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Infinite Grassmann time-evolving matrix product operator method in the steady state
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We present an infinite Grassmann time-evolving matrix product operator method for quantum impurity
problems, which directly works in the steady state. The method embraces the well-established infinite matrix
product state algorithms with the recently developed GTEMPO method, and benefits from both sides: it obtains
real-time Green’s functions without sampling noises and bath discretization error, it is applicable for any
temperature without the sign problem, and its computational cost is independent of the transient dynamics and
does not scale with the number of baths. We benchmark the method on the finite-temperature equilibrium Green’s
function in the noninteracting limit against exact solutions and in the single-orbital Anderson impurity model
against GTEMPO calculations. We also study the zero-temperature nonequilibrium steady state of an impurity
coupled to two baths with a voltage bias, obtaining consistent particle currents with existing calculations. The
method is ideal for studying steady-state quantum transport, and can be readily used as an efficient real-time
impurity solver in the dynamical mean-field theory and its nonequilibrium extension.
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I. INTRODUCTION

Understanding nonequilibrium and open quantum phe-
nomena is one of the major pursuits since the born of quantum
physics. A prototypical microscopic model to describe these
phenomena is the Anderson impurity model (AIM), where an
impurity is coupled to one or several continuous, noninteract-
ing baths of itinerant electrons [1]. By imposing a temperature
or a voltage bias among the baths, the whole system of the
impurity plus baths will be driven to a nonequilibrium steady
state (NESS). The interplay among the strong local Coulomb
interaction, the nonequilibrium driving, and the dissipative
effects of the bath could lead to very rich physical phenomena
in the NESS [2-8].

A variety of numerical methods have been developed to
study steady-state quantum transport [9-26], which could pro-
vide fairly accurate solutions in specific regimes. However, as
of now, there is no single method that could provide generally
reliable and efficient solutions, as similar to the role played by
the continuous-time Quantum Monte Carlo (CTQMC) meth-
ods in solving the equilibrium AIM in the imaginary-time axis
[27-33].

The Grassmann time-evolving matrix product operator
(GTEMPO) method, recently developed by us, is a promising
candidate of this kind to solve the nonequilibrium quan-
tum transport problem of the AIM [34]: It treats the bath
exactly and obtains results in the real-time axis without sam-
pling noises; it is applicable for any temperature without the
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sign problem; and most remarkably, its computational cost is
independent of the number of baths, a feature that is ideal for
studying quantum transport and is missing in most existing
alternatives. The GTEMPO method is also an extension of the
time-evolving matrix product operator method [35], which is
the state of the art for bosonic impurity problems [36—44], to
fermionic impurity problems.

The power of GTEMPO can be understood through its for-
malism. Roughly speaking, its idea is somewhere in between
the CTQMC methods and the conventional wave function—
based methods where the impurity-bath state is parameterized
by some wave function ansatz [45-63]. Similar to CTQMC,
it integrates out the bath exactly. However, instead of sam-
pling from the perturbative expansion of the path integral
(PD), GTEMPO directly represents the integrand of the PI as
a Grassmann matrix product state (GMPS) nonperturbatively.
Similar to the wave function-based methods, GTEMPO uses
GMPS as its parametric ansatz, but only in the temporal
domain for the multi-time impurity degrees of freedom. The
computational cost of GTEMPO roughly scales as N2 x> for
the single-orbital AIM, with N the discrete time steps and
x the bond dimension of the GMPS. Importantly, for com-
monly used bath spectrum density, it is observed that x ~ 100
could already give very accurate results [34,64,65], which
underlies the efficiency of GTEMPO. However, to study
steady-state quantum transport with GTEMPO, one needs to
overcome the (usually very long) transient dynamics to reach
the NESS first [66], as similar to the wave function-based
methods [62,63,67], which sets a very large prefactor N in
the computational cost that could greatly hinder the efficiency.
Here we also note the closely related tensor network influ-
ence functional (IF) method [68,69], which represents the
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Feynman-Vernon IF per spin per bath as a fermionic matrix
product state (MPS) in the Fock state basis, and therefore its
computational cost scales exponentially with the number of
baths.

In this work, we propose an infinite GTEMPO method (re-
ferred to as iGTEMPO from here on), which directly targets at
the steady state, eliminating the need for transient dynamics.
The key insight is that in the infinite-time limit, the memory of
the initial state is lost, which is a situation that closely resem-
bles an infinite many-body wave function where the boundary
condition becomes irrelevant if one is only interested in the
bulk. Therefore, similar to the spatial case, one could use
infinite GMPSs instead of finite ones to represent the multi-
time impurity steady states, in which only the tensors within
a single time step need to be stored and manipulated. The
iGTEMPO method seamlessly integrates the well-established
infinite MPS techniques into the GTEMPO formalism. We
benchmark its accuracy on the finite-temperature equilibrium
Green’s function in the noninteracting limit against exact
solutions, and in the single-orbital AIM against GTEMPO
calculations. We also apply it to study the NESS of an im-
purity that is coupled to two zero-temperature baths with a
voltage bias, where the obtained steady-state particle currents
are consistent with existing calculations.

II. THE GTEMPO METHOD

Before we introduce the iGTEMPO method, we first give
an elementary review of the GTEMPO method in the real-time
axis, as they share most of the techniques in common. We
will mainly focus on the single-orbital AIM (although both
methods are directly applicable for general impurity models),
where the impurity may be coupled to one bath (the equi-
librium setup) or two baths (the nonequlllbrlum setup). The
Hamiltonian is denoted as A = PIlmp + Hmt, where

Hipp = (ed—U/2)Z€z'&g+Ua” aja, 1

is the impurity Hamiltonian with €, the on-site energy and U
the local Coulomb interaction, and

ﬂint = Z Ekél-‘k'gév,k,o + Z(Vv,k&j;év,k,a + HC) (2)

v,k,o v.k,o

contains the free bath Hamiltonians and the coupling between
the impurity and the baths, characterized by the band energy
€ and the coupling strength V, ;, respectively. Here we have
used o € {1, |} for spin indices and v as the bath label.

The GTEMPO method is essentially a translation of the
Grassmann PI into efficient GMPS operations. For real-time
dynamics starting from a noncorrelated impurity-bath initial
state p(0) = Dimp @ PN, Where Dimp is some impurity initial
state and ,?)blznh is the bath equilibrium state, the corresponding
PI of the impurity partition function Ziy,(t) = Trp(t)/ Trbg;th
can be written as

Zimp(t) = / Dia,alKla, al [ [ L;la5.a,]. 3

Here, a, = {a,(t)}, a, = {a,(7)} are Grassmann trajecto-
ries [70] on the Keldysh contour [71-73], and a = {a;, a,},
a = {a;, a}. The measure is

Dla,a] = ]_[daa(r)dao(r)e*“ﬂ“)“a(” )

o,T

7, is the Feynman-Vernon IF [74]:
Ig [day an] =~ fC dt'fc dt”[l,,(I’)A(t’,l”)a,.,(t”)’ (5)

where C is the Keldysh contour, and the hybridization function
A@ 1"y =>" A, 1), with A,(¢', ") being the hybridiza-
tion function of bath v (noticing that v does not appear as a
subscript of 7), which is calculated by

Av(t/a l//) = Pt’t” / dwjv(a))Dv,w(tv t//)- (6)

Here, Jy () = Y, V2 8(w — wy) is the vth bath spectrum
density, D, ., (1, t”):(Tcév,w(t/)éivw(t”))o is the free contour-
ordered Greens function of the vth bath, and P,,» = 1 if ¢/, t”
are on same Keldysh branch and —1 otherwise [34].

After discretization using the quasi-adiabatic propagator
path integral (QuaPI) method [34,75,76] with a time step size
ot, I, can be written as (up to first-order time discretization
error)

det
I, ~ e}—”,

-y Zaf AL (D)

¢, 0=+ jk=1

where N =1t /6t is the total number of discrete time steps,
¢,¢’ label the forward (4) and backward (—) Keldysh

branches, and A”k is the discretized hybridization function.
IC encodes the bare impurity dynamics that is only determined
by Dimp and Hlmp. After discretization, C can be written as

K = (~aolay)) -+ (@F |Uinplai ) (@] | pimpla?)

x (a7 [Ugplay) x - x (aylao), ®)
where a,f:{aik, a;,} and Uiy = e~iHimdt and (@] | pimplay)
imposes the initial condition. The first and last terms on
the rhs [with the auxiliary Grassmann variables (GVs) ay =
{at0,ay,0}] impose the boundary condition, e.g., the final
trace operation in the impurity partition function.

The discretized KC and Z,, are Grassmann tensors. They can
be multiplied together using Grassmann tensor multiplications
[34] to obtain Ala, a] = K[a,a][], Z,[a,,a,] as a single
Grassmann tensor, which is the multi-time impurity state that
encodes the whole information of the impurity dynamics,
and is referred to as the augmented density tensor (ADT).
In GTEMPO, one represents each /C and Z, as a GMPS,
then multiplies them together to obtain .4 as a GMPS (this
multiplication is only performed on the fly using a zip-up
algorithm for efficiency [34]). Based on .4, one can calculate
any multi-time impurity correlations following the standard
PI formalism. For example, the greater and lesser Green’s
functions between two time steps j and 0 can be evaluated
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as
iG7 =iG7, = (aa)) = (7% aeli% gt
]mP/D[a ala; tag Ala, al, 9)
_igf — 1G,0 — (aoaﬂ (@ Teflﬂjat&eiﬁjar)

1mp/D[a alay a; *tAla,al, (10)

where the spin indices have been neglected. In the zip-up
algorithm, this boils down to contracting a quasi-2D tensor
network of size 3 x 8N [64]. Assuming that the bond dimen-
sion of the GMPS representation of each Z, (referred to as
the MPS-IF from here on) is x, then the computational cost
to build each MPS-IF is roughly O(N? x?) using the partial IF
algorithm [34] (which is improved to O(N x*) using a more
efficient strategy to build the MPS-IF [65]), and the com-
putational cost to calculate one Green’s function is roughly
O(Nx3).

When focusing on the NESS, unfortunately, the prefactor
N in the cost of GTEMPO (as well as most of its alternatives)
is usually huge to overcome the transient dynamics, which
significantly hinders the computational efficiency and neces-
sitates more efficient approaches.

III. THE iGTEMPO METHOD

As is clear from the previous section, there are two major
steps in the GTEMPO method: (1) building ' and Z, as
GMPSs and (2) computing multi-time correlations based on
them. In this section, we will show how to implement these
two steps based on infinite GMPSs.

A. Time-translationally invariant approach to build
IC and Z, as infinite GMPSs

To motivate the infinite GMPS representation of the
Feynman-Vernon IF, we first note that each discretized hy-

bridization function A“k/ inEq. (7)isa single-variate function

of the time difference j — k only, e.g., A%} k= ﬁ/k There-
fore, F,, the exponent of Z,, is invariant under any shift of its
time step indices, which closely resembles an infinite-range
many-body Hamiltonian. This time-translationally invariant
(TTI) property of F, and thus Z, has a profound impact:
they can be represented as infinite GMPSs where only the site
tensors within a single time step are independent.

In the tensor network IF method [69], the Feynman-Vernon
IF is built as a fermionic MPS in the Fock state basis using

the Fishman-White algorithm [77]. In the GTEMPO method,
the Feynman-Vernon IF is built as a GMPS directly in the
coherent state basis (which is the basis used for the analytical
expression of the Feynman-Vernon IF) using the partial IF
algorithm [34] by decomposing the IF into the product of
a series of partial IFs, each with bond dimension 2 only.
However, neither approach respects the TTI property of the
IF. In Ref. [65], the TTI property of the Feynman-Vernon IF is
explicitly explored, which results in a very efficient algorithm
(referred to as the TTI-IF algorithm) that not only respects the
time-translational invariance but also requires only a constant
number of GMPS multiplications. The TTI-IF algorithm
proposed in Ref. [65] is used in the context of nonequilibrium
real-time dynamics to build the finite GMPS representation
of the IF, where the usage of open boundary GMPS is
because the bare impurity dynamics part K is not TTL
Nevertheless, the formalism of it can be readily used here
to build the infinite GMPS representation of the IF. Here we
will briefly review the major steps of the TTI-IF algorithm
and stress the implementation-wise difference for the case of
infinite GMPS. We start from the discretized expression of
the IF Eq. (7). In the finite case, N is determined by the total
evolution time, i.e., N =¢/&t for total time ¢ and discrete
time step size §t. In this work, we directly focus on the steady
state which is the infinite-time limit, and we will choose a
large enough N such that |A“j 1~ 0 (in our numerical
implementation, we require the absolute value to be less than
107%). Next, we denote

FH = - th A (11)

Jk=1

and therefore F, =}, . F&'. The TTIIF algorithm
contains two steps: (1) obtaining an efficient GMPS
representation of %7~ with § = 1/2" a small positive number,
and (2) multiplying 2" €% s together to obtain Z, . For the first
step, we note that as each discretized hybridization function
Aick is actually a single-variate function of the time difference

Jj—k, Fi¢ " closely resembles a 1D translationally invariant
many-body Hamiltonian. Therefore, one could use the idea
of constructing efficient infinite matrix product operator
representation of translationally invariant Hamiltonians to
build a compact GMPS representation of each ]:gc’_ Now we
explicitly denote

NS5 =0, (12)
to stress the TTI property of the discretized hybridization
function. We can use the Prony algorithm [78] to find an
optimal expansion of r; k as the summation of n exponential

FIG. 1. Schematic demonstration of the TTI approach to build Z, as an infinite Grassmann MPS using m infinite GMPS multiplications
(only the first step is shown here, since the remaining m — 1 steps are exactly the same as the first step), where compression is performed after

each multiplication.
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functions as

n

" x|

’7? ~ Zal)\'l )
=1

for both x > 0 [for terms in Eq. (11) with j > k] and x < O [for terms in Eq. (11) with j < k]. Once the optimal values of ¢«; and
A, are obtained, we can construct fé‘“ "as a TTI GMPS whose site tensors are

(13)

1 aad a,ds —a,a —a@,al it alas |
0 A 0 0 0 i
An 0 And,
i, - ; (14)
0 )\l )\.1612
0 0 0 0 T Tt
0 0 0 0 0 .

where ¢; and A; correspond to the expansion of nf‘“ "for1 <x < Nin Eq. (13), whereas &; and A, correspond to the expansion
of 77§ ¢ for —N < x < —1. For the iGTEMPO method, the only formal difference with the finite case considered in Ref. [65] is
that Eq. (14) is understood as the site tensor of an infinite GMPS, whereas in Ref. [65] it is understood as the site tensor of an
open boundary GMPS. Here we also notice that Eq. (14) contains two GVs, af,' and a5, and therefore, if one represents each
GV with a site tensor (which is the case in our implementation), then Eq. (14) represents a two-site tensor which needs to be
split into two tensors in practice. With the infinite GMPS representation of each ]—'f;{/, one can immediately obtain a first-order

approximation of e 4 , using the W/ algorithm [79] for example, which is an infinite GMPS with bond dimension 2 + 1, with

TTI site tensors:

In practice, we use the slightly more sophisticated W/ method
instead, which results in an infinite GMPS with the same bond
dimension but is a more accurate first-order approximation
[79]. Once we have obtained efficient infinite GMPS represen-

tations of the four e?%5 s (for the four combinations of ¢¢’),
we can multiply them together using infinite GMPS multipli-
cations (which can be implemented in exactly the same way as
finite GMPS multiplications [34]) to obtain %77 as an infinite
GMPS. During this process, infinitt GMPS compression is
done to compress the resulting infinite GMPS into a given
bond dimension x (the details for infinite GMPS compression
will be discussed later). With ¢%7+, Ref. [65] introduces an
extremely efficient algorithm to build Z, as a GMPS using
only m GMPS multiplications, which can be directly used
here except that we deal with infinite GMPSs instead: in
the ith step, we multiply e’/ 2! With itself. This TTI-IF
algorithm for building the infinite GMPS representation of Z,,
is schematically shown in Fig. 1. There are two additional
sources of error in the TTI-IF algorithm on top of the time
discretization error and the MPS bond truncation error (the

1 +onitafas  oaydd Véa,ds  —8a,a —/da,a |
NEYST A 0 0 0
NEY WS Ion 0 e 0 : (15)
«/Silag/ 0 )_\1 0
NIy 0 0 0 P

(

latter two are the only sources of errors in the partial IF algo-
rithm), namely the error occurred in the Prony algorithm and
the error in the first-order approximation of ¢*/~. The Prony
algorithm is a well-studied algorithm in signal processing and
can often converge with an n that only scales logarithmically
with N [80-83]. The second source of error clearly decays
exponentially with m by the design of the algorithm. In all
simulations of this work, we require the mean square error that
occurred in the Prony algorithm to be less than 107> and set
m = 5 (the same settings as in Ref. [65]), which gives accurate
results for the model settings we consider later in Sec. IV.

In comparison to the Feynman-Vernon IF, the time-
translational invariance of X in Eq. (8) is broken by the initial
condition (aﬂ Pimpla; ), which is the reason open boundary
GMPSs were used in the nonequilibrium setup [65]. Cru-
cially, in the steady state, the memory of the initial state is
completely lost, which means that this term can be neglected.
The bulk terms of C, namely (a;ﬁrl |Uimp|af)(a;|Uijnp|a;+l),
are TTI under the shift of the time step index j, whereas
the boundary condition is taken at j = co. This is exactly
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FIG. 2. Schematic illustration of the essential calculations in (a) the conventional wave function—-based MPS method, (b) the GTEMPO
method and (c) the iGTEMPO method as the contraction of 2D tensor networks, where the bath and spin indices are neglected for briefness.
The vertical axis is the temporal direction in all panels. The horizontal axis is the spatial direction in (a), whereas it has no particular meaning
in (b) and (c). (a) The tensor network has size N x oo (N = t/§t), where the bottom row is an MPS representation of the impurity-bath wave
function and the remaining rows are discretized time-evolutionary operators represented as matrix product operators (MPOs). The contraction
is usually performed from the bottom up using TEBD [84], TDVP [85,86], or standard MPO-MPS arithmetics [87]. (b) The tensor network
has size N x 1/ with § the “time step” size for discretizing Z, where the left column is the GMPS representation of X and the remaining
columns are multiplied together using finite GMPS multiplications [34] to obtain the GMPS representation of Z. (c) Similar to (b), except that
the temporal direction is extended to infinity and each column is represented as an infinite GMPS instead. The resulting tensor network has

size oo x 1/4, and the information about the transient dynamics is lost.

the same situation met in the case of a 1D MPS with in-
finite boundary condition. Drawing this connection, we can
represent KC as an infinite GMPS as well, and build it in a
similar manner to that in the finite case but only perform the
operations inside one unit cell. The compression of infinite
GMPS is the only function that needs to be reimplemented
when constructing K and Z,, as infinite GMPSs, compared to
the finite case. This can be done either deterministically using
a series of singular value decompositions (SVDs) (SVD com-
pression) [88], or iteratively, such as using the infinite density
matrix renormalization group (IDMRG) algorithm [89] or the
variational uniform matrix product state (VUMPS) algorithm
[90]. We have implemented the first two approaches and tested
them in our numerical examples. As infinite MPS compres-
sion is a well-known technique that is independent from the
main content of this work, we will not show the details of
these techniques here (one could refer to the relevant works
cited earlier for the details of this technique). To this end, we
summarize the major difference among the conventional wave
function—based MPS method, the GTEMPO method, and the
iGTEMPO method. Roughly speaking, the major calculations
in these methods can all boil down to contracting 2D tensor
networks. However, the content and the sizes of the 2D tensor
networks are very different, as illustrated in Fig. 2. We can
clearly see that the sizes of the tensor networks involved in
GTEMPO and iGTEMPO are significantly smaller than that
in the conventional wave function—based MPS method, and
that the difference between the GTEMPO and iGTEMPO
methods completely reduces to the difference between finite
and infinite MPS operations.

B. Calculating multi-time impurity correlations

Once we have obtained the infinite GMPS representations
of I and Z,,, we can further multiply them together to obtain
the ADT A as an infinite GMPS (again, A is only calculated

on the fly) and then compute multi-time impurity correlations
based on it. In GTEMPO, this is done by performing a left-to-
right sweep, starting from and ending with trivial boundaries
(e.g., the Grassmann vacuum 1), during which the conjugate
pairs of GVs are integrated out [34,64]. Based on the infinite
GMPS representation of A, the Green’s functions in Eq. (9)
(or any multi-time impurity correlations) can be calculated in
two steps: (1) obtaining the transfer matrix by integrating out
each pair of GVs a and a in one unit cell with the measure
dadae™® (which boils down to contracting the two physical
indices of the two site tensors corresponding to a and a [34],
and here we also note that this transfer matrix is completely
different from the transfer matrix used when preparing an in-
finite MPS into the canonical form [88]), then calculating the
dominant left and right eigenstates of it, denoted as (v;| and
|v,), respectively, with dominant eigenvalue denoted as Ap,x;
(2) identifying a finite window from the infinite GMPS rep-
resentation of the ADT, then evaluating the expectation value
similar to the finite case but using (v;| and |v,) as the left and
right boundaries instead of trivial boundaries. These two steps
are schematically shown in Figs. 3(a) and 3(b), respectively.

IV. NUMERICAL RESULTS

Next, we benchmark the iGTEMPO method with con-
crete numerical examples, mostly in terms of accuracy, as
its performance advantage compared to GTEMPO (GTEMPO
is already quite efficient for transport problems [34]) is
essentially the difference between finite and infinite MPS
algorithms. For all of our numerical simulations, we will use
a semicircular bath spectrum density

J(w) = TDY1 — (w/D)2 /27 (16)

with D=2 and I' = 0.1 (we use I' as the unit), which is
frequently used in the literature to benchmark new impu-
rity solvers [25,55,68,91]. We have used IDMRG for infinite
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FIG. 3. Algorithm to calculate the Green’s functions based on the infinite Grassmann MPS representation of the ADT, which can be done
in two steps: (a) computing the transfer matrix by integrating out the conjugate pairs of GVs in a unit cell, then calculating the left and
right dominant eigenstates of it; (b) identifying a finite window from the infinite ADT depending on the Green’s function to be calculated,
then evaluating the Green’s function similar to the finite case, but with nontrivial left and right boundary vectors obtained from step (a). The
single-orbital AIM with 8 GVs per unit cell is used for demonstration of the algorithm.

GMPS compression in the following numerical results, as it is
more efficient than SVD compression, whereas the compari-
son between these two compression algorithms can be found
in Appendix.

A. Equilibrium Green’s functions

We first validate iGTEMPO in the noninteracting limit
against exact solutions. In Fig. 4, we compare the equilib-
rium greater and lesser Green’s functions calculated using
iGTEMPO (with y = 60 and I'§t = 0.005) with exact diag-
onalization (ED) results calculated with dw/T" = 0.005 (the
bath discretization is the only error in ED, and we have veri-
fied that our ED results have well converged against §w). We
can see that the iGTEMPO results well agree with ED for
different values of €,, where the largest error is within 1% (see
Appendix for the convergence of iGTEMPO results against
the bond dimension).

1.0 T T
(a) - €q=0
— 05 — == e =50 |
= 051 === cq=10T
A 1l 1
O, 0.0H1 'l 7/

L ’
E
I -0.5 1/
_ | [ |
1'00 1 2 4
I't
0.5 T T
(c) 05,
— 0.4
= F
v 0.3V
@} L \
- \
g 0.2 \
T [ \
0.1F <
K S~ o
0.0 B=es : ===
0 1 2 4
I't

FIG. 4. (a) The real part and (b) the imaginary part of the equi-
librium greater Green’s function G (¢) as a function of ¢ in the
noninteracting limit. (c) The real part and (d) the imaginary part
of the equilibrium lesser Green’s function G=(¢) as a function of
t. The red, green, and blue dashed lines are iGTEMPO results for
€4/T = 0,5, 10, respectively, and the solid lines with the same col-
ors are the corresponding ED results. We have used I'§t = 0.005,
x = 60, and I' 8 = 4 in these simulations.

Then we calculate the finite-temperature equilibrium re-
tarded Green’s function G(t) = G™(¢) — G=(t) of the single-
orbital AIM for which there does not exist exact solutions.
Nevertheless, the GTEMPO results by calculating G(t — ty)
with 'ty = 8 (to overcome the transient dynamics) are al-
ready accurate, since the impurity and bath have well reached
equilibrium after #, for the considered set of parameters [66].
In Fig. 5(a), we compared the iGTEMPO results with the
GTEMPO results for different values of U/I" ranging from
1 to 9. We can see very good matches between these two
sets of results for all Us. In Fig. 5(b), we show the spectral
function A(w) = —Im[G(w)]/m, where G(w) is the Fourier
transformation of G(¢). To calculate A(w), we have used lin-
ear prediction [92] to extend G(t) to very large ¢ such that
|G(t)| < 107°. To this end, we also note another advantage
of (i)\GTEMPO compared to both CTQMC and the wave
function—based methods: once the Z,s have been built as
(infinite) GMPSs, they can be saved and used later with the
KCs for different impurity Hamiltonians (the cost of building /C
is negligible) to compute the multi-time impurity correlations
(as an example, the MPS-IFs for Fig. 5 are only calculated
once for all different U's).

B. Nonequilibrium steady state

Finally, we calculate the NESS of an impurity coupled to
two baths with a voltage bias, an ideal application scenario

I
© 3G =
N
<)

T
I

20 05 1 15 2 220 -10 20
Tt w/F

FIG. 5. (a) The imaginary part of the equilibrium retarded
Green’s function of single-orbital AIM as a function of ¢ for different
values of U, where the solid and dashed lines are iGTEMPO and
GTEMPO results, respectively. For both iGTEMPO and GTEMPO,
we have used I'6r = 0.005, x = 60, and I'8 = 4. (b) The spectral
function A(w) as a function of frequency w, obtained by taking the
Fourier transformation of G(t).
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FIG. 6. The symmetrized steady-state particle current J in the
nonequilibrium AIM as a function of the voltage bias V for differ-
ent values of U, calculated by ED (brown solid line for U = 0),
improved QMC [25] (black dashed line), tensor network IF until
't =4.2 (with x =32 and I'§t = 0.007) [69] (red x), GTEMPO
until I't = 4.2 (with x = 160 and I'§t = 0.007) [34] (cyan square)
and until I't = 8.4 (with x = 160 and I'ér = 0.014) [65] (green
circle), and iGTEMPO (purple triangle). For iGTEMPO, we have
used y = 60 and '8z = 0.005.

for iGTEMPO. We consider the two baths at zero temper-
ature with voltage bias u; = —up = V/2, and compute the
symmetrized steady-state particle current, defined as J =
(T} =TH/2= (T} = T})/2, where J denotes the particle
current with spin o that flows from the vth bath into the
impurity. In the (i) GTEMPO methods, the particle current
can be calculated as a summation of single-particle Green’s
functions [34].

The steady-state particle current of this model has been
calculated by an improved Quantum Monte Carlo (QMC)
method [25], by the tensor network IF method until I't =
4.2 (with x =32 and I'st = 0.007) [69], by the GTEMPO
method until T't = 4.2 (with x = 160, I'ér = 0.007, 0.014)
[34], and until T't = 8.4 (with y = 160, I'ét = 0.014 for
V/T" < 1.1) using a more efficient method to build the MPS-IF
[65]. In the noninteracting limit with U = 0, the GTEMPO
and iGTEMPO results both agree very well with the ED
results. In the interacting case, the time required to reach
the steady state seems to be larger for smaller V and larger
U, and it has been shown that the GTEMPO results have
well converged for V/T" > 1 [65]. In Fig. 6, we show the
steady-state particle current calculated by iGTEMPO, with
comparisons to the existing calculations. We can see that the
GTEMPO results calculated with I't = 8.4 agree fairly well
with the QMC results except for the points with V/I" ~ 0.17
and U/T" > 2 (the GTEMPO results for this point may have
not converged yet with I't = 8.4). The iGTEMPO results also
agree fairly well with the QMC results, except for V/T" =~ 0.17
with U/T" > 2 and for V/I" ~ 0.54,0.71 with U/I" > 4, but
it is not clear for now which set of results is more accurate at
these points.

Here we note another advantage of iGTEMPO compared to
GTEMPO besides that iGTEMPO directly aims for the steady
state: In iGTEMPO, one can easily use a smaller time step size

dt, as the computational cost to build /C and Z, is essentially
independent of the total number of time steps (the cost of cal-
culating multi-time correlations, in comparison, will grow for
smaller ¢, as the finite window size will become effectively
larger; nevertheless, the latter step can be easily parallelized,
as the calculations for different multi-time correlations are
completely independent of each other). Therefore, it is easier
for one to reduce the time discretization error in iGTEMPO.
In addition, in Fig. 6, we have used a smaller bond dimension
for iGTEMPO than that used for GTEMPO, but reached a
similar level of precision, which may indicate that infinite
GMPSs could be more expressive for the steady state than
finite GMPSs. However, more numerical investigations are
still required to confirm this point, which could be done in
future studies.

V. CONCLUSIONS

In summary, we have proposed an iGTEMPO method that
makes use of the infinite GMPS to represent the multi-time
impurity steady state. Similar to GTEMPO, iGTEMPO
directly obtains real-time Green’s functions without sampling
noises, applicable for any temperature without the sign prob-
lem, and its computational cost does not scale with the number
of baths. Compared to GTEMPO or other nonsampling-based
methods, the infinite GMPS ansatz used in iGTEMPO is
extremely compact: Only the site tensors in a single time step
are independent, and the total number of parameters only scale
as 162 for the single-orbital AIM. The computational cost
of iGTEMPO is essentially independent of the total evolution
time, which roughly scales as O(x>) for the single-orbital
AIM. For the single-orbital AIM with the commonly used
semicircular spectrum in both the equilibrium (one bath) and
nonequilibrium (two baths) setups, we show that with x = 60
we can already obtain results with comparable precision to
existing calculations. The iGTEMPO method is ideal for
studying steady-state quantum transport problems and can be
readily used as a real-time impurity solver in the dynamical
mean-field theory (DMFT) [27] or nonequilibrium DMFT [6].
Generalizing the central techniques developed in this work for
bosonic impurity problems is straightforward (which could be
done by following Ref. [65] in the finite case), where standard
infinite MPSs can be used instead of infinite GMPSs. We also
note that a very different strategy has already been proposed
for bosonic impurity problems that integrates infinite MPS
techniques into the time-evolving matrix product operator
method [93].
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APPENDIX: INFINITE GMPS COMPRESSION

The multiplication of two MPSs with bond dimensions yx;
and y, will result in an MPS with bond dimension x; x». In
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FIG. 7. Average error between the iGTEMPO results and ED results for (a) €;/I" = 0, (b) €;/T" = 5, and (c) €;/T" = 10. The red solid and
dashed lines represent the iGTEMPO results for the equilibrium greater Green’s functions calculated using SVD compression and IDMRG
compression, respectively. The blue solid and dashed lines represent the iGTEMPO results for the equilibrium lesser Green’s functions
calculated using SVD compression and IDMRG compression, respectively. We have used I'5r = 0.005 and I' 8 = 4 in all of these simulations.

practice, one sets a maximum bond dimension y and com-
presses the resulting MPS into bond dimension x to maintain
the computational cost [87]. The compression can be done
exactly (in principle) and efficiently if the MPS has an exact
canonical form, which is the case for both the open bound-
ary MPS and the infinite boundary MPS. When performing
compression of an infinite GMPS, the GMPS can be treated
as a standard infinite MPS [34]. A number of algorithms to
compress an infinite MPS already exist: The representative
ones include the deterministic SVD compression by perform-
ing a full left-to-right and then right-to-left sweep [88], and
the iterative ones, such as using the IDMRG algorithm [89] or
the VUMPS algorithm [90], with one-to-one correspondence
to their open boundary MPS counterparts. In this work, we
have considered two approaches: the SVD compression and
the IDMRG compression. The advantage of the first approach
is that it is deterministic and in principle leads to the optimal
canonical form. However, in the TTI-IF algorithm as de-
scribed in Sec. III A, one needs to multiply two same infinite
GMPS with bond dimension x, and as a result, the resulting
infinite GMPS has a bond dimension x2, and the cost of the
SVD compression will scale as O(x %) as similar to the finite
case [65] (but without the prefactor N for the total evolution
time). Moreover, one needs to perform the inversion of the sin-
gular matrix (see Ref. [88] for details), which is numerically
unstable if the conditional number of the singular matrix is too
large (which is often the case, unfortunately). In comparison,
the IDMRG algorithm is iterative (which means that one may
be trapped in nonoptimal infinite GMPS approximations),
whereas its computational cost for our problem only scales
as O(x*) (in the iterative compression scheme, the multipli-
cation of the infinite GMPSs are only computed on the fly to

reduce the memory usage and the computational cost). In this
work, we use the single-site IDMRG algorithm following the
implementation in the package MPSK:it.jl [94]. When using
the single-site IDMRG algorithm for our Z,-symmetric MPS
[34], the virtual space will be fixed from the beginning. Since
we only have two symmetry sectors 0 and 1, we initialize each
symmetry sector with size x/2 and find that this is a good
choice in practice. We typically use 10,000-30,000 sweeps
in the numerical simulations of the main text, since IDMRG
essentially uses the power method to find the fixed point of
the environment, which generally converges quite slowly. We
observe that the IDMRG compression is almost never trapped
in very bad solutions as long as the bond dimension is large
enough. In the future, one may use the more recent VUMPS
algorithm for infinite GMPS compression, which may achieve
faster convergences.

In Fig. 7, we show the convergence of the iGTEMPO
calculations against the increase of the bond dimension, and
compare the accuracy of the two approaches (SVD compres-
sion and IDMRG) used for infinite GMPS compression in the
noninteracting case. We use the average error £, defined as
EX,¥) = /I||X — ¥||*/L for two vectors X and ¥ of length L,
to quantify the derivation between the iGTEMPO results and
the exact solutions calculated by ED. For SVD compression,
we have set the tolerance of the eigensolver (used to calculate
the dominate eigenstates of the transfer matrix) to be 10714,
and for IDMRG, we have used 20,000 sweeps. We can see
that in both approaches, the average errors can be brought
down to less than 1% with x = 60 for very different values
of €4, and the IDMRG results for €;/I" = 0, 10 are slightly
more accurate.
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