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Fractional quantum Hall (FQH) fluids host quasiparticle excitations that carry a fraction of the electronic
charge. Moreover, in contrast to bosons and fermions that carry exchange statistics of 0 and 7 respectively,
these quasiparticles of FQH fluids, when braided around one another, can accumulate a Berry phase, which is a
fractional multiple of 7. Deploying the spherical geometry, we numerically demonstrate that composite fermion
particle (CFP) excitations in the Jain FQH states carry Abelian fractional statistics. Previously, the exchange
statistics of CFPs were studied in the disk geometry, where the statistics get obscured due to a shift in the phase
arising from the addition of another CFP, making its determination cumbersome without prior knowledge of
the shift. We show that on the sphere this technical issue can be circumvented and the statistics of CFPs can be
obtained more transparently. The ideas we present can be extended to determine the statistics of quasiparticles

arising in certain non-Abelian partonic FQH states.
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I. INTRODUCTION

Topology allows for the possibility that the exchange of
identical particles in two dimensions leads to a Berry phase
e™®, where © takes a fractional value [1]. This concept of
Abelian anyonic statistics was only of theoretical interest up
until it was realized that anyons materialize in experimentally
accessible condensed matter systems which are effectively
two-dimensional. One such system is fractional quantum Hall
(FQH) fluids [2] that exhibit exotic topological properties,
foremost among which is hosting anyonic excitations that
carry fractional charge [3] and fractional statistics [4-6]. The
fractional charge in an FQH fluid was observed two and a
half decades ago [7] but an experimental demonstration of
fractional statistics remained elusive. Very recently, indepen-
dent experimental observations deploying different techniques
have measured fractional statistics in certain FQH liquids
[8—13] (see also the related perspective of Ref. [14] and work
of Ref. [15]). Besides Abelian fractional statistics, a few FQH
states are believed to host anyons that carry more enigmatic
non-Abelian fractional statistics where their exchange not
only accumulates a fractional Berry phase but the state it-
self changes. These non-Abelian anyons can potentially serve
as building blocks for carrying out fault-tolerant topological
quantum computation [16].

In the lowest Landau level (LLL), the FQH effect predom-
inantly occurs at filling factors v = n/(2pn=+1), where n and
p are positive integers [17]. The appearance of these fractions
can be understood using the composite fermion (CF) theory
[18] which postulates that the FQH effect of electrons is the
integer quantum Hall (IQH) effect of CFs, which are bound
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states of electrons and an even number (2p) of vortices. These
FQH states, known as Jain states, host CF particle (CFP) and
CF hole (CFH) excitations on top of the ground state, which
are fractionally charged Abelian anyons that when braided
around one another lead to the accumulation of fractional
Berry phase in the many-body wave function.

Numerical studies were first carried out to calculate the
fractional statistics of the Laughlin quasiholes (identical to
CFHs) and quasiparticles (microscopically different from
CFPs [19]) of the 1/3 Laughlin state in the disk geometry
[3,20]. While the quasihole statistics and charge agreed well
with the theoretically expected result, the computed statistics
for the quasiparticle did not converge to the expected value
despite showing an accurate fractional charge. Recently, it
has been understood that Laughlin’s quasiparticles do not
carry the right quantum number (fractional “spin”) to serve
as antianyons to Laughlin quasiholes [21]. Thereafter, these
studies were extended to the more general Jain states in the
disk geometry where the statistics of the CFPs converged to
well-defined values. Although the statistics of the Jain CFP
state were found to be correct in magnitude, it had an opposite
sign to what was anticipated from theory [22]. Following this,
Jeon et al. [23] showed that a previously unaccounted shift
in the position of a CFP due to the addition of other CFPs
was responsible for obscuring the statistics. They resolved
this issue by providing a relation for the shift which was
reconfirmed from the computation of the one-particle density
at 1/3. Additionally, the braiding statistics computed for CFPs
in disk geometry suffer from edge effects which require going
to large systems so that statistics are evaluated for CFPs that
are deep inside the bulk.

Compact geometries, such as a sphere or torus, that are
devoid of an edge are ideally suited to compute braiding
statistics which is a bulk property. The torus geometry results
in a degeneracy of FQH states stemming from its nontrivial

©2024 American Physical Society
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E=r ((%7 (n—1) ﬁ) cos(6)+ ﬁ)

FIG. 1. Pictorial depiction of the phase, £*, accumulated when
a CF particle (electron and two vortices depicted by a ball and two
vertical arrows) loops on the Haldane sphere. Red arrows show flux
emanating from the magnetic monopole of strength 20 placed at the
origin that coincides with the sphere’s center. (a) A single CF particle
moving along the latitude 6 picks up an Aharonov-Bohm phase pro-
portional to the area of the loop it encloses. (b) A CF particle moving
along latitude 0 in the presence of another CF particle static at the
north pole picks up an additional phase (shown in red). The green
dotted loop shows an example of a path wherein the singularities of
the vector potential at the north and south poles are placed on the
same side of the path.

genus, while states on the sphere are easier to work with since
they are nondegenerate. In this work, we compute statistics
of CFPs in the spherical geometry by circulating one around
another along latitudes as shown in Fig. 1. This numeri-
cal evaluation is carried out using the method developed by
Tserkovnyak and Simon [24]. Unlike in the disk geometry,
it turns out that statistics can be extracted on the spherical
geometry without the need to know the exact form of the
shift a priori. Using the spherical geometry, we evaluate the
statistics of CFPs for the 1/3, 1/5, 2/5, 2/9, and 3/7 Jain
states and find that these are in agreement with theoretical
predictions. On the disk, the analogous computation for 1/5,
2/9, and 3/7 was not done previously presumably because the
sizes of the CFPs in these states are larger than those at 1/3
and 2/5 [19,25] and require going to very large systems.

The article is organized as follows. In Sec. II, we intro-
duce the CF theory, paying special attention to its formulation
in the spherical geometry. We then discuss the Berry phase
accumulated by CFs upon circumscribing a loop. This re-
quires the construction of coherent states for representing
localized particles in real space and we provide a primer on
that. In Sec. III, we define various quasiparticle operations
on the sphere and provide theoretical expectations for the
Berry phase accumulated corresponding to these operations.
Thereafter, we discuss a numerical technique that can be used
to extract the statistics from the Berry phase. In Sec. IV, we
present numerical results for the looping operations and the
extracted statistics. We conclude the paper in Sec. V with a
discussion of the results and an outlook for the future.

II. COMPOSITE FERMION THEORY

The central postulate of the composite fermion (CF) theory
[18] is that strongly interacting electrons in a topologically
ordered flat band such as a Landau level transform into new

emergent particles, composite fermions, which are themselves
nearly noninteracting. Composite fermions are formed by at-
taching an even number of vortices to electrons. Due to the
vortex attachment, CFs experience an effective magnetic field
B* that is smaller compared to the external magnetic field B.
The CF theory maps an FQH problem of electrons at v =
n/(2pn=£1) in a magnetic field B to an integer quantum Hall
(IQH) state of CFs filling n CF-Landau-like levels [termed A
levels (ALs)] in the effective field B*.

Using the CF theory, the Jain wave function for the ground
state of electrons at v = n/(2pn=+1) is written as [18]

v, = PLLL(D:tnCD?ps (D

where @, is the Slater determinant wave function of n
filled LLs of electrons (®_,=®; = [®,]*) and the Laughlin-
Jastrow factor ®3"= [Tic;(zi = 2)) [zj=x;—iy; is the two-
dimensional coordinate of the jth electron parametrized as a
complex number] binds 2p vortices to each electron to turn
them into CFs. Appropriate to the high magnetic field of our
interest, the product is then projected to the lowest LL (LLL)
which the operator Py accomplishes. Furthermore, excita-
tions over the ground state are produced either by creating
CFPs, i.e., placing CFs in the lowest empty AL, or CFHs,
i.e., by removing CFs from the topmost filled AL. Their wave
functions are given by

\I}‘IJVCFPS = PLiL CI)]:X%FPS (b%l)’ )

\I]][)VCFHS = P11 qDIIELFHs @%12 3)

where Ncpps and Ncpys refer to the number of CFPs and
CFHs present in the state respectively. Although projected
and unprojected states are microscopically different, studies
show that they describe the same underlying topological phase
[26,27]. Unless otherwise stated, in this work, we will be
using the more easily computable unprojected wave functions
to evaluate the Berry phase accumulated from different oper-
ations. Next, we provide a background on spherical geometry
[28] which we will use throughout this work.

A. Spherical geometry

A two-dimensional system of N electrons subjected to
a perpendicular magnetic field can be simulated by plac-
ing the electrons on the surface of a sphere in the presence
of a radial magnetic flux of strength 2Q¢y (20 is an in-
teger), ¢o = hc/e is the magnetic flux quantum, generated
by a magnetic monopole sitting at the center of the sphere.
This sphere, known as the Haldane sphere [28], has a ra-
dius R = \/Q¢, where £ = \/fic/(eB) is the magnetic length
at field B = 2Q¢o/ (47 R?). We choose the vector potential,
A = (—hcQ/eR)cot ¢, wherein the monopole can be viewed
as two Dirac strings of strength Q¢ passing through the north
and south poles. With this choice of gauge, a position on
the sphere 2 = (u, v) is specified by the spinor coordinates
u = cos(6/2)e'?/? and v = sin(h/2)e~"*/?, where 6 and ¢ are
the polar and azimuthal angles on the sphere. Due to the cur-
vature in the spherical geometry, incompressible states such
as the IQH and FQH fluids occur on it when 2Q = v~IN—S8,
where the Wen-Zee shift S [29] is a topological quantity that
characterizes the fluid.
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On the sphere, an IQH state with »n filled LLs occurs at
20, = (N/n—n) with N divisible by n and N>n?. Therefore
the FQH state at v = n/(2pn=1) with n filled ALs of CFs [see
Eq. (1)] occurs at

20 = £20, +2p20:. “

Here, the flux of 2Q; results from the vortex attachment
done by the Jastrow factor, which on the sphere takes
the form @ = [],_;(w;v;—u;v;), where u; and v; are the
spinor coordinates of the jth electron. Under the addition
of CFPs, the effective flux has to be adjusted as 2QNcrs =
(N/n—Ncpps/n—n) which results in a total flux

2QNCFP5 — ifo:]CFPs +2p20;. 3)

From here on in, unless otherwise stated, we shall restrict
ourselves to the n/(2pn+1) Jain states.

B. Berry phase of composite fermions

When a CF goes around in a closed loop enclosing an
area A, the Berry phase that the many-body wave function
accumulates is e/, where

BA
&= —2n¢— ~+ 277 2PpNenc. (6)
0

The first term is the Aharonov-Bohm (AB) phase accumulated
when an electron encircles a loop of area A in the presence of a
magnetic field B. The second term arises from the 2p vortices
seen by the looping electron on each of the other Ny, electrons
within the enclosed area, with each of them contributing a
phase of 2z. This accumulated phase can be viewed as an
AB phase for the CFs

2w B*A
= (N
%o
experiencing an effective magnetic field B* given by
B* =B —2pp¢y, ®)
where p=N/(4mQ¢?) [in the thermodynamic limit

p=v/(2£?)] is the average density of the system.

This relation of the Berry phase can be rewritten in terms
of the flux but one has to do this carefully on the sphere since a
mere replacement of phase with flux does not give the correct
result due to the singularities in the vector potential. In the
spherical geometry, the phase accumulated depends on the
trajectory followed by the particle. If the CFP moves along
a closed path that places the two singularities at the north and
south poles (in the gauge we have chosen) on two different
sides of the loop [as in the blue dashed loop in Fig. 1(a)], the
phase accumulated is

E* _ Qn(Ain - Aout)

B 2R?
where Aj, is the area covered within the loop, and A,y repre-
sents the area outside the loop as shown in Fig. 1. However,
if the CFP follows a loop that places the singularities on the
same side of the loop [as in the green dotted loop in Fig. 1(b)],
the accumulated phase is

, €))

QnAin
_ 7

£ = ; (10)

with Q,, = Q/(2pn+1) in the thermodynamic limit. The result
given in Eq. (10) is identical to what one finds in the disk
geometry [23].

C. Coherent states

In the spherical geometry, the orbital angular momentum /
and its z-component m are good quantum numbers. Therefore
the single-particle eigenstate of mth orbital in nth LL with
index n—1 (for 0>0) is given by [19,30,31]

[—m

Youm = Noam(—=1) "0 "l " (~1)°
s=0

% (l - Q) (l l + Q_ s>(v*v)l—Q—S(u*u)X’ (11)

N —m

where Ny, is a normalization constant, / = Q+n—1 and m
goes from —/ to +/. The value of the binomial coefficient (i)
is set to zero if k<0 or k>j. To compute the Berry phase
of CFHs or CFPs, we will need to create localized states in
real space at Q = (i1, ) on the sphere in different LLs. The
coherent state, which is the maximally localized state that one

can make, at  in the LLL (n = 0) is [19]

+1
Voo =2 Yoo @Yo om(Q) = @u+vv)?. (12)

m=—I

The coherent state for higher LLs can be obtained by a
repeated application of S~ (analogous to how a' lowers the
value of the L, quantum number on the plane, S~ operator
lowers the S° eigenvalue on the sphere), the LL raising
operator on the LLL coherent state [32]. The S~ operator is
defined as

S~ <9 <9 13)
=v'— —u"—.
ou av
The final result for the coherent state for the LL indexed by n,

aside from a normalization factor, is
n _ —\.1.0
Voo =08 )Vqq
= (@ u + 002"V E* — o). (14)

III. FORMALISM OF OPERATIONS

The CFP and CFH excitations of the Jain states carry
a local fractional charge of +e/(2pn=£1), compared to the
uniform background. The fractional charge endows the CFPs
and CFHs with fractional braiding statistics. Unlike point-
like objects, the CFPs and CFHs have a finite extent with a
density distribution that oscillates in real space [19,33-35].
Thus, when evaluating their Berry phase, it is imperative to
keep them sufficiently apart from one another to avoid any
overlap. In this section, we define different operations where
a CFP loops around a latitude of the sphere in the absence and
presence of another CFP. We also give analytic expressions for
the accumulated phase that can be used to extract the statistics
provided the excitations are kept sufficiently apart.

In contrast to the Laughlin quasihole(s) state [3], whose
wave function is an explicit function of the coordinate(s) of
the quasihole(s), excitations in Jain FQH states are described
in terms of additional filled or empty orbitals. Consequently,
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executing directed operations such as moving a CFP on a loop
on the spherical surface necessitates the explicit inclusion
of the CFP’s coordinates in the many-body wave function.
This is accomplished for CFPs by populating the lowest
available AL with coherent states. However, since CFHs are
vacant states, the explicit inclusion of their coordinates in
the wave function is not so straightforward. Hence, in this
study, we will focus on CFPs only. Nevertheless, we note
that it is possible to extract the statistics of the CFHs by
creating a vortex at (U,V) i.e., using the wave function
WUV = TT.(u;V —v;U)W,, where U, is given in Eq. (1). The
vortex effectively splits into n quasiholes which carry identical
statistics parameters as the n CFHs, one in each AL [36].

A. Single loop operation along latitudes

At v = n/(2pn+1), when a CFP loops once along a lati-
tude making an angle 6 with the z-axis [as shown in Fig. 1(a)],
following Eq. (9), we expect an AB phase of

£ = (20)™=" — (n — 1)) cos(9) (15)

given that it resides in the (n+1)th AL (indexed by n) of
the @, [see Eq. (2)]. The term with the power 2Q—n in the
coherent state given in Eq. (14) contains the information of
the effective flux seen by the CFP and results in a contribution
of m(20—n)cos(f) to the accumulated phase as shown in
Eq. (15). Surprisingly, there is an additional O(1) contribution
to the phase of magnitude 7 cos(f) that we identified by
numerically computing the phase for IQH states. The effective
flux seen by the CFP is 2QNc™=!=(N/n—1/n—n).

Next, we place a CFP at the north pole which is kept
static while another CFP follows the same trajectory as before
moving along a latitude at an angle 6 with the z axis [as shown
in Fig. 1(b)]. The phase accumulated by the moving CFP in
this case is

£ =n(20¥™=2 — (n— 1) — ©) cos(d) + ©),  (16)

where ® = 2p/(2pn+1) is the additional statistics [compared
to Eq. (15)] accrued due to the presence of the CFP placed
at the north pole. The denominator in the factor ® comes
from the fractional charge associated with the CFP, while the
numerator of 2p comes from the vortices. The flux equivalent
to ® is associated with the static CFP while the remaining
flux of (ZQZVC”’SZZ—(n—l)—@) is then evenly distributed over
the spherical surface. The CFP that loops along the latitude of
6 accumulates an AB phase from this remaining flux [which
is what results in the 7 (2QYc™=2—(n—1)—©) cos(#) term in
Eq. (16)].

B. Extraction of statistics

Surprisingly, it turns out that the phase accumulated by
the moving CFP is not as anticipated from Eq. (16). This
is because a correction must be applied when dealing with
multiple CFPs. It was previously shown that when a CFP is
added in the presence of another CFP, there is a shift in their
positions [23]. While the shift in the position of the static
CFP is not significant (as long as it stays within A;, and far
away from the moving CFP), the shift in the position of the
moving CFP introduces an additional phase, denoted by A,
to the overall result. Thus, the net phase accumulated by the

—0.9 T T T T T

—— theoretical
sl F
—0.7F ¥
—0.6
v, i
—0.4r
+

—o0.2f

0=m/2

0.20 0.25 0.30 0.35 0.40 0.45
v

I numerical

*{n-
fos

—0.1

FIG. 2. Berry phase accumulated when a CFP moves along the
equator (0 = 7 /2) with another CFP kept static at the north pole
for Jain states at v = n/(2pn+1). The expected phase (blue line)
is equal to —20 = —2p/(2pn+1) and is plotted alongside the nu-
merical result (red dot with error bar determined from the statistical
uncertainty of the Monte Carlo simulation) for the largest system size
corresponding to each fraction as listed in Table 1.

moving CFP is

*

= =(0™ = (1= 1) = ©)cos®) + © + A). (17)

In the disk geometry, the phase accumulated by a CFP
moving along a circle of radius r with another CFP kept static
at the origin is [23]

grdk — 27 [ 12 207 +O+5), (18)

where § is the additional phase due to the shift in the
position of the moving CFP and the effective magnetic length
£ = (/2pn+1)¢ for filling v = n/(2pn+1) [19]. In the limit
N—o00, this phase relation is identical to the one defined in
Eq. (17) for the spherical geometry. From the phase relation
in the disk geometry, it is clear that accurate knowledge of the
extra phase § is crucial for extracting statistics. Jeon et al. [23]
found that 6 = —4p/(2pn+1) = —20 and confirmed this by
examining the shift in the position of the CFP by evaluating
the one-particle density at 1/3 filling. As § is an additional
shift in the effective flux and is an intrinsic property of the
FQHE state, it is geometry-independent (however, the shift in
the position of the moving CFP in different geometries will
be different), and should equal the extra phase seen in the
spherical geometry (A = §). This equivalence can be further
demonstrated by evaluating the phase at cos(6)=0 [equator],
where the phase equation simplifies to §5_, »/m=(O+A)
which is consistent with —® as depicted in Fig. 2. Utilizing
this relation, the phase equation given in Eq. (17) takes the
form

*
% = ((ZQQ’CF"F2 —(n—1)— @) cos(0) — @). (19)
Since the shift is neither position nor geometry-dependent
it arises entirely from the flux deletion required to add the
extra static CFP and thereby solely depends on the filling.
Therefore, even in the absence of the knowledge of the
specific value of A, as long as we know A is a constant at
a given filling (for example, even if we did not know that
A = —20 here), we can find ® by subtracting the phase at
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TABLE I. Statistics parameter ® extracted from the Berry phase
accumulated when a CFP loops around a latitude in the presence
of a CFP static at the north pole for various fillings v in the Jain
sequence for N electrons in the spherical geometry. The parameter ©
is obtained by fitting the Berry phase to the form given in Eq. (19).
The number in the parenthesis is the error due to curve fitting.

v N ®
30 0.6064(2)
1/3 40 0.6426(1)
50 0.6532(6)
30 0.7143(2)
1/5 40 0.7762(2)
50 0.7970(5)
70 0.3627(3)
2/5 86 0.3715(6)
100 0.3827(9)
70 0.4059(4)
2/9 86 0.4166(4)
100 0.4369(5)
173 0.3662(3)
3/7 200 0.3153(6)
230 0.2855(3)

latitudes 6 and w—6 to get

M = 2((2QnNC'E"*=2 —(n—1)— @) cos(Q)). (20)
Importantly, the statistics parameter can be extracted from the
cos(6) term, arising due to the curvature of the sphere which
protects it from the shift. However, the analogous process on
the flat disk is infeasible since ® and § would have been lost
in the subtraction process [see Eq. (18)].

C. Operations on many-body wave functions

To compute the statistics of CFPs, it is necessary to carry
out relevant operations on the many-body wave function.
Accordingly, a Jain state with Ncgps CFPs at filling v =
n/(2pn+1) can be constructed as

v (Ql’ QNCFPs) v (92’ QNCFPs)
V(21 ven—1) ¥ (25 Cverpe—1)
Y1, 1) YR, Q)
W =1 Yo () Yo..-1(S22)
Yo, -14+1(£21) Yo.1,-1+1(£22)
Yo:1:(21) Y01.:(822)
x [ Taww; —ujv, 1)
i<j

where [ is the orbital angular momentum for the nth LL and &;
corresponds to the coordinates of the ith CFP. The first Ncpps
rows are filled with coherent states in the (n+1)th AL [see
Eq. (14)] to create CFPs, while the remaining rows are made
up of single-particle eigenstates from the lowest AL to the nth
AL.

As the CFP goes around in a closed loop, the initial wave
function W; under time evolution maps to a new wave func-
tion Wy = Uy, where U is a unitary evolution operator. For
Abelian states, the initial and final wave functions differ only
by a Berry phase, ie., U = ¢%. However, for non-Abelian
states, the operator U takes the form of a matrix that, along
with incorporating Berry phase factors, transforms a set of
original wave functions into a new set of wave functions. In
this work, we focus on Jain states that are Abelian but we note
that the technique we use was first utilized [24] to numerically
demonstrate non-Abelian statistics of the quasiholes of the
Moore-Read state [37]. To compute the phase numerically,
the CFP looping must be carried out in discrete steps by
recursively calculating the evolution operator at every step. If
the evolution operator at the kth step is U*, then the evolution
operator at the next (k+1)th step is given by

k[l _Ak/z]

Uk+l —
[1 4 Ak/2)’

(22)

where A is an anti-Hermitian operator defined as A =
(W|W) = (U~'U) [38]. Provided the individual wave func-
tions are normalized, A can be redefined in a form that is most
convenient for numerics as A = [(WX| WAy — (wkH1@ky] /2,
where W* corresponds to the wave function at the kth step,
such that for ngeps steps WA= = W; and Wr="sen = Y.
The numerical computations involving multidimensional in-
tegrals over the electron coordinates are carried out using the
Metropolis Monte Carlo algorithm [39].

The braiding of one CFP around another fixed CFP is
equivalent to rotating the entire spherical system about an
axis passing through the fixed CFP. This rotational motion
corresponds to calculating the system’s angular momentum
around the fixed CFP [40]. Since the fixed CFP is placed at the
north pole and the many-body wave function has azimuthal
symmetry, i.e., the wave function is an eigenstate of L, the
phase accumulated at each step of the looping CFP is the same
independent of its position on the loop (all the steps are of
the same size). We have utilized this property to determine
U; = € at the first step and used it to find the total phase
& = ngeps&1. This significantly reduces the computational cost
of determining the evolution operator at multiple points of the
trajectory of the looping CFP.

IV. NUMERICAL RESULTS

In this section, we present the numerical results of the
Berry phase collected in the process of a CFP looping around
a trajectory in the spherical geometry in the absence and
presence of another CFP. We also present results on the
statistics extracted using the numerical technique discussed in
Sec. III B.
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FIG. 3. Berry phase accumulated by a single CFP looping along
various latitudes making an angle 6 with the z-axis for many filling
fractions along the Jain sequence for three different system sizes.
Dots and lines correspond to numerically computed phase and theo-
retically predicted phases [see Eq. (15)], respectively.

A. Looping of a single CFP

We construct a many-body wave function of N electrons
with a single CFP at a filling fraction n/(2pn-+1) according to
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FIG. 4. Phase accumulated due to a CFP looping along various
latitudes 6 in the presence of another CFP static at the north pole for
multiple fillings. Solid dots and solid lines indicate numerical data
and curve fitting using Eq. (19), respectively.

the CF theory as described in Eq. (21). The directed (clock-
wise) motion of the CFP around a loop is implemented by
moving its coordinates which are part of the coherent states
that reside in the wave function. We loop a CFP at different
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latitudes that make different angles 6 with the z axis [see
Fig. 1(a)]. The entire trajectory of a single loop is broken into
several discrete steps with the phase being updated at every
step according to Eq. (22) (the number of steps 7geps=>100
and is chosen sufficiently large such that the results are fully
converged). The numerical value of the Berry phase at 1/3,
1/5, 2/5, 2/9, and 3/7 for a single CFP (for each fraction
we show three system sizes) is shown in Fig. 3. These results
nicely fit the theoretical expectation (shown by thick lines in
Fig. 3) given by Eq. (15).

B. Looping of a CFP about another CFP

Next, we examine a system consisting of two CFPs
wherein one CFP is fixed at the north pole while the other CFP
loops along a latitude 6. As in the single CFP case, here we
calculate the total phase accumulated by the looping operation
and extract the braiding statistics by fitting it to Eq. (19) for
filling fractions 1/3, 1/5,2/5,2/9, and 3/7 as shown in Fig. 4.
The value of ® extracted from the curve fitting, displayed
in Table I, is consistent with theoretical expectation of the
statistics parameter [® = 2p/(2pn+1)] [41].

Due to the absence of an edge on the sphere, a bulk quantity
such as the statistics, converges to the expected theoretical
value even for relatively small systems. This enables us to
extract an accurate value of ® for v = 1/3, 1/5 from systems
as small as with N = 50 electrons. However, as we try to
access states with higher ALs, i.e., higher n in n/(2pn+1),
larger system sizes are necessary to avoid overlap between
the CFPs, which are known to grow in size with increasing
n [25,34,42]. This is because the CFPs have a size that is of
the order of effective magnetic length £*=./2pn+1¢ and this
grows with n. We note here that in many cases (results not
presented here) we have checked that the phases evaluated
using wave functions projected to the LLL result in the same
statistics thereby supporting the hypothesis that topological
properties are robust to operations like projection to the LLL
[26,27].

V. DISCUSSION

In this work, we extracted the statistics of composite
fermion particles in Jain FQH states using the spherical geom-
etry. We showed that they respect Abelian statistics with the
statistics parameter ® = 2p/(2pn-+1) consistent with theoret-
ical expectations [19,41]. We found that the shift (A) in the

phase arising from the shift in the position of a looping CFP
due to the insertion of another CFP in the spherical geometry
is equal to the shift (§) seen in the disk geometry. However,
owing to the curvature, unlike in the planar geometry, the
knowledge of the precise value of A is not necessary for
the evaluation of statistics of a CFP in the spherical geome-
try. Additionally, the compact nature of the sphere facilitates
obtaining converged results with much smaller systems com-
pared to its disk counterparts.

Aside from the Jain states, many FQH states have been
experimentally observed predominantly in the SLL [43-45]
but some also in the LLL [46—49] that fall outside the the-
ory of free composite fermions. Many of these states can be
understood as arising from residual interactions between the
CFs [50-55]. However, more recently, it has been shown that
a generalization of the CF theory, known as the parton theory
[56], where FQH states are built as products of IQH states,
can capture almost all the experimentally observed FQH states
[36,56—73]. The method we presented, which builds on IQH
states, can be readily extended to extract statistics of the par-
tons. In particular, excitations of certain partonic FQH states
are expected to carry non-Abelian statistics [74]. An interest-
ing application of the techniques we presented would be to
test for the presence of excitations with non-Abelian statistics
using the microscopic parton wave functions. Recently, it has
been shown that the statistics of a quasiparticle can also be dis-
cerned from a measurement of its density profile [40,75,76].
It would be useful to test the accuracy of the statistics of
CFPs and CFHs ascertained from that method and compare
and contrast it with the technique used in this work. We leave
a detailed exploration of this and other ideas to future work.
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