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In this paper, we investigate the relationship between entanglement and nonstabilizerness (also known as
magic) in matrix product states (MPSs). We study the relation between magic and the bond dimension used to
approximate the ground state of a many-body system in two different contexts: full state of magic and mutual
magic (the nonstabilizer analog of mutual information, thus free of boundary effects) of spin-1 anisotropic
Heisenberg chains. Our results indicate that obtaining converged results for nonstabilizerness is typically
considerably easier than entanglement. For full state magic at critical points and at sufficiently large volumes,
we observe convergence with 1/x2, with x being the MPS bond dimension. At small volumes, magic saturation
is so quick that, within error bars, we cannot appreciate any finite-x correction. Mutual magic also shows a fast
convergence with bond dimension, whose specific functional form is however hindered by sampling errors.
As a byproduct of our study, we show how Pauli-Markov chains (originally formulated to evaluate magic)
resets the state of the art in terms of computing mutual information for MPS. We illustrate this last fact by
verifying the logarithmic increase of mutual information between connected partitions at critical points. By
comparing mutual information and mutual magic, we observe that, for connected partitions, the latter is typically
scaling much slower—if at all—with the partition size, while for disconnected partitions, both are constant

in size.

DOLI: 10.1103/PhysRevB.110.045101

I. INTRODUCTION

The past two decades have witnessed a surge in lever-
aging quantum information tools to tackle the long-standing
challenge of the many-body problem [1]. This synergy has
opened avenues for novel theoretical frameworks and pow-
erful computational techniques to describe and simulate
complex quantum systems [2]. Entanglement, a key resource
for performing several quantum information protocols [3],
has played a pivotal role in this context [4—6]. Entanglement
has been discussed in the characterization of a wide range
of phenomena, from real-time dynamics [7], to topological
order [8,9], and classification of states [10,11]. Moreover, a
particularly useful perspective has pivoted on the role of bipar-
tite entanglement in characterizing quantum wave functions,
leading to the formulation of several classes of tensor network
(TN) states [12—15].

However, it is also well known that entanglement is not
the only resource required for specific quantum information
tasks. In particular, in the context of quantum computing, an
equally essential resource is nonstabilizerness—also known
as magic [16,17]. Much like entanglement, nonstabilizerness
has been quantified within the framework of resource the-
ory using measures of nonstabilizerness. Several measures of
nonstabilizerness have been proposed in quantum information
theory, with most of them relying on the notion of quasiprob-
ability distributions [18-22]. However, in the context of
many-body systems, most of these quantifiers are difficult to
evaluate even numerically (see, e.g., Refs. [23-28]), as they
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require in principle very complex minimization procedures.
This computational intractability has hindered the task of
quantifying nonstabilizerness beyond a few qubits, posing a
major challenge in the field. To address this challenge, com-
putable and practical measures of nonstabilizerness have been
introduced recently: Bell magic [29], stabilizer nullity [30]
and stabilizer Renyi entropies (SREs) [31]. Notable progress
has been made in their experimental measurements [32—34].

Very much like when entanglement entered the many body
realm, it is presently not very clear how (and if) magic relates
to physical phenomena, and how magic and entanglement
are intertwined at the many-particle level. A very promising
framework where the above question might be answered is
provided by TN states. The control parameter describing their
descriptive power, often referred to as bond dimension, is
directly connected with the entanglement. Most relevantly,
TN states provide presently the only theoretical framework
where magic can be computed at large scale, utilizing both
exact [35,36] and stochastic methods [37—40].

Here, we study the connection between nonstabilizerness
and the bond dimension of matrix product states (MPSs) [41].
We pursue a two-pronged approach. First, we investigate the
broader question of how these two quantum resources, crucial
for realizing states intractable to classical computers, are in-
terrelated in many-body systems. Both nonstabilizerness and
entanglement are known to be essential for such simulations.
Second, we focus on the convergence properties of magic
within the context of MPS simulations. Essentially, for a given
variational simulation with a fixed bond dimension y, we
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explore how quickly these approximations converge to the
true values.

We address the magic-bond dimension relationship in two
distinct, yet equally intriguing, many-body scenarios: full
state magic and mutual magic of ground states (GSs). These
scenarios offer diverse perspectives on the interplay between
magic and entanglement. In the first case, we compare a global
property (magic) with correlations between arbitrary subsys-
tem parts (entanglement). Conversely, mutual magic examines
shared resources between partitions, potentially relevant to
field theory due to the cancellation of all boundary terms
inherent to the chosen lattice regularization.

Our investigations encompass the scaling of full-state
magic for critical points in spin-1 chains, as well as within
gapped phases. We observe polynomial scaling for critical
points, while gapped phases exhibit saturation at low bond
dimensions, where sampling errors hinder clear scaling anal-
ysis. Notably, the observed polynomial scaling is compatible
with a 1/x? dependence across all cases, suggesting a con-
vergence rate exceeding that of bipartite entanglement. This
holds for both perfect sampling and Pauli MPS representa-
tions.

Subsequently, we leverage mutual magic to study quanti-
ties independent of the UV cutoff, employing Pauli-Markov
chains. The findings reveal remarkably fast convergence
for this approach. Surprisingly, Pauli-Markov chains exhibit
an inverse scaling of autocorrelation time, facilitating sam-
pling at larger system sizes. However, formulating definitive
statements remains challenging due to potential transition-
dependent effects.

Collectively, these findings shed light on the remarkably
strong connection between magic and entanglement within
the context of MPS, a connection that appears robust in dif-
ferent classes of criticality.

The paper is structured as follows. In Sec. II, we review
basic aspects of the resource theory of magic, including stabi-
lizer Renyi entropies and their connection to mana. Moreover,
we discuss the presently available methods to compute magic
with MPS using both sampling-based and exact techniques. In
Sec. III, we present our results on both full state magic, mutual
magic, and mutual information for spin-1 chains. Finally, in
Sec. IV, we draw our conclusions and discuss outlooks.

II. NONSTABILIZERNESS IN MANY-BODY SYSTEM

A. Resource theory for magic

The theory of error correction based on the stabilizer for-
malism has motivated a resource theory of nonstabilizerness,
or magic. Here, we briefly review it, and summarize the main
results in addressing magic in the context of many-body the-
ory.

We consider a system with N qubit with Hilbert space
H= ®1}’=1’H,-. The N-qubit Pauli group Py encompasses all
the possible Pauli strings with overall phases +1 or &i. Math-
ematically, we can define Py in the following way:

Py =1{e"20;, ® 0,10, jx =0,1,2,3}. (1)

A pure N-qubit state is called a stabilizer state if it satisfies
certain conditions. Specifically, a stabilizer state is associated
with an Abelian subgroup S C Py containing 2V elements

such that S|y) = |y) forall S € S (i.e., S stabilizes |y)). Al-
ternatively, we can define a stabilizer state using the Clifford
unitaries. The Clifford group Cy is defined as the normalizer
of the N-qubit

Cy = {U such that UPU" € Py forall P € Py}. (2)

The Clifford group can be generated using the Hadamard gate,
the 7 /4 phase gate, and CNOT gate. Stabilizer states encom-
pass all the states that can be generated by Clifford operations
acting on the computational basis state [0)®V. They have a
wide range of applications in quantum information [42], con-
densed matter physics [43], and quantum gravity [44].

Despite of their very rich structures and large entangle-
ment, it is well known that stabilizer states are not sufficient
for quantum advantage. Indeed, the Gottesman-Knill theo-
rem [45-47] gives us a constructive way to efficiently simulate
Clifford circuits purely classically.

On the other hand, universal quantum computation can be
achieved through supplying magic (nonfree) states. This can
be achieved by augmenting the Clifford group with the Toffoli
gate or the 7 /8-phase (T') gate, thus unlocking the potential
for universal quantum computation.

In this context, it is important to quantify the non-Clifford
resources needed to prepare a given state. The amount of
nonstabilizerness, or magic, of any state is measured using
magic monotones. The properties required for a good mono-
tone M of nonstabilizerness are: (i) M(|¥)) = 0 iff [) is
a stabilizer state (ii) nonincreasing under Clifford operations:
MTY)) < M(|¥)), and (i) M(|y) ® [9)) = M(|¥)) +
M(|¢)) (in general, subadditivity is sufficient).

Previous studies primarily explored magic measures in
small or weakly correlated systems, hindering our grasp of
nonstabilizerness in entangled, many-body systems. This lim-
itation stems from the exponential growth of stabilizer states
and their increasingly complex geometries with increasing
system size. As a consequence, calculating or numerically
analyzing nonstabilizerness measures for large states be-
comes tremendously challenging. Only very recently this
has been made possible by the developments of analytical
and numerical tools to compute the SREs at large scales
[35-40,48-51].

From a quantum information perspective, understanding
and measuring nonstabilizerness in MPS is crucial because
it’s a potential resource for achieving quantum advan-
tage [45,49,52]. Recent studies suggest that the computational
power of a state isn’t solely determined by its overall nonsta-
bilizerness (magic density). Other characteristics, including
subleading terms [39], nonlocal components [49], and poten-
tially topological aspects [53], also play significant roles.

Beyond its practical importance, understanding the con-
nection between nonstabilizerness (quantum correlations) and
physical phenomena holds broader significance, similar to
the established importance of entanglement in this context.
However, this connection remains poorly understood due to
the lack of computable measures for nonstabilizerness and
the methods to analyze them. Building on previous work
(Refs. [35-37,39,54,55]), we will utilize the SREs as a mea-
sure of nonstabilizerness to explore this connection within the
framework of MPS.
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B. Stabilizer Rényi entropies

Stabilizer Rényi Entropies (SREs) are a measure of non-
stabilizerness recently introduced in Ref. [31]. For a pure
quantum state p, SREs are expressed in terms of the expec-
tation values of all Pauli strings in Py:

1 Tr(pP)>"
My(p) = ——w | 3 DL 3)

_ N
1 n PePy d

with d is the local dimension of the Hilbert space of N
qudits and Py is the generalized Pauli group of N qudits.
The SREs have the following properties: [31] (i) faithful-
ness: M, (p) =0 iff p € STAB, (ii) stability under Clifford
unitaries C € Cy: M,(CpC") = M, (p), and (iii) additivity:
M, (pa ® pp) = M,(pa) + M,(pp). The SREs are thus a good
magic measure from the point of view of resource theory,
where the free states are defined as the stabilizer states while
the free operations are the Clifford unitaries. This definition is
a straightforward generalization to general local dimension d
from the one given in Ref. [31]. For d > 2, the Pauli operators
are no longer Hermitian, and thus the expectation values can
be complex. For this reason, we take the absolute values of
the expectation values ITe(pP)|*". Eq.(3) can be seen as the
Rényi-n entropy of the classical probability distribution:

Ep = |Tr(pP)*/d" )

It is important to note that, for spin-1/2 systems, an exception
to the SRE properties mentioned above has been discussed in
Ref. [35] for n < 2. An overview discussion can be found in
Ref. [55].

The definition of SREs can be extended to mixed states by
properly normalizing Ep. For example, for n = 2, the mixed
state SRE is given by

- Tr(pP)*
i1, = — o [ Zren PN )
ZngN [Tr(oP)|
which can be seen as the Rényi-2 entropy of
Ep = [Tr(oP)|* / > Ime(op). ©)

PePy

apart from some offset. Here, the free states are defined as the
set of mixed stabilizer states that can be obtained from pure
stabilizer states by partial tracing. This implies that, in gen-
eral, SRE are not always magic monotones for mixed states,
as the above set does not include more general convex combi-
nations. Remarkably, as we discuss below, they are—under
rather ubiquitous conditions—for odd-dimensional Hilbert
spaces: this is the main reason why, in this work, we focus
solely on spin-1 chains.

While well motivated from the information theoretical
side, full-state magic is somewhat suboptimal from a quantum
many-body viewpoint, as it contains information about the
edges of the system for open chains. Moreover, it has been
shown that, even for simple spin models, full state magic is
not necessarily associated to collective phenomena such as
phase transitions [40,48]. This is similar to what happens to
entanglement and Renyi entropies.

In order to overcome such limitations, a UV cutoff
independent quantity is desirable, similar to the mutual infor-

FIG. 1. Schematic representation of the partitions of the chain
considered for the calculation of long-range magic.

mation in the context of entanglement entropies. In Ref. [39],
long-range magic was introduced as

Ln(pAB) = Mn(pAB) - Mn(pB) - Mn(pA)s (7)

where A and B are two separated subsystems. The long-range
(or, probably better, mutual) magic is directly reminiscent
of mutual information, that has played a major role in char-
acterizing the distribution of both classical information and
quantum correlations in many-body systems. It is important to
say that, similar to mutual Renyi entropies, L, will in general
not being strictly positive (they will for the case n = 1/2, as
discussed below). Still, from the many-body viewpoint, they
are very appealing quantities, whose connection to physical
phenomena has already been pointed out.

In the following, we will focus on Ly(pap), and drop the
subscript for convenient notation. We will examine two differ-
ent partitioning scenarios: two connected partitions (as B and
C in Fig. 1); two disconnected partitions, with one positioned
at the boundary and the other one in the bulk of the chain (A
and C). In all two cases, we fix the lengths of the partitions
by a fixed ratio of the total number of sites in the chain,
specifically N/4. In what follows, these situations will be
referred to as case BC and case AC.

C. Connection with Mana

For odd-prime-level qudits, another good measure of non-
stabilizerness is the mana entropies, recently introduced in
Ref. [40]. To define the mana entropies for qudits with local
dimension d, consider the generalized Pauli operators (also
known as Heisenberg-Weyl operators), which are defined in
terms of the shift and clock operators

d—1 d—1
X=> lk+1)(kl. Z=Y aflk)kl
k=0 k=0

2mi/d

where w; = e , as

Tow = CU;TZaXa,
for a, ' € Z,. For a system of N qudits, the Pauli strings are
Ta - Talal/Tazaz/ .. ];,INLIN/ .

The phase space point operators are defined in terms of the
Pauli strings as

1
Ao =5 Z Ta,  Aw=TAoT,
u

and they provide an orthonormal basis for an operator in
C"®" Finally, the mana entropies are defined as

] Tr(pAy )"
Mn(p)=m1n{z%}. 8)

u
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Mana entropies are simply SREs with the Pauli operators re-
placed by the phase-space point operators. The mana entropy
for n = 1/2 is equivalent to the mana [19,56], which is a
genuine nonstabilizerness monotone both for pure states and
mixed states.

It was shown in Ref. [40] that, whenever a state fulfils the
relation

Aul¥r) = 1Y), C))

for a given u, mana entropies coincide with SREs for all order.

D. Computability from MPS

One of the reasons why SREs are appealing is the fact
that they can often be computed much more efficiently than
previously known nonstabilizerness monotones. Even if for
generic states the computational cost grows exponentially in
N [31], the evaluation of Pauli expectation values is, in prac-
tice, simpler than carrying out the minimization procedure
involved in the definition of the robustness and min relative
entropy of magic.

Moreover, for certain classes of many-body states, the
computational cost is polynomial in the number of qubits N.
This is the case for MPS, the simplest tensor network states,
that describes a pure state |) in the following way:

W)= > AVAY-AVlsis.ccesy) (10)

81,82, ,SN

with A} being x x x matrices, except at the left (right) bound-
ary where A}' (Ay))is a1 x x (x x 1) row (column) vector.
MPSs admit a useful graphical representation, where each
matrix A® is interpreted as a tensor with three indices, denoted
by three outer legs.

This section aims to review the three different methods to
calculate the SREs: (i) perfect Pauli sampling [37,38], (ii)
Pauli-Markov MPS [39], and (iii) replica Pauli-MPS [36].
All of these methods come with their own set of advantages
and disadvantages, and thus they are applicable in different
situations considered in this work. While the first two methods
rely on sampling techniques, although treating the MPS ansatz
exactly, suffer from accuracy dependence on the number of
samples; in contrast, the latter method enables direct com-
putation of the SREs (and other monotones) but necessitates
further compression that introduces approximation, in order
to keep computational cost manageable. We discuss all these
elements below.

One further comment is in order: the spin chains we con-
sider has either U(1) or SU(2) symmetry. Such symmetries are
straightforwardly implemented in tensor networks. However,
we opted not to include them while using sampling methods
for two reasons: (i) this allows us to make general statements;
(ii) the sampling procedure can be formulated in terms of
few-site operations only: while this makes it not more effi-
cient (including symmetries is straightforward), it facilitates
comparisons between different paramenter regimes; and (iii)
for most cases, full state magic will converge so quickly with
bond dimension that including symmetries would have made
finite-bond dimension corrections hard to characterize.

1. Perfect Pauli sampling for MPS

This method is based on Tensor Networks perfect sampling
algorithms [57,58] and on the fact that the SREs can be eval-
uated as

1

an 1—n

1n(E;*1)EP — Nlnd (11)

forn # 1, and
M, = —(InEp)g, — NInd (12)

for n =1, where (...)g, is the average over the probability
distribution Ep in Eq. (4). The crucial ingredient here is the
capability to extract a Pauli string Py = o[ ---oy", for a
specific index configuration o = (¢, ap, ..., ay), with the
correct probability. The key observation relies on the fact that
any probability can be rewritten as

Ep, = plar)plaz|ar) - - plan|onay . .. ay-1), (13)

where p(ajlojas---oj_1) is the conditional probability to
get a Pauli matrix 0% at site j, given the partial configura-
tion o' - - - o;lfl‘ and marginalising over the remaining lattice
sites. By iterating over this chain relation, each conditional
probability can be efficiently computed for a MPS. In partic-
ular, after a complete sweep along the entire system, and a
total computational cost O(N x*), we generate strings of Pauli
operators P, associated exactly with the correct probability
Ep, [37,38].

The value of M, (or M) can be estimated using Egs. (11)
and (12) averaging over a finite number of samples S; the
accuracy of the method of course increases with the number
of samples. Indeed, the difference between the average value
of M,, obtained by sampling the distribution Ep and the actual
value M, is of the order of O(1/+/S). In addition, in the typical
cases where the SREs is extensive, the number of samples
required to estimate the SREs within a given error scales
polynomially with N for n = 1, and it is exponential in N for
n # 1[37-39].

It is worth mentioning two additional methodological as-
pects. Perfect Pauli sampling for MPS can be enhanced by
employing a clever biasing strategy, enabling direct access to
the stabilizer nullity [59], which can be seen as well as the
n — oo limits of the SREs [36]. Additionally, improved sam-
pling strategies can also be applied to SRE, as demonstrated
in Ref. [60].

2. Pauli-Markov MPS

The Pauli-Markov method aims to estimate the SREs by
a direct sampling of the Pauli strings using Monte Carlo
scheme [39]. Unlike perfect Pauli sampling, any probability
distribution ITp which only depends explicitly on the expec-
tation value of P can be sampled. It is possible to exploit this
flexibility to implement various tricks to reduce the statistical
errors (see Refs. [39,40] for more details).

One important application of Pauli-Markov is to estimate
the long-range magic. To do this, we first rewrite Eq. (7) as
follows:

L(pas) = 1(pag) — W(pap), (14)
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where

S pepy TrHPAPOI* Y pep, |Tr(pBPB)|4>

W (pap) = —P
> piyery | TH(0aBPAR)I*
s)
and I(pap) = S2(pa) + S2(pp) — S2(pas) is the Rényi-2 mu-
tual information. If one is to sample according to Ilp,, o

Tr(papPag)*, we can estimate W (p4z) by

ITr(paPa)|* | Tr(ppPp)|*
ITr(papPag)*

W (pap) = —ln< > ) (16)
pyy

where Psp is decomposed as Pip = Py ® Pg. Similarly, the
Rényi-2 mutual information can be estimated by

ITr(paPa)|? | Tr(ppPp)I* >
|Tr(papPas)|?

I(pap) = —1n< a7

Erpp

Pauli-Markov method is applicable with MPS since any
expectation values are efficiently computable. For a single-site
update scheme, if the candidate site is chosen randomly with
uniform probability, the distance between the current site and
the modified site is on average linear in N. Therefore, the
cost for each update in MPS is O(N x?). Note that randomly
choosing the modified site, as opposed to sweeping procedure,
is important for ensuring detailed balance, as well as reducing
the autocorrelation time.

3. Replica Pauli-MPS

Since the SREs are expressed in terms of Pauli expectation
values, it would be advantageous to store the expectation
values in an efficient way. This can be achieved simply by
representing the state in the Pauli basis. If a state is efficiently
represented by an MPS with bond dimenion yx, its exact
representation in the Pauli basis can also be written as an
MPS with bond dimension x2, i.e., the Pauli-MPS [36]. In
this formalism, the SRE of index n can be evaluated as the
contraction of 2n replicas of Pauli-MPS.

Compared to the original replica trick formulation [35],
the advantage of replica Pauli-MPS method comes in two
aspects. First, the physical dimension of the intermediate MPS
to compute the SRE of index n is constantly d* using the
replica Pauli-MPS approach, while Ref. [35] requires a phys-
ical dimension of d*>"~1, which grows exponentially with 7.
Since the bond dimension is XZ” in both methods, the cost
of exact contraction to compute the SRE is O(Nd?x®") and
O(Nd*"=D y ") respectively. Second, since the intermediate
MPS in the replica Pauli-MPS method is obtained by repeated
MPO-MPS multiplication, one can sequentially compress the
resulting MPS after every iteration using standard tensor net-
work routines. Although this is at the cost of computing an
approximation to the SRE, the error of the truncation can
be monitored, e.g., by doing standard convergence analysis.
From the practical point of view, this controlled approxima-
tion scheme is crucial to be able to apply the method beyond
the very small bond dimension that can be afforded using
exact contraction. Assuming all intermediate MPS has bond
dimensions of order x, the computational cost of approximate
contraction is O(Nd> x*), that significantly improves on scal-
ing with bond dimension compared to the exact contraction.

my
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0.15

0.00

FIG. 2. Phase diagram of the S =1 XXZ chain with uniaxial
single ion-type anisotropy. The three marked points correspond to
the transitions examined in the rest of the paper: (i) large D-XY (J, ~
—0.183, D ~ 0.5); (ii) Haldane-Large D (J, ~ 0.5, D ~ 0.635), and
(iii) Haldane-Néel (J, ~ 2.93, D ~ 2.6). m, is computed with perfect
Pauli sampling with Ny = 10° samples.

Further, accessing the SRE of any partition is very simple
in the Pauli-MPS formalism. Indeed, any site can be traced
out simply by projecting the site to identity. Then, the SRE of
a given partition can be obtained in a similar way as above by
considering the Pauli-MPS after tracing out the sites outside
of the partition.

III. SRE IN SPIN-1 XXZ CHAIN

We consider a S = 1 XXZ chain with uniaxial single ion-
type anisotropy:

N N
H= Y [SiShy + SIS0, + LSS5, 4+ DY OS2, (18)
i=1 i=1
where S%’s, @ = x,y, z, are the spin-1 operators, J, is the
easy-axis anisotropy, and D is the single-ion anisotropy. The
model has a global U (1) symmetry corresponding to the con-
servation of total magnetization Zi S?, and here we consider
the ground states at the sector of zero total magnetization.
The model displays a rich phase diagram, as sketched in
Fig. 2, making it a good playground to explore magic in phase
transitions [61].

For J, > 0, the model hosts three phases (with increasing
D): the antiferromagnetic Néel order, the symmetry-protected
topological (SPT) Haldane phase, and the large-D trivial
phase. The Néel to Haldane transition is an Ising transition,
while the Haldane to large-D transition is a Gaussian transi-
tion.

For Jz < 0 the model hosts a ferromagnetic phase, the
large-D trivial phase and two different XY phases: for large
negative D (XY2) (5757) and (5757) decay exponentially,
while for small negative D (XY1) they decay with a power
law, therefore they can be regarded as two different phases.
The XY to Haldane and XY to large-D transitions are BKT
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FIG. 3. (a) The SRE density m; computed via perfect Pauli sampling for various bond dimensions . The number of samples is Ny = 10*

(b) The entanglement entropy Sy, for various bond dimensions .
To obtain the MPS approximation of the ground state with

a given bond dimension y, we perform DMRG simulations
using the ITENSOR package [62,63]. We then employ the meth-
ods outlined in Sec. IID to compute the SRE. The full-state
magic is generally linear in the system size N, and thus we
will consider the SRE density m,, = M,/N. Note that, since
the phase-space operator Ay commutes with the Hamiltonian
of the S = 1 XXZ chain, the ground state SREs coincide with

transitions, while XY to ferromagnetic and large-D to ferro-

magnetic are first order transitions.
In what follows, we consider three different transitions that

are present in the model’s phase diagram: Haldane-Néel (Ising
transition at J, ~ 2.93, D ~ 2.6), Haldane-large D (Gaussian
transition at J, ~ 0.5, D ~ 0.635), and large D-XY (BKT
transition at J, ~ —0.183, D ~ 0.5) [61].

The SRE in § =1 XXZ chain was recently investigated
in Ref. [39] using Pauli-Markov method. It was shown that,
while the full-state magic appears rather featureless at the crit-
ical points, long-range magic is able to identify the transitions.

the mana entropies (see Sec. I1C).
For the Pauli-Markov method, due to the presence of U(1)

symmetry, a two-site update scheme is required to sample
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FIG. 4. Scaling of the SRE density m, with the bond dimension x in different critical points. The number of samples is Ny = 10*. The
different panels correspond to different system sizes: (a) N = 128, (b) 256, (c) 512, and (d) 1024.
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FIG. 5. Scaling of the SRE density m; with the bond dimension
x in critical points at fixed N = 1024. The number of samples
is Ny = 10* The different panels correspond to different transi-
tions: (a) large D-XY transition, (b) Haldane-large D transition, and
(c) Haldane-Néel transiton.

only the Pauli strings that are compatible with the symmetry.
To this end, we generate the candidate Pauli string P’ by
randomly multiplying the current Pauli string P with either

Z; or XiTX ;. Moreover, we set the probability to multiply with

Z; or Z; to be equal, so that detailed balance is satisfied.

Figure 2, obtained utilizing perfect Pauli sampling, illus-
trates the variation of m; within the model’s phase diagram.
Notably, magic reaches its peak within the topological phases
(Haldane and XY) and rapidly declines in the trivial phases
(ferromagnetic, large D, and Néel). However, no distinct char-
acteristics are observed at the critical point, consistently with
previous findings [39].

A. Scaling of full-state magic

We calculate the SRE and study how it scales with the
bond dimension of the MPS. Initially, we utilize perfect Pauli
sampling, focusing on the n = 1 SRE, where the number of
samples only needs to scale polynomially with system size to
achieve a desired level of accuracy in estimation. In Fig. 3, the
SRE density m; is compared with the entanglement entropy at
half chain, Sy/,. The graph displays three distinct transitions:
Haldane-Néel, Haldane-large D, and large D-XY. We observe
that convergence of nonstabilizerness occurs at smaller bond
dimensions compared to those required for entanglement en-
tropy. Indeed, as shown in Fig. 3(a), a bond dimension of y ~
8 is sufficient for an accurate computation of magic density,
presenting a significant practical benefit.

Moreover, in Figs. 4 and 5, we demonstrate that m;
scales as % at critical points. Figure 4 shows the linear

dependence of m; from % for different system sizes (N €
{128, 256, 512, 1024}), while Fig. 5 provides a detailed view
of the largest system size. The dashed lines in these fig-
ures represent the fits performed with the functional form
mi(1/x%) = mg + cl/x?. Note that the slope c is size in-
dependent in the large D-XY and Haldane-Neel transitions,
while it changes nonmonotonically with N in the Haldane-
Large D case. Regarding the intercepts, we expect them to be
size invariant since the SRE is generally linear with size N and
what we are computing is its density, namely, m; = M;/N.
Indeed, this expectation holds true for the large D-XY and
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FIG. 6. (a) The SRE density m, computed via Pauli-MPS for various bond dimensions y. (b) Scaling of the SRE density m, with the bond

dimension y in the critical points at fixed N = 64.

045101-7



PHYSICAL REVIEW B 110, 045101 (2024)

M. FRAU et al.
2.0
(a) v 7
. ﬂr&!}
1.8 = ;;%--s\'/i
’ e
_ —’f;’"f
- ,,;,@'::/ Y 74
£1.6 P .
= g"’ -
1.4 v --¢- LargeD-XY
. ”E*' Haldane-LargeD
v ¥-- Haldane-Neel
b 10! 2x 101 3 x 104 x 10"

N

2.0 (b)?‘!
H X
r‘x X,

TRy Ry E e ey
18 ""’iii ,,,,,,,,,,, rg g gty g E Ry |
§ | ; \“!‘i
~ "’E”‘.( ”””””” hN ::‘_’i’_‘*ﬂ’f—ii’x‘s"”

1.61 &N =16
; ~B- N =28
v - N =40
) 10 15
X

FIG. 7. Mutual information scalings for connected partitions (case BC). The number of samples is Ny = 10°. (a) Scaling with the size for
different transitions (in a logarithmic scale). The three circles correspond to the sizes used for the scaling in the bond dimension . The bond
dimension here is fixed at x = 20. (b) Scaling with the bond dimension x in the Haldane-large D transition (Gaussian transition at J, ~ 0.5,
D ~ 0.635), for different sizes. The dashed lines here correspond the value of the mutual information at y = 20.

Haldane-large D transitions but not for the Haldane-Néel one,
which appears to exhibit a more pronounced finite-size effect.
Moreover, in Fig. 6, we show the behavior of m, as a func-
tion of bond dimension x obtained from Pauli-MPS with bond
dimension xp = 2 % x. In Fig. 6(a), we show m; versus x in
the three distinct transitions: Haldane-Neel, Haldane-large F,
and large D-XY. We observed that the convergence of the m;
occurs at small bond dimension. In Fig. 6(b), we show that
my scales as % at the critical points for system size N = 64.
In the three different panels, the dashed lines represent the fits
performed with the functional form m,(1/x2) = mo + c1/x>.

B. Mutual information and long-range magic scaling

To evaluate long-range magic we employ the Pauli-
Markov sampling technique. This choice is motivated by the
limitations encountered with perfect Pauli sampling when es-
timating the quantities defined in Eqgs. (16) and (17). Perfect
Pauli is efficient in these two scenarios: when p is a pure state;
when p is the reduced density matrix of a partition that falls at
the boundary of a larger pure state (both rightmost subsystem,
in that case one should sample with the right-normalized form
of the MPS, and leftmost, where instead one should use the

a P - ___
11 '("_)_‘__ : - - - '\\ e
.
Lo|_ @ e e
/T --&- LargeD-XY
o
§ 0.9 --®- Haldane-LargeD
:/O 8 v-- Haldane-Neel
v
0.7 Vg e e v
v

30 40

N

10 20

left-normalized form). However, it is not efficient in the case
of two (possibly disconnected) partitions.

We first focus on the mutual information 7, obtained by
means of the estimator defined in Eq. (17). Results are pre-
sented in Figs. 7 and 8, for case BC and AC respectevely.
In particular, Fig. 7(a) shows the scaling with size in case
BC. We observe that I(ppc) exhibits logarithmic scaling. This
corresponds with the expected scaling behavior for connected
partitions, mirroring that of entanglement entropy in critical
phases, which is well-established result in conformal field
theory [64,65]. However, what differs from entanglement en-
tropy is the scaling of I(ppc) with the bond dimension y,
as illustrated in Fig. 7(b). We focus on a single transition:
the Haldane-large D transition, and perform the scaling for
N € {16, 28, 40}. Notably, unlike what happens for Sy, the
mutual information converges at a fixed value from above.
What plays a role in this discrepancy are the partitions under
examination. In our study, we analyze a four-partite system,
unlike the bipartite case of entanglement entropy. Hence,
the information extracted is not directly comparable to that
obtained from the latter. In the case of AC, as depicted in
Fig. 8(a), we observe that the mutual information 1(ppc)
remains constant with increasing size, consistently with

1.1
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FIG. 8. Mutual information scalings for disconnected partitions (case AC). The number of samples is Ny = 10°. (a) Scaling with the size
for different transitions. The three circles correspond to the sizes used for the scaling in the bond dimension . The bond dimension here is
fixed at x = 20. (b) Scaling with the bond dimension x in the Haldane-large D transition (Gaussian transition at J, ~ 0.5, D ~ 0.635), for
different sizes. The dashed lines here correspond the value of the mutual information at y = 20.
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sizes. The dashed lines correspond the value of the long-range magic at y = 20.

previously known results [66]. Figure 8(b) shows the scaling
with x for the Haldane-LargeD transition and for the same
three sizes as in the previous case. Even in this scenario, we
observe a rapid saturation in the bond dimension.

As concerns long-range magic, the numeric results are
challenging to interpret due to statistical error. In Figs. 9(a)
and 10(a), we display the scaling with the system size N for
case BC and AC, respectively. Comparing with the behavior of
mutual information, long-range magic appears to increase less
rapidly for two connected partitions, while remaining constant
for disconnected partitions. Turning to the scaling with the
bond dimension x, depicted in Figs. 9(b) and 10(b), we notice
parallels with the behavior of mutual information. However,
unlike for the full-state magic case, we are not able to predict
a functional form for the correction in the bond dimension.
Specifically, to estimate the y-dependence, in the previous
section we focused on xy > 5. Yet, at these values of y, it
is difficult to discern the scaling, as the fluctuations we aim
to fit are of the same order as the error bars with a sample
size of Ny = 10°. This is because our estimation of long-range
magic comprises a sum of two terms, each associated with its
own statistical error, and the W term defined in Eq. (16) is
more challenging to estimate. As a consequence, we cannot

"l ) 3
a B
0.00 %"'5}—" g N
. - ¥
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= _y 101 #- Haldane - LargeD
~ v--- Haldane-Neel
—0.151 vV '
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V¥
—0.20+ 3
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N

predict the precise scaling of long-range magic in y, but we
consistently observe rapid saturation.

IV. CONCLUSIONS

We have investigated the relation between magic and bond
dimension in the context of ground states of spin-1 systems,
for which the resource theory of magic in terms of stabilizer
Renyi entropies is well under control. We considered both
the full-state magic, a global property, as well as the mutual
magic, that characterizes the magic that resides in the correla-
tions between subsystems. We mostly show results at critical
points, since inside phases, convergence of magic with the
bond dimension is so quick that is hard to characterize.

For full-state magic, we provide extensive numerical evi-
dence that the stabilizer Renyi entropies converge rapidly with
a scaling of 1/x2, significantly faster than that of entangle-
ment. Then, for mutual magic, we again observed a very mild
scaling with respect to bond dimension, although we were not
able to definitively determine the correct scaling form. These
results lend credence to previous works that used small MPS
bond dimension to study magic.

L(pac)

~§-N=16
~¥- N =40

—0.3

10 15
X

t

FIG. 10. Long-range magic scalings for disconnected partitions (case AC). The number of samples is Ny = 10°. (a) Scaling with the size
for different transitions. The two circles correspond to the sizes used for the scaling in the bond dimension x. The bond dimension here is fixed
at x = 20. (b) Scaling with the bond dimension x in the Haldane-large D transition (Gaussian transition at J, ~ 0.5, D ~ 0.635), for different
sizes. The dashed lines correspond the value of the long-range magic at y = 20.
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FIG. 11. Integrated autocorrelation times scaling with size N for connected partitions B, C of length L = N/4 (see Fig. 1). (a) Integrated
autocorrelation time in the estimation of I(ppc) (Eq. (17)). (b) Integrated autocorrelation time in the estimation of W (ppc) (Eq. (16)).

Additionally, a valuable byproduct of our investigation is
the discovery that Pauli-Markov chains can efficiently esti-
mate mutual information of disconnected subsystems, with
the samples exhibiting small autocorrelations. This method—
to the best of our knowledge—largely outperforms traditional
methods utilizing exact TN contraction.

Overall, this work sheds light on the dependence of magic
in MPS with the bond dimension; the latter is in turn directly
linked to entanglement. Given the recent focus on the inter-
play between magic and entanglement, an interesting question
is whether these results hold deeper significance, potentially
hinting at a more fundamental connection between these two
resource quantities. It would be intriguing to perform a sim-
ilar analysis in the context of different classes of variational
wave functions, such as projected entangled pair and tree
tensor network states, where the bond dimension relation to
entanglement is different than in MPSs. Finally, it could be in-
teresting to investigate how some of the Pauli-based sampling
methods might be suitably modified to measure magic and
Renyi entropies experiments, relying on importance sampling.

Note added. Recently, we became aware of a related study
in the context of random matrix product states [67] by Lami,
Haug, and De Nardis, which appeared on the same arxiv
posting.
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APPENDIX: AUTOCORRELATIONS

In this section, we show a detailed analysis of the autocor-
relation of the long-range magic.

The normalized autocorrelation function of the stochastic
process that generated the chain for f, denoted as ps(?), can
be estimated for a finite set of Ny samples, as

pr@) = crt)/cr(0), (AD)
where
Ng—t
1) = 0 — Wt — A2
0= 5= ;(f wp)fore — 1) (A2)
and
&
= — . A3
e = ;fn (A3)
We estimate the integrated autocorrelation time t as
M
T=142) ps(t) (A4)

t=1

for some M < Ng. Extending the sum to Ns is inconvenient
because, for ¢ > 1, ps(t) diminishes, leading to a situation
where noise dominates over signal. Hence, introducing the
cutoff M helps to reduce the variance of the estimator t, at the
cost of adding some bias. A good tradeoff between decreas-
ing variance and introducing bias can be accomplished by
choosing the smallest M that satisfies M > Ct (M), tipically
with C ~ 5. We estimated the autocorrelation times using
the emcee library [68] which employs the iterative procedure
outlined in Ref. [69] to determine a suitable window size M.

Note that, for each computation of long-range magic, we
make use of two Markov chains: one for the estimation of
I(pap) defined in Eq. (17), the other one for the estimation of
W (paB), as in Eq. (16). The two autocorrelation times are thus
not directly related.

In Fig. 11, we show the results for two connected partitions
(as B, C in Fig. 1). We observe that increasing the size of the
system N, tP€ is always < 5, hence essentially constant. tj5¢
is instead decreasing with size.

Figure 12 shows the results for disconnected partitions. We
study two possible scenarios: both partitions at the boundary
of the chain (A, D of Fig. 1) or one at the boundary and one
in the bulk (A, C). We observe that again t; is approximately
constant while 1y is decreasing with size, for both cases. This
decreasing trend can be understood in terms of our proposal
of the candidate string: at each Markov step we update either a
single site or two sites, that are randomly chosen. The updated
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FIG. 12. Integrated autocorrelation times scaling with size N for disconnected partitions of length L = N/4. (a) and (c) refer to the choice
of partitions A and C in Fig. 1 (one in the boundary and one in the bulk, with distance N/4 between the two), while (b) and (d) refer to the
choice A and D in Fig. 1 (both at the boundary, with distance N/2 between the two). (a) and (b) show the integrated autocorrelation times in
the estimation of I(pac/ap) [Eq. (17)], while ¢ and d show the integrated autocorrelation times in the estimation of W (0ac;ap)-

sites can then fall in two different partitions. When the two
partitions are disconnected, as the size of the system increases,
so does the distance between the two, making it easier to
generate noncorrelated Pauli strings. Indeed, when the two
partitions are more distant, namely in the AD case, where they
are separated by a distance N/2, the integrated autocorrelation
time 74 is always smaller than the one corresponding to the
other scenario TV’?,C, where the distance between the partitions
is N/4.

To further illustrate the origin of the above results, in
Fig. 13, we show the behavior of the normalized autocor-
relation function of the mutual information [/ for case BC.
Figures 13(a)-13(c) correspond, respectively, to the large

D-XY, Haldane-large D, and Haldane-Néel transitions. Coun-
terintuitively, we observe that despite the mutual information
increasing with size (see Fig. 7), the autocorrelation of the
Pauli-Markov chain remains constant.

These results demonstrate a remarkable unexpected effi-
ciency of Pauli-Markov chains when dealing with long-range
correlations: indeed, such Markov chains typically show a
dynamical critical exponent between O and 1 for full state
magic, while here, the exponent is actually negative—that
is, sampling becomes simpler as volume increases, despite
information not necessarily decaying. This feature makes
Pauli-Markov chains potentially interesting to be used in ex-
perimental protocols.
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. N =28
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FIG. 13. Normalized autocorrelation function of the mutual information / in case BC, for different sizes. Panel (a): Large D-XY transition
(BKT at J, ~ —0.183, D ~ 0.5). Panel (b): Haldane-Large D transition (Gaussian at J, ~ 0.5, D ~ 0.635). Panel (c): Haldane-Néel (Ising at

J.~2.93,D ~2.6).
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