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We present a comprehensive Fermi liquid description for thermoelectric transport and current noise, applicable
to multilevel quantum dots (QD) and magnetic alloys (MA) without electron-hole or time-reversal symmetry. Our
formulation for the low-energy transport is based on an Anderson model with N discrete impurity levels, and
is asymptotically exact at low energies, up to the next-leading order terms in power expansions with respect to
temperature 7 and bias voltage eV. The expansion coefficients can be expressed in terms of the Fermi liquid
parameters, which include the three-body correlation functions defined with respect to the equilibrium ground
state in addition to the linear susceptibilities and the occupation number N, of impurity electrons. We apply
this formulation to the SU(N) symmetric QD and MA, and calculate the correlation functions for N = 4 and 6,
using numerical renormalization group approach. The three-body correlations are shown to be determined by a
single parameter over a wide range of electron fillings 1 SN, < N — 1 for strong Coulomb interactions U, and
they also exhibit the plateau structures due to the SU(N) Kondo effects at integer values of N,. We find that the
Lorenz number L = k /(T'o) for QD and MA, defined as the ratio of the thermal conductivity « to the electrical
conductivity o, deviates from the universal Wiedemann-Franz value 772/(3¢?) as the temperature increases from
T = 0, showing the 7% dependence, the coefficient for which depends on the three-body correlations away from
half filling. Furthermore, we find that the current noise for the SU(4) quantum dots and that for SU(6) show
a pronounced difference at the quarter N,/N = 1/4 and 3/4 fillings. In particular, the linear noise for N = 4
exhibits a flat peak while the peak for N = 6 shows a round shape, reflecting the fact that, at these filling points,
the SU(N) Kondo effects occur for N = 0 (mod 4), whereas the intermediate-valence fluctuations occur for
N = 2 (mod 4). We also demonstrate the role of three-body correlations on the nonlinear current noise and the
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other transport coefficients.
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I. INTRODUCTION

The Kondo effect is a fascinating many-body effect [1,2],
taking place in dilute magnetic alloys (MA), quantum dots
(QD), and other novel quantum systems such as ultracold
atomic gases [3] and quark matter [4]. It was shown in the
1970s that the low-energy behavior of the Kondo systems
can be described by a quantum impurity version of the Fermi
liquid (FL) theory [5-9]. In particular, using the numerical
renormalization group (NRG) approach [10-12], Wilson et al.
demonstrated that the low-lying excited states of the Kondo
and the Anderson models exhibit a one-to-one correspondence
with the excitations of the renormalized quasiparticles.

The quasiparticles are asymptotically free in the equi-
librium ground state, where the perturbations from the
environment or reservoirs, which may depend on external
parameters such as frequency w, temperature 7', bias voltages
eV, etc., are absent. As these perturbations are adiabatically
switched on, the quasiparticles capture the damping rate of
order w?, T2, and (eV )? through the residual interactions and
this significantly affects the transport properties [5-9,13,14].
When the electron-hole or time-reversal symmetry is broken
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by a potential or external fields, the quasiparticles also capture
the energy shift of order w?, T?,and (eV)?, i.e., the corrections
in the same order as the ones due to the damping rate. The
contributions of these higher-order energy shifts, however,
had not been fully understood until very recently.

It has recently been clarified that these higher-order energy
shifts of the quasiparticles can be described exactly in terms of
the three-body correlations between impurity electrons. The
proof was given in two different ways, which complement
each other. One is given by Mora et al. and Filippone et al.
[15-18], extending Nozieres’ description [5] that is based
on an invariance against the “floating of Kondo resonance
on the Fermi sea”. The other is based on the higher-order
Fermi liquid relations [19-21], which can be derived from the
Ward identities for the second derivatives of the self-energy,
extending Yamada-Yosida’s field-theoretical approach [6-9].
These proofs enabled one to express the next-leading order
terms of the transport coefficients in terms of three-body cor-
relation functions, and these formulations have been applied
to the nonlinear currents, current noise, and thermocurrent
through quantum impurities without electron-hole or time-
reversal symmetry [22-29].

©2024 American Physical Society
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The purpose of this paper is twofold. The first one is to
extend the latest version of the FL theory for treating the
thermoelectric transport coefficients of multilevel quantum
dots and magnetic alloys described by the Anderson model
with N arbitrary impurity levels. The second one is to demon-
strate how the next-leading order terms of various transport
coefficients vary with the impurity level ¢, and Coulomb
interaction U. Specifically, for the second purpose, we con-
sider quantum dots and magnetic alloys having an SU(N)
symmetry, and calculate the three-body correlation functions
for N = 4 and 6 using the NRG approach. There have been
a number of intensive studies, which theoretically studied
low-energy transport: the nonlinear current [13,14,18,30-37],
nonlinear current noise [16,23,38-42], and thermoelectric
transport [15,21,43,44]. However, the parameter space for
quantum impurities is so huge that many parts are still left
unexplored. In this paper, we explore the whole region of the
electron fillings, 0 < N, < N, in which the occupation num-
ber N, of electrons in the impurity levels varies continuously
across the various SU(N) Kondo and intermediate valence
regimes.

One of the advantages of the Kondo systems realized in
quantum dots is that the information about the many-body
quantum states can be probed in such a highly tunable way
[45—48]. For instance, recent experiments have succeeded in
directly probing the Kondo screening cloud [49]. Further-
more, low-energy Fermi liquid behaviors have experimentally
been confirmed for nonequilibrium currents [50,51], current
noise [52-56], and themocurrent [57,58]. Internal degrees
of freedoms of quantum impurities also bring an interesting
variety to the Kondo effect. The systems having the SU(4)
symmetry have been realized, for instance, in the multiorbital
semiconductor quantum dots and carbon nanotube (CNT)
quantum dots [59], and have intensively been investigated
theoretically [15,16,22,26,34,60-68] and experimentally
[55,69-73]. Realization of the SU(N) Kondo effects for
various N > 2 has also been proposed by several authors,
using triple quantum dots [74,75] and CNT [76]. In this paper,
we provide a comprehensive FL view of the low-energy
transport for SU(4) and SU(6) symmetric QD and MA.

Our results reveal the fact that the three-body correlations
exhibit plateau structures, caused by the SU(N) Kondo ef-
fects occurring at integer fillings N, =1,2,...,N — 1. We
also calculate the Lorenz number L = «/(To) for QD and
MA, defined as the ratio of the thermal conductivity « to
the electrical conductivity o, and show how it deviates from
the universal Wiedemann-Franz value 72 / (3€2) as the tem-
perature increases from 7' = 0. Furthermore, we demonstrate
how the three-body correlations affect the order 72 electri-
cal conductivity, the order T3 thermal conductivity, and the
order (eV)? nonlinear current and current noise. At quar-
ter N;/N = 1/4 and three-quarters N,/N = 3/4 fillings, the
SU(N) Kondo effects occur for N = 0 (mod 4) while the in-
termediate valence fluctuations occur for N = 2 (mod 4). We
show that this dependence on (mod 4) causes a pronounced
difference appearing in the peak structures of linear noise for
N =4 and6.

This paper is organized as follows. In Sec. II, we describe
the multilevel Anderson impurity model for quantum dots and
magnetic alloys. Sections III and IV are devoted to the FL

descriptions for the next-leading order terms of electrical and
thermoelectric transport coefficients for quantum dots, appli-
cable to arbitrary N impurity-level structures. In Sec. V, the
low-energy transport formulas for the SU(N) quantum dots
are described in terms of the five FL parameters. We present
the NRG results for the three-body correlation functions in
Sec. VI. The results for nonlinear current, current noise, and
thermoelectric transport through quantum dots are discussed
in Secs. VII and VIII. Section IX is devoted to the FL descrip-
tion of the three-body correlations in thermoelectric transport
of dilute magnetic alloys. In Sec. X, we discuss the results for
the electrical and thermal resistivities of the SU(4) and SU(6)
magnetic alloys. Summary is given in Sec. XI. In Appendixes,
we provide details of the derivations for the transport formu-
las and additional NRG results for the FL parameters in the
SU(N) cases for N = 2, 4, and 6, for comparison.

II. MODEL

We consider a multi-orbital Anderson impurity coupled
to two noninteracting leads on the left (L) and right (R),
H="Hs+H.+Hr,

N
1
He = Zedc ng, + 5 Z U,y Nyonyy, 2.1)
o=1 o#o’
N D
Ho= Y3 [ deecye, 22)
j=L.Ro=17"D
N
Hr=— ) D> v d +div,). 23
j=L.,Ro=1
Here, the level index runs over o = 1,2, ..., N. The inter-

electron interaction U, , generally depends on ¢ and o’,
with the requirements U, =U_,, for ¢’ # 0. For N =2,
it describes the usual single-orbital Anderson model for spin
1/2 fermions. The operator d creates an impurity elec-
tron with spin o in the impurity level of energy ¢, , and
n,, =d}d, . Conduction electrons in the two lead at j =
L and R obey the anticommutation relation {c_;,, el jord =
8y 855:8(¢ — €’). The linear combination of the conduction
electrons, ¥, , = ffD de /pc.;, With p. = 1/(2D), couples
to the impurity level. The bare level width due to the tun-
nel couplings is given by A =T+ I'x with T; = 7p 7.
We consider the parameter region where the half band-
width D is much grater than the other energy scales, D >
max(Uso/, A, |€,,1, T, |eV]). We use aunit k = 1 throughout
this paper.

Low-energy properties of the Anderson model can be de-
scribed in terms of a set of Fermi liquid parameters defined
with respect to the equilibrium ground state, i.e., the phase
shift 8, the linear susceptibilities x_,, and the three-body

correlation functions x!*!, , between impurity electrons; see

Appendix A for details.qlghge phase shift is a primary parameter
that reflects the charge distribution of impurity levels, through

the Friedel sum rule: (n,,) 120 3, /7. In this paper, we ex-

plore the low-energy transport of quantum dots and magnetic
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alloys in the whole region of the electron fillings,

N

N, = Z(nda).

o=1

2.4)

The current conservation, which follows from the Heisenberg
equation of motion for the occupation number n,,_,
on - —~
—4 4 Jre —Jrs =0
ot

also plays an essential role in the Fermi liquid description,
through the Ward identities. Here, J; » represents the current
flowing from the left lead to the dot, and Jg , the current from
the dot to the right lead,

(2.5)

—dj,),

Jro = +ivg(Wh d, —divyg, ).

In the next section, we will give a brief overview of the
low-energy expansion formulas for nonlinear current and cur-
rent noise, obtained previously in Refs. [27,29], to show how
the formulas can be expressed in terms of the FL parameters,
including the three-body correlations. This is for comparison
with the formulas for thermal electric transport coefficients,
which we extend to multilevel quantum dots and magnetic
alloys in this paper. Specifically, we will describe the deriva-
tion of the formulas for multilevel quantum dots and magnetic
alloys in Sec. IV and Appendix G, respectively.

Tio = —iv(¥},d, (2.6)

Q2.7)

III. FERMI LIQUID DESCRIPTION FOR NONLINEAR
CURRENT NOISE OF QD

We consider the nonequilibrium steady state under a finite
bias voltage eV = u; — g, applied between the two leads by
setting the chemical potentials of the left and right leads to be
wr and ug, respectively. The retarded Green’s function plays a
central role in the microscopic description of the Fermi liquid
transport,

G{,(w):—if dt TOd (1), d Yy, (3.1)
0

A, (0) = —% Im G, (o). (3.2)

Here, (- - - )y represents a nonequilibrium steady-state average
taken with the statistical density matrix, which is constructed
at finite bias voltages eV and temperatures 7, using the
Keldysh formalism [13,33,77].

A. Differential conductance dJ/dV

The nonequilibrium current J through quantum dots can be
expressed in terms of the spectral function A (w) [13,33],

- ;,Z/;OO do[fL(w) = fr(w)] To (@), (3.3)

A Ty
To(w) = ————— A, (w).
(@) T, + T'x (@)
Here, fij(0)=f(o—p;) for j=L, R, with f(w)=[e*/T+1]7!
the Fermi function. Specifically, in this paper, we consider the

34

case where the chemical potentials are applied in a symmetric
way,

hL=—pug = 1ev, (3.5)
choosing the Fermi level at equilibrium to be the origin of
one-particle energies Er = 0. Note that the role of bias and
tunneling asymmetries, (f4 + wg)/2 # Er and I'y, # 'y, has
been precisely discussed in Refs. [28,29].

The nonlinear current J can be expanded up to the next-
leading order terms, using the low-energy asymptotic form
of the spectral function A, (w), which has been obtained up
to terms of order w?, (eV)?, and T? [27], as shown in Ap-
pendix B. In particular, for symmetric junctions with I';, = I'g
and up = —ugr = eV/2, the low-energy expansion of the dif-
ferential conductance takes the form

i _ ¢ L2 2 2
= zZ[sm 8g — Cp o (TTY — ¢y oy (V) + -]
o=1

(3.6)

Here, the coefficients ¢y, and ¢, , of the next-leading order
terms can be expressed in terms of the phase shift §, the lin-
ear susceptlbllmes X,o» and the static three-body correlation

functions x'*), , defined in Appendix A,

ago'a”

2
Cro = %|:— <X3(; +2 Z Xi,,) cos 28,

o'(#0)

sin 28,
(s 3 ) 52 ] )

o'(#o)

2
o % |:— <X§a +5 ) X§G'> cos 28,

o'(0)

28,
<x£§a+32 BL)S“’ } (3.8)

o'(#o)

s

B. Nonlinear current noise S ;..

We also study the current noise [26,27,78], defined by

[0¢]
Some =€) / dt (87, (1) 875/(0) + 87,/ (0) 87, (1)) -
—00
(3.9
(j:, (0))y represents fluctuations of the

Here, 87, (1) = J, () —
symmetrized current

~ Tulre +TrILo
J, = LRo T RO (3.10)
T, + Ik

Behavior of the current noise in the low-energy Fermi lig-
uid regime has been studied by several authors, taking into
account the three-body correlations [16,17]. In a previous
study, we have derived a general formula for the current
noise through the multilevel Anderson impurity model up to
terms of order |eV|* for symmetric junctions I'; = ' and
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up = —ugr = eV/2[26,27],

2¢2 N Tsin228
S'%[;CZTMWZ[ . g (eV) +--- |
o=1

(3.11)

The coefficient cg , for the next-leading order term has been
calculated by taking into account all components of the
Keldysh vertex function together with the low-energy asymp-
totic form of A_ (w). It has been shown to be expressed in the
following form:

2
5 = % |:cos 48, x2, + (2 +3cos4s,) Z Xoo
o'(#0)

+ 4 Z c0s 28, €08 28, X2,
o'(#0)

+3 Z Z Sin28, sin 28, Xy or Xorgn
o'(#0) 0" (#0,0")

in 44,
- (s +3 X ) | e
o' (£o) 4

IV. FERMI LIQUID DESCRIPTION FOR
THERMOELECTRIC TRANSPORT OF QD

In this section, we discuss thermoelectric transport through
multilevel quantum dots in the linear-response regime, the
low-energy behaviors of which can be deduced from the
asymptotic form of the spectral function A,(w) given in
Appendix B.

The linear conductance g, thermopower Sqp, and thermal
conductance kg, of a quantum dot can be expressed in the
form [22,79-82]

dJ &2

= — = — ﬁQD, 4.1

§ v |y_o h g 0o @b
D

= —L —Z” cg" 4.2)

QD |6|T ZU L,OQE s .

QD)2

P L QD _ (Za 51,0) (4.3)

SR Rt A S A

Here, LSE for n =0, 1, and 2 is defined at eV =0 with
respect to the thermal equilibrium, as

£ = /OO dw " Ty () (——af(‘”)>,
’ — dw

oo

4.4)

with 7, (w), the transmission probability defined in Eq. (3.4).
Note that thermal conductance kg, is the linear-response co-
efficient of the heat current J, = ) 8T, flowing from the
high-temperature side toward the low-temperature side, with
8T the temperature difference between the two sides.

The thermoelectric coefficients /.ZSE can be calculated, by
substituting the low-energy asymptotic form of A, (w), given

in Eq. (B3) into 7, (w). At low temperatures, the component

ESB for n = 0, which determines g, is given by

LYY = sin? 8, — cr, (wT) + O(T*). (4.5)

Here, c; , is the coefficient that we have already described in
Eq. (3.7). The next component, L‘Eg for n = 1, takes the form

TA
LY = Tpdc(r[T)z + O(T™).
Here, p),, is the derivative of the density of states with respect
to the frequency w, which can also be written in terms of the
phase shift §, and diagonal linear susceptibility ., as shown
in Eq. (A6). Thus, the leading-order term of thermopower for
quantum dots is given by
72y _p T
S __ o Fdo = + O(TS)
Qv 3 Z(r pda |€|

The thermal conductance kg, depends on the other compo-

(4.6)

4.7

nent Cng for n = 2, the low-energy asymptotic form of which
is given by

T 2
L = %[ sin® 8, + aso(rT)* + O(T)],

Tr? 6
agg = % |:cos 284 (Xﬁa + 7 Z X§6,>

o’(#0)
sin 26, 5
et A (91 C) S E: 31 ) 4.8
o (Xaaa + 21 U/(¢U)X(ra’a’):| ( )

Therefore, the thermal conductance can be calculated up to
terms of order 7, by substituting these asymptotic forms into
Eq. (4.3),

T &
koo = 37, Z[sinzc‘ig—cg?, (JtT)z-i-'“], 4.9)
o=1
2 (L3, w , , sin 28,0 :
® =P T (5 Lo Xovo L @

|

(sin? 8) \y
Here, the arithmetic mean (AM) of the phase shifts is defined
by

— 1
(sin? 8) \y = ¥ Z sin®§,. 4.11)

Furthermore, the Lorenz number Lqp = kqp/(¢7) can be
calculated up to terms of order T2,

2 QD
T c
LQD=_|:1_L—

(sin? 8) \

(7T + O(T“)}, (4.12)

1
C?D — ]V Z (C/?,]()r — CT,a)- 4.13)

a

The Wiedemann-Franz law holds between the leading-order
terms of the linear conductance g and the thermal conductance
Kop- such that the Lorenz number approaches the universal

T—0 . o

value Lop ——> 72/(3¢%) in the low-temperature limit. The
Lorenz number deviates from this universal value as tempera-
ture increases, exhibiting the T2 dependence.
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V. THREE-BODY CORRELATIONS IN THE SU(N)
SYMMETRIC FERMI LIQUID

This Hamiltonian 7, defined in Sec. II, has an SU(N)
symmetry in the case at which the impurity states become
degenerate €, = €, for all o and the Coulomb interaction is
isotropic Uy, = U for all o and ¢”.

In the atomic limit v i~ 0 of the SU(N) symmetric case,
the total number of impurity electrons N; takes an integer
value M and exhibits the Coulomb-staircase behavior as a
function of €,. It consists of a series of plateaus of the
width U and the height Ny =M forM =1,2, ..., N — 1,
emerging at —MU < ¢, < —(M — 1)U around the midpoint
e{‘;fijf,'l =-—-(M - %)U . We will use the following notation for
the shifted impurity level &, which includes the Hartree-Fock
energy shift defined with respect to the half filling in such a
way that

N-1
gdzed—i—TU. 5.1
The system has an electron-hole symmetry at £, = 0. When
the tunneling couplings are switched on, the staircase structure
emerges for strong interactions U > A.

In the SU(N) symmetric case, the linear susceptibilities
have two linearly independent components, i.e., the diag-
onal one x,, and the off-diagonal one y,  for o # o’
These two components determine the essential properties of
quasiparticles,

r'= 1 g=i- e

oo Xoo
Here, T* is a characteristic energy scale of the SU(N) Fermi
liquid, by which the T -linear specific heat of impurity elec-
trons can be expressed in the form Cimp = N]L;T /T* [6,8,9].
The Wilson ratio R corresponds to a dimensionless residual
interaction between quasiparticles [83]; we will also use the
rescaled ratio,

(5.2)

K=WN-1DR-1), (5.3)

which is bounded in the range 0 < K <1

A. Charge and spin susceptibilities

The charge susceptibility is given by a linear combination
of the two-body correlations,

_ 1 32Q 1
G F R PR e
0102
SU(N) 1-K
N—1 , = . 5.5
Xoo T ( Moo = g (5.5)

Here, Q = —T log[Tr e~ "/T] is the free energy.

Next, we consider the spin susceptibility for the SU(N)
symmetric case, using the notation in which the internal de-
grees freedom are separated into two parts o = (m, s), where
m=1,2,...,N/2and s = 1, |, assuming N to be even (ex-
tension to odd N is straightforward). The Zeeman splitting is
induced by an external field b, which couples to the impurity
spin s,

€amr =€ — b, €4, =€, +0 (5.6)

The magnetization M of the impurity spin is given by

N
10Q 1 &
M= ———=— mt — . 5.7
T ;m, b= Ndmy) (5.7)
Note that Q2 is an even function of b. The spin susceptibility
Xs=—(1/N )‘?)'T? |,=0 can be expressed in the following form:
A
75 = N Z Z[XmT,m/T + Xmyow) = Xmpam) — Xm¢,m’T]
m=1m'=1
(5.8)
SUW) 1 K
— Xy = — |1+ —1, 5.9
T e " Koo 4T*< +N—l> ©9)

where 0 # o”.

B. Three-body correlation functions

Among N? components of the three-body correlation
X([T?}hoz, only three components become linearly independent
in the SU(N) symmetric case. They can be expressed in terms
of the derivatives of the linear susceptibilities, using Egs. (C1),

(C2), and (C5) given in Appendix C,

19y N —1
Bl _ 2400 VT 7 03] 5.10
X(rmr N 3Ed N XB ) ( )
N —10dy N -1
yB = oA 3] 5.11
era o N 8€d + N XB ’ ( )
~[3] __N—laxw N—laxw,_N—l 3]
X(To"a” = XB )
N ¢, 2 0¢y N
(5.12)
foro # o’ # ¢” # o. Here,
a (X —X
Bl 9 ([ Amtmt my,my — 03 3]
XB - ab< 2 )b—o XJUO'+XUG(7’
(5.13)

and the scale factors (N — 1) and (N — 1)(N — 2)/2 have
been introduced for the off-diagonal three-body components
in such a way that

=W -nx3 (5.14)
0 w B (5.15)

We will also use the dimensionless three-body correlations,
defined by

_ sin28 B~ _ sin28 ¥, (5.16)
! 2 x2, 1 2 x2,
~  sin28 X2,
Oy = Xoo'or (5.17)

2 x2,
In this paper, we calculate the right-hand side of Eqgs. (5.10)—
(5.12) with the NRG to obtain the three-body correlations
for the SU(N) case. Note that, for noninteracting electrons at
U = 0, only the diagonal components of the three-body cor-
relation ®Y and the susceptibility x, remain finite due to the
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TABLE I. Low-energy expansion of transport coefficients
through SU(N) quantum dots (QD) and magnetic alloys (MA),
described in Egs. (5.19)-(5.22) and Egs. (9.2)—(9.4). Here, T* =
1/(4y,,) is a characteristic FL energy scale.

4 =" Lsins — G (5E)

QD __ 2NeF|eV|[ o:n2
Snoise - 7[Sln J (1 -

2
—C (&) + -]
sin®8) + C(2£)" +--]
KQD=M[SIH § —C (L) ]

2
2 QP 2
LQDE%:;T?[I_Q.:ZB (%) +]

Owa = 5y = s [5in78 — CMA () -]
-]

oo = g6 = () +-
2
Lyp = 2 = 2 [1 - S (22) 4]

Pauli exclusion principle,

0 — 265 0 1 A

S —— = 5.18
LT a2yar Koo T g -18)

U—0

and T* —— wA[l + (¢,/A)* /4.

C. Transport formulas for quantum dots
in SU(N) Fermi liquid regime

We next consider the low-energy expansion of transport
coefficients dJ/dV, Snmse, KQDs and the Lorenz number L

Specifically, for the junctions having tunneling and bias
symmetries 'y, = I'g and u;, = —ug = eV/2, these transport
coefficients take the following form in the SU(N) symmetric

case,

d] _ Né il C xT\? c eV 2+
— 1 —_— _— — .« .. y
av ~ h T\ T+ VA T

(5.19)

INe2(eV| | sin? 28 V2
S _ ele ||:s1n +Cs<e_) vl 520

h 4 T*

N2

Kop =

T T
|:sin28 cop (2) +- } (5.21)
m? c® (xT\*
LQD =— 11— 5. + - .
3e? sin“§ \ T*

The formulas for the coefficients C, Cy,, Cg, C2P, and CSD
of the next-leading order terms are summarized in Tables I
and II. Each of these C’s can be decomposed into two parts,
denoted as W’s and ®’s. The W part, defined in the right
column of Table II, represents the two-body contributions
determined by K and 8. The ©® part represents the three-body
contributions, which can be described in terms of the dimen-
sionless parameters defined in Eq. (5.16).

These transport formulas in the SU(N) Fermi liquid regime
clarify the fact that the next-leading order terms for the sym-
metric tunnel junctions are completely determined by five
parameters: §, T*, K, ©, and ©Oy;. The three-body correlations
can be experimentally deduced through the measurements of
the coefficients C’s. The other three-body component Oy
defined with respect to three different levels, couples to the
tunnel and bias asymmetries, i.e., ['f # I'g and p; # —ug,
and contributes to the nonlinear current [28,29]. The behavior
of C’s depend significantly on the electron filling N, of the
impurity levels. For instance, in the noninteracting case at
U = 0, these coefficients vary with the level position €, as
shown in Fig. 1.

In the rest of this paper, we will demonstrate the behavior
of the next-leading order terms of the transport coefficients for
N =4 and 6. To this end, we calculate the correlation func-
tions 8, X, ,,» and [} using the NRG approach [26,84],
with parameter settings described in Appendix D. Specifically,
Egs. (5.10)—(5.13) are used for obtaining the three-body cor-
relations. We have reported part of the results for coefficient
Cy in a previous paper, studying the role of bias and tunneling
asymmetries on the nonlinear terms of dJ/dV at T = 0 [29].
In this paper, we provide a comprehensive view of the three-
body Fermi liquid effect through a systematic analysis of the
next-leading order terms Cy, C;, and C2P for quantum dots,
and through the related coefficients for magnetic alloys, C g’lA,

(5.22)

TABLE II. Coefficients C’s for the next-leading order terms of SU(N) quantum dots and magnetic alloys (MA), summarized in Table I. In

these formulas, W’s represent the contributions determined by the phase shift § and the rescaled Wilson ratio K=

~[3]
__ sin28 XJU/J’
1= 27

, 25 L3
correlations enter through ©; = 32 X% and ®
oo

X(m ’

(N — 1)(R — 1). Three-body

CT :%[WT + ®I+€)II]
C, =§[W +0,+30,]

Cy = 2 [W; — cos 28 {O; +30,)]
c® = —[WQD+® +20,]
CLQD 2% [WQD+16O ]=CSD_CT

W, = —[1+ 3£
W, = —[1+ & cos2s

] cos 28

Wy = cos48 + [4+5cos48 + 3 (1 — cos48) (N — 2)]’(—1

; ~
G =5 [W" + 0+ 6,]
CE/{A:ﬁ[WMA"'@l"’zSTéH]

CMA = 2 [WMA — 160, ] = CY — CMA

WO o Mo s £ o0

WLQD = 10 —6cos25 — &_1 cos 248

WQMA = 2+ cos25 — £ 00525 = 4cos’ 5+ W,
WMA = 3Zillcosdh K—cos 28 = Fcos’s+ W

6
7N
WMA = 22 — 6c0s28 + NL cos28 = —24cos’ 8 — W2
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FIG. 1. Coefficients C,, C,, C;, and C for noninteracting
U = 0 quantum dots plotted vs €.

0]

and CMA. In order to quickly grasp the underlying physics
derived from quasiparticle properties in the SU(4) and SU(6)
cases, we provide a brief review of the key characteristics of
the two-body correlation functions in Appendix E, extending
the interaction range up to U/(wr A) = 6.0. Additionally, we
also include some new results for the renormalized impurity
level €, there.

VI. THREE-BODY CORRELATIONS IN THE SU(4)
AND SU(6) ANDERSON IMPURITY

In this section, we discuss the behavior of charge and spin
susceptibilities defined in Egs. (5.5) and (5.9). In particular,
we focus on the derivatives dx /€, and d¥g/de,, which
can also be expressed in terms of the three-body correlation
functions,

ox, ~ ~
Xe BBl 43583 423 (6.1)
8ed
s _ m . N—=3 - 2 g
= =y 4+ — , = — s (6.2

The NRG results reveal the fact that these derivatives in the
left-hand side are suppressed in the strong-coupling region
1€, S (N —1)U/2 for large U. This implies that the linear
combinations of the three-body correlations in left-hand side
of Egs. (6.1) and (6.2) approach zero, reducing the number of
independent components of the three-body correlation func-

tions x ') . as demonstrated below.

A. Charge and spin susceptibilities: ¥, and ¥

One of the most fundamental quantities that play a cen-
tral role in the low-energy physics of quantum impurities
is the characteristic energy scale T* = 1/(4x,, ), defined in
Eq. (5.2) as an inverse of the diagonal susceptibility N x,, =
Xc + (N —1)xs. We will use, in the following discussions,
the Kondo temperature Ty = T™|; _, defined as the value of
T* at the electron-hole symmetric point &, = 0.

The NRG results for 1/T* in the SU(4) and SU(6) cases
are plotted vs &, in Figs. 2(a) and 2(b), respectively, by

Ul(ra) *:0.66
v

§qlU

FIG. 2. Inverse-energy scale 1/T*, charge susceptibility x . and
spin (¢ susceptibilities are plotted vs &, (= €, + U/2) for N = 4 and
6. Here, 4T* (= 1/x,,), and Ty, = T*| £,=0° Interaction strengths are
chosen such that, for N =4, U/(w A) = 2/3(x), 1(V), 2(#), 3(H),
4(A), 5(e), and 6(x), at which T, /(w A) = 0.20, 0.18, 0.13, 0.092,
0.063, 0.041, and 0.026, respectively. For N = 6, U/(w A) = 2/5(x),
1(V), 2(#), 3(W), 4(A), 5(e), and 6(x), at which T, /(w A) = 0.22,
0.19, 0.15, 0.13, 0.10, 0.085, and 0.068, respectively.

multiplying them by 7. We see that 1/T* has N —1 lo-
cal maxima for strong interactions, at integer-filling points,
ie,&, ~0,xU,..., (N — 2)U/2, reflecting the oscillatory
behavior of the wave function renormalization factor z (=
Pus/ Xso) described in Appendix E. At |§,] > (N — 1)U /2,
the energy scale T* approaches the noninteracting value,

. EI>e-nu2 L . .
Ty /T* ———— A*=/&;, as the electron filling of the im-
purity levels approaches N, ~ 0 or N.

The charge susceptibilities for N = 4 and 6 are plotted in
Figs. 2(c) and 2(d), using T* as a normalization factor, i.e.,
4T*%c =1 — K from Eq. (5.5). Therefore, the normalized
value 47*x . is determined by the rescaled Wilson ratio X,
described in Appendix E. As U increases, 4T *x . decreases
in a wide region of the impurity level |£,| < (N — 1)U/2,
where the impurity levels are partially filled 1SN, SN — 1.
In this filling range, the charge susceptibility is signifi-
cantly suppressed by the Coulomb repulsion, and it vanishes

_ UsnA . . L . .
AT*X ¢ 272, 0 in the strong interaction limit. Outside this

region, i.e., at |§,| > (N — 1)U/2, the charge susceptibility

. . _ |gl—=o0
approaches the noninteracting value 47* - —L 5 1 as the

filling of the impurity levels approaches N, >~ 0 or N.
Figures 2(e) and 2(f) show the spin susceptibilities for
N =4 and 6, which are normglized with the same scal-
ing factor, ie., 4T*x¢=14+K/(N —1) [see Eq. (5.9)].
As the interaction U increases, 47 *x ¢ increases from the
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FIG. 3. (4T*)20% /€4, (4T*)*3%¢/d€s, and (4T*)x) are
plotted vs &, for N = 4 and 6. Interaction strengths are chosen such
that, for N =4, U/(wA) =2/3(x), 1(V), 2(4), 3(W), 4(A), 5(e),
and 6(x). For N =6, U/(wA) =2/5(x), 1(¥), 2(4), 3(M), 4(aA),
5(e), and 6(x).

noninteracting value 1. In the strong interaction limit, it ap-
proaches the value 4T7*x¢ — N/(N —1),1i.e.,4/3 for N =4
and 6/5 for N = 6, and exhibits a wide plateau structure in the
strong-coupling region |§,| < (N — 1)U/2. At |§,;] > (N —
1)U /2, where the occupation number approaches N, >~ 0 or

N, the spin susceptibility also approaches the noninteracting
[4]—00 1

value 4T* )y ——

B. Derivative of ¥, and X with respect to ¢,

The three-body correlation functions can be obtained
from the derivatives of x, , Wwith respect to €, and b,
using Egs. (5.10)—(5.12). In partlcular 0X4,0,/0€, can be
rewritten in terms of the derivatives of the charge and spin
susceptibilities, as

0 1 97, N—10x
X(ra - _ XC XS’ (63)
de, N d¢, N ¢,
ox.., N —10% N —109%
(N_l)hz_ﬂ__£’ 6.4)
e, N 0¢, N ¢,

for o # o’. Figures 3(a) and 3(b) show the NRG results for
0X¢/0€, for N = 4 and 6, respectively. Similarly, the deriva-
tives of the spin susceptibility 0 g/de,; for N =4 and 6 are
plotted in Figs. 3(c) and 3(d). Note that in these figures, the
derivatives have been multiplied by a factor of (47*)* to
make them dimensionless. These derivatives are significantly
suppressed in the strong-coupling region |£,| < (N — 1)U/2
for large U. More specifically, [dX/0d€,| K [0%s/0€,;] K
1/(4T*)?: the derivative of spin susceptibility becomes much

FIG. 4. Dimensionless three-body corrections O(H), — II(0)
and @IH (e) are plotted vs &, for interaction strengths U /(m A) = 2/3
(@), 2/5 (b), 2 (c), (d), and 6 (e), ().

smaller than 1/(47*)? while it is still larger than the deriva-
tive of charge susceptibility. Therefore, both 9 x,,/d€, and
0Xoo'/0€, are suppressed in a wide range of electron fillings
1 SN, SN —1forlarge U.

We next consider x 1[33], defined in Eq. (5.13) as a derivative
of a linear combination of the two different diagonal suscep-
tibilities with respect to the magnetic fields b. Figures 3(e)
and 3(f) show (47*)? X1[33] for N = 4 and 6, respectively. We
see that (4T7*)? XB] exhibits a staircase structure with a flat
plateau emerging around the integer filling points £, = 0, £U,

+2U, ..., (N —2)U/2 for large U. The magnitude |X[3]| be-
comes much larger than the derivative of the charge and spin
susceptibilities, |d%-/d¢,| and |9%s/d¢,|. Therefore, x5
dominates the terms in the right-hand side of Egs. (5.10)—
(5.12) in the strong-coupling region |£,| < (N — 1)U/2, and
the three independent components of three-body correlations
approach one another in such a way that

B3l N-1 p

~ __

Bl ~ ~[3]
XO‘(T[T - N XB

XUO'(T - XU’O‘U

(6.5)

This means that the three-body correlations are described by a
single parameter X1[93] in a wide filling range 1 SN, SN — 1
for large U.

C. Three-body correlations for N = 4 and 6

We have calculated the three-body correlation func-
tions x[3! | X([jj,d, and Xg.] o for o #0' # 0" # o, using
Egs. (5.10)—(5.12). Figure 4 shows the dimensionless three-
body correlations @, ©, and Oy, defined in Egs. (5.16) and
(5.17). The left and right panels describe the NRG results in

the SU(4) and SU(6) cases, respectively, and three different
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interaction strengths (from weak to strong) are chosen for the
top, middle, and bottom panels.

All components of the three-body correlation functions
vanish, ®;, = O = ©; =0, at the electron-hole symmet-
ric point £, = 0, and evolve as &, deviates from this point.
Among the three independent components, the intralevel com-
ponent ®; has the largest magnitude, and exhibits plateau
structures for large U at integer filling points N, ~ 1, 2, .. .,
N — 1. The other components, (:)H and (:)HI, involve inter-
level correlations and evolve as the Coulomb interaction U
increases. In Earticular, the correlation between the three dif-
ferent levels ©y;; becomes the weakest. In the limit of |§,| —
00, the diagonal component ®; approaches the noninteracting
value while the other two vanish,

[€41—00 [§41—=>00

o, Bx o, g,

[§41—=>00

Oy —5 0.
(6.6)

Figures 4(e) and 4(f) clearly demonstrate the relation
Eq. (6.5), which holds at |£,| < (N — 1)U/2 for large U,

O, ~ -0, ~ Oy (6.7)

It means that all the three-body components are determined by
a single parameter x 1[33] in the strong-coupling region for large
U, as mentioned. The dimensionless three-body correlation
functions clearly exhibit the plateau structure around the inte-
ger filling points §;, = 0, U, 22U, ..., =(N — 2)U/2, where
the SU(N) Kondo effect occurs. These structures reflect the
behavior of Xl[;3], described in Figs. 3(e) and 3(f), and evolve
as the interaction strength U increases. We see, in Figs. 4(e)
and 4(f), that the plateaus appear much clearer for N = 4 than
N = 6, for the same interaction strength U/(w A) = 6.0.

We will examine, in the subsequent sections, how these
three-body correlation functions affect the next-leading order
terms of the transport coefficients in the low-energy Fermi
liquid regime away from half filling.

VII. NONLINEAR CURRENT NOISE OF SU4)
AND SU(6) QUANTUM DOTS

In this section, we discuss the nonlinear terms of the steady
current J and the current noise Sl%]i)se, specifically, the order
(eV)? term for symmetric junctions, i.e., I, = I'y and p1; =
—up = eV /2. To provide a comprehensive view of the low-
bias behavior of these terms, we begin with a brief review
on the previous results for the coefficient C;, of the nonlinear
conductance [29], extending slightly the interaction range up
toU/(w A) = 6.0. We will then discuss the results for Cg, i.e.,

the order |V | term of nonlinear noise.

A. Cy: order (eV)? term of dJ/dV

The leading-order term of the conductance, at T = 0, is
determined by the transmission probability sin® 8, i.e., the first
term in the right-hand side of Eq. (5.19). It exhibits the well-
known Kondo plateaus, which develop in the strong-coupling
region, as shown in Figs. 15(b) and 16(b) in Appendix E.

The next-leading order term C,, of the nonlinear conduc-
tance can be decomposed into the two-body part W,,, defined
in Table II, and the three-body part ©,,, as

2

T ~
Cr="3 Wy +0y), O, =0,+38. (7.1)

Ul

*
v
-
b4

N=4

$alU

FIG. 5. &, dependence of C, = (:12/64)(WV + ©,,), two-body
part W,,, and three-body part ®, = ©, + 3 @II. (Left panels) N = 4,
for U/(mA) =2/3(x), 1(V), 2(¢), 3(W), 4(A), 5(e), and 6(x).
(Right panels) N =6, for U/(mA) =2/5(x), 1(V), 2(¢), 3(W),
4(A), 5(e), and 6(x).

These coefficients Cy,, W,,, and ©, are plotted vs &, in
Figs. 5(a)-5(f) for N = 4 and 6.

The two-body part W, dominates the next-leading order
term near the electron-hole symmetric point §, = 0, where
8 = m /2 and the three-body part ®,, vanishes,

=0 5K2 =0
w, “S 1 22 e, X5
N -1
Therefore, in the strong interaction limit, the peak at §;, =0

reaches (64/7%)C, w 8/3 and 2 for N =4 and 6,
respectively. Note that the rescaled Wilson ratio approaches
K ~ 1 in a wide region of |§,| < (N — 1)U/2 for large U.
Outside this region, the two-body and three-body parts of C,
approach to the noninteracting values,

(7.2)

§41—>00 [41—00

W, —5 -1, 0, —5 -2, (1.3)

. |&41—>00 ~ [§;l—>00
since cos 26 1,K 0, and the three-body con-
tributions approach the values given in Eq. (6.6).

The SU(N) Kondo effect occurs in the strong-coupling
region |§,| < (N — 1)U/2 at the integer filling points. The
plateau structure evolves as U increases, especially in the
three-body part ©,,, as seen in Figs. 5(e) and 5(f). In the
strong-coupling region, it can be expressed in the form ©,, ~
—20, due to Eq. (6.7). The two-body part W,,, shown in
Figs. 5(c) and 5(d) for U/(r A) < 6.0, does not exhibit a clear
plateau other than the one appearing near half filling. For N =
4, this is because the factor cos 26 for W, vanishes at 6 = 7 /4
and 37 /4, i.e., at the quarter and three-quarters filling points.
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Ul(ria)
*:0.4
w1
.2

=3
o5
6

FIG. 6. Linear part, sin?§ (1 — sin’8), of the noise SO . Inter-
action strengths are chosen for (a) N =4 to be U/(mA) = 2/3(x),
1(V), 2(4), 3(W), 4(A), 5(e), and 6(x ). For (b)) N =6, U/(nw A) =

2/5(x), 1(V), 2(#), 3(W), 4(A), 5(e), and 6(x).

As a sum of W, and ®,,, the coefficient C}, exhibits a wide
and rather flat structure in the region of |§,| < (N — 1)U/2 for
large U, seen in Figs. 5(a) and 5(b). There also emerge some
weak local maxima in this flat structure at the integer filling
points &, =0, £U, £2U, ..., =(N —2)U/2. In particular,
the peak is most pronounced at §, >~ &(N — 2)U/2, where
N;,>~1lorN —1.

B. Order |eV| and order |eV | terms of s

noise

We next consider the current noise SSO?SE, the low-energy
asymptotic form of which is given in Eq. (5.20) and Table II.
The leading-order term, sin® § (1 — sin®8) = (1 — cos48)/8,
corresponds to the linear-response noise, the NRG results for
which are shown as a function of &, in Figs. 6(a) and 6(b), for
N =4 and 6, respectively. The linear noise is maximized at
the points where the phase shift reaches 6 = 7w /4 and 37 /4. It
occurs at the integer filling points N, = 1 and 3 for N = 4, at
which the SU(4) Kondo effect makes the peaks wide and flat.
In contrast, for N = 6, the peak emerges at the half-integer
filling points N, = 3/2 and 9/2. More generally, the peak of
the linear noise forms a flat plateau structure for N = 0 (mod
4), whereas the peak becomes round for N = 2 (mod 4) due to
the fluctuations occurring between two adjacent integer filling
states. For large U, the quarter and three-quarters fillings
occur near |§,|/U ~ N/4, at which the ground state is highly
correlated for multilevel systems of N > 4. In contrast, these
fillings occur at §, >~ +U/2 for SU(2) quantum dots, where
the electron correlation becomes less important due to the
valence fluctuations (see Appendix F).

The coefficient C for the order |eV | term of current noise
Sr%li)se can also be decomposed into the two-body W and three-

body O parts, as shown in Table II,
2

192
The behavior of three-body part ®4 can be deduced from the
one for dJ/dV ,i.e., ®, = O + 30y shown in Figs. 5(¢) and
5(f), by multiplying them by a factor of “— cos2§” which
induces the modulations. One of the most distinctive features
of C, compared to the other coefficients C’s listed in Table II,
is that it depends upon the higher harmonics cos 46 and sin 46
with respect to the phase shift, which enter through not only
through W but Og: Note that ®; and ©y; defined in Eq. (5.16)
are proportional to the factor sin 28. As &, varies, these higher
harmonics evolve continuously in the range 0 < 46 < 4w,

Cs Wy + Og), Oy = —(O, +30y)cos25. (7.4)

(192/1?) C,

FIG. 7. &, dependence of Cy = (72/192)(W, + ©y), two-body
part W, and three-body part O = —(©; + 3 (:)") cos 26. (Left pan-
els) N =4, for U/(mA) = 2/3(x), 1(¥), 2(¢), 3(W), 4(A), 5(e),
and 6(x). (Right panels) N = 6, for U/(w A) = 2/5(x), 1(V), 2(#),
3(M), 4(A), 5(e), and 6(x).

simultaneously with the electron filling 0 <N, <N.
Figures 7(a)-7(f) show results for C;, Wy, and ©g for
N =4 and 6.

Each curve for Cg, shown in Figs. 7(a) and 7(b), exhibits
two valleys situated at the valence fluctuation regions &, >~
+(N — 1)U/2 for large U. These valleys rise all around as U
increases. Notably, for N = 4, the bottom value of Cy turns
positive for large interactions U /(7w A) 2 5, while for N = 6,
it remains negative even for the largest interaction U/(r A) =
6 examined in this study.

Near the electron-hole symmetric point §, = 0, where § =
/2 and N, = N/2, the two-body part W dominates the non-
linear noise coefficient Cy since the three-body correlations
disappear around this point,

=0 9K? =0
w, 22 T+ ——. 0, “ % 0.

(7.5)

In particular, in the limit of U — 00, the rescaled Wilson ratio
approaches the saturation value K — 1. Hence, the coefficient

&,=0&U—00
for the order |eV|* term reaches (192/72)Cg —
for N = 4, and it reaches 14/5 for N = 6: The height of this
ridge decreases as N increases.
In contrast, in the opposite limit |£,| — oo, both the two-
body and the three-body parts approach the noninteracting
values

[€41—>00

W, 45 1, O

[€41—>00

2, (7.6)
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since cos2§ — 1, K — 0, and ®; — —2 in this limit. There-
fore, Wy and ® contribute comparably to Cy in the region
1§, = (N — 1)U/2, where the impurity levels are either al-
most empty N, > 0 or fully occupied N, ~ N. In particular,
as seen in Figs. 7(c) and 7(d), the two-body part approaches
the saturation value Wy — 1 already at |§,;| >~ (N — 1)U/2 for
large interactions U/(r A) 2 3.

In the strong-coupling region |£,| < (N — 1)U/2 for large
U, the behavior of two-body part W is determined by the
higher-harmonic cos 4§ term, as

wo~ M 2 )V M B ) eosas. (77)
s =3 v—1)"2\N 1 cosmo, L

since the Wilson ratio is locked at K ~ 1.0 in this region. As
seen in Figs. 7(c) and 7(d), the two-body part W has local
minima at quarter and three-quarters filling points, which
occur at § = 7 /4 and 37 /4, or |§,;|/U >~ N/4 for large U.
At these local minima, Wy take a positive value for N > 4,
as it can be deduced from Eq. (7.7). This is in contrast to
the SU(2) case where the local minima of W take a negative
value, as shown in Appendix F. In the strong-coupling region
1€, S (N — 1)U/2, the three-body part takes the following
form, for large U,
[3]

~ Xooo
ST 2w 2,

sin 4, (7.8)

due to the property described in Eq. (6.7). Equation (7.8)
clearly shows that the three-body part vanishes, ©®¢ = 0, at
quarter § = /4 and three-quarters § = 37 /4 fillings. There-
fore, at these filling points, ®¢ does not exhibit the plateau
structures for N =4 in Fig. 7(e), despite the fact that ©,
clearly exhibits the plateau structures as seen in Fig. 5(e).
In contrast, for N = 6, ©4 shows the clear plateau structures
in Fig. 7(f) at the fillings of N, =2 and 4. The three-body
parts O for both N = 4 and 6 cases also have pronounced lo-
cal minima near the valence fluctuation regions &, >~ (N —
1)U/2, which cause the valley structure appearing in Cy. A
similar valley structure also emerges in Cy; for N =2, as
shown in Appendix F. However, it stems from the two-body
correlations Wy, instead of ®, in the SU(2) case.

VIII. THERMOELECTRIC TRANSPORT OF SU4)
AND SU(6) QUANTUM DOTS

We next consider the order T2 term of the linear con-
ductance g = dJ/dV|,,_, and the order 7> term of thermal
conductance kqp, of SU(N) quantum dots.

A. C,: order T? term of dJ/dV

The coefficient C; for the order 77 conductance, defined
in Table II, also consists of two-body parts W and three-body
part O,

2

T ~
Cr=2gWr +0p). ©,=0,+6;. @D

In particular, the three-body part ® is solely determined by
the derivatives of the charge and spin susceptibilities, given in

§alU

FIG. 8. &, dependence of C, = (w2 /48)(Wy + ©;), two-body
part Wy, and three-body part ®, = ©; + 3 G)H. (Left panels) N = 4,
for U/(mA) =2/3(x), 1(V), 2(#), 3(W), 4(A), 5(e), and 6(x).
(Right panels) N =6, for U/(rA) =2/5(x), 1(V), 2(¢), 3(W),
4(A), 5(e), and 6(x).

Egs. (6.1) and (6.2), and does not depend on X;E]’

4Ty [ X ¢ X s ] sin 28

®
T N 21

+ N —-1)—=
de, ( )8ed

(8.2)

This is a quite distinct characteristics of C, from the
next-leading order terms of the other transport coefficients.
Figures 8(a)-8(f) show the NRG results for C,, W, and ©.

We see in Figs. 8(e) and 8(f) that the three-body contribu-
tion almost vanishes, ®, 2~ 0.0, in the wide strong-coupling
region |§,| < (N —1)U/2, in which the occupation num-
ber varies with £,, in the range of 1 SN, <N — 1. This
is because the magnitudes of the derivatives d /€, and
0Xg/0€,, appearing in the right-hand side of Eq. (8.2), are
significantly suppressed by the Coulomb repulsion in this
region, as demonstrated in Figs. 3(a)-3(d).

Therefore, the two-body part W, dominates C;, in the
strong-coupling region |£,| < (N — 1)U/2, and it takes the
following form for large U':

2
W, ~ [1 + zﬁ} (2sin*8 — 1), ©, >0, (83)

as the rescaled Wilson ratio reaches the saturation value
K — 1. Hence, the plateau structure of C; is determined by
the sin® 8 term of W, in Eq. (8.3). In particular, the plateau
around the half filling point |§,| < U/2 reaches the height of

U—o0

(48/7r2)CT —— 5/3 and 7/5 for N = 4 and 6, respectively,
since § ~~ 7 /2 in this region. The order T? conductance, Cr,
vanishes at |£,|/U ~ N/4, more specifically at the quarter and
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FIG. 9. &, dependence of C2° = (77*/80)(WP 4- OF), two-
body part W, and three-body part O = O, + 3 0,. (Left
panels) N = 4, for U/(w A) = 2/3(x), 1(V), 2(¢), 3(H), 4(A), 5(e),
and 6(x). (Right panels) N = 6, for U/(w A) = 2/5(x), 1(V), 2(#),
3(M), 4(A), 5(e), and 6(x).

the three-quarter fillings where the phase shift reaches § =
7 /4 or 37 /4. The zero points of C;, emerge at integer fillings
in the case of N = 0 (mod 4) at which the SU(N') Kondo effect
is occurring, whereas for N = 2 (mod 4) the zeros emerge at
half-integer filings in between the two adjacent Kondo states.
This explains the reason why the SU(4) Kondo state at quarter
filling exhibits universal 7' /T *-scaling behavior, which shows
the (T/T*)* dependence at low temperatures instead of the
(T /T*)? dependence [68].

In the valence fluctuation and empty (or fully occu-
pied) orbital regimes, which spread over the regions of
|€,1 2 (N — 1)U/2, the three-body part ®; becomes compa-
rable to the two-body part W.. Both of these parts approach
the noninteracting values in the limit of |§,| — oo,

[€41—>00 §;l—>00

W, 45 -1, 0, —5 2. (8.4)

B. C2°: order T° term of i,

The coefficient C2P for the order T term of the thermal
conductance kqp, can also be decomposed into two parts, wQb

and ©2P, as shown in Table 11,

T 5 ~
CP =— WL +60L), X =0,+-—-06; BS)
80 21
In contrast to ®; of the conductance given in Eq. (8.2), the
three-body part ®2P of the thermal conductance depends on

x5! as well as 9%/de 4 and 0% /d¢,. The contribution of

X1[33] enters through x[3 and )TEU]U described in Eqs. (5.10)
and (5.11). This component x E] yields the plateau structure in
®9P which reflects the staircase behavior seen in Figs. 3(e)
and 3(f). Figure 9 shows the NRG results for C2°, WP and
O in the SU(4) and SU(6) cases.

Near half filling in the region of |§,| S U/2, the two-
body part WRP dominates CQP as the three-body part @

FIG. 10. Order T? term C2° = C2 —C, of Lorenz number
Lqp is plotted vs &,. (Left panel) N =4, for U/(mA) =2/3(%),
1(V), 2(4), 3(W), 4(A), 5(e), and 6(x). (Right panel) N = 6, for
U/(wA) =2/5(), 1(V), 2(4), 3(M), 4(A), 5(e), and 6(x).

disappears near half filling §, = 0,1i.e.,8 = /2,

6K2 HD £,=0 0
TN —1)° “ '

In particular, in the strong interaction limit U — oo, the
coefficient CE for N =4 and 6 approach the values of

£,=0&U—o00 .

[80/(772)]CRP - 9/7 and 41/35, respectively.

The rescaled Wilson ratio takes the values very close to
the saturation value K — 1 for large U in the strong-coupling
region of |&,| < (N — 1)U/2, as described in Appendix E.
Similarly, in this region, the three-body correlations show the
property described in Eq. (6.7), and thus WP and ©9P take
the form

=0
wep S (8.6)

21
16
X ~ TR
Therefore, the plateau structure of WP is determined by the
sin? § term appearing in the right-hand side, while the struc-
ture of @8[) reflects the behavior of ®; shown in Figs. 4(e) and
4(f). The coefficient C2P changes sign in the strong-coupling
region at two points of &, which are incommensurate with the
occupation number N, in contrast to C; that changes sign at
1/4 and 3/4 fillings.
In the opposite limit |§,| — oo, both the two-body and
three-body parts approach the noninteracting values,

1 18
WKQD ’\’—|:10+ (11 + m)(Zsinzrs - 1)1|,

8.7

wep fx, L
21

e H7X 5 (8.8)

C. C2: order T2 term of Lqp

The Lorenz number Lop = kqp/(gT) for quantum dots is
defined as the ratio of the thermal conductance kg, /7 to the
electrical conductance g. It takes the universal Wiedemann-

Franz value at zero temperature Lop 120 72 /(3e?). How-
ever, as the temperature rises, it deviates from the universal
value, showing the T2 dependence described in Tables I and
II. The coefficient for the order T2 term is given by CSD =
CRP — C,, as a difference between the next-leading order
terms of ko /7T and g.

Figures 10(a) and 10(b) show the NRG results for CSD
in the SU(4) and SU(6) cases, res%ectively. Near half fill-
ing |&,| S U/2, the coefficient CS is determined by the
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two-body part WLQD as the three-body part ®SD = 16©, van-
ishes at &, = 0, as seen in Figs. 4(e) and 4(f),
2 =2
£=0 T K
c® 5 — (2 0. 8.9
A 30 + v (8.9)

. QD &=0&U=00
It takes a positive value and reaches Cj

0,767--- for N =~4, and 0.723 ... for N = 6, in the limit
of U - oo where K — 1.

In the strong-coupling region |§,| < (N — 1)U/2, the co-
efficient C?D exhibits the plateau structures for large U,
reflecting the corresponding structures of C, and C2P. The
coefficient C?D changes sign at the points where the order 72
terms of k, /T and g coincide, i.e., C® = (.

In the other regions at |£,| 2 (N — 1)U/2, the impurity
levels approach the empty state N, >~ 0 or fully occupied
N, > N state. In particular, in the limit of |§,| — oo, both the

two-body and three-body parts approach the noninteracting

values, WLQD ‘Sd—> 4 and 160, W_) —32, and thus

|&,|— 00 Tn?
CSD d

—— =-1.151--- < O. 8.10
0 < (8.10)

IX. FERMI LIQUID DESCRIPTION FOR SU(N)
SYMMETRIC MAGNETIC ALLOYS

We have discussed, in the previous sections, low-energy
transport properties of SU(N) quantum dots, by extending
the Fermi liquid description to the next-leading order terms,
which contribute to the transport at finite temperatures or at
finite bias voltages. Our formulation is applicable to a wide
class of Kondo systems other than quantum dots, particularly
to dilute magnetic alloys (MA) composed of 3d, 4f, or 5f
electrons [2]. In this and the next sections, we apply this
formulation to dilute magnetic alloys away from half filling,
taking into account exactly the order w? and 72 energy shifts
of quasiparticles that enter through the real part of the self-
energy X, (w) given in Appendix B.

The thermoelectric transport coefficients of magnetic al-
loys in the linear-response regime can be derived from the
function LY for n = 0, 1, and 2, defined by [43]

L:MA:-/OCda) " (_3]0(0)))‘
e oo T AA, (W) ow

Here, the inverse spectral function 1/A, () in the integrand
represents the relaxation time of conduction electrons, which
depends on T as well as w. The low-temperature expansion
of EMA can be deduced from the exact low-energy asymptotic
of 1 /A (w), given in Appendix B. We have presented the ex-
pansion formulas for the standard N = 2 Anderson impurity
model in a previous paper [21]. In this paper, we extend the
formulation to multi-level impurities in a general form without
assuming the SU(N) symmetry. Details of the derivation are
given in Appendix G.

In the following, we consider the behavior of the next-
leading order terms of electrical conductivity oy, and thermal
conductivity k), of magnetic alloys in the SU(N) symmetric
case, where e, = ¢, forallo,andU__, = U forall o and o’.
In this case, the formulas given in Appendix G are simplified,

©.1)

and as a result, the electrical resistivity oy, = 1/0y» the
thermal resistivity 1/k);,, and the Lorenz number Lya =
kna/(oya T) can be expressed in the form

1 . 2 vaf T 2
QMAZO_&I}S sin"d — C, T+ T
1 321 T\’
== ¢ n sin 8 — CMA <_7'[ ) +---, 93)
Kypa T 01{‘,[‘]; T T*

n? |: cMA (nT>2 :|
Lyys=—=|1 - —= +- .
3e? sin?8 \ T*
Here, aﬁ‘,ﬁ&‘ is the unitary-limit value of electrical conductiv-
ity. The explicit expressions of the dimensionless coefficients
CY'™, CMA, and C}"™ are listed in Table I1. These coefficients
C’s for magnetic alloys can also be decomposed into the
two-body W part and the three-body ©® part, as those for
quantum dots. Note that the following relations hold between
the coefficients for magnetic alloys and quantum dots:

9.2)

94

2

Ot = cos’s + G ©.5)
1172
CMA = 6_’OT cos? 8 + C, (9.6)
MA n? 2 QD
't = T cos” 8 —C; . ©.7

In particular, the cos® 8 term appearing in the right-hand side
vanishes at half filling, i.e., § = /2. In this case the co-
efficients for magnetic alloys in the left-hand side coincide
with their quantum-dot counterparts in the right-hand side,
except for the signs of CMA and C2°. The behavior of these
coefficients for magnetic alloys also reflects the properties
of low-lying energy states and significantly depends on the
occupation number N, and the interaction strength U.

X. THERMOELECTRIC TRANSPORT OF SU(4)
AND SU(6) MAGNETIC ALLOYS

We consider here the next-leading order terms of the elec-
trical resistivity gy, and thermal resistivity 1/xy;, of SUN)
symmetric magnetic alloys for N =4 and 6. For compar-
ison, we also provide the NRG results for these transport
coefficients in the SU(2) case in Appendix F, and the ana-
Iytic expressions of C’s for noninteracting magnetic alloys in
Appendix H.

A. C)™: Order T? term of gys

The coefficient C;’IA for the order T2 resistivity, is defined

in Table II. It consists of two-body part W)** and three-body
part O)'A,

2
Yt = — (WA 4 o)), (10.1)

¢ 48
Note that ®)'* = ©,, i.e., the three-body part for the T
resistivity of magnetic alloys is identical to the one for the
T? conductance of quantum dots. Therefore, G)gAA does not

Oyt =0, +0y.
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0
&qlU

FIG. 11. &, dependence of C)'* = (7?/48)(WM* + O}, two-
body part WA, and three-body part ©)'* = 6, + ©,. (Left panels)
N =4, for U/(xA) =2/3(x), 1(V), 2(4), 3(M), 4(4), 5(e), and
6(x). (Right panels) N =6, for U/(rA) =2/5(x), 1(V), 2(#),
3(M), 4(A), 5(e), and 6(x).

depend on X};] and is determined by the derivative of
the charge and spin susceptibilities through Eq. (8.2).
Figures 11(a)-11(d) show the NRG results for C)', W4,
and @g’lA for both the SU(4) and SU(6) symmetric cases.

The coefficient Cg’IA is positive and is less sensitive to the
impurity level position &, as compared to the quantum-dot
counterpart C; shown in Fig. 8. This difference is caused
by the first term, (72/12)cos? 8, appearing in the right-hand
side of Eq. (9.5). In particular, in the noninteracting case,

it becomes a constant, (48/712)C1QV[A = 1, independent of
the level position, as all effects due to €, are absorbed into
the characteristic energy 7" for U = 0 (see Appendix H).
Therefore, it is the strong electron correlation that makes CgIA,
shown in Figs. 11(a) and 11(b), deviates from the constant
value.

The three-body part almost vanishes, ©)'* ~ 0, for large
U in the strong-coupling region |§,| < (N — 1)U/2, as men-
tioned for ®, in Eq. (8.2). This is caused by the fact that
the magnitudes of the derivatives, 9% /0d¢, and 0% ¢/d¢,, are
significantly suppressed by the Coulomb repulsion in the wide
range of electron filling 1 SN, < N — 1, as demonstrated in
Figs. 3(a)-3(d). Therefore, in this region |£,| < (N — DU/2,
the coefficient Cg[A is determined solely by the two-body part
WQMA, which takes the form

MA m 2 )
Cg _52—1— l—ﬁ (1—28111 5) >0,
(10.2)

as the rescaled Wilson ratio is saturated to K ~ 1. Hence,
the plateaus emerging around the integer filling points § /7 =
1, 2, ..., N—1, reflect the structures of the Kondo ridge
occurring for the transmission probability sin’§, seen in
Figs. 15(b) and 16(b) in Appendix E. Among these plateaus,
the one at half filling, where § = /2, takes the small-

=0&U—o00
est value: (48/7r2)C2’[A il 5/3 and 7/5 for N =4

< <
S x Sx
@) (@)
—~ —~
N N
S S
~ ~
= =
o o
0 (<]
= =

FIG. 12. £, dependence of CMA = (772/80)(WMA 4 @MA),
two-body part WMA, and three-body part OMA = ©, + 257@[1. (Left
panels) N = 4, forU/(w A) = 2/3(x), 1(V), 2(¢), 3(HW), 4(A), 5(e),
and 6(x). (Right panels) N = 6, for U/(w A) = 2/5(x), 1(V), 2(#),
3(M), 4(A), 5(e), and 6(x).

and 6, respectively. As &, moves away from half filling,
the coefficient C)' increases in the region of |&,| < (N —
1)U/2. Equation (10.2) also indicates that the plateau be-
comes highest at the electron fillings of N, >~ 1 and N — I:

(48/m)CMA L2227 5 and 23/10 for N = 4 and 6, re-
spectively. The NRG results for Cé‘/IA, shown in Figs. 11(a)
and 11(b), clearly demonstrate these behaviors, which are
quite different form the behaviors of C, of quantum dots.
Equation (10.2) also shows that, in the SU(2) symmetric case
where N = 2, the coefficient CMA takes the maximum value
at half filling, as demonstrated also in Appendix F.

In contrast, at |£,] 2 (N — 1)U/2, the occupation number
approaches the empty N, ~ 0 or the fully occupied N, ~ N
states as the impurity level moves further away from the Fermi
level. In this region, both the two-body W' and three-body
O parts give comparable contributions to C)'*, and ap-
proach the noninteracting values,

[€41—>00

wMA 3, ews LN, (10.3)
2 MA  [Ealm00
and thus (48/72)CMA £ 1.

B. CMA: Order T3 term of Ky,

We next consider the order T3 term of thermal conductivity
kma of the SU(N) symmetric magnetic alloys. The coefficient
C,£‘4A, defined in Tables I and II, consists of two-body WKMA
and three-body ®@MA parts,

T 5
o =T o). o = o+ 26,

80
(10.4)

Note that @MA = O i.e., the three-body part for CMA of
magnetic alloys is identical to the one for the T3 thermal
conductance of quantum dots. The NRG results for these coef-
ficients C}(\’IA, WKMA, and @KMA are shown in Figs. 12(a)-12(d)
for N = 4 and 6.
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The coefficient CM* for magnetic alloys is less sensitive to
&, as compared to C,; QD for for quantum dots. This dlfference 1s
caused by the contr1but10n of the first term, (11772/60) cos? 8,
in the right-hand side of Eq. (9.6). The coefficient CM* is
positive and has a broad peak at £, = 0, the height of which is
determined by the two-body contribution WKMA as three-body

part ®MA vanishes in the electron-hole symmetric case,
=0 6K2 =0
wMa B0y CoeM E N 00 (10.)
7N —1)

In the limit of U — oo, it reaches the maximum possible

&,=0&U—00
value, [80/(77%)]CMA = 9/7 and 41/35 for N = 4
and 6, respectively.
In the strong-coupling region |£,| < (N — 1)U/2, the co-
efficient CMA takes the following form for large U:

18
CMA ~ 324 (11— — 28+ 160, |.
K 240|: +< N—I)COS + 1]

(10.6)

This is because, gl this region, the rescaled Wilson ratio is
almost saturated K ~ 1 (see Appendix E) and the three-body
part is parameterized by a single component, @MA ~ ;? 0,
due to the property described in Eq. (6.7). The plateau struc—
tures of CMA, appearing in Figs. 12(a) and 12(b) around the
integer filling points N, = 1, 2, ..., N — 1, are determined by
both the cos28 term in WMA and the plateaus occurring in
OMA seen in Figs. 12(c) and 12(d).

In contrast, at |£,| 2 (N — 1)U/2, the electron filling ap-
proaches the empty N, >~ 0 or the fully occupied N, ~ N
states as the impurity level goes very far away from the half
filled point. Therefore, the order T3 thermal conductivity for
magnetic alloys also approaches the noninteracting value in
this limit,

- 4 —
it 2—? oua 2 o (10.7)
and thus [80/(7x2)]CMA 42 1oy,

C. CMA: Order T term of Lya

The Lorenz number Lya = ky5/(0ya T) for magnetic
alloys is defined as the ratio of the thermal conductivity

kypa/T to electrical conductivity oy,,. It takes the univer-

T—0
sal Wiedemann-Franz value at zero temperature: Lyja ——>

7% /(3e?). However, it deviates from this value as the tem-
perature increases, showing the T2 dependence as described
in Eq. (9.4). The precise expansion formula for the coeffi-
cient CMA for the order T2 term is shown in Table II. It
is given by the difference, C}'* = C)'* — CM**, between the
order T2 term of the resistivities, 1/oy, and T /., defined
in Egs. (9.2) and (9.4). The coefficient Ci\’[A for magnetic
alloys and the quantum-dot counterpart CSM are related to
each other through Eq. (9.7): these two coefficients tend to
have opposite signs. In Appendix H, we have also provide
an analytic formula for CM* in the noninteraction case, for
comparison.

The NRG results for Ci‘/IA are shown in Figs. 13(a)
and 13(b) for N =4 and 6, respectively. Near half filling

0 e R
fd/U fd/U

FIG. 13. Order T? term C}** = C)"* — CY*™* of Lorenz number
Lya is plotted vs &,. (Left panel) N =4, for U/(wA) =2/3(%),
1(V), 2(#), 3(W), 4(A), 5(e), and 6(x). (Right panel) N = 6, for
U/(mA) =2/5(), 1(¥),2(#), 3(H), 4(A), 5(e), and 6(x).

1€,1 S U/2, the coefficient CY'* is determined by the two-
body part WMA as the three-body part, given by —160),
vanishes at &, = 0,

£=0 72 K>
cMa 2, T (2 0.
L 30( +N—1> =

This coefficient attains its greatest possible negative value

£,=0&U—o0
CMA
L

(10.8)

in the limit of U — oo where K — 1:
—0,767--- for N =4, and —0.723--- for N = 6.

In the strong-coupling region |£,| < (N — 1)U/2, the cMA
also exhibits the plateau structures around the integer filling
points §,/U =0, 1, ..., £(N — 2)/2 for large U, reflecting
the structures that appear for both C)'* and C}'. In partic-
ular, the plateaus at N, >~ % =+ 1 fillings, seen in Figs. 13(a)
and 13(b) for U/(wr A) 2 3, take a negative value for both
N =4 and N = 6, whereas the other plateaus become positive
for N = 6 as the electrical resistivity dominates, i.e., C)'* >
CMA,

As the impurity level goes far away from the Fermi level
in the region |§,| 2 (N — 1)U/2, the occupation number ap-
proaches N, ~ 0 or N, >~ N. In the limit of |§,| — oo, the
two-body and three-body parts take the noninteracting values,

wMA Lilnia —28 and —160; il 32, and the coefficient
CMA converges to the positive value,
cva 2 ”O —0.164--- >0.  (10.9)

XI. SUMMARY

We have presented a comprehensive Fermi liquid descrip-
tion for nonlinear current and thermoelectric transport through
quantum dots and magnetic alloys, which is asymptotically
exact at low energies up to the next-leading order terms.
Our formulation is based on the multilevel Anderson model
and is applicable to arbitrary impurity-level structures €, for
o=1,2,..., N, including the spin degrees of freedom. The
coefficients for the next-leading order terms have been shown
to be expressed in terms of a set of the correlation functions
defined with respect to the equilibrium ground state: the phase
shift §,, the static susceptibilities x,, ,,, and the three-body
correlations ! . which emerge when the system does not
have both the electron-hole and time-reversal symmetries.

Extending Yamada-Yosida’s field-theoretical approach, we
have obtained the formulas for the differential conductance
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dl/dV, current noise Sl?o?se and thermal conductance Kop
of quantum dots, and also the electrical resistivity oya
and thermal conductivity «,;, of dilute magnetic alloys. In
the SU(N) symmetric case, these transport coefficients take
simplified forms, as listed in Tables I and II, and the three-
body correlations can be deduced from the derivatives of
the susceptibilities: dx-/0de,, 0Xg/0¢,;, and XE] through
Eqgs. (5.10)—(5.13).

We have also calculated the correlation functions for the
SU4) and SU(6) cases, using the NRG approach over the
whole region of impurity-electron fillings N,, which in-
cludes the Kondo and the valence-fluctuation regimes. In the
SU(N) case, the three-body correlations have three linearly
independent components that approach each other closely
as the Coulomb interaction U increases: x!3 =~ —(N —
Dyl |~ @D B for o # 0’ # 0" # 0, in a wide
filling range 1 S N, < N — 1. This is caused by the suppres-
sion of the derivatives of the charge and spin susceptibilities,
occurring at large U: [0 /0¢,| K (T*)~2% and [0%s/0€,| K
(T*)~2, with T* = 1/(4x,,) the characteristic energy scale
of the SU(N) Fermi liquid. This property of three-body
correlations is also related to a similar property of linear
susceptibilities, x,, ~ —(N — 1)x, ., which reflects the sup-
pression of charge fluctuations, X~ 2~ 0, occurring at large U .

The coefficients C’s for the next-leading order terms can
be decomposed into the two-body part W’s and the three-body
part ®’s, as listed in Table II. The NRG results show that the
three-body part ®,, of the coefficient C;, for the order (eV )*
term of dI/dV exhibits Kondo plateau structures at integer
filling points N, = 1,2, ..., N — 1for large U. These plateaus
of ®, complement the two body part W,,, which decreases
away from half filling, to form a wide ridge structure in C,
that spreads over the regionof 1 SN, SN — 1.

The linear-response term of current noise SI%?SC is maxi-
mized at quarter filling N,/N = 1/4 and three-quarters 3/4
filling, and the peaks exhibit flat structures for N = 4, while
they are round for N = 6. This difference is caused by the
fact that, at these fillings, the SU(N) Kondo effects occur for
N =0 (mod 4), while the intermediate valence fluctuations
occur for N =2 (mod 4). The coefficient Cg for the order
leV|? nonlinear term of Sr%]i)se has a peak at half filling, which
evolves into a plateau as U increases. As the impurity level
&, deviates from the half filling point, C decreases rapidly
for N = 4, whereas it varies more modestly for N = 6. This
is mainly due to the higher-harmonic “sin 46” dependence of
the three-body part ®¢, which vanishes at the quarter and
three-quarters filling points. As |&,| increases further, ©¢ has
a pronounced negative minimum in the valence fluctuation
regions at £, >~ (N — 1)U/2 for both N = 4 and 6, which
yield the valley structures appearing in C. This is in marked
contrast to the SU(2) case, where the valley structure emerg-
ing in C is caused by the two-body contributions W, instead
of Oq.

We have also studied the coefficient C; for the order T2
term of the linear conductance g = dJ/dV|,,_, and the co-
efficient C,?D for the order T3 term of thermal conductance
Kqp» for SU(N) quantum dots. The three-body part ©; of Cy.
is determined solely by the derivatives of charge and spin sus-
ceptibilities, i.e., 9% /d€,; and 3 /€, and is independent

of XE]- Therefore, ©; is significantly suppressed and almost

vanishes for strong interactions U in a wide range of the
electron filling 1 < N; < N — 1. In contrast, the three-body
part ©2P for thermal conductance involves XE I"and becomes
comparable to the two-body part WP, except for the plateau
region near half filling. The Lorenz number Lop = kqp/(8T)
for quantum dots takes the universal Wiedemann-Franz value
72/(3¢*) at T = 0 and shows a T2 dependence at low tem-
peratures. The coefficient for the order T2 term of Lgp is
given by CX° = C® — C,, i.e., the difference between the
next-leading order terms of kg, and g. This coefficient CLQD
also exhibits the Kondo plateau structures at integer filling
points N, =1,2,...,N — 1.

The three-body correlations also play a significant role in
the low-energy transport of magnetic alloys. We have inves-
tigated the behaviors of the coefficient C, éle for the order T
resistivity oy, and CM2 for the order 73 thermal conductivity
kya- In the SU(NV) symmetric case, the three-body parts of
these coefficients become identical to the related ones for
quantum dots, i.e., ®gAA = ©, and OMA = @, Therefore,
the difference between the coefficients for MA and that for
the QD counterparts arises from the two-body parts, more
specifically, from the additional cos? § terms appearing in the
right-hand side of Eqgs. (9.5) and (9.6). The additional cos? §
terms make the coefficients CMA and CMA positive definite
and less sensitive to the impurity level position &, compared
to the QD counterparts C; and C2P. The coefficient C)'* takes
the maximum value at the electron fillings of N, >~ 1 and
N — 1 for N > 4, while in the SU(2) case Cg’[A has a single

peak at half filling. The coefficient C}'* = C)'* — CMA for

the order 72 term of the Lorenz number Lya = iy /(0ya T)
for magnetic alloys also becomes less sensitive to the electron
filling N, compared to CED for quantum dots.

The three-body correlation functions can be determined
experimentally by measuring the coefficients C’s for the next-
leading order terms. These experimental values can then be
used to infer the behaviors of other unmeasured transport
coefficients.
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APPENDIX A: FERMI LIQUID PARAMETERS

1. Linear and nonlinear static susceptibilities

The ground-state properties and the leading Fermi liquid
corrections due to the low-lying excitations can be described
in terms of the occupation number and the linear suscepti-
bilities of the impurity level, derived from the free energy
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= —(1/B) log[Tre F™],
082
d€,,

92Q

B
= = dt (8 dny..). (A2
X(yo' 8€d036d0, /0 T < ndq (T) ndg > ( )

(n4) = (AD)

Here, én,, =n, — (n, ), and thermal-equilibrium averages
are defined as (0) = Tr[e " O]/Tre P, with g = 1/T
the inverse temperature.

In addition to the linear susceptibilities, the nonlinear sus-
ceptibilities X(ﬂm play an essential role in the next-leading
order terms of the transport coefficients when the system does
not have both the electron-hole and time-reversal symmetries,

[3] 839 _ aXUH’z

X(r](rztrz -
Bedm Bedgz Bedg3

B B
= —/ dn/ dty (Te8ny, (t1) 8ny, (12) 81y, ).
0 0
(A3)

Here, T; is the imaginary-time ordering operator. This cor-
relation function has the permutation symmetry: X([,?}TZJB =
th}na_g = X([s},m = X(ﬂm = --- . Specifically, in our formu-
lation we are using the ground-state values for (n,, ), x,, and
xB! .. determined at T = 0.

The occupation number can be related to the phase shift
through the Friedel sum rule: (n, ) I 8, /m. The phase
shift corresponds to the argument of the Green’s function,
given by G” (0) = —|G% (0)|e?,atw = T = eV = 0[8], and
determines the value of the spectral function p, (@) at w = 0,

Pio (w) = Aa (w)|T:eV:07 (A4)
_ ©0) = sin? S, (AS)
Pic = Pus - TA ’

where A (w) is the nonequilibrium spectral function defined
in Eq. (3.2). The derivative of p, () also contributes to the
next-leading order terms and can be expressed in terms of the
diagonal susceptibility x,., using Eq. (A11),

80 ©)

_ _8'0d(f Xoo
do —

= = =% sin24,,. (A6)
o |0 I

One of the most typical Fermi liquid corrections due to
many-body scatterings arises in the 7 -linear specific heat Cil:fl?f
of impurity electrons,

72
Cihrreu;;l = yimp T’ yimp = ? Z Xoo- (A7)
The coefficient y,,,, can be expressed in terms of the diagonal
components of the linear susceptibility x,. using the Ward
identities [6,8,9], i.e., Egs. (Al1) and (A12), which follow
from a relationship between the derivative of the self-energy
with respect to @ and the derivative with respect to €, .

2. Ward identities

The local Fermi liquid state of quantum impurity systems
can be microscopically described using the retarded Green’s

function, defined in Eq. (3.1), which can also be written in the
form,

1
w—€,, +iA—3(0)

() = (A8)

The information about the low-lying energy states can
be extracted from the equilibrium self-energy X, (@)=
2! (@)|y_,v—_o> by expanding it, step by step, around the Fermi
energy @ = 0. The expansion up to linear terms in @ describes
the renormalized resonance state of the form,

Gh(w) = ——"——. (A9)
w—€, +IiA,
Here, the renormalized parameters are defined by
o =2 [€40 + Tly o (0] = A, cot 8,
~ 1 Xl ()
A, =z7,A, —=1- T2 1 | (A10)
Ly dw =0

The wavefunction renormalization factor z, can be related to
the derivative of X, ;(0) with respect to the impurity level
€,,» using the Ward identity [6,8,9],

1 - - 82&10(0)
— = Xpor Xoo' =Opor + ——. (A11)
2y 0€qo

The coefficient X, determines the extent to which the sus-
ceptibility is enhanced at T = 0,

d(ny) 10

Xoow = — P Xoo'-

Al12
e (A12)

Recently studies have been clarified that the order w? real
part of the self-energy can be expressed in terms of the the
diagonal component of the three-body correlation function

3] as [18-21]

X(f(f(f’

92 LR () B A
3R Tlao @] g = — 55— =

Al3
de3, e, (AL3)

Physically, this coefficient determines the energy shifts of
quasiparticles of order w?, T2, and (eV)?, which affect the
low-energy transport of the next-leading order.

APPENDIX B: LOW-ENERGY ASYMPTOTIC
FORM OF SPECTRAL FUNCTION

The low-energy asymptotic form of the retarded self-
energy X, (w) for multilevel Anderson impurity model has
been derived up to terms of order w?, T2, and (eV)? in
the previous studies [27,29]. For symmetric tunnel junctions
withI';, =T'; (= A/2) and u; = —uy (= eV/2), it takes the
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form

Im ¥/ () = —

|9

;OL Z Xaztr/ |:w2_|_

do o'(#0)

1
€0 +tReZ (w)=Acots, +(1—X,,) o+ =

e+ (nT)z} T

8%0[7
2 d¢,,

Substituting these expansion results into Eq. (A8), we obtain the asymptotic form spectral function,

2
5 T

TAA,(w) = sin“ 8, + 3
o' (#0)

1
: 2 2 2
+msin28, xy, 0+ 7| cos28 | x5o + > E Xoo

3 2
5 cos 26, Z Xoo’

(B1)
11 3
O+ — > xfj,g,[— (eV)? +(71T)2] +--. (B2
6 Pio 'z 4
sm28 3
[3] 2 2
= T
> X8, [4(ev) + (nT) ]
o' (£0)
sin 28
- @+ (B3)
27

o' (#0)

Correspondingly, the inverse of the spectral function that determines the thermoelectric transport of magnetic alloys takes the

following form, up to terms order w? and T2 at eV = 0,

1 1
TAA, ()

1
+ A]PTda { (00528, +2) X2, = 500828, Y 12y

APPENDIX C: PROPERTIES OF x23! IN SU(N) CASE

010203

We briefly describe here some relations between the three-
body correlation functions and the derivative of the linear
susceptibilities with respect to the center of mass coordinate
of the impurity levels, €, = (1/N)}_, €,,-

The derivative of the diagonal susceptibility y,, can be
written as

oo _ Moo oo
de, o€y, o) de
SUN)
— =Dy (C1)
where o # ¢’. Note that X[Sa]a = X(E‘],a, in the SU(N) sym-

metric case. Similarly, the derivative of the off-diagonal
susceptibility x . for o # o’ takes the form

8)(0'0" — 3XJU’ 8X¢TU’ 8)(06’
de, o€y, o€, o €,
#a')
SU(N)
= 2 N =2 X (C2)

foro # o’ # 0” # o.In the SU(2) symmetric case, Egs. (C1)
and (C2) provide enough informatlon to determine the two
independent components x!3 and x"! , from the two dif-
ferential coefficients 0, /de, and 9, ./d€,. However, for
N > 3, there are three 1ndependent three-body components,
ie, xB . x EJ o+ and Xaa ., S0 that we need additional infor-
mation to determine all these components.

In order to obtain another independent relation, we con-
sider the derivative of the susceptibilities with respect to the

magnetic field b, which induces the level splitting in impurity

1
~ 1-— 37 cos 26, 2 _sin 28, Bl Y xT)? —
TAp,, |: 6Ap,, ( U%)Xm Z Xaoror |1

o'(#0)

sin 26, ;3] 5
+— o @ |+ (B4)
2

o'(#0)

(

levels €,, in a such way that €,
€, + b, witho = (m, s)form—l 2,.

_ed—b and €amy =
. N/2ands =1, |,

axmlsl,mzxz — % Z 8€d ,m3,83 axmlsl mysy
ab my=1s3=1,} aed,ms,.ﬁ
N/2 N/2
== Z X’Ez]xl,mzszsmﬂ + Z X"Efl]sl’mlvl’m3¢'
m3=1 m3=1

(C3)

From this derivative, we obtain the following relation, taking
my = my (= m),

i XmT,mT - XmJ,,ml
ob 2

N/2

- _ Z [3I _
- mT,mT.m/T

+ Xmpmpmy ~

N/2
b—0
H J— [

[3]
XmT,mT,n1/¢

(3]
Xmi,ml,m’?)

[3] [3]
XmT mt,ms?t Xm? m1, mgi]
m;:l

( 3]

XmT mt,mt (C4)

[3]
XmT,mT,m\L)'

Here, we set the magnetic field to be zero, b = 0, in the last
two lines. This relation can also be rewritten into the following
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FIG. 14. Comparison of (¢) NRG and (—) exact results of sin’ §
for U = 0. The NRG calculation was performed for N = 6, taking
A = 20 and keeping Nyune = 40 000 low-energy states.

form at b = 0, using the original label o = (m, s),

i Xmtmt — Xml.my I ) (3]
— = ~Xooo + Xoo'o"
ab b=0

2
(&)

1

3
Xi

foro’ #£ 0.

APPENDIX D: NRG PROCEDURES

We have carried out NRG calculations, dividing the N
conduction channels into N/2 pairs and using the SU(2)
spin and U(1) charge symmetries for each of the pairs,

ie, [] Z:l {SU2) ® U(1)}; symmetries. The discretization
parameter A and the number of retained low-lying excited
states Nyune are chosen to be (A, Nyune) = (6, 10000) for N =
4. Note that the SU(4) symmetry is preserved in our iteration
scheme since the truncation of higher energy states has been
carried out after adding all new states from the N/2 pairs.

For N = 6, we have also exploited the method of Stadler
et al. [85]. In this case, the truncation procedure is carried
out at each of the steps (k =1, 2, ..., N/2) after adding the
states constructed with one of the channel pairs, by using
Oliveira’s Z trick [86], choosing different Z values for each
of the N/2 steps: Z, = 1/2 + k/N for the kth pair. We have
carried out calculations for N = 6, taking rather large values
for the NRG parameters, such that (A, Nyune) = (20, 40000)
for small interactions U/(w A) = 2/5 and 1, and (20,30000)
for large interactions U/(w A) = 2,3, 4,5, and 6. This method
significantly reduces the computational cost for obtaining
low-lying energy states and enables us to calculate the three-
body correlation functions for 6, although it does not faithfully
preserve the SU(6) symmetry. We have checked whether this
method reproduces the noninteracting results. Figure 14 com-
pares the NRG result for sin? § with the exact one for U = 0;
the results show reasonable agreement. It indicates that this
truncation procedure works effectively for deducing the SU(6)
FL parameters.

In order to calculate x E] defined in Eq. (5.13), we have also
introduced a small external potential € ,, which depends on
the channel index k = 1, 2, ..., N/2 and shifts the impurity
level from ¢,. Specifically, for N = 4, it is applied in a way

equivalent to the local Zeeman field: €, , = —band €, , = b.

AL LARN LaaNey

% 1
Shobo LBl B

_0.06 RN A
0'0—1.5 -1.0 -05 0.0 05 1.0
éqlU

FIG. 15. Fermi liquid parameters for the SU(4) symmetric
Anderson model are plotted vs &,;: (a) N,, (b) sin? 8, (c) renor-
malization factor z, (d) K= (N — 1)(R — 1). (e) renormalized level
€,, and (f) enlarged view of €,, Interaction strengths are chosen to
be U/(mA) =2/3(x), 1(V),2(4),3(W),4(A), 5(e), and 6(x). The
dashed line in (a) represents N, in the atomic limit A — 0.

For N = 6, we have extended the potential such that €p1 =

—b, €p = 0, and €p3 = b, and have deduced X,|33] from the
derivatives of the channel susceptibilities with respect to b.

APPENDIX E: TWO-BODY FL PARAMETERS FOR SU4)
AND SU(6) SYMMETRIC CASES

We provide a quick overview of the behavior of the renor-
malized parameters in the SU(4) and SU(6) cases, which can
be derived from the phase shift and the linear susceptibilities
[87-90]. Our discussion here is based on the NRG results,
plotted in Figs. 15 and 16 as functions of the impurity level
position &,, for several different interaction strengths: from
weak to strong interactions up to U/(w A) = 6.0.

The SU(N) Kondo effect occurs for strong interactions
when the impurity levels are filled by an integer number of
electrons, i.e., at the fillings of N; = 1, 2, ..., N — 1. It takes
place at §, ~ 0, £U, ..., :I:NT’zU, and gives an interesting
variety in the low-energy properties. As N increases, a greater
interaction strength is required to clearly observe the Kondo
behavior. This is because the quantum fluctuations caused by
the Coulomb interaction are suppressed for large N. In partic-
ular, the mean-field theory becomes exact in the limit N — oo
that is taken keeping the scaled interaction U* = (N — 1)U
constant [90].

Figures 15(a) and 16(a) show the occupation number N,
for N = 4 and 6, respectively. As U increases, the Coulomb
staircase structure emerges: N, varies steeply at £, ~ £U /2,
+3U/2, ..., £(N — 1)U/2. Correspondingly, as U increases,
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&qlU

FIG. 16. Fermi liquid parameters for the SU(6) symmetric
Anderson model are plotted vs £,: (a) N,, (b) sin 8, (c) renor-
malization factor z, (d) K= (N — 1)(R — 1). (e) renormalized level
€,, and (f) enlarged view of €,, Interaction strengths are chosen to
be U/(rA) =2/5(x), 1(V),2(#),3(W), 4(A), 5(e), and 6(x). The
dashed line in (a) represents N, in the atomic limit A — 0.

the transmission probability sin’8, shown in Figs. 15(b)
and 16(b), exhibits a plateau structure that develops around
§,~0,xU, ..., £(N — 2)U/2. In particular, the plateau at
the half-filling point §, >~ 0 reaches the unitary limit value
sin” 8 = 1.0.

The renormalization factor z, shown in Figs. 15(c) and
16(c) for N =4 and 6, exhibits a broad valley structure at
1&,l S (N —=1)U/2, where 1 S N; SN — 1. The valley be-
comes deeper as U increases, and the local minima emerge
for U/(w A) 2 3.0 at the integer-filling points, reflecting the
occurrence of the SU(N) Kondo effects. The renormalization
factor also has local maxima at intermediate valence states in
between two adjacent local minima. Note that z is significantly
suppressed by the strong electron correlations even at these
local maxima. Figures 15(d) and 16(d) show the rescaled
Wilson ratio K = (N — 1)(R — 1). For large interactions, K
exhibits a wide flat structure at [§,| < (N — 1)U/2, the height
of which approaches the saturation value K~1.0, especially
for U/(w A) 2 3.0, reflecting the suppression of charge fluc-
tuations in this region of £ ;.

Figures 15(e) and 16(e) show the renormalized resonance-
level position €, = zA cot § for N = 4 and 6, respectively, as a
function of &,. For strong interactions, the renormalized level
is almost locked at the Fermi level, %’d ~ 0.0, in the strong-
coupling region |§,| < (N — 1)U/2, which corresponds to the
filling range of 1 < N; < N — 1. Figures 15(f) and 16(f) show
an enlarged view of €, in the vicinity of the Fermi level. We
see that ?d exhibits a fine structure, which reflects the staircase

behavior of the phase shift § and the oscillatory behavior of the
renormalization factor z. Outside the strong-coupling region,
€, approaches the bare value €, ~ €, at&, > (N — 1)U/2, or
the Hartree-Fock value €, ~ ¢, + (N — DU at §, < —(N —
1)U /2: these asymptotic forms of €, are shown as the dashed
lines in Figs. 15(e) and 16(e).

APPENDIX F: CURRENT NOISE AND
THERMOELECTRIC TRANSPORT
FOR SU(2) SYMMETRIC CASE

We have discussed the behavior of the current noise and
thermoelectric transport of the SU(4) and SU(6) Anderson
model in Secs. VII, VIII, and X. For comparison, here we
briefly describe the corresponding results in the SU(2) case,
specifically, the current noise and the thermoelectric transport
coefficients are plotted in Figs. 17 and 18, respectively.

We can see in Fig. 17(b) that the linear noise is suppressed
in the strong-coupling region |£,| < U/2 for large U, where
the transmission probability exhibits a wide Kondo plateau in
Fig. 17(a). However, the linear noise increases and has the
peaks, the width of which is of the order of A at valence
fluctuation regions near the quarter and three-quarters filling
points where the phase reaches § = 7 /4 or 37 /4. At these
filling points, the coefficient Cg for the order |eV |* nonlinear
current noise has the negative minima, as seen in Fig. 17(c).
We see in Fig. 17(d) that the three-body part ® of Cg, is also
suppressed over a wide region |£,| < U/2. Therefore, in this
strong-coupling region, the nonlinear noise C is determined
solely by the two-body part Wy in the SU(2) case,

Wy = 4R — 1> +[1+5(R — 1)’]cos4s,  (FI)

where R is the Wilson ratio. In particular, the dip structures of
C; at the quarter and three-quarters fillings reflect the minima
of cos 48 in Wy. In contrast, at |£,| 2 U/2, the three-body part
©® becomes comparable to W, and contributes to Cy.

)

=}
3
N
olfid,

(192/1%) Cs

ol dd® bbb

FIG. 17. Current noise for SU(2) symmetric quantum dots vs
&, (a) sin® 8, (b) linear noise sin’§ (1 — sin?§), (c) (192/7%)Cy =
W + O, (d) Oy = —(0; + 3 (:)H)cos 25 (see Table II). Interaction
strengths are chosen to be U/(wA) = 1(V),2(4),3(H),4(A),
and 5(e).
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FIG. 18. Next-leading order terms of transport coefficients
for an SU(2) symmetric Anderson impurity: (a) (48/72)C,,
() [80/(TmH)ICRP, (c) (48/7*)CMA, and (b) [80/(T7)ICMA, de-
fined in Table II. Interaction strengths are chosen to be U/(w A) =
1(V),2(4),3(M), 4(A), and 5(e).

Figure 18 shows the results for the next-leading order
terms of the thermoelectric transport coefficients for the
SU(2) quantum dots (a) C; and (b) C2P, and for SU(2)
magnetic alloys (c) C)'* and (d) CY'*. All these coef-
ficients exhibit the plateau structures due to the Kondo
effect in the strong-coupling region |£,| S U/2 for large
U, where the phase shit is locked at § >~ /2. In this
region, the three-body contributions, ®; and ©y;, almost
vanish (see Ref. [28] for more details), and the height of
these plateaus approach the saturation values for U — oo,
ie., (48/7*)C; — 3, (48/712)CévIA — 3, [80/(7T7*)ICP —
13/7, and [80/(772)]CMA — 13/7. The coefficients C, and
Cé‘/IA for charge transport show a similar behavior in the
strong-coupling region. Furthermore, in this region, the co-
efficients for thermal conductivities, C° and CMA, also show
a similar behavior. In contrast, at |£,| 2 U/2, the coefficients
C; and C2 for quantum dots change sign and become neg-
ative as the occupation number approaches N, >~ 0.0 or 2.0,
whereas the coefficients CY'* and CYM'* for magnetic alloys
remain positive definite.

APPENDIX G: THREE-BODY FERMI LIQUID
CORRECTIONS TO THERMOELECTRIC
TRANSPORT OF MAGNETIC ALLOYS

In this Appendix, we describe the low-energy asymptotic
form of the electrical resistivity gy, = 1/0y,, the ther-
mopower Sy, , and the thermal conductivity «,;, of magnetic
alloys,

1

OMa = Uf/llgt N ch/ﬁv (G1)
— _1 Za ‘Cllv,ls (G2)
VAT JelT Y, £YA”
uni MA)2
o — OMA 1 [MA _ (2, £17) (G3)
MA 2T N - 2,0 Zo’ *C()M’? .

For magnetic alloys, the response functions EL"}? forn=0, 1,
and 2 are given by

EMA:/Ode o" (_8f(a))>.
e oo TAAG(w) ow

Equation (G1) defines the electrical conductivity relative to
its unitary-limit value o). Correspondingly, the prefactor
for «y 1s defined in such a way that the T-linear thermal
conductivity should take the form

(G4

2
Kva _ 7T nit
Hm = = 3¢ OMa- ©3)
The asymptotic form of E}:’fﬁ can be calculated, using
the low-energy expansion of the inverse spectral function
1/A,(w) given in Eq. (B4),

MA 1 ap.y 2
LA = 1+ —=-@TY |+ -, G6
0.9 ™ in%s, sin? 3(,( ) (G6)
1 ’
LA = - ey (G7)
’ 3mApy,
(T’ ayo
Ly — 1+ —=2-@Ty|+---. (G8
29 7 3sin% s, sin? 8(,( ) G8)

Here, the coefficients a)'®* and @)™ are given by

2
agfﬁ = % (cos 28, +2)x2, — 2cos 28, Z X2
o'(#0)

sin 26, 3 3]
+t Xc!rzr]zr + Z Xoo'a ’

(G9)
2 o' (Fo)

MA 77'[2 2 6 2
az’a = T (COS 28(7 + 2))(0.0 - ? cos 286 Z Xoo’
o'(#0)

sin 24, 5
o [3] E [3]
2 Xooo + 21 XO'G"O"
o'(#0)
(G10)

We obtain the low-temperature expressions of gy, =
1/oyas Sma and 1/ky,,, substituting Eqgs. (G6)—(G8) into
Eqgs. (G1)—~(G3),

1 -
Oma = T [(sm2 Nym — cg/IA (7TT)2 + .. ]’ (G11)

MA

7>y ph T
Syp = — =oelde 4 (G12)
MA 3 Zapda |€|
1 3¢?

1 ) MA 2
— = — — [ (sin“ § —c nT —l—]
kma  mrogyan T [( v — e ()

(G13)
Here, (sin28)HM is the harmonic mean (HM) of sin? 8y,
defined by
1

S — (G14)
1 1
N ZU sin? 84

(sin? §)ppy =
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The coefficients c)'* and c}'*

are given by

of the next-leading order terms

MA 2 21 ayy
MA = 1(sin? 8 } — <
@ {( Jiim N Za: sin* 8,

va [~ 121 @y
= {(sm 5)HM} ]V XU: —

(GI15)

sin™ 8,

72 — 1 sin 26,
—?(sm2 D) v =

sin™ 8,

2
Xw} :| (G16)

Correspondingly, the electrical conductivity and the ther-
mal conductivity take the following form:

MA
O,umt
_Ova |y e

(nT)2+~-~], (G17)

OMA =
(sin® Num (sin? um
m? oyt T
fua = 73 =
e (sin am

(G18)

aE]
x| 1+ —5— T+ :
(sin? S)HM

Furthermore, the Lorenz number Lya = kma/(omaT) can
also be deduced up to terms of order 72, as

7.[2 CMA

LMAZﬁ 1——( nTY+---|, (Gl19)
€ (sin? am

't =t — (G20)

In the limit of zero temperature the Lorenz number takes a

T—0
constant value Lyjy —— 3” s, and the Wiedemann-Franz law

holds. However, it deviates as temperature increases, showing
the 72 dependence.

APPENDIX H: THERMOELECTRIC TRANSPORT
COEFFICIENTS FOR NONINTERACTING
MAGNETIC ALLOYS

We provide here the noninteracting results for the thermo-
electric transport coefficients of magnetic alloys. For U = 0,
the response functions EMA for n=0,1,2 can be calcu-
lated, substltutmg the exphclt form of the spectral function

A, (@) 20 A /(@ — ego ) + A2] into Eq. (G4),

MA  U=0 €16 \2 1 /7T \*

oy = 1+ (%) | +3(% ) D
-0 -2 T\’

e (—”A ) , (H2)

MA U=0 Az ed(r ﬂ 2 7A2 T[T)
£ —)3|:1+(A):|<A>+15 '
(H3)

The transport coefficients, defined in Eqs. (G1)—(G3), can
be deduced from these analytic expressions for E%ﬁ. In par-
ticular, in the SU(N) symmetric case where €, = ¢,, the

@ 1.0_I II|III|III|III|III|III
<. - MA (0) ]
S C Cr 3
0.5 -
o3 - CUAO 7
= - =
;':’ 0.0_— -
= x = -
O - ]
s" "9 U=0 E
<§( B i
OQ_»] G_I o v by b v v b g by

-6 -4 -2 0 2 4 6
EqlA

FIG. 19. Coefficients CMA©, CMA® and CMA© for noninteract-
ing U = 0 magnetic alloys plotted vs €.

electrical resistivity Ql(\gi\ for U = 0 is given by

1 T
(0) -2 MA(0)
OMA = —umi |:s1n 3 C ( *> :|, (H4)

MA

2
1 MA©O) _ T

)
Sy = ————— =T
M T T e a e 48

(H5)
Here, T, = m A/(4sin® ) is the characteristic energy scale
in the noninteracting case. The coefficient CY"*) for the 72
resistivity is given by a constant 72/48 (= 0.205---) as the
€, dependence is absorbed into Tj".

The thermopower S& A and thermal resistivity 1 /KIE/?L for
U = 0 are given by

o _ 1 27?7 €, T
MAT el 3 2+ A2

1 32 1 7T \?
O T Toui T |:s1n 8y — CMAO® (T*) :|, (H7)
KMA MA 0

_ 772 1+ 20sin 80 (HS)
80 21

(H6)

C’I(VIA(O)

Furthermore, the dimensionless coefficient for the order 72
term of the Lorenz number L,;, is given by CéVIA(O) =
Cg/IA(O) — CMAD and it takes the form

MO = (1 — 5sin”§).

(H9)

These results for the next-leading order terms in the non-
interacting case are plotted as functions of €, in Fig. 19. The
coefficient CMA© takes a Lorentzian form with an offset value

of C}(V[A(O) ‘Edl——mo) 7?2 /240 (= 0.041---). Correspondingly,
C{AA(O) has a dip at €, = 0, and vanishes at the points €, =
+2A where CMA©® and Cg’IA(O) give equal contributions to

the Lorenz number L, . As the impurity level moves further
away from the Fermi level |€,| > A, it approaches the value

of CMAO 7% 260 (= 0.164 - ).
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