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Topological quantum computation by way of braiding of Majorana fermions is not universal quantum
computation. There are several attempts to make universal quantum computation by introducing some additional
quantum gates or quantum states. However, there is a serious problem in embedding an M-qubit quantum gate

in the N-qubit system with N > M. This is an inherent problem to the Majorana system, where quantum gates
for logical qubits become nonlocal in terms of physical qubits in general because braiding operations preserve
the fermion parity. For instance, the CZ gate could not be embedded in the three-qubit system. We overcome this
embedding problem by introducing 2(N + 1)-body interactions of Majorana fermions in the N-qubit system. A
universal set of quantum gates is constructed for N logical qubits, leading to topological-nontopological hybrid
universal quantum computation. It would be more robust than conventional universal quantum computation
because the quantum gates generated by braiding are topologically protected.
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I. INTRODUCTION

A quantum computer is a promising next-generation com-
puter [1-3]. In order to execute any quantum algorithms,
universal quantum computation is necessary [4—6]. There are
various approaches to realize universal computation including
superconductors [7], photonic systems [8], quantum dots [9],
trapped ions [10], and nuclear magnetic resonance [11,12].
The Solovay-Kitaev theorem dictates that only the Hadamard
gate, the T gate (;r /4 phase-shift) gate, and the CNOT gate are
enough for universal quantum computation. These one-qubit
and two-qubit quantum gates can be embedded in larger qubits
straightforwardly in these approaches.

Braiding of Majorana fermions is the most promising
method for topological quantum computation [13—17]. There
are various approaches to materialize Majorana fermions such
as fractional quantum Hall effects [16,18-20], topological
superconductors [21-27], and Kitaev spin liquids [28,29].
However, it can generate only a part of Clifford gate [30,31].
The entire Clifford gates are generated for two qubits but not
for more than three qubits [31]. Furthermore, only the Clifford
gates are not enough to exceed classical computers, which is
known as the Gottesman-Knill theorem [32-34].

There is a proposal [13] that the two-body and four-body
Majorana interaction operators are enough for universal quan-
tum computation, where the four-body operation is given by
B(f% 4 = expli(r /4)y4y3v2y1]. In addition, there are several
attempts to make universal quantum computation based on
Majorana fermions [20,24,30,35-44] . It is claimed that the
addition of the T gate or the magic state |0) + ¢™/4|1) is
enough for universal quantum computation because the ele-
mentary gates of the Solovay-Kitaev theorem are constructed.
It is known as the magic state distillation. In these proposals
it is taken for granted that an M-qubit quantum gate can be
embedded in the N-qubit system when N > M. However,
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there are reports [45,46] to doubt it, where the CNOT gate
and the CZ gate cannot be embedded in three logical qubits.
Furthermore, it is impossible to construct the CCZ gate for
three logical qubit systems. This problem has not so far been
addressed seriously.

In this work, we investigate the origin of this embedding
problem peculiar to the Majorana system. Because braiding
preserves the fermion parity, it is necessary to construct log-
ical qubits from physical qubits by taking a parity definite
basis. We point out that a local quantum gate for logical qubits
corresponds to a nonlocal quantum gate for physical qubits
in general. Then it is highly nontrivial to embed an M-qubit
quantum gate in the N-qubit system with N > M in general.
Even if the Hadamard gate, the T gate and the CNOT gate are
constructed, it is not enough for universal quantum computa-
tion unless they can be embedded in the N-qubit system.

We overcome this embedding problem by introducing
2(N + 1)-body interactions of Majorana fermions in the
N-qubit system preserving the fermion parity. Instead of em-
bedding a certain gate in the N 4 1 physical system, we
construct the concerned gate with the use of 2(N + 1)-body
interactions from the beginning so as to respect the Solovay-
Kitaev theorem. We systematically construct the Hadamard
gate, the T gate, the CNOT gate, and then C° -phase shift
gates, C°NOT gates, C*SWAP gates, and others with an ar-
bitrary positive integer s. We have required the fermion parity
preservation because it is beneficial to use the braiding process
as much as possible due to its topological protection. By
combining topological quantum gates generated by braiding
and additional quantum gates generated by many-body in-
teractions of Majorana fermions, topological-nontopological
hybrid universal quantum computation is possible. It would
be more robust than conventional universal quantum compu-
tation because the quantum gates generated by braiding are
topologically protected.

©2024 American Physical Society
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II. PHYSICAL QUBITS AND LOGICAL QUBITS

Majorana fermions are described by operators y, satisfy-
ing the anticommutation relations {yy, ¥} = 2844. The braid
operator is defined by [14]

T 1

Jre = S0t )

B = oo

It satisfies B2 s = 1 and there is a corresponding antibraiding
operator B, = B} ;.

We adopt the dense encoding of Majorana fermions. The
qubit basis is defined by [14]

|nNnN71 e nlno)physica]
= (chyo(ehym - (el )™ el)™0), 2)

with n, = 0 or 1, where ordinary fermion operators are con-
structed from two Majorana fermions as

Cq = (J/Za-‘rl + iy2a+2)/2~ (3)

2(N + 1) Majorana fermions constitute N 4+ 1 physical
qubits.
The braiding operation preserves the fermion parity,

Paﬂ = l'J/ﬁ)/m (4)

since it commutes with the braid operator Byg, [Byg, Pupl =
0. Tt means that if we start with the even-parity state
|00 - - - O)physical, then the states after any braiding process
should have even fermion parity. Therefore, in order to
construct N logical qubits |ny - - - nonp) 1ogical, N + 1 physi-

cal qubits |ny - - -nznlno)f,;;';ical are necessary [47-49], where

Zgzo ny = 0 mod 2. We use the following abbreviation:

[N ) phys = 17N« - 210} Ghicicar s ©)
|¢N>10gi =|ny--- n2nl)logical' (6)

There are (N 4 1)! correspondences between the logical
and physical qubits in general. However, we adopt the follow-
ing unique correspondence. When the logical qubit [y )10 1S

given, we associate to it a physical qubit IWN);E‘;'; by adding

one qubit ny uniquely so that Zgzo ny, =0 mod 2. On the
other hand, when a physical qubit [y/y)[;5¢ is given, we asso-
ciate to it a logical qubit |1/x)10g; just by eliminating the qubit

no . An example reads as follows:

N N+l even
—_——— —_——
0,---,0,0,0) |0,---,0,0,0,0)
0,---,0,0, 1) 0,---,0,0,1,1)
|0,---,0,1,0) 0,---,0,1,0, 1)
0,---,0,1,1) < 110,---,0,1,1,0)
0.+, 1,0,0) 0,---,1,0,0,1)
0,---,1,0,1) [0,---,1,0,1,0)

logical physical
@)
We represent this correspondence as
VN ogi € YN ) phys- ®)

This correspondence is different from those in the previous
works [13,45,46,48-50]. Accordingly, the detailed braiding
process for quantum gates are slightly different from the pre-
vious ones [45,46,48-50].

A local quantum gate for logical qubits corresponds to a
nonlocal quantum gate for physical qubits. For example, in
order to flip the qubit state from 0 to 1 in the third qubit in
logical qubits in Eq. (7), it is necessary to flip the first and
fourth qubits simultaneously in physical qubits.

III. EMBEDDING PROBLEM

There is a serious problem inherent to the Majorana system
in embedding an M-qubit quantum gate in the N-qubit system
with N > M. For example, the CZ gate is defined for the
two-qubit system, which is trivially embed in the three-qubit
system in usual quantum computation. However, this is not the
case in quantum computation based on Majorana fermions.
Indeed, it is impossible to realize the CZ gate only by braiding
in the three-qubit system.

The embedding is defined as follows. Let us embed an M-
qubit quantum gate in the N-qubit system with M = N — 1.
The action of the braiding operator B, on the (N — 1) logical
qubits is represented by a quantum gate U™ represented by

a 2V=1 % 2N=1 matrix Ugg™ as

even

Baglny—1 « - - nino) i

= UO%GHMN*I tee nl>logi' (9)

If the action of the braiding operator B,g on the N logical
qubits is represented by the quantum gate I, ® Ugy™ as

Baglnnnn—1 - - - nming)ppys = (L® U§,‘§e")|nNnN—| ) jogis
(10)

then the embedding is said to be possible.
We examine the condition (10). The additional qubit ny is
either 0 or 1. When ny = 0, Eq. (9) leads to
BaglOny—_i -+ - ning)ppys = 10) @ Ugg™ Inn—1 + - - 1) jgg, (1)
because 22];8 ne =0 mod 2. However, when ny =1,
because

[y 1+ mino)gen = 11) @ lny—y - - -myno) e~ (12)

with >N~ n, = 1 mod 2, we obtain

Bugllny_1 - mno)ien = 1) @ Ugg'lny—1 -+ mi)jogin (13)

where Ugg" is defined by the formula corresponding to Eq. (9)

in the parity-odd sector. When U&’S" = U™, the embed-
ding is possible because the condition (10) is satisfied with
Egs. (11) and (13). On the other hand, when U;’gd #+ U;Een,
the embedding is impossible because the condition (10) is
violated. We present an explicit example of the case where
Ugg! # Ugy™ in Appendix A 1: See (A11).

IV. QUANTUM GATES
A. 2M-body interactions

We overcome the embedding problem by introducing 2M -
body interactions to construct quantum gates acting on the N
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logical qubits. We define the 2M-body operator acting on N +
1 physical qubits by

B . (0) = exp [i(" D0y, Ve Voo |

=c080 + " ey, Var Ve sinf. (14

It keeps the parity, [B&zlﬁ”z )y 1oy Pap] = 0, with the fermion

parity operator (4), where y, and yg are arbitrary Majorana
operators. It satisfies the unitary condition,

(M) T 122M)
(B ) B

Qpog---0op—1002Mm o0 -0op— 1002

@) =1. (15)
We introduce an abbreviation,

B (6) = expli ' 0yuiom—1Varom—2 - Yas1Val.  (16)

In what follows we adopt the convention that the direct prod-
uct Uy ® - - - ® U, ® Uy of one-qubit gates Uy, Us, ..., and
Uy acts on the N logical qubit state |ny - - - nany) 104, Where Uj
acts on the first qubit n;, U, acts on the second qubit n,, and
SO on.

B. Braid operator
The simplest one is the two-body operator Bfg(@). It is the
braiding operation with the choice of 6 = 7 /4,

Bup = B} (/4). (17)

C. Unitary gates

In the following, we study the action of the many-body
interaction on a quantum gate for the N logical qubit system,

BEY O = UlYn)iogs (18)

which defines the quantum gate U represented by a 2V x 2V
matrix.

D. T gate

The T gate Uy is given by setting 6 = 7 /8, which is an
essential element of universal quantum computation. First, the
local rotation along the z axis is executed by the two-body
interaction acting on the N-qubit system,

B ana ONWUN)SR = Iv-s @ R-(20) ® L1 [Yi ) ogi-
(19)

where R,(0) = exp[—ifo,/2] for n > 2. The T gate acting on
the n qubit in the N-qubit system is given by

Url¥n)iogi = Bk 1 ansn (T /) |Wn)rn. (20)

E. Hadamard gate

We construct the Hadamard gate acting on the nth qubit of
N logical qubits as

U =Ly @ Uy @ Iy, (21)

o=n(RCRE). e

where

Ucz Us (9;%)1-1
: S e
- S ]
£
Uccz
(b)
1Z]
Ucsz
(© |
- N ¢ “"1‘;¢ ""‘"::
I I ]
-— e — - —U—T———::———‘.ﬂ::
1Z] ¢@ - ir-- -t - 2@l

FIG. 1. (a) Decomposition of the CZ gate into a sequential
application of the S gates and the inverse of the SS gate. (b) Decom-
position of the CCZ gate into a sequential application of the T gates
the TTT gate, and the inverse of the TT gates. (¢) Decomposition
of the C*Z gate into a sequential application of 7 /2°+! phase shift
gate U¢ = e—in/l""la:’ U¢¢ = e—in/2’v+](rz®az’ U¢3 = e—iﬂ/Z""'laZ@aZ@az’

and U¢s = €7in/2:+l ®io: .

with R, (0) = exp[—ifo,/2] . The local rotation along the x
axis is executed by the 2n-body interaction,

BEO)Yn s = by ® R(20) ® bt [Yi)iogin  (23)

with the use of the abbreviation (16). Hence, the Hadamard
gate acting on the nth qubit of N logical qubits is

) = 57 55 ) 9055
(24)

by setting 260 = 7 /4.

F. CZ gates

The CZ gate for two-qubit systems is decomposed into the
product of the ZZ rotation R,, and the Z rotation R, for the
controlled and the target qubits,

Ucz = ¢™*Ugg (Us ® Us), (25)

where we have defined the S gate Us = exp[—imo,/4] and the
SS gate Uss = exp[—in o, ® a,/4]. See Fig. 1(a). The CZ gate
Ug&;" with the controlled qubit m and the target qubit n in N
qubits is given by

m—n @) T
Ucz [Yn) logi _82111+1.2m+2,2n+1,2n+2(_Z)

7 7
even
X Bomt1,2m+2 (—)an+1,2n+2 (Z) [¥N) phys-

4
(26)

See Eq. (B44) for the three-logical-qubit system and Eq. (B48)
for the four-logical-qubit system in Appendix BS5.
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Ucnot Uswap

(al) —e . (b1) _
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UCCNOTzuToffoIi UCSWAquFredkin

(@2) B (b2) B
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FIG. 2. (al) Construction of the CNOT gate from the CZ gate
and the Hadamard gates. (a2) Construction of the CCNOT (Toffoli)
gate from the CCZ gate and the Hadamard gates. (a3) Construction
of the C°NOT gate from the C'Z gate and the Hadamard gates.
(b1l) Construction of the SWAP gate from three CNOT gates. (b2)
Construction of the CSWAP (Fredkin) gate from three Toffoli gates.
(b3) Construction of the C°SWAP gate from the C°NOT gates.

G. Universal quantum computation

According to the Solovay-Kitaev theorem, universal quan-
tum computation is possible provided the Hadamard gate,
the T gate, and the CNOT gate Ucnor are given. Instead of
the CNOT gate we may use the CZ gate Ucy because of the
relation

Ucenor = (L ® Ug)Ucz (I, @ Up), 27

where the Hadamard gate is applied to the second qubit. See
Fig. 2(al). By using Eq. (26), we obtain the CNOT gate U (o1
with the controlled qubit m and the target qubit n embedded
in N qubits.

The SWAP gate is decomposed into a sequential applica-
tion of three CNOT gates

_ 1-2 2—1 1-2
Uswar = UcnorUcnorUcnors (28)

as shown in Fig. 2(b1).
The CCZ gate is decomposed into a sequential application
of the T gates, the inverse of the TT gates and the TTT gate,

Uccz = €U (UR) ™ (UR) ™ (UR) " Wr @ Ur ® Up),
(29)

where we have defined the T gate Uy, the TT gate Uy, and
the TTT gate Urrr,

Ur = exp|—ino,/8],
Urrr = exp[—ino, ® 0, ® 0,/8], (30)

Urr = exp[—ino, ® 0,/8],

as shown in Fig. 1(b).
The Toffoli (CCNOT) gate is constructed by applying the
Hadamard gate to the CCZ gate as in

Urotioi = (Is @ Up)Uccz(ls @ Up). €1y

See Fig. 2(a2). The Fredkin (CSWAP) gate is constructed by
a sequential application of three Toffoli gates as in

1621573, 227,(3,2)—1
Urreakin = Urofrori Unoitoli Utoffoli > (32)

where UT(gf’fqo)n_” indicates that the controlled qubits are p and
g while the target qubit is . See Fig. 2(b2).

Similarly, we systematically construct the C*-phase shift
gate as shown in Fig. 1(c). Details are shown in Eq. (C7) in
Appendix C.

The C°*NOT gate is constructed from C*Z gate as

Ucor = (by—2 ® U ) Ucsz(bs—2 @ UY),  (33)

where the Hadamard gate is applied to nth qubit. See
Fig. 2(a3).
The C°SWAP gate is constructed from the C*Z gate as

I—>1 22 prl—1
Ucsswap = UcsnorUcnorU ceonors (34)

where UL (5. indicates that the target qubit is p and the others
are controlled qubits, where p indicates the complementary
qubits of the qubit p. See Fig. 2(b3).

Appendixes B and C are prepared for detailed analysis in
the case of small qubits to make clear a general analysis for

the N-qubit system.

V. EXPERIMENTAL REALIZATION

The two-body operation is realized by the unitary dynamics
during0 <t < T,

Bap(0) = expl0ypva] = exp [iH1/h], (35)

with H = (0 /iT )ygy.. A 2N-body Majorana operation is
realized by a dynamics driven by 2N-body interaction of
Majorana fermions during 0 <t < 7,

BPN)(6) = exp [iHt /), (36)

with H = (iN210 /T)yanyan—-1 - -+ Y21

There are two possible experimental realizations. One is
based on topological superconductors. 2N-body interaction is
represented in terms of the N-body density operator [51],

V201 -1V2a1 V2 —1V2a; * * * V2ay—1V2ay
=" (200 = 1) (200, = 1)+ (2pay = 1), (37

by using the realization iyy—1Y2¢ = 20o — 1, Where p, =
clco,. The other is the Kitaev spin liquid system. 2N-body
Majorana interactions are written in the form [75,77]

A_B.A_ B A B Z .2 z
ya] Va] yaz yaz e J/Ollv yvtN X Galaaz T GaN' (38)

See Appendix D for details.

VI. DISCUSSIONS

We have analyzed the embedding problem inherent to the
Majorana system and shown that universal quantum compu-
tation is possible by introducing many-body interactions of
Majorana fermions. The proposed quantum gates based on
many-body interactions of Majorana fermions are not topo-
logically protected. It is an interesting problem to construct
quantum algorithm, where the number of topologically pro-
tected quantum gates are maximized and the decoherence
problem is minimized.

We have adopted the dense encoding described by Eq. (7),
where 2(N + 1) Majorana fermions are used for N qubits. On
the other hand, 4N Majorana fermions are used for N qubits
in the sparce encoding [24,78]. The embedding problem also
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exists in the sparce encoding, which is solved by introduc-
ing many-body Majorana interactions as in the case of the
dense encoding. The dense encoding is more efficient than the
sparce encoding because the number of the necessary gates is
smaller. See details in Appendix E.

In passing we note that quantum simulation on Majorana
fermions is studied in superconducting qubits [52-54]. In
addition, the Kitaev chain is realized in coupled quantum dots
[55].
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APPENDIX A: RESULTS ON CONVENTIONAL BRAIDING
1. Embedding

We consider a one-dimensional chain of Majorana
fermions and only consider the braiding between adjacent Ma-
jorana fermions. We denote B, = B, 4. The braid operators
B, satisfies the Artin braid group relation [56]

BO,Bﬁ = Bﬁ[)’a for
BaBaJr]Ba = a+lBaBa+l-

le — Bl = 2,
(A1)

The embedding of an M-qubit quantum gate to an N-qubit
system with M < N is a nontrivial problem in braiding of
Majorana fermions. There are two partial solutions. One is
setting additional qubits to be O as ancilla qubits, where every
quantum gates can be embedded. The other is not to use the
braiding B;. We discuss both of these in what follows.

2. One logical qubit

We discuss how to construct the one logical qubit [14].
Two ordinary fermions c¢; and ¢, are introduced from four
Majorana fermions as

a=3n+ir), c=30s+in. (A2)

The basis of physical qubits is given by
1Y )physical
= (10}, ¢{10), 310}, ¢j¢;[0)

= (|O» O)physicals |0, l)physicals |19 0) physical» |l, 1)physical )t-
(A3)

By taking the even-parity basis as

_ (10 0.0 _ 1o
s = <|1> ot L1 o = 1V

(A4)

the one logical qubit is constructed by projecting the two
physical qubits. This is the simplest example of Eq. (7) in the
main text.

Quantum gates

The braid operator B; is written in terms of fermion
operators,

1

1 "
Bi= =ty = s dicier —ieie)). (AS)
which operates on the two physical qubits (A3) as [14]
1 0 0 0)\/|0,0)
—izal0 1 0 0]1]10,1)
Blhbl)ph)’sical =e "/ 0O 0 1 0 11, 0)
0 0 0 i 1L, 1) physical
0, 0)
_ 0, 1)
= U, I1.0) (A6)
11 1) physical
Taking the even-parity basis, the action is
even —im 1 0 |0)
Bil¥1) physica = € /4<0 i><|1)>1 .
ogical
= Uleven |O> . (A7)
|1> logical
The braid operator 3, is represented by
Uleven — e_i”/4Us, (A8)
in terms of the S gate defined by
Us = diag(1, i), (A9)

when it acts on the one logical qubit.
On the other hand, taking the odd-parity basis in Eq. (A6),
the action is

even __ —iw/4 i 0 |0)
Bl|w1>physical =e (0 1) <|1) logical

= (19 . (A10)
).
ogical
It follows from Eq. (A7) and Eq. (A10) that
UPY™ £ U, (A11)

This is the simplest example of the embedding problem in the
main text. In the following, we only consider the even parity.

In what follows we represent Eq. (A7) or generalized ones
by

B] ~ U] (A12)

or generalized ones, where B; acts on even-parity physical
qubits which is represented by a matrix U; acting on logical
qubits.

The braid operator B, is written in terms of fermion
operators,

L
V2

1 )
= — (1 +icse] +icel —icrer —icier). (A13)

V2

B, = 1+ y312)
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(a) (b) (c) (d) (e) (f)
n, (Y] (H]
Y
>
o 0C —0C D00
Y, _/ _//L

FIG. 3. (a) Square-root of NOT gate, (b) S gate, (c) Pauli Z gate, (d) Pauli X gate, (e) Pauli Y gate, and (f) Hadamard gate.

It operates on the two physical qubits as [14]

Irfto 1 —i o]llon
Ble)physical = ﬁ 0 —i 1 0 [1, 0)
—i 0 1 1, 1) physical
|0, 0)
P RS
= U, 1.0) , (A14)
|]’ 1> physical
where
1 0 0 —i
1 0 1 —i 0 T
Uxxzﬁ 0 —i 1 0 _exp[ 40x®0x]
—i 0 0 1
(A15)

In the even-parity basis, the action is

LI AT
_ﬁ i 1 1/logical
¥4
=exp I:_lzax] [V 1) 1ogical = Rel ¥ iogical-

even
physical

B i)

(A16)
It is represented as
L S A
Bz = ﬁ<_l 1 ) =e U\f, (A17)
where U /5 is the square root of X gate defined by
_ 41—
Uﬁ:i(l—i 1+i)' (A18)

The corresponding braiding is shown in Fig. 3(a).
The braiding operator Bs is written in terms of fermion
operators,

1 . .
VARG by (U icjer —icxc}),  (A19)

B: =
T2

which operates on two physical qubits (A3) as [14]

1 0 0 O 10, 0)
walo 1 0 o0
) _ in/4
BS“//l)physmal =e 0O O i 0 1, 0)
0 0 O ! |1’ 1) physical
(A20)

In the even-parity basis, the action is the same as (A8),
By >~ e/, (A21)

where the S gate is defined by (A9). The corresponding braid-
ing is shown in Fig. 3(b).
The Pauli Z gate Uy is given by double braiding of B3,

Uy = diag(1, —1) = U¢ ~ iB33. (A22)

The corresponding braiding is shown in Fig. 3(c).
The Pauli X gate (NOT gate) is given [16] by double

braiding of B;,
0 1 .

The corresponding braiding is shown in Fig. 3(d).
Then, the Pauli Y gate is given by sequential applications
of Bz and 83,

(A23)

0 —i .
Uy = (l. 0’) = iUyUy ~ —B2B2. (A24)
The corresponding braiding is shown in Fig. 3(e).
The Hadamard gate is defined by
Un = REVEE. (A25)
r="pn\u -1)

It is known to be generated by triple braids as [45,50]

UH >~ iBzB3Bz. (A26)

The corresponding braiding is shown in Fig. 3(f).

3. Two logical qubits

In order to construct two logical qubits, we use six Ma-
jorana fermions yi, y», ¥3, Va4, Vs, and yg. Three ordinary
fermion operators are given by

a=1im+ir), o=iw+in),

(A27)

c3 = 3(ys + ive).
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(a) (b) (c) (d) (e) (f) (9)
, —{z+— —Z+— —H—
n
Yy ,
— 7 /

Y r—
v, DY

nO0C - O0C
T O0C o0

/ /

DY

FIG. 4. The braiding process for Pauli gates. (a) Pauli Z gate embedded in the first qubit, (b) Pauli Z gate embedded in the second qubit,
(c) two Pauli Z gates are embedded in the first and the second qubits, (d) Pauli X gate embedded in the first qubit, (¢) Two Pauli X gates are
embedded in the first and the second qubits, (f) Hadamard gate embedded in the first qubit, and (g) Hadamard gate embedded in the second

qubit.

The basis of physical qubits are given by

Wonysical = (10), ¢]10), €310), c]c}10), ¢}10), c]c}10), cicll0), clcie]

C1CrCy

0}

= (|0’ 0, 0>physical7 |0’ 0, 1)physical’ |O7 L, 0) physical s |07 L, l)physical’ |1’ 0, O)physicah |17 0, 1) physical s |1’ L, O)physical7 |1’ L, 1>physical)t'

The explicit braid operators on the physical qubits are

Bi=L®&L®Us,

BZ = 12 ® Uxx’
By=LQUs® D,
64 = Uxx ®12’

Bs=Us®bL®Db. (A29)

Two logical qubits are constructed from three physical qubits
as

even

| )
=4 : g . (A30)
logical | )

physical

In the logical qubit basis, the braiding operators are repre-
sented as

By ~ e ™/*diag(1, i, i, 1),
B, ~1, @Ry,

By ~ e ™/4diag(1, i, 1, 1),
By > Uy,

Bs ~ e~ ™/*diag(1, 1, i, i), (A31)

where R, is defined by (A16) and U,, is defined by (A15).
a. Pauli gates
The two-qubit Pauli gates are defined by

Ok, @ Oy (A32)

(A28)

(

where k; and k, take O, x, y, and z. The Pauli Z gates are
generated by braiding By;4; with odd indices,

L ®oy >~ iB%, oz QDL >~ iBg, o7 ® 0y =~ —Bng.
(A33)
They are summarized as
(02)" ® (o)™ ~ (iB2)" (iB3)" (A34)

where n; and n, take O or 1.
The Pauli X gates are generated by braiding with even
indices By,

oxy @ oy =~ L ®oxy ~ —BZB%

(A35)

Loy >~ iB%, 184,

It should be noted that BZ does not generate I, ® oy but
generates oy ® ox. We show the braiding for Pauli gates in
Fig. 4.

Pauli Y gates are generated by sequential applications
of Pauli X gates and Pauli Z gates based on the relation
Uy = iUxU;z . Thus, all of Pauli gates for two qubits can be
generated by braiding.

b. Hadamard gates

The Hadamard gate acting on the first qubit can be embed-
ded as

L Q@ Uy >~ i3, B3 15;.

The Hadamard gate acting on the second qubit can be embed-
ded as

(A36)

Uy @ L, >~ —B1B,B3B,538,;.

These correspond to Eq. (21) in the main text. It requires
more braiding than the previous results [46,50], where three
braiding are enough. It is due to the choice of the correspon-
dence between the physical and logical qubits.

(A37)
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(a) (b) (c) (d) (e)
CZ gate CNOT gate SWAP gate anti-CX gate iISWAP gate
145 |a> —— |a> |a> |b> |u> |u> :g:
nl by —D— lr@a) |b>3C lay o> X > ®ay
"X I —
Y, / / / — /
¥s 7 /
Y, 1] -/ AN _ /W
9 jol - - - X
Y _/
100 0 1000 1000 0100 1000
0100 0100 (0010\ 1000 000
0010 0001 0100 0010 0i00
vna -1 0010 \0001/ 0001 0001
(f) (9) (h) (i)
DCNOT gate Mglmer-Sgrensen gate  Cross resonance gate  Hadamard gate
ny |ay _‘i 3 — — — — ] I
Ui U Ui
ny b —4 boay  — S YR ] -
Yi N
Y. X/ / / /
2
¥s / Vo / S
Y, / / _/ /Y —/
Y5 _/ / I/ -/ —
Ys S—
1000 1 0 0 ¢ 0 0 14 11 1 1
0010 1 01 —20 1(0071 1-11 -1
0001 V210 —i 10 Va1 =00 1 -1-11
0100 \/_\i()()l/ - 1 00 11 -1 -1

FIG. 5. Braiding process for various two-qubit quantum gates. (a) CZ gate, (b) CNOT gate, (c) SWAP gate, (d) anti-CX gate, (e) iSWAP
gate, (f) DCNOT gate, (g) Molmer-Sorensen gate, (h) cross-resonance gate, and (i) Hadamard gate.

¢. Quantum gates for two logical qubits

It is known that the controlled-Z (CZ) gate

Ucz = diag(1,1,1,—1) (A38)
is generated as [46]
Ucz ~ e BN (B3y) ' By (A39)

See Fig. 5(a).
It is also known that the controlled-NOT (CNOT) gate

1 0 0 O
0O 1 0 O

UCN oT — 0 0 0 1 (A4O)
0 0 1 O

is generated by seven braiding [31,45,46], where braiding are
given by

UCNOT ~ —e_m/485_1818283816261. (A41)

See Fig. 5(b). On the other hand, there is a quantum circuit
decomposition formula,

Ucnor = (b ® Uy)Ucz(l ® Up), (A42)
which involves nine braiding.
The SWAP gate is defined by
1 0 0 O
0 0 1 O
USWAP = 0 1 0 ol (A43)
0 0 0 1
which is realized by seven braiding as
Uswap = ™4 (B) ™ (By) ™ (Bs) "' BsBaBsBr. - (A44)

See Fig. 5(c). This is smaller than the previous result
using 15 braiding [46] based on the quantum circuit

045417-8
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decomposition,

Uswap = (L ® Uy)Ucz(l, @ Uy) Uy @ L)Ucz(Uy & L) @ Uy)Ucz(l ® Uy).

We list up various quantum gates generated by braiding.
The anti-CNOT gate is defined by [57]

01 0 O
_j1 0 0 O
Usx = o 0 1 ol (A46)
0 0 0 1
which is generated by seven braiding
Uz =~ ™ *BS' BB, ' By B1 BBy (A47)

It can be decomposed into Ugx = (I, ® Ux )Ucnor. If we use
this relation, then nine braiding are necessary. See Fig. 5(d).
The iSWAP gate is defined by

1 0 0 O
10 0o i O
Uswar =10 i 0 ol (A48)
0 0 0 1
which is realized by the six braiding
Uiswap =~ —B3B4B5sB3B4155. (A49)
See Fig. 5(e).
The double CNOT gate is defined by [58]
1 0 0 O
0 0 1 O
UDCNOT = 0 0 0 11’ (ASO)
0 1 0 O
which is realized by
Upcnor = By ' By ' B, ' Bs ' B1 B2 B3 By. (A51)
See Fig. 5(f).
The Mglmer-Sgrensen gate is defined by [59]
1 0 0 i
_jo 1 —-i o0
i 0 1
which is realized by
UMS ~ —iBgB4B5B4B38161. (A53)
See Fig. 5(g).
The cross-resonance gate is defined by [60]
0O 0 1 i
_Lfto o i 1
=711 - o of (A>4)
- 1 0 0
which is realized by
UCR ~ —34348132838281. (A55)

See Fig. 5(h).

(A45)
[
We define the entangled Hadamard gate by
1 1 1 1
@ _ |1 -1 1 -1
U=11 -1 21 1| (A36)
1 1 -1 -1
which is realized by
U ~ —e ™ *Bs BB By By (A57)

See Fig. 5(i). It is different from the cross product of the
Hadamard gates,

U # Uy ® Uy
We note that it is obtained by a permutation of the third and

fourth columns of the cross product of the Hadamard gates
given by

(A58)

1 1 1 1
weua=1 ' L Z1 @5
1 -1 -1 1
which leads to a relation
Uy ® Uy = UcnorUyy. (A60)
Hence, it is realized by
Uy ® Uy ~ —8518182838182818584636281. (A61)

Both U 1(1,2) and Uy ® Uy are the Hadamard gates and they are
useful for various quantum algorithms.
d. Equal-coefficient states

The equal-coefficient state is constructed as
iB1B,133 841350, 0)1gical

= %(|O’ O>logical + |0’ 1>logical + |1’ O)IOgical + |1v l)logical)

= JO)SE’ + 1D+ R + 13,
(A62)

where |j)fsomt! is a decimal representation of qubits. It is a

fundamental entangled state for two qubits.

4. Four physical qubits and three logical qubits

We use eight Majorana fermions to construct three logical
qubits,

2 = 3(y3 + iva),

c3 = 3(ys +ive). ca= 307+ ivs).

The explicit braid actions on the physical qubits are

a1 =3(n +iy),
(A63)

T
By ~ exp I:—lzlg ® O'Z] = LUs,

b4
By =~ exp [—i—I4 Q0. ® ax] = LUy,
B :exp[ I4®O’Z®Iz] =LUs® D,

—i
—i

ENEIE NI N

By >~ exp 12®UX®UX®12]=12®UM®12,
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MOTOHIKO EZAWA

PHYSICAL REVIEW B 110, 045417 (2024)

(a) (b) (c) (d) (e) ()
s . =
n -
n — XX
Y,
¥,

Y
yz _/k

yi
T 0

Y
y; _//_\_

\//_

FIG. 6. Pauli gates embedded in three qubits. (a) Pauli Z gate embedded in the first qubit, (b) Pauli Z gate embedded in the second qubit,
(c) Pauli Z gate embedded in the third qubit, (d) Pauli X gate embedded in the first qubit, () two Pauli X gates are embedded in the first and
second qubits, and (f) Two Pauli X gates are embedded in the second third qubits.

T

BS >~ exp [—lz[z ®o, ® 14] = 12 ® US ® 14,
T

Be =~ exp I:—ZZO'X R o, ® 14] =Uy; ® L,

B, ~ exp [—i%oz ® 18] —Us®I. (A64)

Three logical qubits are constructed from four physical qubits

as

even

10.0.0) 10.0.0.0)
10,0, 1) 10.0.1.1)
10.1.0) 0.1.0.1)
0.1, 1) 0.1.1.0)
I1.0.0) <[ i1.00.1) (A65)
1.0, 1) 11.0.1.0)
11 1.0) 11.1.0.0)
1 1) 11.1)

logical physical

Explicit matrix representations for the braiding operator are

B ~ e "/diag(1,i,i,1,i,1, 1, i)

i
= exp —Z(TZ ®o, 0, |,

By ~ I, ® Ry,
Bs ~ e~ ™/*diag(1,i,1,i,1,i,1,i) = e"™/*1, @ Us,
By =L ® Uyy,
Bs ~ e ™ /4diag(1,1,i,i,1,1,i,i) = e "/*L, @ Us ® b,
Bs >~ Uy ® I,
By ~ e ™A diag(1,1,1,1,i,i,i,i) = e "/*Us ® Iy. (A66)
a. Pauli gates
The three-qubit Pauli gates are defined by

Oy ® 01, ® oy, (A67)

where ki, k», and k3 take O, x, y, and z. The Pauli Z gates are
generated by braiding operators By, with odd indices

LRLRI, & iB, Lo,L < B,
07,8hLQL & i3, (A68)
They are summarized as

(02)" ® (07)™ ® (07)" & (iB3)" (iB3)" (iB3)", (A69)

where n, n,, and n3 take O or 1.
The Pauli X gates are generated by braiding operators with
even numbers,

L®hL®ox ~iB3,
ox Q ox ®12 ~ lBg

We show the corresponding braiding in Fig. 6. It is impossible
to construct logical gates corresponding to

L ®ox ®ox >~ iBZ,

(A70)

12®O'X ®12 and Ox ®12®12 (A71)

solely by braiding. This problem is solved by introducing
many-body interactions of Majorana fermions as in Eq. (B37).

The other Pauli gates can be generated by sequential appli-
cations of the above Pauli gates.

b. Diagonal braiding

We first search braiding operators for the quantum gates
generated by odd double braiding,

U = ()" (B2)" ()"
There are eight patterns represented by the Pauli Z gates,
diag(1, 1,1, 1,1, 1,1, ) > L L Q L,

(A72)

diag(1, =1,1,=1,1,=1,1, - ) L ® h ® 07 < iB33,
diag(1,1,-1,—-1,1,1, -1, - D ~bL o, @ I, & i3,
diag(1,1,1,1, -1, -1, —1,- D~ 0, QL @ I, & i3,
diag(1, =1, —1,1,1,—-1, =1, 1) ~ ) ® 07 ® 07 & —BB2,

045417-10
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diag(1,1, -1, -1, -1, -1, 1, ) ~ 0, ® 0, @ h, & —B3Bz,

diag(1, —1,1,—1,—-1,1,-1,1) ~ 0, ® h ® 07 & —B23,

diag(1, -1, -1,1,-1, 1,1, -1) ~ 0, ® 07 ® 0
& —iBIBB;.

Next, we search real and diagonal gates obtained by the
following odd braiding:

(B7)"™(Bs)"™(B3)™".

We search states whose components are £1. There are four
additional quantum gates, whose traces are zero TrUygi,e = 0,

diag(1, —1, -1, -1, 1,1, 1, 1) & iB; 'B: B, By,
diag(1, —1,1,1, =1, =1, 1, —1) & iB; ' BsB: By,
diag(1, 1, 1,1, =1, 1, =1, —1) & iB; ' B: BBy,

diag(1,1,1, =1, 1, =1, =1, = 1) & —iB;'B;'B,'By.
(A75)

(A73)

(A74)

In addition, there are additional quantum gates, whose traces
are nonzero TrUg;,e # 0,

diag(1, —1, =1, =1, =1, =1, =1, 1) = =B, B3 3,3,
diag(1, =1, 1,1, 1,1, -1, 1) =~ B, 'B; ' B By,
diag(1,1, -1, 1,1, =1, 1, 1) =~ B; ' B, ' B3 B,

diag(1, 1,1, =1, —1, 1,1, 1) = By ' B, ' B4 BB.
(A76)

It is natural to anticipate that the CZ gate and the CCZ
gate are generated by even braiding because they are diagonal
gates. However, this is not the case by checking all 4° patterns
of braiding. As a result, the even braiding do not generate the
CZ gates,

IZ®UCZ = dlag(lv 15 17 _19 17 1’ 19 _1)’

Uz ® L =diag(1,1,1,1,1,1, -1, —1), (A77)
and the CCZ gate,
Uccz = diag(1,1,1,1,1, 1,1, —1). (A78)

This problem is solved by introducing many-body interactions
of Majorana fermions as shown in the main text.

¢. Hadamard gates

The Hadamard gate can be embedded in the first qubit as
LRLQRSUy >~ iBB315,, (A79)

as in the case of (A36). We also find that the Hadamard gate
can be embedded in the third qubit as

Ug L QL >~ —iBB,B384858cB5sB41335, 8. (A80)

These correspond to Eq. (21) in the main text. On the other
hand, it is hard to embed the Hadamard gate in the second
qubit I, ® Uy ® L. It is possible by introducing many-body
interactions of Majorana fermions. The Hadamard gate for the
Nth qubit is given by

Uy @ hy— >~ BiBy - - Bon—1BonBon—1 - - - BoaB1 - (A81)

(a) (b) (c)
)—————— o> o [6> ns
\’ODC lay b DC > n Uy
|ay [y ) ——la> n

Y
Y,”
/ Y3
@ G— b qu—
_/ /
-/

s ¥s
/N yy—
/ Y,

Y

—

FIG. 7. [(a) and (b)] iSWAP gate embedded in three-qubit sys-
tems. (¢) Three-qubit Hadamard transformation.

up to a phase factor.

d. Two-qubit quantum gates embedded in three-qubit
quantum gates

The iISWAP gate can be embedded in a three-qubit topo-
logical gate because it does not involve B; and is given by

L ® Uiswap = —B3B4BsB3B4Bs. (A82)

See Fig. 7(a). We also find the iSWAP gate can be embedded
as

Uiswap ® I, >~ —BsBs3:858¢8s.
See Fig. 7(b).

(A83)

e. Three-qubit quantum gates

We find that the three-qubit Hadamard transformation is
generated as

1 1 1

-1 1 -1 —1 I -1

1
1
1
P 5 S B R |
U =1,
1
1

1 1 1 -1 -1 -1 -1
I -1 1 -1 -1 1 -1 1

—B7BBsB4B3 8,13 . (A84)

See Fig. 7(b). It is different from the cross product of the
Hadamard gate,

Uy @ Uy @ Uy

1 1 1 1 1

—1 1 -r 1 -1 1 -1
1
1

12

1 -1 -1 1 -1 -1
-1 -1 1 -1 -1 1
1 1 1 -1 -1 -1 -1
-1 1 -1 -1 1 -1 1
1 -1 -1 -1 -1
-1 -1 1 —1 1 1 —1

O G Gy WY
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There is a relation

Uy ® Uy ® Uy = —UspUy,), (A86)
where Usp is defined by
1 0 0 0 0 0 0 O
O 1 0 0 O 0 0 O
O 0 0 1 0 0 0 O
10 0 1 0 O O O O
UZ=1o 00 0 00 1 0 (A7)
O 0 0 0 O 0 o0 1
O 0 0 0 0o 1 0 O
O 0 0 0 1 0 0 O

It is impossible to generate the W state by braiding
1
V3

|W)logical = (|000>10gical + |010)10gical + |100>logical)a

(A88)

because the number of the nonzero terms of the W state is
3, which contradicts the fact that the number of the nonzero
terms must be 1, 2, 4, and 8 for three-qubit states generated
by braiding.

f. Embedding problem of the CZ gate
The CZ gate is given by the braiding e’i”/4Bs_l(B3)’lBl
for two logical qubits, whose matrix representation is

diag(1, 1, 1, —1, i, —i, —i, —i), (A89)

once it is embedded in three logical qubits. They are different,
e TIBNBy) T By #£ L ® Ucy

=diag(1,1,1,—-1,1,1,1,—1). (A90)

In general, M-quantum gates cannot be embedded in N qubit.
We solve the problem by introducing many-body interaction
of Majorana fermions in Eq. (26) in the main text

5. N logical qubits

The braid representation of 2N 4 2 Majorana fermions is
equivalent to the /2 rotation in SO(2N + 2), suggested by
the fact that braid operators are represented by the Gamma
matrices [47,48]. The number of the braid group is given by
(19]

22=12n)! for
221(2n)!  for

n=¢cven

I Ba)| = .
[Image(B,,) neodd

(A91)

The iSWAP gate is embedded as

k-2 Nk
L @ Uswar @ I, " = Bogy1 Bok 42 Bor3Bok1 Bok 12 Bo1

(A92)
up to a phase factor.
a. Diagonal braiding
We consider odd braiding defined by
Boad(n1, na, ..., ng) = Boy—1Bon,_ =1+ Bany—1,  (A93)

where ny; is an integer satisfying 1 < ny < N + 1. They are
Abelian braiding because there are no adjacent braiding.

Then, there are only 4* patterns. Especially, we consider odd
double braiding defined by

(Boaa)” = (B3, 1) (i85, 1) -+ (iB3,,_) (A94)
are interesting because they are identical to
(Boaa)* == (02)"™ (02)"™ - - - (02)™, (A95)

where m;, = 0, 1. Namely every Pauli gates constructing from
the Pauli Z gate can be generated.
Next, we consider even braiding defined by

Beven(nl y o, . (A96)

B nk) = BanBan,] o Ban .

They are also the Abelian braiding, where each braiding
commutes each other. We also consider even double braiding
defined by

(Beven)z = (lB%nA) (iBgl‘lk_l) e (llg%m)

On the other hand, it is impossible to construct the Pauli X
gate except for the first qubit.

(A97)

b. Hadamard transformation

The Hadamard transformation is used for the initial pro-
cess of various quantum algorithm such as the Kitaev phase
estimation algorithm, the Deutsch algorithm, the Deutsch-
Jozsa algorithm, the Simon algorithm, the Bernstein-Vazirani
algorithm, the Grover algorithm, and the Shor algorithm. It is
generated by the braiding

UM ~ By 1 Bay - - - Ba BBy, (A98)

up to a phase factor. The equal-coefficient state is generated
as
2N

[ § i
U[-[ )|0’ 0>logical (8 |J)logicalv
j=1

(A99)

where | j)1ogical 18 the decimal representation of the qubit.

APPENDIX B: 2N-BODY UNITARY EVOLUTION

1. Quantum gates for one logical qubit

The two-body Majorana operator () is written in terms
of fermion operators,

B1(0) =cosf + y,y; sinb
= [cos @ + (icic; —icic])sin 6], (B1)
which operates on two physical qubits (A3) as
e 0 0 0 |0, 0)
| o € 0 0 |0, 1)
Bl (6)|\pl>physical— 0 0 8710 0 |1 0)
0 )

physical
(B2)

Taking the even-parity basis, the action is

o w(l  0\/I0
Bl<e)|w1>§h‘;sical=e"’(0 ezte)(lli) By
logical
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It is the arbitrary phase-shift gate. Especially, by setting 6 =
/8, the T gate is constructed as

Ur = diag(1, ¢™/*). (B4)

It is identical to the rotation along the z axis,
Bi(0) ~ R,(29), BS)

with
R.(0) = exp [—igaz} - (e_g " ei9/2>' (B6)
The operator B, is written in terms of fermion operators,
By(0) = cosB + y3y,sinb

= c0s 6 + (icoc] +iche] —icac) — icler)sind, (BT)

which operates on two physical qubits (A3) as [14],

82 (9 )‘I}physical
cos 6 0 0 —isin® |0, 0)
. 0 cosf —isinf 0 |0, 1)
- 0 —isinf cosé 0 [1,0)
—isin® 0 0 cos b 1, 1) ,
physical
(B8)

In the even-parity basis, the action is

sor= (20, S cken )
which is identical to the rotation along the x axis,
B,(6) = R,(29), (B10)
with
Ri(6) = exp |:—i€o'x:| = ( cos3  —isin %>. (B11)
2 —ising  cos§

The operator B3(9) is written in terms of fermion operators

B3(0) = cosO + y4y3s8inf = cos 6 + (icgcz — iczc;) sin @,

(B12)
which operates on two physical qubits (A3) as [14]
e 0 0 0 |0, 0)
0 e™ 0 0 0, 1)
83 @)Y, >physical= 0 0 e 0 |1’ 0)
i0
0 0 0 ¢ 1L, 1) physical
(B13)
In the even-parity basis, the action is the same as (B3),
even __—if 1 0 |0>
Ba(O)1W1)itica = € (O e )in), o B9
The rotation along the y axis is defined by
0
R,(0) = exp [—izoy], (B15)
and is realized by the sequential operations
T b4
R,(0) :RZ(§>RX(9)RZ(—5). (B16)

2. Three physical qubits
Next we study the six Majorana fermion system. The ex-
plicit actions on the physical qubits are
Bi(0) exp[—ifls®o0,1=5L QL ®R.(20),
B2(0) ~ exp [—i0, ® 0y ® 0x] = L, ® Uy (0),
B3(0) ~exp[—ibL ® 0, @ L]l =L QR (20)Q I,
B4(0) ~ exp[—ifo, ® 0, @ bl = U,y ® I,

Bs(0) ~ exp[—ifo, ® ] = R,(20) ® L. (B17)

3. Two logical qubits

Two logical qubits are constructed from three physical
qubits by taking the even-parity basis. The action of B(6)
to the logical qubit is

Bi(9) ~ diag(e ™, e, e, e7?), (B18)
which is identical to the ZZ interaction
Bi(0) ~ U.(20), (B19)
with
0
U, (0) = exp —ZEO'Z Qo |. (B20)
The action of B4(#) on the logical qubit is
cos 0 0 —isin®
0 cos 6 —isin@ 0
Ba(®) ~ 0 —isin®  cos6 0 ’
—isin® 0 0 cos 6
(B21)
which is identical to the xx interaction
B4(0) = U, (20), (B22)
with
0
U, (0) = exp I:—IEO’X ® Gx]. (B23)

The action of 53(6) and Bs(6) on the logical qubit is

B3(0) ~ diag(e ™, e, e, ") = L @ U,(0),
Bs(0) ~ diag(e ™, e, ¢, %) = U.(0) ® L,. (B24)

The action of B,(8) on the logical qubit is

cos 6 —isin®d 0 0
—isind cos 6 0 0
B:(0) = 0 0 cos 6 —isin@ |’
0 0 —isinf cos
(B25)
which is rewritten in the form of
B2(0) ~ I, ® R(20),

B3as(0) ~ R.(20) ® L. (B26)
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a. Controlled phase-shift gate
We find
Bs(83)B3(62)B1(61)
—i(01+62+63) ei(91+92*93) ei(91 —6,+63) ei(*91 +92+93))_
B27)

=~ diag(e

The controlled phase-shift gate with an arbitrary phase is
constructed by setting 6, = —0, = —63 = —6,

Bs(—0)B3(0)B,(9) ~ diag(e™™, e 7 &¥)

= ¢ "diag(l, 1, 1, &*%). (B28)

Especially, the CZ gate is constructed by setting 8 = 7 /4.

b. Controlled-unitary gate

It is known that the controlled unitary gate is constructed
as [61]

Uc.y = (I, ® Uy)Ucnor(l2 ® Up)Ucnor(2 ® Uc)

with
Ur=R(BR(L). Us= Ry(‘Z)RZ<_m>’

(B29)

2 2 2
Uc = RZ<¥), (B30)
because
UpsUpUc = Iy (B31)
and
UsXUpXUc = R, (B)R,(Y)IR.(8) = Utpi. (B32)

In the Majorana system, the basic rotations are not along the y
axis but the x axis. The similar decomposition is possible only
by using the rotations along the z and x axes as

+46
o n (55,
Ue = RZ<H#>. (B33)
The proof is similar. First, we have
UsUgUc = 1,
where we have used the relation
R;j(61)R;(6,) =R;(01 + 6>) (B34)
for j = x,y, and z. Next, we have
UaXUpXUc = Uhpit,
where we have used the relation
R(6)X = XR(-6). (B35)

Hence, the controlled unitary gate is implemented by two-
body Majorana interaction.

4. Four physical qubits

We consider eight Majorana fermion system. The explicit
actions on four physical qubits are given by

B ~ Iy ® R,(26),
BZ x~ 14 ® Uxx(e)’
By >~ 14 @ R.(20) ® I,
By =5 QUw(0)® D,
Bs >~ ®R.(20) ® Iy,
86 x~ Uxx(e) ® 149

B; ~R.(20) ® I, (B36)

where R, is defined in (B6) and U,, is defined in (B23). We
summarize results on constructing full set of Pauli Z gate for

o= D),

Three logical qubits

2
|
Four physical qubits
B2 (0) exp [—ifly ® o]
B34(6) exp [—i0l @ 0, ® ]
Bss(6) exp [—i0h ® 0, ® L4]
Bg(0) exp [—ifo, ® L]
B3 6) exp[—ifly ® 0. ® 0]
B{35(0) exp[—i0h ® 0. ® h ® 0]
B (0) exp[—ifo, ® L ® L ® o]
B (6) exp[—i0h ® 0. @ 0. ® L]
B (©) exp[—ifo, ® L ® 0, ® ]
B (0) exp[—ifo, ® 0, @ b ® L]
Bs6(0) exp [—ifh ® 0. ® 0. @ 0]
8(1%478(9) exp[—ifo, @ L ® 0, ® o,]
B s(0) exp[—ifo, ® 0. @ L ® 0]
B s (0) exp[—ifo, ® 0, ® 0, @ ]
[

85245673(9) exp[—ifo, ® 0, ® 0, ® 0,]

exp[—ifo, ® o, ® 0,]
exp [—i0ly ® o,]
exp[—ifhL ® 0, @ ]
exp [—ifo, ® I4]
exp[—ifo, ® 0, @ 1]
exp[—ifo, @ I, ® o,]
exp[—i0hL ® 0, ® 0,]
exp [—i0hL ® 0, ® 0;]
exp[—ifo, @ I, ® 0,]
exp[—ifo, ® o, @ I]
exp [—ifo, ® I4]
exp[—i0h, ® 0, ® L]
exp [—i0ly ® o]

exp [—ifo, ® 0, ® 0;]
exp [—i0lg]
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It follows from Eq. (B37) that

B12(0) ~ Bassers(0), B3a(0) ~ Biasers(6),
Bse(0) ~ Bi3ars(0), Bs(0) ~ Biazase(6),
B1234(0) ~ Bse13(0),  Biass(60) =~ B3azs(6),

Bi273(6) ~ Baase(6),

showing that the complementary operators B, (6) and Bx(6)
give an identical logical quantum gate, where @ indicates
the complementary set of «. For instance, « = 56 and o =
123478 in the case of N = 4.

(B38)

5. Three logical qubits
Three logical qubits are constructed from four physical
qubits by taking the even-parity basis,
By ~ diag(e™®, e, ¢ e o o0 om0 it
=exp[—ifo, ® 0, ® 0,],
By ~h Q5L Q R.(20),
By ~exp[—i0L L ®o,] =L QL ® R,(20),
Bys >~ I ® U (20),
Bs¢ ~exp[—i0h @0, @bl =L QR,(20) ® b,
B >~ U (20) ® b,
Brg >~ exp [—ifo; @ Iy]

—R.20)® L. (B39)

We find that controlled-controlled phase shift gate cannot
be implemented only by diagonal braiding. It is proved by
counting the number of the degrees of freedom. We need to
tune seven parameters for the diagonal quantum gates. On the
other hand, there are only three independent angle because the
diagonal operators are B, B3, and Bs. Hence, it is impossible
to construct controlled-controlled phase shift gate in general.
However, this problem is solved by introducing many-body
Majorana interaction,

Uccy ~ Bu(%)&z&(%)&a(%)&s(%)
¢ ¢ ¢
e e N S ALY

Especially, the CCZ gate is constructed as follows:
i T b4 T
Uece = Bia((g ) B (i) () ()
ccz 123 34(8 sol g )P\ g

@ (_T\g&w (_T\gw (_T
x By (_§)61278 <_§)61256 (_g)
The Toffoli gate (i.e., CCNOT gate) is constructed by applying
the Hadamard gate to the CCZ gate as in

Urofiioi = (Is ® Uy )Uccz(Is @ Uy ).

(B41)

(B42)

See Fig. 2(a2) in the main text.
The Fredkin (i.e., CSWAP) gate is constructed by sequen-
tial applications of three Toffoli gates as in

UBD=16.)=2,62)-1

Toffoli Toffoli Toffoli (B43)

U Fredkin —

See Fig. 2(b2) in the main text.

For example, the CZ gate in three qubits are embedded as

. T b 4 b
Uy =Uz®b = em/4856<_>878<2)8§2)78 (‘Z)
A b
o ) ().
. b b 4
U ' =b®Uce = 61”/4334<Z)356<Z>5§1)56 (_Z>’
(B44)
where UL, indicates that the controlled qubit is p and the

target qublt is g. The CC¢ phase-shift gate acting on three
logical qubits in given by

Uccy = €¢/8 B|2<¢>B%4(¢)BS6<¢>B78((§)
¢ ¢ ¢
(5 )i (5 )it (%)

(B45)
Especially, the CCZ gate is constructed as follows:
Uccz = ¢™* By, (%)334 (%)856(%>B78 (%)
B (D)D) ). i

6. Four logical qubits

We summarize results on constructing full set of Pauli Z
gate for four logical qubits in the following table:

Four logical qubits

Bi2(6) exp[—ifo. @ 0. ® 0. @ 0.]
Bu®)  expl-iok ® o)

Bse(0) exp [—ifl; ® 0. ® I]
Bs(6) exp[—i0L ® o, ® I4]

By 10(0) exp[—ifo, ® I§]

BO,0)  expl-ifo. ® 0. ® 0. ® b]
Bie®)  exp[-ifo; ®0.® b ® 0]
B(O)  expl-ifo.®h®o. 0]  (B4D
B{30(©0) exp[—i0hL ® 0, ® 0, ® 0]
Biu©®)  expl—ibh ® L ® 0. ® 0]
B&©)  expl-ith ® 0, ® L ® o]
Bibo(©) exp [—ifo, ® Iy ® o]
Bl @) expl—ibh ® 0. ® 0, ® b]
B®)  expl-iflo; ® L ® 0, ® L]
8%)90(9) exp [—ifo, ® o, ® 4]

where 0 is an abbreviation of 10. The CZ gate is embedded as

Ui ' =1L, ®@Ucy =~ BS4(Z)BS6<Z>B3456<_Z>a

— v T T
U =h®Ucz®hL ~ 656(2)678<Z)B§2/8(_Z>’

T T
UT? =Ucz @ Iy =~ 878<Z)B‘),10<Z)B%)908%)90’

045417-15



MOTOHIKO EZAWA

PHYSICAL REVIEW B 110, 045417 (2024)

o = (32 ()

Uiy = Bse(%)Bg.lo(%)ng(,(—%). (B48)

The CCC¢ gate is explicitly constructed as

=)o) )
(12 ) (1 )12 (35
(5 )5 (15 ) B ()
< 0~ 15 ) B ) B (15
< 50— )5 (55

7. N + 1 physical qubits

(B49)

We consider the 2N 4 2 Majorana fermion system. The
explicit actions of the adjacent braiding on N + 1 physical
qubits are given by

B12(0) ~ Ly ® R,(20),
B34(0) = hy_» ® R, (20) ® b,

Bon—1,20(0) = by_2n42 @ R;(20) @ by,

Bong1,2nv4+2(0) = R, (20) ® by, (B50)
for odd numbers, and

B3(0) ~ hy—> ® Ui (6),
Bon2n1(0) >~ bhy—24 @ Uik (0) @ by,

Bon,an+1(0) = Ui (0) @ Ly, (B51)
for even numbers, where

R.(9) = exp [—i(0/2)0.] = diag(e "/, €%/?)  (B52)

is the rotation along the z axis acting on one qubit and

Urc(0) = exp [—i(0/2)0, @ 0] (B53)

is the XX gate acting on two qubits.

APPENDIX C: N LOGICAL QUBITS

N logical qubits are constructed from N + 1 even physical
qubits based on the correspondence,

N N+1 even

—————
0,---,0,0,0) |0,---,0,0,0,0)
0,---,0,0,1) 0,---,0,0,1, 1)
0,---,0,1,0) 0,---,0,1,0,1)
0,---,0,1,1) < 110,---,0,1,1,0)
0,---,1,0,0) |0,---,1,0,0,1)
|07"'715071) |O’.."1’071’0>

logical physical
(CDhH

The explicit actions of the braiding on even physical qubits
corresponding to Eq. (B50) are

N
Bin(®) ~ exp | =i K)o |,

=1
B34(0) ~ hy_> ® R.(20),

Bon—1,21(0) = hy_2n42 @ R,(20) ® I—4

= exp[—i0hy-2p42 ® 0, ® Dy—4],

Bon-3onv—2(0) =L @ R.(20) ® hhy_24-4

=exp[—ifh ® 0, @ hy_2p—4],
Boni1.nv+2(0) > R,(20) ® hy-2n-2

= exp [—ifo; @ hy_2-2], (C2)

for odd numbers, where the local z rotation R,(26) is made
for an arbitrary qubit. Those corresponding to Eq. (B51)
are

B3(6) >~ Ly @ R(20),
645(9) ad IZN—4 ® Uxx(29)a
Bs1(0) ~ Ly_6 ® Uy (20) @ I,

Bon2n1(0) >~ bhy_2—24 @ U (20) @ b2,
Bonon+1(0) = Uy (20) @ by—_4, (C3)

for even numbers, where only the local x rotation R,(26)
acting on the first qubit is made by the braiding By3(6), while
U, (20) is given by Eq. (B23). On the other hand, by using
2N + 2-body interactions of Majorana fermions, the local x
rotation is made as in

B23(0) = hy_> ® R(20),
B (0) ~ hy-4s ® Ri(20) ® b,
B0) ~ by 6 ® R.(20) @ I,
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BIN20) ~ I ® R.(20) ® Ly _a,

BI(60) ~ R.(20) ® by 2, (C4)

with B?V)(6) defined by Eq. (16) in the main text, where
9

0 cos% —isin 3
R.(0) =exp |:—1§axi| = ) P (C5)

—181n 2 COS 2

is the rotation along the x axis acting on one qubit.

Any one-qubit gate is given by

Unni(0, ¢) = e PPP2R (¢ + m)UnR,(0)Un
[ PSS
COS 5 —181n 5

= ( i -2 (4 i 29)' (C6)

e sin 5 —e " COS 5 |

The C*-phase shift gate is a diagonal operator. Using the
relation

25+l Mod ZH—] s+1
s (_1) 2 2 p=1Ps
Ucy =1 [] exp| —— 77— Q@) | (€7
g=1 p=1

with g, = 0, 1, it is constructed as

, 2 & 21 &
UC‘“qﬁ = ex+l HBodd,q<F) l_[ Beven,r<_ﬁ>’ (C8)
g=1 r=1
where Bogq contains odd number of o, operators for logical
qubits, while Beye, contains even number of o, operators for
logical qubits. By setting ¢ = m, we obtain the C"Z gate.
For example,

] i ) ) i
Ucp = {1, 1,1, %) = £/4e™ §180: o= 5 0:0h g o:®0

Uccy =1{1,1,1,1,1,1,1, %)

i$/8 —2LehL®. —LhLRo.®L —20.80.0L L L®0.®0. | Lo.0hL®0c. L 6.00.0hL ,—L06.00.Q0.
=e¢/6822 e vh 2o~ 8 0:80:0h , xh®0:Q0; , 5 0:®L®0: , 0 20 % 80

Ucccy = {1, 1,1, 1, 1,1, 1,1,1,1,1,1,1, 1, 1, €%}

— ¢i#/16 ,~ 1§ LOLOLRO: ,— 5 LOLRTRL

X el6 elo e

X e 16

The Toffoli (CCNOT) gate is constructed by applying the
Hadamard gate to the CCZ gate as in

Urottioi = (Is @ Uy )Uccz(ls @ Uy). (C10)

See Fig. 8(al). The Fredkin (CSWAP) gate is constructed by
sequential applications of three Toffoli gates as in

(3,2)>1773,1)>247(3,2)—>1
UToffoli UToffoli UToffoli ’

UFredkin = (C11)

where UL?~" indicates that the controlled qubits are p and
g while the target qubit is r. See Fig. 8(bl).

(a1) - (b1) - &
o z O——0
(a2) (b2)
= - = - ---0--9---0---
e S i ®------- D
—— Z D %

FIG. 8. (al) Construction of the CCNOT gate from the CCZ
gate and the Hadamard gates. (a2) Construction of the C"NOT gate
from the C"Z gate and the Hadamard gates. (bl) Construction of
the Fredkin gate from three Toffoli gates. (b2) Construction of the
C"SWAP gate from the C"NOT gates.

@Iz®az®q.®az67%02(8)12@02@0:e*%a,®0112®®0267%GZ(X)UZ@J,@IZe%q.@)az@az@oz

e © h®o.@h®h ,—Lo.h@heh

e 16

% h®L®0:®0; , th®T:OL®0: , 5 0:®hOLA0: , [t h®T: Q0B , {§0:0L80:® , {§0:80:0L®hL

eie

(€9

The C"NOT gate is constructed from C"Z gate as

Ucnor = (-2 @ Ug)Ucrz(ln—2 ® Un), (C12)
where the Hadamard gate is applied to nth qubit. See
Fig. 8(a2).

The C"SWAP gate is constructed from the C"Z gate as

22 UTH]

1—1
Ucrswap = UcnorUcnorU ervors (C13)

where U(?,KK";T indicates that the target qubit is p and the others
are controlled qubits, where p indicates the complementary

qubits of the qubit p. See Fig. 8(b2).

Diagonal gates

We construct an arbitrary diagonal gate in terms of braiding
and many-body interactions. We show that it is possible to
construct any 2V*! diagonal operators based on 2(N + 1)-
body Majorana interactions. There are y;Cy patterns of
2M-body unitary evolutions in 2(N + 1) physical qubits. By
taking a sum, we have Y 3"y 1Cy = 2V*! independent
physical qubits. They produce 2V independent logical qubits
because there are complementary operators 3, (0) and Bz(0)
which produce the same logical qubits. See Appendix B4 with
respect to the complementary operators. On the other hand,
there are 2V independent many-body Majorana operators.
Hence, it is possible to construct arbitrary diagonal operators
by solving appropriate linear equations.
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APPENDIX D: EXPERIMENTAL REALIZATION

The two-body operation is realized by the unitary dynamics
during0 < < T,

Bap(0) = explOypyal = exp [iH1/h],

with H = (0 /iT)ygy.. A 2N-body Majorana operation is
realized by a dynamics driven by 2N-body interaction of
Majorana fermions during 0 <t < 7,

BEN(6) = exp[iHt /],

(D)

(D2)

with H = (iN_zhe/T))/ZN)/QN_| V2V

1. Topological superconductor realization

In topological superconductors, Majorana fermions are
constructed from fermion operators,

Cq = ()/20171 + iVZa )/2 (D3)

The fermion density operator is rewritten in terms of Majorana
operators as

Pa = clcq = (1 + iV2a-1¥2)/2, (D4)

Or iY2y—1V2¢ = 2P — 1. The four-body interaction necessary
in universal computation is represented in terms of the density
operator as yay—1Y2aV2o-1v28 = —(2p0 — 1)(2pg — 1). It is
realized by the Coulomb interaction.

In the similar way, 2N-body interaction is represented in
terms of the N-body density operator

V201 —-1V201 V2 —1 V2 * * * V2ay—1V2ay
=" (200, = 1) (200, = 1) -+ (200 — 1),

which is realized by a many-body interaction [51] and derived
as an effective interaction by integrating out the high-energy
excitations. Hence, the many-body Majorana interactions nec-
essary for universal quantum computation are experimentally
feasible.

(D5)

2. Spin system realization

In the Kitaev spin liquid model [28], Majorana fermion
operators are constructed from spin operators. It is realized
in qubits [62,63], trapped ions [64], cold atoms [65,66],
and quantum dots [67]. Spin operators are transformed into
Majorana fermion operators by using the Jordan-Wigner
transformation [68-74] defined by o, = Qc;, 0i+ = Qicf,
of = cjci — %, where c¢; (c:f) is the fermion annihilation (cre-

ation) operators, €2; =

1 .t 1 .y
= explinc/cil, o = 35(0* +io”),

and 0~ = %(ax — i0”). We introduce Majorana fermion op-
erators,
A B _ i ¥
Vaj = C2j +Czj7 Voj = i(ca; 02]')1
A e i B _ . ¥
Vajp1 = —i(c2jp1 — Czj+1), Vajr1 = C2jrl T Gy (D6)

The spin operators are rewritten in terms of Majorana fermion
operators as

— i ALA

= T12Y2j415

X x _ : A A y Yy
02j-102j = Waj—1Y2js 920241

D7)

: _ _: A _B : _ : A_B
03j—1 = —tW2j—1Vaj—1> Oz = V2;Va;-

The Ising interaction gives the four-body Majorana interaction

4 A B A, B
03,103 = Vaj1Vaj-1V2;Vaj- (D8)

The three-body interaction of spins in the form of o{o505
is experimentally realized in a superconducting qubit system
[75,76], which gives the six-body Majorana interaction

Z 7 2 A, B, A B.,A_B
aﬂtl Uaz O-Olz X yOtl yal yﬂtz yaz ydz yd3 :

The N-body Ising interaction is realized in qubit systems [77],
which gives 2N-body Majorana interactions

(DY)

z A B, ,A_B A B
GWN X yﬂtl yﬂtl yﬂtzyaz T VOZNVOIN'

Hence, the many-body Majorana interactions necessary for
universal quantum computation are experimentally feasible.

Z 2
O'(Xlo—ag

(D10)

APPENDIX E: SPARCE ENCODING

We use 2N + 2 Majorana fermions to construct N logical
qubits in the dense encoding discussed in the main text. On
the other hand, it is necessary to use 4N Majorana fermions to
construct N logical qubits in the sparce encoding, where there
is a correspondence,

EC
1) logical I1, 1) physical
for each qubit.

Universal quantum computation is not possible only by
braiding but is possible by adding many-body interactions
as in the case of the dense encoding. Especially, 2N-body
interactions are necessary for N-qubit universal quantum com-
putation as shown in the following.

1. One logical qubit

We use four Majorana fermions for one logical qubit. The
correspondence between the physical and logical qubits are

0) _ (10,0)
<|1>)logical B <|1’ 1)>physical. (E2)

It is the same as the dense encoding. Hence, one qubit gate for
the sparce encoding is identical to that for the dense cording.

2. Two logical qubits

We use eight Majorana fermions for two logical qubits. The
correspondence between the physical and logical qubits are

|0, 0) 10,0, 0, 0)
0, 1) 10,0, 1, 1)
11,0) 1. 1,0,0) - B
I1.1) 1,1, 1, 1)

logical physical

Logical quantum gates made by the braiding operators are
Bi2(0) = B3u(0) = Bi3ke;4(0) = Biisers(0) ~ b ® R.(20),
Bx3(0) ~ I, ® R(260),

Bys(0) ~ Iy cos b,

Bso(0) = Br3(0) = Bi3hs6(0) = Bisys(0) ~ R.(20) @ I,
Bs7(0) ~ R:(20) ® L. (E4)
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We note that different braiding operators give the same quan-
tum gate such as Bj>(0) and Bs4(0). They are not sufficient
for universal quantum computation.

In addition, four-body Majorana operators realize logical
quantum gate,

B1334(0) = Bigrg(6) = Biyysers(0) = e L,
Bi35o(0) = Bi3ys(0) = Byss(0) = By 6)
~ exp[—ifo, ® o,]. (ES)

Hence, two-qubit universal quantum computation is possible
by introducing four-body Majorana operators.

3. Three logical qubits

We use 12 Majorana fermions for three logical qubits. The
correspondence between the physical and logical qubits are

10.0.0) 10.0.0.0,0,0)
10,0, 1) 0.0.0.0.1.1)
0. 1.0) 0.0.1.1.0.0)
0.1.1) 00.1.1.1.1)
I1.0.0) < 111,000 0 (E6)
11,0, 1) 1.1.0.0.1.1)
I1.1.0) 1.1.1.1.0.0)
1) IERERN

logical physical

Quantum gates made by the braiding operators are

Bi2(0) = B3(9) = exp[—ifl; ® 0,] = I4 @ R.(20),
B3(0) =~ Iy ® R((20),
Bs(0) = Brs(0) ~ exp[—if, ® 0, ® L]
=hL®R(20)® Db,

By 10(0) = Bi1,12(0) ~ exp [—iflo, ® I4s] = R (20) ® L,
Bas(0) = Bgo(0) ~ Iy cos b,
Bg1(0) >~ L @ R.(20) ® I,

Bio.11(0) >~ R (20) ® I4. (E7)

We note that different braiding operators give the same quan-
tum gate such as Bj,(0) and Bz4(0). They are not sufficient
for universal quantum computation.

In addition, four-body Majorana operators realize logical
quantum gates,

Bi234(0) = Bsgrs(0) = Bo 10.11.12(0) =~ e "I,
Bi256(0) = B1278(8) = B3ase(0) = B3a7s(6)
~exp[—ifL ® 0, ® 0;],
Bi29.10(0) = Bi2,11,12(0) = B349,10(0) = Bia11,12(6)
~exp[—ifo, ® L ® o;],
Bse75(0) = Bso.10(0) = Bse,11,12(0) = B79,10(0)
= Bs.11.12(0) @ exp[—ifo, ® o, ® L], (EB)

and six-body Majorana operators realize a logical quantum
gate,

B34s69,10(0) = Baase,11,12(0) >~ exp [—ifo, ® 0, ® 0.].
(E9)

Hence, three-qubit universal quantum computation is possible
by introducing four-body and six-body Majorana operators.

APPENDIX F: GENERALIZED BRAID GROUP RELATION

We consider the case 6 = /4. The Artin braid group
relation reads [78],

B.Bg = BgB, for |a—p|=2,
BoBo+1Ba = Bot18a Bt (F1)
It is identical to the extraspecial 2 group [79]
M;=—1, MyMyiy = =My My,
MMg = MgM,,, for |a—pB| =2, (F2)

by setting
1
B® = —(1+M,). (F3
o ﬁ )

It is straightforward to show that
MP)? = -1,

__y®

Das4)
MM, a+l1

(C)]
o a+1 Ma ’

Mé4)M(4) = MW

)
a+2 T a+2Ma ’

D@ _ (€]
Mat Ma+3 - _Mot+3

M@
o
MPMP = MPMP for |o—pl >4,  (F4)
when we set
M = iysysyap. (F5)

It is a generalization of the extraspecial 2 group. Correspond-
ingly, we obtain a generalized braiding group relation,

BYBY BY = B BYBY

a+1%a a+1°

4)12(4) 4 (4) 4) (4
Bé )Ba+3Bz(x )= Ba+36¢§z )Ba+3’ (F6)
and
4) 12(4) (4) 12(4
BBy = BB (F7)
for |« — B| =2 and |@ — B| = 4. In the similar way, we find
2N)\2 4) 504 4 4
(Mé )) =-1 Mé )MéJr)zn—l = _M(Et-':2n—]M(§¢ ),
Har@d @) 4
Mtgt )Mut+2n - Ma+2th§t )’

MM = MPMP for | — Bl > 2N, (F8)

for 1 < n < N. Hence, the 2N-body Majorana operators sat-
isfy a generalized braiding group relation,
(2N) ;2(2N) (2N) _ R(2N) (2N) ;2(2N)
Bct Ba+2n—cht - Ba+2n—l Bot Ba+2n—l ’ (F9)
and
(2N) 122N) _ 12(2N) 12(2N)
BBy = By B¢

for | — B| = 2n, | — B] = 2N, and for 1 < n < N.

(F10)
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