0, 0, —) can be calculated. There is a systematic appearance
of maxima due to this nonlinearity in materials, such as GaAs,
InAs, GaSb, at low magnetic fields. This is also true for small
lateral sized QDs of the heavy hole for the case of Dresselhaus
spin-orbit coupling. At around 3.5 T in Fig. 3(a), there is
an abrupt change in the spin-relaxation rate due to the level
crossing of |0, 0, —) state to the other higher state [also see
Fig. 1(a)]. In Fig. 3, we also plot the spin-relaxation rate for
mixed-RD cases at E = 10* V/cm and E = 10° V/cm. We
notice that at E = 10* V/cm, the relaxation rate for mixed-
RD case and pure Dresselhaus coupling are the same because
the Rashba coupling is weaker than the Dresselhaus coupling.
At E = 10° V/cm for mixed-RD case, enhancement in the
spin-relaxation rate can be observed.

We plot the spin-relaxation rate and band structures of
an isotropic InAs QD with respect to the magnetic field in,
respectively, Figs. 4(a) and 4(b) (upper panels). Similarly, in
Figs. 4(c) and 4(d) (lower panels), we plot the spin-relaxation
rate and band structures of an anisotropic InAs QD as a
function of the magnetic field. In contrary to the isotropic
GaAs QD in Fig. 3 (i.e., where the spin hot spot is present
for the pure Dresselhaus case but absent for the pure Rashba
case), we find the spin hot spot for the pure Rashba case
[see Figs. 10(a) and 10(b) in Appendix] but not for the pure
Dresselhaus (D) case in InAs. This is due the fact that the
bulk g-factor of the heavy-hole InAs is negative, whereas it is
positive for GaAs (see Table I). It is true that InAs is a small

band gap material and has a large Rashba (R) spin-orbit cou-
pling (R, which is about one order magnitude larger than oy
at E = 10° V/cm). Yet, most importantly, its negative bulk g
factor of heavy holes induces different admixture mechanism
in the interaction of the heavy hole with phonon. As can be
seen by the dotted lines in Figs. 4(b) and 4(d) for InAs QDs,
the band structures of the |0, 0, 4) state interact with those of
the |0, 1, —) and |1, 2, —) for the pure Dresselhaus case and
with the |0, 3, —) state for the pure Rashba (R) case. Notice
that in comparison to the isotropic GaAs QD, a different
admixture mechanism of heavy-hole phonon interaction in the
isotropic InAs QD leads to the formation of the spin hot spot
for the pure Rashba case, while, in contrast, it is absent for
the pure Dresselhaus case. In an anisotropic InAs QD with
the violation of the in-plane rotational symmetry (insets), the
universality returns as in GaAs, and we always find a spin hot
spot [see Eq. (15)].

In Fig. 4, we further plot the spin-relaxation rate for mixed-
RD case at E = 10* V/cm and E = 10° V/cm. Here we find
that spin-relaxation rate increases as we increase the electric
fields. But most importantly, spin hot spot widens with an
increase in electric fields. This confirms that the Rashba spin-
orbit coupling covers a wide range of spin hot spot in any
particular height of QDs. In this paper, we chose the average
height of the dot to be 5 nm for all the materials considered
(GaAs, InAs, GaSb, InSb). In the inset of Fig. 4, we have
plotted the probability density of the states at the spin hot
spot associated with the bands shown by the dotted lines. The
probability density of degenerate states (the last figure of the
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FIG. 4. Same as in Fig. 3 but for InAs heavy-hole QDs. For the isotropic QDs (a), the spin hot spot is seen for the Rashba (R) coupling
due to the strong admixture of higher states to the heavy-hole spin states (see Fig. 10 in Appendix). The spin-relaxation rate is a monotonous
function of the magnetic field for the Dresselhaus (D) coupling for isotropic QDs. Spin hot spot is always present in the anisotropic QD due
to the broken in-plane rotational symmetry. Also, at low magnetic fields (B < 1T), nonlinearity in the spin-relaxation rate is seen for the
Dresselhaus coupling (see insets for band curvatures). Isotropic and anisotropic probability densities (insets) of spin states at magnetic fields,
where spin hot spot is present, are shown. The energy of isotropic and anisotropic hole states are respectively in panel (b) and (d). For mixed-RD
case at large electric fields, the spin hot spot is shown to cover a wide range of magnetic fields. Here, w21 represents the spin-relaxation rate
between the states |0, 0, +) and |0, 0, —) and w31 represents the spin-relaxation rate between |0, 1) and |0, 0) that have same spin states. We
chose ¢y = 25 nm and average dot height = 5 nm.
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FIG. 5. Same as in Fig. 3 but for GaSb heavy-hole QDs. For the isotropic QD (a), the spin hot spot is seen for the Rashba (R) coupling
due to the strong admixture of higher states to the heavy-hole spin states (see Fig. 10 in Appendix). The spin-relaxation rate is a monotonous
function of magnetic field for the Dresselhaus (D) coupling. Spin hot spot is always present in the anisotropic QD (c) due to the broken
in-plane rotational symmetry. Also, at low magnetic fields, we can not find nonlinearity in the spin-relaxation rate for the Dresselhaus case due
to the level crossing (see insets). Isotropic and anisotropic probability densities (insets) of spin states at magnetic fields, where spin-hot spot
is present, are shown. The energy of isotropic and anisotropic hole states are respectively in (b) and (d). For mixed-RD case at large electric
fields, the spin hot spot is shown to cover a wide range of magnetic fields. Here, w21 represents the spin-relaxation rate between the states
|0, 0, +) and |0, 0, —) and w31 represents the spin-relaxation rate between the states |0, 1) and |0, O) that have same spin states. We chose
£o=25nmand E = 10° V/cm.
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FIG. 6. Same as in Fig. 3 but for InSb heavy-hole QDs. For the isotropic QD (a), the spin hot spot is seen for the Dresselhaus (D) coupling
due to the strong admixture of higher states to the heavy-hole spin states. The spin-relaxation rate is a monotonous function of the magnetic
field for the Rashba (R) coupling (see Fig. 10 in Appendix). Spin hot spot is always present in anisotropic QD (c) due to the broken in-plane
rotational symmetry. Also, at low magnetic fields (B < 0.3 T) for the isotropic and (B < 0.5T) for the anisotropic QD, nonlinearity in the
spin-relaxation rate is observed for the Dresselhaus case [see inset plots of £ vs B in Figs. 6(a) and 6(c)]. Isotropic and anisotropic probability
densities (insets) of spin states at magnetic fields, where spin hot spot is present, are shown. The energy of isotropic and anisotropic hole states
are respectively in (b) and (d). For mixed-RD case at large electric fields, the spin hot spot is shown to cover a wide range of magnetic fields.
Here, w21 represents the spin-relaxation rate between the states |0, 0, +) and |0, 0, —) and w31 represents the spin-relaxation rate between the
states |0, 1) and |0, O) that have same spin states. We chose £y = 25 nm and an average dot height of 5 nm.
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FIG. 7. Phonon-mediated spin-relaxation rate vs QD radii of isotropic (upper panel) and anisotropic (lower panel) GaAs, GaSb, InAs, and
InSb for the Dresselhaus spin-orbit coupling (a), (d) and mixed-RD cases (b), (c), (e), (f). For isotropic QDs, the spin hot spots are present
in InAs and GaSb QDs for the pure Rashba spin-orbit coupling (see Fig. 10 in Appendix). But the spin hot spot is present in GaAs and InSb
QDs for the pure Dresselhaus spin-orbit coupling (a). Note that GaAs and InSb have positive bulk g factor, whereas InAs and GaSb have
negative bulk g factor of heavy holes. Also in (a) for GaAs at around 34-nm radius, we observe a minimum in the spin-relaxation rate due to
the interaction of the phonon with heavy-hole spin-orbit couplings between the states |1, 2, +) and |0, 0, —). In anisotropic QDs in (d), (e), and
(f), the spin hot spot is always present due to the broken in-plane rotational symmetry. Here, w21 represents the spin-relaxation rate between
the states |0, 0, +) and |0, 0, —) and w31 represents the spin-relaxation rate between the states |0, 1) and |0, 0) that have same spin states. We

chose B=0.5T.

upper inset and the first figure of the lower inset) are clearly
visible that induce the spin hot spot in the dots.

In Fig. 5, we plot the spin-relaxation rate and band struc-
tures versus the magnetic field for isotropic and anisotropic
GaSb QDs that has a negative bulk g factor. Similarly, in
Fig. 6, we present the spin-relaxation rate and band structures
as a function of the magnetic field for isotropic and anisotropic
InSb QDs that has a positive bulk g factor. For the isotropic
GaSb QD in Fig. 5(a) (also see Fig. 10 in Appendix), we
notice that the spin hot spot is present for the Rashba case
of heavy holes because, as noted above, of its negative bulk

g-factor. For the isotropic InSb QD in Fig. 6(a), conversely,
the spin hot spot appears for the case of the pure Dressel-
haus coupling because it has a positive bulk g factor. For the
anisotropic QD in Figs. 5(c) and 6(d), the heavy-hole spin hot
spot can be observed for both Rashba and Dresselhaus cases
since the anisotropy disrupts the in-plane rotational symmetry.
The insets of upper panel of Figs. 5 and 6 are the probabil-
ity density of hole states at the spin hot spot for mixed-RD
case. We again can clearly visualize the probability density of
degenerate states (the last figure of the upper-insets and the
first figure of the lower-insets) that induce the spin hot spot in
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FIG. 8. Phonon-mediated spin-relaxation rate vs the anisotropy in QDs. Enhancement in spin-relaxation rate with electric field can be seen
when both the Rashba and the Dresselhaus couplings are present. We chose the parameters in such a way that spin-relaxation rate lies up to
10 s~! so one can perform experiment to detect spin-relaxation rate using an experimental setup similar to Ref. [54]. We chose £, = 15 nm.

the dots. At low magnetic fields for the pure D case of GaSb
dots in Fig. 5, we do not find any general trend of maxima
in spin-relaxation rate because there is a level crossing of the
bands before the minima appears in the band structures of the
|1, 2, u) state (see inset plot of Fig. 5).

In Fig. 3, the cusp-like structures near the spin-hot spot
for mixed-RD cases at E = 10* V/cm and E = 10° V/cm are
the same because GaAs possesses a weak Rashba spin-orbit
coupling. However, in Figs. 4-6, we clearly observe that
electric fields enhance the spin-relaxation rate. In fact, most
importantly, the increasing electric field widens the cusp-like
structures. Hence, we conclude that the electric fields couple
to an wide range of magnetic fields at the spin hot spot.

In Fig. 7, we display the phonon-mediated spin-relaxation
rate versus the dot radius for both the isotropic (upper panel)
and anisotropic (lower panel) geometries of GaAs, GaSb,
InAs, and InSb QDs. In the context of isotropic QDs in
Fig. 7(a) for the pure Dresselhaus case, we again find that
the spin hot spots, i.e., the cusp-shaped structures, are present
in both GaAs and InSb. This is because, as again, GaAs and
InSb characterize positive bulk g factors of the heavy hole.
On the other hand, the spin hot spot is absent in InAs and
GaSb QDs owing to their negative bulk g factors for the heavy
hole. Furthermore, in Fig. 7(a) for a GaAs QD at low magnetic
fields, the minima in the phonon-mediated spin-relaxation rate
can be seen as due to the interaction of the phonon with heavy-
hole spin-orbit couplings between the states |1, 2, +) and
10,0, —). In Figs. 7(b) and 7(c), we plot the spin-relaxation
rate versus the dot radius of GaAs, GaSb, InAs, and InSb
materials for mixed-RD cases at E =5 x 10’ V/cm and E =
1 x 10* V/cm. Here, in addition to the enhancement of spin-
relaxation rate, the spin hot spot always exists for mixed-RD
cases. For isotropic QDs, we therefore conclude that if the
spin hot spot is absent for the pure Dresselhaus case (InAs
and GaSb dots in Fig. 7(a)], then it must be present due
to the Rashba spin-orbit coupling [InAs and GaSb dots of
Fig. 10 in Appendix). Reciprocally, in case the spin hot spot
is present for the pure Dresselhaus case [GaAs and InSb dots
in Fig. 7(a)], then it must be forbidden within in the Rashba
coupling (see GaAs and InSb dots in Fig. 10 in Appendix).

In Figs. 7(d)—(f) for anisotropic QDs, the spin hot spot can
be seen in both the Dresselhaus and the Rashba coupling (see
Fig. 10 in Appendix) scenarios owing to the broken in-plane
rotational symmetry. Notice that a very sharp spin hot spot
shows up for the InSb QD for the mixed-RD coupling [see the
inset plot of Fig. 7(f)] because it possesses a large Rashba cou-
pling coefficient (see Table I). Thus, using the size analysis,
we re-confirm that in the interaction of a heavy hole with the
phonon, the strong intermixing of heavy-hole spins eventually
induces spin hot spots, and is controlled by the effective bulk
g-factor of the heavy hole.

In Ref. [54], an experimental study of spin-relaxation rate
in quantum dots due to the piezophonon finds that the rate
varies up to ~10° s='. In the current study, we find that
heavy-hole spin-relaxation rate is comparable to the experi-
ment [54] at low magnetic fields and small dot sizes, while
the rate is several orders of magnitude larger than the ex-
periment in a regime where the spin hot spot is observed.
Measurement of such a fast spin-relaxation rate comes from
another channel—the direct spin-phonon coupling between
the Zeeman sublevels of the orbital state due to acoustic
phonons [41,55]. Below, we present results for heavy-hole
spin-relaxation rate due to emission or absorption of a single
piezophonon where experiments can likely be conducted [54].

In Fig. 8, we exhibit the variation of the spin-relaxation
rate versus the anisotropy of GaAs, GaSb, InAs, and InSb
QDs respectively on panels (a)—(d) for the pure Dresselhaus
and mixed Rashba-Dresselhaus spin-orbit coupling cases. We
chose all the control parameters, magnetic fields, electric
fields, and size of the dots, in such a fashion that the spin-
relaxation rate for the materials lies within the rate observed
in the experiment [54]. Enhancements in the relaxation rate
can be seen for the mixed Rashba-Dresselhaus coupling case.
Since the Rashba coupling is stronger in InAs and InSb
QDs, the influence of electric fields on spin-relaxation rates
for these materials is significantly larger than GaAs and
GaSb dots.

In Fig. 9, we delineate the spin-relaxation rate with the
variation of the electric field in isotropic GaAs, InAs, GaSb,
and InSb dots. It is clear that as we increase the electric
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FIG. 9. Phonon-mediated spin-relaxation rate vs electric field in
isotropic QDs (@ = b = 1). We chose the parameters (B = 0.5 T for
GaAs, 0.2 T for InAs and GaSb and 0.05 T for InSb) in such a way
that the spin-relaxation rate lies up to 10° s~! and one can perform
experiment to detect the spin-relaxation rate using the experimental
setups as in Ref. [54]. We chose ¢y, = 15 nm.

field, spin-relaxation rate increases due to the contribution
coming from the Rashba spin-orbit coupling. In InSb dots,
there is a sharp enhancement in the relaxation rate because
InSb possesses large Rashba spin-orbit coupling strength. We
may notice that the control parameters in Figs. 8 and 9 are
chosen in such a way that the spin-relaxation rate still varies
up to 10° s~! such that one may ensure that such spin states
can be accessed experimentally by low temperature measure-
ments [54].

The calculated spin-relaxation rate in Figs. 8 and 9 is small
and lies within the range of experimental values for elec-
trons at low temperature measurements [54]. This suggests,
our theoretical model of heavy-hole interaction with emission
or absorption of single piezophonon works well because we
consider a small phonon density of states at the scale of the
Zeeman energy. On the other hand, for the spin-relaxation
rate at the spin hot spots, where the rates are several or-
der of magnitude larger than the experimental values [54],
the mechanism of spin flipping from other channels (e.g.,
due to acoustic phonon, multiphonon processes, modulation
of the hyperfine coupling with nuclei by lattice vibrations,
exchange scattering process) may become relatively more
important than the single-piezophonon processes [39-41,55].
This is because with the rising temperature the probabil-
ity of absorption and emission of phonon is increased. The
derivation of spin-relaxation rate for two-phonon processes
and other mechanisms within the channel is explicitly pre-
sented in Ref. [41] and one may improve our model to capture
the influence of such mechanisms on the phonon-mediated
transition rate of heavy hole in QDs.

V. CONCLUSIONS

In this study, we have demonstrated that the phonon-
mediated spin-relaxation rate of heavy holes in III-V semicon-
ductor QDs can be controlled with electric fields, magnetic
fields, and the lateral size of the dots. The characteristic

spin hot spot, which is found in the spin-relaxation rate,
shows a striking dependence on the bulk g factor of the
heavy hole. Our calculations show an enhancement of the
heavy-hole spin-relaxation rate in narrow band gap materials,
namely InAs, InSb, and GaSb, due to their strong Rashba
spin-orbit coupling interactions. In isotropic GaAs and InSb
QDs in Figs. 3(a), 6(a), and 7(a), we have shown that the
spin hot spot, i.e., the cusp-like structure, can be induced in
the phonon-mediated spin-relaxation rate for the pure Dres-
selhaus spin-orbit couplings. On the other hand, for these
materials, the spin hot spot is found absent, i.e., the spin-
relaxation rate is a monotonous function of the magnetic field
and QD radius for the pure Rashba coupling case (Fig. 10 in
Appendix). Both these effects are due to the fact that these ma-
terials possess positive bulk g-factor of heavy holes. However,
in isotropic InAs and GaSb QDs in Fig. 10 in Appendix, our
results have demonstrated that the spin hot spot can be seen
in phonon-mediated spin-relaxation rate for the pure Rashba
couplings, whereas it is absent for the pure Dresselhaus case
(Figs. 4 and 5). This effect owes to the fact that these materials
possess negative bulk g-factor of heavy holes. Hence, we
conclude that the detection of spin hot spot is very sensitive
to the bulk g factor of heavy holes in QDs and therefore to
the specific choice of the QD material. For anisotropic QDs,
on the other hand, the spin hot spot is universally present for
both the Rashba and the Dresselhaus spin-orbit coupling cases
due to the broken in-plane rotational symmetry effect induced
by the anisotropy. This is evidenced in the probability density
distribution of the valence band states. For mixed-RD cases,
as we increase the electric fields, the spin hot spot is shown to
cover a wide range of magnetic field. Further, at low magnetic
fields or small QD-radii, nonlinearity in the phonon-mediated
spin-relaxation rate for the case of pure Dresselhaus coupling
can be found [Figs. 3(a), 3(b), 4(a), 4(b), 6(a), 6(b), 7(a), 7(b),
and 7(c)] due to the interaction of phonons with the heavy-
hole bands associated to |1,2, &) and |0, 0, ). Finally, in
Figs. 8 and 9, we chose the control parameters (electric fields,
magnetic fields, anisotropy and size) of the dots in such a way
that heavy-hole spin-relaxation rate spans within the experi-
mental studies of Ref. [54]. This may encourage experiments
to detect heavy-hole spins in the laboratory in order to test
current predictions.

ACKNOWLEDGMENTS

The simulations were performed at BARTIK High-
Performance cluster (National Science Foundation, Grant No.
CNS-1624416) in Northwest Missouri State University. S.P.
acknowledges Northwest Missouri State University and the
Department of Natural Sciences for purchasing COMSOL
multiscale multiphysics simulations software package. H.S.C.
acknowledges the support of US National Science Foundation
Grant No. PHY-2110318. R.M. acknowledges the support of
NSERC Discovery and CRC Programs.

APPENDIX: SPIN RELAXATION FOR PURE RASHBA
SPIN-ORBIT COUPLING

In Figs. 3(a) for GaAs, 6(a) for InSb, and 7(a) for GaAs
and InSb, we observed that the spin hot spot is present for
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FIG. 10. Phonon-mediated spin-relaxation rate vs the magnetic
field (a) and the QDs radius (b) for the pure Rashba spin-orbit
coupling case. We chose £y = 25, E = 10*V/cm (a) and B=0.5T,
E =10* V/cm (b). Notice that the spin hot spot is present for InAs
and GaSb dots and it is absent for GaAs and InSb dots.

the pure Dresselhaus spin-orbit coupling and also present
for the mixed-RD case. This does not, however, guarantee
that the Rashba coupling is able to induce spin hot spot. For
this reason, we have plotted the computed spin-relaxation
rate with magnetic fields and dot sizes for the pure Rashba
coupling in Fig. 10 to confirm that the spin-relaxation rate is a
monotonous function of the magnetic fields and dot sizes. In
Figs. 4(a) for InAs, 5(a) for GaSb and 7(a) for InAs and GaSb,
we observed that spin hot spot is absent (spin-relaxation rate
is a monotonous function of magnetic fields and dots’ size)
for the pure Dresselhaus coupling case but present for the
mixed-RD case. Hence the Rashba spin-orbit coupling must
be responsible for inducing the spin hot spot in these dots. To

FIG. 11. The probability density for pure D case (first row) and
pure R case (second row) for symmetric dots (@ = b = 1, first and
second column) and asymmetric QDs (a = 0.25, b = 4, thirdrd and
forth column). Note that the choice of such anisotropy parameters
keeps the area of the symmetric and asymmetric dots the same, where

spin hot spot can be observed at around the magnetic field of B =
2.3 T. We chose £y = 25 and E =10* V/cm.

confirm expectation, we have plotted the spin-relaxation rate
with magnetic fields and dot sizes in Fig. 10 and found that the
spin hot spot in the spin-relaxation rate transpires for the pure
Rashba spin-orbit coupling. We recall from our main results,
for anisotropic QDs, the spin hot spot is found to be present,
universally, for both Rashba and Dresselhaus cases.

The inset plot of Fig. 10(b), for the pure Rashba case of
InSb, features the band energies as a function of the dot’s
lateral size. Here, we clearly detect the band crossing (see
dotted lines) that, however, may or may not induce spin hot
spot depending on the strong or weak admixture of the spin
states. The band crossing, as we change the lateral size of the
QDs, can also be observed in other materials.

We plot the probability density of the spin states |00—)
and |01+) for the GaAs QD for the pure Dresselhaus case in
Fig. 11 (first two figures on first row) and for the pure Rashba
case (first two figures on second row), both for an isotropic
dot. The identical probability densities for the pure Dressel-
haus case confirm that the Dresselhaus spin-orbit coupling is
responsible for inducing spin hot spot. In contrast, we find
clearly distinct probability densities for the pure Rashba case
pointing that the Rashba spin-orbit coupling is not responsible
for inducing spin hot spot.

We present, for an anisotropic dot, the probability density
of the spin states |00—) and |01+) for the GaAs QD for the
pure Dresselhaus case in Fig. 11 (last two figures on first row)
and for the pure Rashba case (last two figures on second row).
We keep the anisotropic parameters (a = 0.25, b = 4) in such
a way that the area of the dot is identical to the isotropic
dot. The clear visual distinctions among the densities confirm
that the level crossing of the bands between the states [00—)
and |014) occurs at smaller values of the magnetic field for
anisotropic dots. Similar results are presented for electron
QDs in Fig. 4 of Ref. [56].
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