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Phosphorene and its components are highly reactive to oxygen when exposed to ambient conditions due to
the presence of lone pairs of electrons on phosphorus atoms. Functionalization serves as a solution to prevent
the chemical degradation of these materials. In this paper, we investigate the impact of relatively strong covalent
or noncovalent functionalization on phosphorene [monolayer black phosphorus (BP)], few-layer BP, and bulk
BP. We use an effective tight-binding Hamiltonian that corresponds to one orbital per site, wherein covalent
functionalization is simulated by atomic vacancies, and noncovalent functionalization is simulated by Anderson
disorder. We demonstrate that these two types of functionalization act differently on the electronic structure and
quantum diffusion, particularly affecting the gap and mobility characteristics, especially with a high degree of
functionalization. However, we also show that the mobility gap is not significantly modified by the two types of
defects. We also analyze the electron-hole asymmetry that is more important for multilayer and bulk BP.
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I. INTRODUCTION

The scientific community has shown keen interest in
two-dimensional (2D) materials, focusing on their potential
applications in electronics, sensing, dye degradation, and var-
ious biomedical uses [1–4]. An initial 2D crystal realized by
mechanical exfoliation was graphene. It is an interesting ma-
terial for its outstanding electronic and mechanical properties.
However, its zero band gap limited its use in optoelectron-
ics and semiconductor devices. Therefore, several research
studies have been carried out to find other 2D materials with
a band gap and large carrier mobility to replace graphene.
In 2014, a successful exfoliation of few-layer black phos-
phorus (BP), the most stable allotrope of phosphorus, was
realized, and phosphorene, i.e., monolayer black phosphorus,
was obtained [5–7]. In contrast to graphene, phosphorene is
a 2D semiconductor with a direct band gap with a high hole
mobility up to 1000 cm2 V−1 s−1 at room temperature [8]. Its
band gap, Eg, varies from 2 eV [9] for phosphorene monolayer
to 0.3 eV for the bulk [10,11]. Monolayer and multilayer BPs
exhibit a unique in-plane structural anisotropy which reflects
in the band anisotropy around the gap and hence in the effec-
tive masses of electrons and holes [7,10,12,13].

Functionalization or disorder can modify the band gap
value to tailor these materials for desired applications.
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Phosphorene and its components are highly sensitive to the
environment. This sensitivity arises from their pronounced
reactivity to oxygen under ambient conditions, which may
constrain their practical use in real devices. Therefore, it is
crucial to investigate the impact of defects and impurities
on the electronic structure and transport properties for this
purpose [14].

Several recent experiments have been carried out to pro-
tect few-layer BP from chemical degradation due to the
environment and tailor its electrical properties. Covalent and
noncovalent functionalization have been realized experimen-
tally to enhance its environmental stability [15–20]. The lone
pair electrons of phosphorus atoms create a chemical bond
with the adatoms. Additionally, theoretical investigations have
contributed to the development of the chemistry of few-layer
BP using DFT models [21–23]. Yet, crucial aspects of its
reactivity remain largely unexplored, and there is a lack of
consensus between different interpretations of the experimen-
tal results. Functionalization can be carried out on the surface
of few-layer BP or that of phosphorene, but can also be
randomly distributed among the layers [24,25]. It has also
been demonstrated that functionalization can be covalent, with
resonant scatterers, such as functional groups containing free
radicals like hydrogen, halogens, hydroxyl, thiol groups, and
organic substituents, which are important for biological ap-
plications [14,26]. Functionalization can also be noncovalent,
with nonresonant scatterers such as cesium, potassium, or
some organic molecules based on van der Waals interaction
[24,27–29].

In this paper, we focus our study on the electronic structure
and conductivity of functionalized monolayer, few-layer BP,
and bulk by using the tight-binding (TB) model developed by
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FIG. 1. Atomic structure of bilayer black phosphorene (BP). The
two planes have different colors. Left: Perspective side view. Right:
Top view.

Rudenko et al. [30,31]. In the case of graphene, the descrip-
tion of its electronic properties at low energy is very simple
because it is performed by the TB Hamiltonian involving only
one hopping parameter. However, for phosphorene, using this
method is very complicated because it has four orbitals per
atom and we must take into account the mixture of states
of different symmetries. With the Rudenko et al. simplified
Hamiltonian, we model covalent functionalization using va-
cancies and noncovalent functionalization through Anderson
disorder. We discuss the impact of these types of adsorbates
on the density of states (DOS), conductivity, and mobility
in phosphorene, few-layer BP, and the bulk. Our idea is to
compare the effect depending on the number of phosphorus
layers, the concentration of adatoms, and the nature of the
functionalization and try to emphasize the anisotropy of the
material. In contrast to other theoretical research conducted
through DFT calculations [3,32–34] and the TB Hamiltonian
method [35], our research stands out by its unique emphasis
on exploring transport properties. Specifically, we delve into
the impact of both covalent and noncovalent functionaliza-
tion, particularly under conditions of high disorder where the
Boltzmann semiclassical approach is not applicable.

The paper is organized as follows: The atomic structure and
the TB Hamiltonian are presented in Sec. II. In Sec. III, the
numerical method for transport calculation is briefly detailed
as well as the calculated transport coefficients. Results for
resonant scatterers and nonresonant scatterers are presented
in Secs. IV A and IV B, respectively. Section V is dedicated to
the discussion and conclusion. Additional figures are shown
in the Supplemental Material [36].

II. PHOSPHORENE STRUCTURE AND
EFFECTIVE HAMILTONIAN

In phosphorene, phosphorus atoms are joined by cova-
lent bonds with bond angles of 96.34◦ and 103.09◦ [24,25]
(Fig. 1). The intralayer bonding results from the sp3 hy-
bridization of P atoms, giving rise to three bonding orbitals
per two atoms augmented by lone pairs associated with each
atom. This results in strong stability in the crystal structure
because these angles are close to perfect tetragonal ones. The
bonds out of plane have an angle of approximately 45◦ with

respect to the plane and are responsible for the puckered
structure of phosphorene, in contrast with graphene and 2D
metal chalcogenides. The first two neighbor atoms in the plane
are at distances of 2.224 Å, and the third neighbor out of
plane is at 2.244 Å. The crystal structure of black phosphorus
is orthorhombic with lattice parameters of 4.376 Å, 3.314
Å, and 10.478 Å for a, b, and c, respectively [37]. In phos-
phorene, the primitive cell contains four atoms at positions
± (ua, 0, vc) and ± ((1/2 − u)a, b/2, vc) with u = 0.08056
and v = 0.10168. The puckered honeycomb lattice formed
by covalently bonded phosphorus atoms results in significant
in-plane anisotropy, similar to bulk BP, distinguishing it from
many other isotropic 2D materials [12,38]. This anisotropy
has implications for electronic properties of phosphorene such
as energy band structure, conductivity, etc. [10,39–41]. The
x axis is the armchair direction, and the y axis is the zigzag
direction (Fig. 1).

To study the effect of random disorder, one needs to per-
form numerical calculations in a supercell containing several
hundred thousand atoms. That can only be done in the frame-
work of a TB Hamiltonian. However, in contrast to graphene,
which involves only one hopping parameter between pz or-
bitals, the phosphorene cell has four atoms with four orbitals
per atom, s, px, py, and pz, that need to be considered. The
exact modeling of the TB Hamiltonian is a challenge because
of the mixture of the orbital s and orbitals p. However, it
has been shown [30,42,43] that the pz orbital has a large
contribution to the valence and conduction band around the
band gap, and its role is predominant compared to the roles of
the other orbitals s, px, and py. Therefore, following Rudenko
et al. [30,31], it is possible to consider only one orbital per
atom that looks like a pz without being exactly the pz orbital.
This approximation is reasonable as long as the energy is
fairly close to the band gap.

Indeed, this effective model has been successfully used
to describe studies concerning phosphorene nanoribbons
[44–46], electric [44,47], and magnetic fields [35,48,49],
field-effect electronic devices [5], and quantum dots [50]. We
also use the effective TB model, which corresponds to one
orbital |i〉 per P site [31],

H =
∑

i

εi|i〉〈i| +
∑
i �= j

t‖
i j |i〉〈 j| +

∑
i �= j

t⊥
i j |i〉〈 j|, (1)

where i is the orbital located at ri and the sum runs over neigh-
boring i, j lattice sites. εi is the on-site energy of the electron
and it takes the same value for all sites because we suppose
that all sites are equivalent. t‖

i j (t⊥
i j ) is the intralayer (inter-

layer) hopping parameter between the i and j sites. Those
parameters are obtained [31] by the construction of a set of
four maximally localized Wannier functions corresponding to
pz-like orbitals from DFT calculation with quasiparticle GW
approximation [31]. We use the TB parameters proposed by
Rudenko et al. in Ref. [31]: ten intralayer and four interlayer
hopping parameters over distances between the corresponding
interacting sites up to 5.5 Å.

Figure 2 shows the total DOS of defect-free multilayers
of BP (from monolayer to bulk). One can see that the band
gap of the monolayer is about 1.75 eV. The origin of this
gap is the fact that this TB Hamiltonian involved the nearest-
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FIG. 2. Tight binding (TB) density of states (DOS) of defect-free
phosphorene, few-layer BP (up to 5 layers), and bulk BP, calculated
using the TB parameters proposed by Ref. [31].

neighbor atoms, two in-plane hopping terms t1 = −1.22 eV,
and one out-of-plane hopping term t2 = 3.67 eV. The dis-
tinct sign of t2 in comparison to t1 implies the opening of
the gap [30,31,51]. It should be noted that more theoreti-
cal works have predicted an energy gap value ranging from
1 eV [6,10,52] up to 2 eV [9] depending on the calculation
method, and the measured value experimentally is around
2 eV [11,53,54].

As already reported experimentally and theoretically
[55,56], the band gap decreases with the number of layers,
and for the bulk, its value is around 0.3 eV. This band gap
evolution is consistent with an increase of the transversal
confinement when the number of layers decreases. It is also
interesting to note that as the number of layers decreases, the
electron-hole asymmetry becomes less pronounced. Indeed,
for the monolayer, the DOS is almost symmetric with respect
to the band gap. Whereas, as the number of layers increases,
the DOS of the valency band becomes lower than the DOS of
the conduction band (see inset of Fig. 2).

III. NUMERICAL METHOD FOR TRANSPORT

The electronic properties of the multilayer phosphorene
are calculated using the real-space Kubo-Greenwood for-
malism computed by recursion and polynomial expansion
method [57–61]. This approach efficiently computes quantum
transport in large systems for which diagonalization is not
numerically feasible. The formalism has been employed to
study the effect of vacancies, defects, and disorder on quan-
tum transport in various materials, including monolayer and
bilayer graphene [62–68], carbon nanotubes [69–71], qua-
sicrystals [61], and perovskites [72].

This real-space method enables the inclusion of local de-
fects directly into the Hamiltonian and allows for a random
distribution of defects in the huge supercell. To systematically
study the effect of defects on electronic properties, we inves-
tigate two types of generic defects:

(i) Resonant defects, i.e., defects that create a covalent
bond with a P atom of phosphorene. As the system is de-
scribed by the effective four-band Hamiltonian, with one
pz-like orbital per phosphorus atom, we employ the same

approach as in the case of graphene to model resonant scat-
terers [62–64]. An adatom or ad-molecule bound covalently
with the P atom is almost equivalent for the electron bands to
removing the corresponding orbitals of the bonded P. Thus,
a resonant scatter is modeled by a vacant P atom. In our
calculations, defects (vacancies) are randomly distributed over
the entire supercell of 640 000 P atoms per layer.

(ii) Nonresonant defects, i.e., noncovalent functionaliza-
tion, such as van der Waals bonding, that create a small local
perturbation of the electronic structure. A common method
for dealing with this type of defect is to use Anderson dis-
order, where the on-site energies εi of all sites [Eq. (1)] are
randomly distributed in [ε0

i − W/2, ε0
i + W/2]. This uniform

Anderson disorder is one of the simplest models (with only
one parameter) that is commonly used for nonresonant defects
[73]. Here, W is the magnitude of that disorder, and ε0

i is the
on-site energy of the orbital i without disorder from Ref. [31].

To evaluate the effect of the anisotropy of phosphorene
on the conductivity σ , we compute [57–61] �X 2(E , t ) and
�Y 2(E , t ), which represent the average square of the quantum
spreading along the armchair direction and the zigzag direc-
tion, respectively (see Fig. 1), after a time t and for states at
energy E .

In such calculations, all quantum effects, including all
multiple-scattering effects, are taken into account to calculate
the average square spreading �X 2 without inelastic scattering,
i.e., at zero temperature. At finite temperature T , the inelastic
scattering caused by the electron-phonon interactions is ac-
counted for using the relaxation time approximation (RTA)
[64]. The conductivity in the x direction (y direction) is given
by

σ (EF , τi ) = e2n(EF )D(EF , τi ), (2)

D(EF , τi ) = L2
i (EF , τi )

2τi
, (3)

L2
i (EF , τi ) = 1

τi

∫ ∞

0
�X 2(EF , t )e−t/τi dt, (4)

where EF is the Fermi energy, τi is the inelastic scattering
time, n(E ) is the total DOS, D is the diffusivity along the x
axis (y axis), and Li is the inelastic mean-free path. Li(EF , τi )
represents the typical distance of propagation during the time
interval τi for electrons at energy E . In simple terms, τi is
the time beyond which the velocity autocorrelation function
exponentially approaches zero [64].

As the monolayer and its components are semiconductors,
we use Gaussian broadening of the spectrum to compute the
DOS, avoiding the tail expansion of Lorentzian broadening
[74]. In the present paper, a Gaussian broadening with a stan-
dard deviation of 10 meV is used.

The microscopic conductivity σ m(E ) at energy E is de-
fined as the maximum value of the conductivity, calculated
from Max{D(E , τi )}τi :

σ m(E ) = Max{σ (E )}τi . (5)

The microscopic conductivity at energy E [Eq. (5)] in-
cludes the effects of temperature on the diffusivity of charge
carriers for high temperatures or room temperature [64], but
it does not take into account the mixing of states of various
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FIG. 3. With resonant scatterers (vacancies): (a) DOS for defect concentration c = 1% depending on the number of layers for phosphorene,
(b) Eg for different defect concentration c and for 1–5 layers of phosphorene and bulk, (c) monolayer DOS for different c, (d) trilayer DOS for
different c. (e), (f) Microscopic conductivity [Eq. (5)] times defect concentration c, (bold line) c σ m

xx and (dashed line) c σ m
yy , versus E , in (e)

monolayer and (f) trilayer. These results show that c σ m is almost independent of c for energies outside the gap, which proves Boltzmann-type
behavior. G0 = 2e2/h.

energies E due to the Fermi-Dirac distribution. Therefore, we
calculate the conductivity at room temperature σ as follows:

σ (μc, T ≈ 300 K) = −
∫ +∞

−∞
σ m(E )

∂ f (μc)

∂E
dE , (6)

where μc is the chemical potential, σ m(E ) is calculated from
Eq. (5), and f is the Fermi-Dirac distribution function.

At temperature T , the mobility μ is related to the conduc-
tivity σ by

σ (μc, T ) = e|Ne(μc, T )|μ(μc, T ), (7)

where Ne is the density of charge carriers with respect
to the neutral case at T = 0. Thus, at room temperature
(T ≈ 300 K):

μ(μc, T ) = −1

e|Ne|
∫ +∞

−∞
σ m(E )

∂ f (μc)

∂E
dE , (8)

with

Ne(μc, T ) = 1

S

∫ +∞

−∞
n(E ) f (E , μc, T )dE − N0

e (9)

and

N0
e = 1

S

∫ +∞

−∞
n(E ) f (E , μc = E0

F , T = 0)dE , (10)

where S is the surface and E0
F is the Fermi energy of the

system without static defects; thus E0
F is at the middle of the

gap.
Note that in the presence of defect band states in the gap

that has a nonzero σ m, the DOS at EF can be nonzero, and
therefore the mobility is not well defined numerically since
the expression (8) may diverges for Ne approaches zero. This
is because the mobility is defined for a semiconductor but not
for systems with states at EF .

IV. RESULTS

In this section, we present the results on the effect of
vacancies (resonant scatterers) and Anderson disorder (non-
resonant scatterers) on the electronic properties of monolayer
BP, few-layer BP, and bulk BP.

A. Resonant scatterers

Figure 3(a) illustrates the DOS for a vacancy concentration
of c = 1% (resonant scatterers) relative to the total number of
atoms in monolayer, few-layer BP, and bulk BP. Notably, there
is a gap decrease as the number of layers increases. In line
with defect-free behavior, the gap decreases as the number of
layers increases.
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FIG. 4. Conductivity at T = 300 K [Eq. (6)] per layer with resonant scatterers (vacancies). (a) σxx versus Ne for 1–5 layers and bulk and for
c = 1%, (b) σxx for the monolayer (bold line) and trilayer (dashed line) for different defect concentration c, (c) σxx/σyy versus Ne for c = 1%,
(d) σxx/σyy versus Ne for the monolayer (bold line) and trilayer (dashed line). (e) Mobility versus Ne for 1–5 layers and bulk and for c = 1%.
(f) Mobility for the monolayer (bold line) and trilayer (dashed line) for different concentrations c. Ne is the density of charge carriers per layer.
G0 = 2e2/h.

We can clearly distinguish the midgap state peak due to
vacancies in the gap [Fig. 3(a)]. It is not centered exactly
at zero energy because the coupling terms beyond the first
neighbors break the electron-hole symmetry of the bipartite
Hamiltonian. Its width remains almost constant as the num-
ber of layers increases, showing that its energy dispersion is
mainly due to intralayer couplings between midgap states.
As the gap decreases with an increasing number of layers,
the specific value of c at which the midgap peaks fill the
gap depends on the number of layers. For the monolayer, at
the studied c concentration, the gap is not filled, and we can
distinguish secondary peaks (see Fig. S1 in the SM [36]). On
the other hand, the gap is filled for c > 1−2% in the case of
five layers and the bulk, respectively (see Figs. S2 and S3 in
the SM [36]). In Fig. 3(b), the points corresponding to these
particular cases are not represented.

Figure 3(b) shows that, overall, for few-layer BP [Fig. 3(d)
for three layers] and bulk configurations, the gap increases
as the vacancy concentration rises, except for the monolayer
case where the gap remains nearly constant [Fig. 3(c)]. That
nonstandard behavior shows repulsion of continuum states
by defect states (midgap states). From the point of view of
a perturbative analysis, it is reasonable to think that this ef-
fect will be greater if the energies of the continuum states
are closer to those of the midgap states, i.e., for a smaller
gap corresponding to a larger number of layers. One way of

understanding this phenomenon is perhaps to consider the fact
that resonant defects distributed over a sublattice of a bipartite
lattice can create a gap that increases with the concentration of
defects [63,74]. A detailed study would be needed to confirm
this, but is beyond the scope of this paper.

Figures 3(e) and 3(f) show the microscopic conductiv-
ity multiplied by concentration, i.e., cσ m, versus energy for
monolayers and trilayers according to the x direction σ m

xx (bold
line), armchair direction, and, according to the y direction σ m

yy
(dashed line), zigzag direction. See also Fig. S4 in the SM
[36] for bulk BP. The armchair conductivity σ m

xx is greater
than the zigzag conductivity σ m

yy for all cases (monolayer,
few-layer BP, and bulk). The proportionality between σ m

xx and
σ m

yy remains the same for all systems. This ratio is a signature
of the structural anisotropy of these materials, which results
from an anisotropy of the effective masses of electrons and
holes [7,10,12,13].

Moreover, Figs. 3(e) and 3(f) show that the conductivity
behaves according to the Bloch-Boltzmann approach, and
then the conductivity at every E is proportional to 1/c. This
result is consistent with experimental measurements of the
monolayer BP grafted with PtCl2 groups [23]. It is also im-
portant to note that midgap states do not contribute much to
conduction. Indeed, even if midgap states fill the gap, there is
still a mobility gap. This may not be true for very high defect
concentrations, which would allow strong conduction through
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FIG. 5. With nonresonant scatterers (Anderson disorder): (a) Density of states for W = 1 eV depending on the number of layers for
phosphorene. (b) Eg for different Anderson disorders and for 1–5 layers of phosphorene and bulk. DOS for different W (eV) values in (c) the
monolayer and (d) the trilayer. (e) (f) Microscopic conductivity [Eq. (5)] for different Anderson disorders: (bold line) σ m

xx and (dashed line) σ m
yy

versus E , in (e) the monolayer and (f) trilayer. G0 = 2e2/h.

defect states that would percolate into the structure to form a
kind of midgap-state bands [74].

We now study the effect of vacancies on the conductivity
and mobility at room temperature (T = 300 K) versus the
charge carriers Ne [Eqs. (6), (8) and (9)]. The prediction of
other works is not similar and depends roughly on the numer-
ical study [35]. Figure 4(a) shows the armchair conductivity
per layer versus Ne for monolayer, few-layer BP, and bulk with
a concentration of vacancies of c = 1%. The conductivity
of holes is larger than that of electrons for high values of
charge carriers. This difference is a direct consequence of the
asymmetry of the DOS around the gap (see Sec. II comments
on Fig. 2). In the cases of multilayer BP, the steeper DOS on
the electron side indicates a lower velocity of charge carriers.
It is therefore clear that the electron-hole asymmetry is much
lower in the case of the monolayer for which there is almost no
DOS asymmetry. The zigzag conductivity presents the same
behavior (see Fig. S5 in the SM [36]). These results are in
agreement with the experimental results found by Xia et al. [7]
for a BP thin film.

To compare the effect of the concentration of vacancies,
Fig. 4(b) presents the armchair conductivity versus Ne for
monolayer (bold line) and trilayer (dashed line) with different
concentrations. As expected the conductivity decreases when
c increases, and the electrons/holes asymmetry is seen. In
Fig. 4(c), the ratio σxx/σyy is shown for monolayer, few-layer

BP, and bulk versus Ne for c = 1%. σxx is more significant than
σyy regardless of the charge carrier nature. This anisotropy
of BP is well known and has been highlighted theoretically
[40,75] and experimentally [41]. This is due to the anisotropy
of the bands and therefore of the effective masses in the
vicinity of the gap [7,10,12,13]. It is easy to see that the
anisotropy in the behavior of conductivity is more significant
for electrons than for holes in all systems. However, the ratio
σxx/σyy is larger for the monolayer than for other systems in
the case of holes, whereas in the case of electrons, this ratio
becomes smaller compared to that of the multi-layers. This
ratio is also independent of the number of vacancies as found
previously (Boltzmann transport). This is shown in Fig. 4(d)
for monolayer and trilayer, and this is valid for all systems.
Note that σxx/σyy = μxx/μyy.

To enable simpler comparisons with experimental results,
we plot the mobility at room temperature versus Ne [Fig 4(e)],
according to formulas (8) and (9), for monolayer, few layers,
and the bulk for c = 1%. In the case of the monolayer, the
mobility is of the same order of magnitude regardless of the
charge carrier type. However, for other systems, it is slightly
lower for electrons compared to holes. This result was ob-
tained experimentally for ultrathin black phosphorus with Cu
adatoms [76]. Furthermore, Fig. 4(f) illustrates that the lower
the concentration of vacancies, the more pronounced the dif-
ference between the mobility of holes and that of electrons.
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G0 = 2e2/h.

The presence of a midgap state in the gap changes the value of
Ne (because defects here are neutral). It is, therefore, possible
to compare mobility values, but it is more difficult to compare
the values of Ne.

B. Nonresonant scatterers

The Anderson disorder (nonresonant scatterers; see
Sec. III) is randomly distributed across all layers of the dif-
ferent phosphorus systems studied. Figures 5(a) and 5(b) and
Fig. S8 in the SM [36] show the DOS for monolayer, multilay-
ers, and bulk BP for different magnitudes W of disorder. It is
easy to see that the disorder decreases the gap for all systems
[Figs. 5(c) and 5(d)], unlike the case of resonant scatterers.
This is expected for nonresonant defects, which generally cre-
ate defect states at the band edges [71,73]. For large values of
W , the gap gradually reduces and becomes zero for bulk (Eg 

0.1 eV for W = 4 eV) and multilayer systems, indicating a
semiconductor/semimetal transition (see Figs. S6 and S8 in
the SM [36]). This result is in good agreement with recent ex-
periments for noncovalent functionalization [28,77,78], which
validates our hypothesis that the Anderson disorder can model
noncovalent adsorbates.

In the SM [36], we show the effect of the Anderson dis-
order only in the top layer of a few-layer BP on the band
gap (Fig. S7). This shows that the effect of disorder on the

gap is qualitatively similar to the case with Anderson disorder
randomly distributed across all layers.

Figures 5(e) and 5(f) present the armchair microscopic
conductivity σ m

xx and zigzag microscopic conductivity σ m
yy ,

versus energy for monolayer and three layers. As expected
due to anisotropy, σ m

xx is always larger than σ m
yy for all values

of E . It is important to emphasize that the states filling the
gap through disorder do not contribute significantly to the
conduction. Thus, even though the gap depends quite strongly
on the intensity of the disorder, the mobility gap is much less
dependent on it.

Figure 6 presents the effect of Anderson disorder on
the conductivity versus charge carriers Ne. The behavior of
the conductivity is almost the same for the few-layer BP and
the bulk with a slight difference for the monolayer for low
values of Ne [Figs. 6(a) and 6(b)]. We can also see that σxx is
higher for holes than for electrons. The comparison between
σxx and σyy is shown in Figs. 6(c) and 6(d). Like the case of
resonant scatterers (vacancies), the armchair conductivity is
larger than the zigzag conductivity, and the ratio σxx/σyy has
the same order as the one obtained in the case of resonant
scatterers.

In Figs. 6(e) and 6(f), the mobility at room temperature,
calculated according to the formula (8), is shown. As for
resonant scatterers, such a calculation can produce numerical
artifacts for very small Ne values. Indeed, when Ne [Eq. (9)]

045150-7



JOUDA JEMAA KHABTHANI et al. PHYSICAL REVIEW B 110, 045150 (2024)

tends to zero, the conductivity [Eq. (7)] must also tend to zero,
which leads to a finite mobility μ. But because of Gaussian
Broadening in the calculation of σ (Sec. III), σ is overesti-
mated and μ may be overestimated for Ne 
 0. However, this
numerical artifact disappears, as soon as Ne is not zero. Exper-
imentally, it has been shown that for small solvent molecules,
which are noncovalent scatterers, and at concentrations on the
order of 1013 cm−2 and 1014 cm−2, the hole mobility is higher
than that of electrons [79]. That is in good agreement with our
results for low Ne values.

V. DISCUSSIONS AND CONCLUSION

Experimentally, phosphorene often contains a large num-
ber of local defects, which are not always well characterized
in the literature. These static defects can be due to function-
alization by adsorbed atoms or molecules, the effect of the
substrate, or other structural effects. We aim to study the
electronic structure and quantum transport in the presence of
a high concentration of these defects. To do this, we consid-
ered two extreme types of generic local defects: resonant and
nonresonant defects. We have used the Rudenko TB model
[30,31] to analyze monolayer BP, few-layer BP, and bulk BP.
The TB model used is an effective four-band Hamiltonian, i.e.,
one effective orbital per P atom, which is a pz-like orbital. This
makes it easy to simulate resonant adsorbates by vacancies
(vacant P atoms) and nonresonant adsorbates by Anderson
disorder (on-site energy disorder).

Concerning the electronic structure, the two types of de-
fects have very different effects on the gap. The resonant
scatterers create midgap states that expand when the concen-
tration c of defects increases until the gap is filled. In contrast,
nonresonant disorder reduces the gap value by filling the gap
edges when its magnitude W increases. As in the case of res-
onant disorder, a high concentration of nonresonant disorder
can fill the gap. This extreme case is easier to achieve for a
multilayer BP and the bulk BP, which have a lower gap.

Quantum diffusion calculations show that resonant and
nonresonant defects act similarly on electrical conductivity.
Indeed, even for the high-defect concentrations we studied,
the gap states of resonant defects and the gap edge states of

nonresonant defects contribute very little to conductivity, and
so the mobility gap remains close to the gap of the defect-free
system. This suggests that electronic transport should be fairly
well described by a semiclassical Bloch-Boltzmann-type ap-
proach, even when defects strongly modify the electronic
structure. Particularly, the conductivity of states outside the
gap is inversely proportional to the resonant defect concen-
tration c. Note that for sufficiently small amounts of defects,
when the gap is always present, it is possible to calculate the
electron mobility, and we obtain values that are comparable to
the experimental results.

As expected, the strong anisotropy of BP’s atomic struc-
ture induces anisotropy in conductivity and mobility. This
anisotropy is stronger in the case of monolayer BP. From a
two-layer BP, it is pretty close to that of the bulk BP. Our
calculations show that this anisotropy persists in the presence
of the two types of defects we have studied. And here again,
it is difficult to find very different behavior between resonant
defects and nonresonant defects. Comparing our calculations
with the conductivity or mobility values found experimentally
is difficult, as the defect concentration is not known. However,
the anisotropy should be found experimentally. In particular, it
would be possible to find experimentally that the ratio σxx/σyy

versus the charge carrier density Ne exhibits a well-defined
peak for small Ne. We also showed that the hole conductivity
is greater than that of the electrons, particularly in multilayers
and bulk, and this is valid for both types of defects. We can
relate this effect to the asymmetry observed in their DOS
without defects.
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and A. Rosenkranz, Roadmap for 2D materials in biotribolog-
ical/biomedical applications—a review, Adv. Col. Int. Sc. 307,
102747 (2022).

[4] M. Long, P. Wang, H. Fang, and W. Hu, Progress, challenges,
and opportunities for 2D material based photodetectors, Adv.
Funct. Mater. 29, 1803807 (2019).

[5] L. Li, Y. Yu, G. J. Ye, Q. Ge, X. Ou, H. Wu, D. Feng, X. H.
Chen, and Y. Zhang, Black phosphorus field-effect transistors,
Nat. Nanotechnol. 9, 372 (2014).

[6] H. Liu, A. T. Neal, Z. Zhu, Z. Luo, X. Xu, D. Tománek, and
P. D. Ye, Phosphorene: An unexplored 2D semiconductor with
a high hole mobility, ACS Nano 8, 4033 (2014).

[7] F. Xia, H. Wang, and Y. Jia, Rediscovering black phosphorus
as an anisotropic layered material for optoelectronics and elec-
tronics, Nat. Commun. 5, 4458 (2014).

[8] V. Sorkin, Y. Cai, Z. Ong, G. Zhang, and Y. W. Zhang, Recent
advances in the study of phosphorene and its nanostructures,
Crit. Rev. Solid State Mater. Sci. 42, 1 (2017).

[9] V. Tran, R. Soklaski, Y. Liang, and L. Yang, Layer-controlled
band gap and anisotropic excitons in few-layer black phospho-
rus, Phys. Rev. B 89, 235319 (2014).

045150-8

https://doi.org/10.1016/j.molliq.2022.119103
https://doi.org/10.1016/j.isci.2023.106671
https://doi.org/10.1016/j.cis.2022.102747
https://doi.org/10.1002/adfm.201803807
https://doi.org/10.1038/nnano.2014.35
https://doi.org/10.1021/nn501226z
https://doi.org/10.1038/ncomms5458
https://doi.org/10.1080/10408436.2016.1182469
https://doi.org/10.1103/PhysRevB.89.235319


ELECTRONIC STRUCTURE AND CONDUCTIVITY IN … PHYSICAL REVIEW B 110, 045150 (2024)

[10] J. Qiao, X. Kong, Z.-X. Hu, F. Yang, and W. Ji, High-mobility
transport anisotropy and linear dichroism in few-layer black
phosphorus, Nat. Commun. 5, 4475 (2014).

[11] E. Gaufrès, F. Fossard, V. Gosselin, L. Sponza, F. Ducastelle,
Z. Li, S. G. Louie, R. Martel, M. Côté, and A. Loiseau,
Momentum-resolved dielectric response of free-standing
mono-, bi-, and trilayer black phosphorus, Nano Lett. 19, 8303
(2019).

[12] A. Carvalho, M. Wang, X. Zhu, A. S. Rodin, H. Su, and A. H.
Castro Neto, Phosphorene: From theory to applications, Nat.
Rev. Mater. 1, 16061 (2016).

[13] M. Akhtar, G. Anderson, R. Zhao, A. Alruqi, J. E.
Mroczkowska, G. Sumanasekera, and J. B. Jasinski, Recent
advances in synthesis, properties, and applications of phospho-
rene, npj 2D Mater Appl 1, 5 (2017).

[14] P. A. Denis, New insights into the covalent functionalization
of black and blue phosphorene, Comput. Theor. Chem. 1215,
113839 (2022).
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