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In this work we propose that Majorana zero modes can be realized at the corners of the two-dimensional
unconventional insulator. We demonstrate that 17-PtSe, is a symmetry indicator-free (SI-free) unconventional
insulator originating from orbital hybridization between Pt d and Se p, , states. The kind of SI-free unconven-
tionality has no symmetry eigenvalue indication. Instead, it is diagnosed directly by the Wannier charge centers
by using the one-dimensional Wilson loop method. The obstructed edge states exhibit strong anisotropy and large
Rashba splitting. By introducing superconducting proximity and an external magnetic field, the Majorana corner
modes can be obtained in the 17-PtSe, monolayer. In the end, we construct a two—Bernevig-Hughes-Zhang

model with anisotropy to capture the Majorana physics.
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I. INTRODUCTION

Majorana zero modes (MZMs) in topological supercon-
ductors [1] have attracted great interest in the past two
decades, and an amount of physical systems [2—7] has been
proposed to realize Majorana modes. Among them, the
Rashba semiconducting nanowire, which hosts Majorana end
states with superconducting proximity and under a magnetic
field, is a well-studied system [8,9]. Recently, the idea of
higher-order topological superconductors [10-13] broadens
the research area of Majoranas and turns the Majorana modes
to corners and hinges. Normally, higher-order topological su-
perconductivity always requires either unconventional pairing
order [14-20] (p-, d-, or sy-wave) or complicated junctions
[21], which are difficult to implement in experiment. By using
topologically protected edge states of quantum spin Hall in-
sulators in proximity contact with an s-wave superconductor,
Majorana corner modes can be realized when subjected to an
external magnetic field or ordering [22,23]. However, the ob-
structed edge states of unconventional insulators (obstructed
atomic insulators; OAI) [24-37], viewed as a one-dimensional
(1D) system exhibiting strong Rashba band splitting, also
have potential to host Majorana corner modes on supercon-
ducting and magnetic substrates, which is an unexplored area
(Fig. 1).

As a representative of 17 -phase transition-metal dichalco-
genides (MX,; M = Ni, Pd, Pt; X =S, Se, Te), 17-PtSe,
shows many excellent characteristics, such as high electron
mobility [38], helical spin texture [39], unique magnetic or-
dering [40], and excellent photocatalytic activity [41], etc.
[42-44]. Recently, the edge electronic states of PtSe, zigzag
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ribbon have been predicted theoretically [45] and subse-
quently confirmed experimentally [46]. The PtSe, ribbon is
demonstrated to grow naturally along the zigzag direction,
and the edge states make few-layer PtSe, more semimetallic
[46,47]. However, the formation mechanism of the edge states
is still unrevealed.

In this work we first propose that MZMs can be realized
at the corners of the unconventional 17-PtSe, monolayer.
Based on the first-principles calculations, we demonstrate
that 17-PtSe; is a symmetry-indicator-free (SI-free) uncon-
ventional insulator. This kind of unconventionality is not
indicated by any symmetry eigenvalues but is directly di-
agnosed by the computed Wannier charge centers (WCCs).
Our detailed analysis shows that the unconventional nature is
attributed to the splitting of the E @2d band representation
(BR) of Se p,, states. The obstructed edge states exhibit
strong anisotropy and large Rashba splitting. By introducing
superconducting proximity and an external magnetic field, the
MZMs can be generated at the corners of 17-PtSe, monolayer.
The magnetic substrate CrGeTes is proposed to induce a siz-
able gap in the Dirac edge states.

.

unconventional
insulator

s-wave SC

FIG. 1. The schematic of a heterostructure composed of an un-
conventional insulator/OAI with Rashba edge states on top of an
s-wave superconductor. Majorana corner modes can be induced un-
der an external magnetic field.
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TABLE 1. The atomic valence-electron band representations
(ABRs) of 1T-PtSe,. The Pt d orbitals form the A;,, E,, and E, irreps
at the Pt (1a) site, being A,@1a, E,@1a, and E,@1a ABRs; while
the Se p orbitals form the A; and E irreps at the Se (2d) site, being
A1 @2d and E @2d ABRs.

Atom WKS(g) Symm. Conf. Irreps(p) ABRs(p@gq)
Pt la -3m A d2:Ag, A, @la
(000) dyy 2 2B, E,@la
dy:y E, E,@la
Se 2d 3m p piAY A @2d
(33052 PryiE E@2d

II. METHODOLOGY

We carried out the first-principles calculations based on
the density functional theory (DFT) with projector augmented
wave (PAW) method [48,49], as implemented in the Vienna
ab initio simulation package (VASP) [50,51]. The generalized
gradient approximation (GGA) in the form of a Perdew-
Burke-Ernzerhof (PBE) function [52] was employed for the
exchange-correlation potential. The kinetic energy cutoff for
the plane-wave expansion was set to 450 eV. The Brillouin
zone was sampled by Monkhorst-Pack method in the self-
consistent process, with an 18 x 18 x 10 k-mesh for PtSe,
bulk and a 10 x 1 x 1 (1 x 6 x 1) k-mesh for PtSe, ribbon
with zigzag (armchair) edge. The thickness of the vacuum
was set to >20 A for PtSe, ribbon with a zigzag (armchair)
edge. The irreducible representations (irreps) of electronic
states were obtained from the program IRVSP [53]. With the
obtained tqc.data, elementary band representations/atomic
valence-electron band representation decomposition of the
band structure was done on the UnconvMat website [25]. The
maximally localized Wannier functions for the Pt d and Se p
orbitals were constructed using the WANNIER90 package [54].

III. CALCULATIONAL RESULTS

A. Electronic band structure and band representation

The 1T -phase PtSe, possesses a structure with space group
P3m1, where each Pt atom lies at the center of an octahedral
cage formed by Se atoms, as shown in inset of Fig. 2(b).
The layers are connected by van der Waals force. The Pt
and Se atoms are located at the la and 2d Wyckoff posi-
tions, respectively. In topological quantum chemistry theory
[27], the BR p@gq is induced by the p-irrep orbital at the ¢
site in lattice space, which also indicates a set of k-irreps in
momentum space. The generators of the BRs are elementary
band representations (EBRs). Atomic valence-electron band
representations (ABRs) are defined as the BRs induced by the
atomic valence electrons [25]. In PtSe,, all the low-energy
bands originate from the valence electrons of Pt d and Se
p orbitals, which form the ABRs of the compound. These
ABRs are generated by POS2ABR and presented in Table 1.
The band structure of PtSe, is obtained with an indirect gap
of 0.83 eV in Fig. 2(a). Based on symmetry eigenvalues (or
irreps), the nine valence bands can be decomposed to the sum
of ABRs: (A| +E)@2d + (E, + A1,)@1la, while the two
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FIG. 2. (a), (b) Orbital-resolved band structures of 17 -PtSe,.
The sizes of (a) green and (b) blue circles represent the weights of Pt
d, yz 1y22—y2 and Se p, , orbitals, respectively. ABR decomposition is
shown in (b). The inset of (b) presents the side view of 17-PtSe;.
(c) The z-directed Wannier charge centers (WCCs) for the occu-
pied nine bands. The blue dashed lines (z = +0.21¢) indicate the
locations of the Se atoms. (d) The schematic of band hybridization,
giving rise to the symmetry indicator-free (SI-free) unconventional
nature. At the atomic limit (without interatom hybridization), all the
bands originate from ABRs. After band hybridization in crystals, the
occupied bands may form the BRs that are not located at the atoms,
which is termed unconventionality. SI-free unconventionality cannot
be diagnosed by BR analysis or symmetry indicator. The colors of the
filled boxes indicate the atomic orbital characters, while the unfilled
boxes represent the nonatomic states.

conduction bands belong to E,@1a [27,55]. They are exactly
the obtained ABRs of Table I. The ABRs decomposition
seems consistent with the valence states of Pt** and Se’~,
implying that the Se p orbitals are fully occupied and two
conduction bands are mainly from the Pt 4 orbitals of the E,
irrep.

B. SI-free unconventional nature

On the other hand, we calculate the orbital-resolved band
structures in Figs. 2(a) and 2(b). The Pt d,, . ,y »>—,» orbitals
form two E, irreps at the la site (being E,@1a ABR), while
the Se p, , orbitals form an E irrep at the 2d site (being E @2d
ABR). Figure 2(a) shows most weights of the Eg-irrep Pt d
orbitals below the Fermi level (Er). In contrast, many weights
of the E-irrep Se p orbitals are above the Er in Fig. 2(b).
These results are not consistent with Pt** and Se’~ states
at all.

By using the 1D Wilson loop method [56,57], the z-
directed WCCs are computed, indicating the electronic
locations along the z direction directly. The (A, + Eg)@la
bands should have three WCCs at z = Oc, while the (E +
A1)@2d bands should have WCCs at z = £0.21¢ [dashed
lines in Fig. 2(c)], being aligned with Se positions. The WCCs
for nine occupied bands are obtained in Fig. 2(c), and the
results show that the average of the two Wilson bands in
the red box is z = 0.12¢, quite far away from the Se atoms.
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TABLE II. The k-irreps of the ABR E @2d are presented below.
They can be decomposed into two parts.

E@2d Branch 1 Branch 2
(identical to E,@1a)
F; ory F_;r ry
AT ® A Af Ay
H, ® H, ® H3 H; H, ® H,
K ® K, ®Kj K; K &K,
LfeL; LI oL, LieLy Ly ®L;
M ®M; ®M; &M, M & M; My e My

This indicates the unconventional nature of mismatch between
the Wannier/electronic charge centers and atomic positions
in PtSe,.

C. Origin of unconventional nature

To investigate the origin of unconventional nature, we
have checked the irreps carefully, because only the bands of
the same irreps can hybridize. The schematic of band hy-
bridization in PtSe, is given in Fig. 2(d). Starting from the
atomic limit, the energy levels of d orbitals (E,@1a) are lower
than that of p, , orbitals (£ @2d) in the Wannier-based tight-
binding Hamiltonian extracted from the DFT calculations,
giving rise to a half filling of E@2d ABR at Er. Then, the
E@2d ABR can be decomposed into two separate branches,
with branch 1 identical to E,@]1a, as presented in Table II.
Due to the hybridization between Pt d (E,@1a) and Se p, ,
(branch 1 of E@2d), branch 1 is fully unoccupied and branch
2 is fully occupied. The hybridization process gives rise to the
SI-free unconventionality characterized by the offset charge
centers, which is consistent with the obtained WCCs in the
1D Wilson loop method.

This SI-free unconventionality is not protected by any sym-
metry, being of accidental obstructed atomic limit. Although
it seems that the SI-free unconventionality can be removed by
changing the relative onsite energy without closing the energy
gap, the substitution with the same group elements usually
does not qualitatively change the relative onsite energy at all.
As a matter of fact, all the 17-MX, compounds of the PtSe,
family possess the SI-free unconventionality. First, the onsite
energy of M d orbitals is lower than that of X p, , orbitals
for all 17-MX, members at the atomic limit. Second, the
interlayer hybridization of an X p, orbital may lead to metal-
licity in some 17-M X, compounds [58], which does not really
affect the SI-free unconventionality (relying on the X p,,
orbitals). As a result, the obstructed edge states are always
expected in the PtSe,-family compounds. Recently, the exis-
tence of SI-free unconventionality and obstructed hinge states
is demonstrated in NiTe, bulk, and the magnetic field filtering
of hinge supercurrent in NiTe,-based Josephson junctions is
observed experimentally [59].

D. Obstructed edge states

Due to the unconventional nature of the electronic band
structure, obstructed edge states can emerge. The band struc-
ture of the zigzag edge (x direction) is presented in Fig. 3.

(a) (b)
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FIG. 3. Band structures (a) without and (b) with SOC of PtSe,
ribbon with zigzag edge. Inset of (a) presents the structure of the
zigzag edge. The black rectangle represents the unit cell. Red and
blue bands in (b) indicate the s, up and s, down channels due
to SOC. The ko and Er denote the momentum offset and Rashba
energy, respectively.

Without spin-orbit coupling (SOC), the edge states appear in
the bulk band gap (shadowed area), as shown in Fig. 3(a).
The obstructed edge states behave as a massive Dirac band
around the X point, rather than a parabolic band, because the
linear dispersion survives in a wide range N%) of the edge
Brillouin zone. The gap of the edge Dirac band is 0.07 eV.
The edge gap is consistent with the previous theoretical and
experimental results [45-47]. In addition, the band structure
of the armchair edge (y direction) is also depicted in Fig. 6 of
Appendix A. Instead of a massive Dirac band, the obstructed
edge states show an M-shaped band. Moreover, the arm-
chair edge gap is larger than the zigzag edge gap, exhibiting
strong anisotropy.

Upon including SOC, the zigzag edge states will split into
two massive Dirac bands, exhibiting large Rashba splitting
in Fig. 3(b). The coupling strength of the Rashba SOC can
be obtained as ag = 2% = 3.35 eV A, where ko = 0.043 A
and Er = 0.072 eV denote the momentum offset and Rashba
energy, respectively. The remarkable oy is as large as those
in the BiTel [60] and Bi/Ag(111) surface alloy [61]. As a
result, two massive Dirac bands are supposed to have the
opposite spin. Due to the coexistence of time-reversal and
M, symmetries, (s,) = 0 is required. The x-directed magnetic
field can easily lift the Kramers’ degeneracy at the X point.
Additionally, (s,) and (s;) are computed as shown in Fig. 7
of Appendix A, which indicate that the s, component is domi-
nant. We conclude that the obstructed edge states exhibit large
Rashba splitting and strong anisotropy. The edge atoms of
ribbons are fully relaxed in the calculations. These results are
obtained by the ab initio self-consistent calculations.

E. Proposal for MZMs in the corners

Due to the existence of obstructed edge states with large
Rashba splitting and strong anisotropy, we propose that the
MZMs can be realized at the corners of 17-PtSe, monolayer.
Under s-wave superconducting proximity and an x-directed
magnetic field, the zigzag edge can be tuned to an equivalent
spinless p-wave Kitaev chain [2], while the armchair edge is
fully gapped (Appendix A). Thus, at the corners (ends of the
zigzag edges), MZMs can be realized with a proper chemical
potential. It is proposed here that MZMs exist at the corners
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FIG. 4. Results of the two-BHZ model. (a) Energy dispersions
in a ribbon geometry along x (L, = 20 lattice sites). (b) Energy
dispersions in a ribbon geometry along y (L, = 20 lattice sites).
(c) Phase diagram with superconducting pairing (A) vs magnetic
field (hegr) with chemical potential u = 0.18 eV. The orange regime
(topological) holds Majorana corner states, while the gray regime
(trivial) does not. In (d), with ugher = 0.04 eV and A = 0.02 eV,
we plot the corner spectrum evolution as a function of . One can see
that when tuning p in the magnetic gap (0.15 eV < u < 0.22 eV),
the MZM is obtained at the corner.

of the two-dimensional (2D) topologically trivial insulator
with unconventionality.

To simulate the Majorana corner modes in the system,
we construct a 2D lattice model consisting of two copies of
Bernevig-Hughes-Zhang (BHZ) Hamiltonians,

H (k) = {m + b(cos k, + cos k,)}T"oz0
— B sinky(cos OT .,y + sin 6T ;)
—+ ,3 sin kyr()y() + %'FZ()O — OlFxxO + de00~ (1)

Here, I';jx = piojsi (i, j, k =0, x, y, z). Pauli matrices p;, 0},
and s; act on BHZ, orbital, and spin spaces, respectively. &
adds energy difference between the two copies of BHZ states.
d generates the anisotropy on two different edges. « intro-
duces the hybridization between the two copies of edge Dirac
states. These parameters are estimated by fitting the band
structure obtained from the first-principles calculations. In
Figs. 4(a) and 4(b), we plot the x-directed (ZZ) and y-directed
(AC) edge dispersions. In the two-BHZ model, when tuning
the chemical potential u to the degenerate states on ZZ edge,
there are no Fermi-level states on the AC edge [ = 0.18 eV;
the dashed line in Figs. 4(a) and 4(b)]. Therefore, only the ZZ
edge responds to the external magnetic field Hy; = uphege - s
(e is unit vector and is chosen to be & = ¢, in the follow-
ing) and superconducting proximity. The full Bogoliubov—de
Gennes (BdG) Hamiltonian with magnetism is

H(K) + Hyz
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FIG. 5. Band structures with SOC of the PtSe, ribbon with
zigzag edge on CrGeTe; substrate, hosting (a) an infinite interlayer
distance and (b) an actual interlayer distance obtained by relaxation.
The magnetic moment of CrGeTe; substrate is set parallel to the x
direction (along the zigzag edge direction). The size of red circle
represents the weight of right edge in the PtSe, ribbon. The gap
opened by Zeeman splitting is labeled. (c) Top and side views of
the PtSe, ribbon with zigzag edge on CrGeTe; substrate. The black
rectangle represents the unit cell. The right edge of the PtSe, ribbon
is marked by dotted lines.

Both the Zeeman coupling /. and superconducting pairing
order A can open an energy gap at u. Specifically, they are
competing with each other, giving rise to the phase diagram in
Fig. 4(c). When the Zeeman gap is dominant at k, = 0, the ZZ
edge becomes an equivalent spinless p-wave Kitaev system. In
the topological region, we demonstrate that superconducting
proximity can induce MZMs as shown in Fig. 4(d), which are
bounded to the corners. Very recently, based on the obstructed
surface states with huge Rashba SOC in unconventional insu-
lator Nb3Brg [25,36], 2D topological superconductivity and
Majorana states are proposed to be realized in the s-wave
superconductor NbSe, /Nb3;Brg/ferromagnetic insulator Crl;
heterostructure [62], which is the three-dimensional version
similar to our proposal.

F. Magnetic substrate CrGeTe;

To realize the Majorana corner modes in 17 -PtSe, mono-
layer, the effective Zeeman splitting of the zigzag edge states
is important; in other words, the gap due to the external mag-
netic field at the X point matters in this proposal. Here, we
propose that the ferromagnetic insulator CrGeTes [63,64] is a
proper substrate to induce a magnetic gap on the zigzag edge
of 17-PtSe, monolayer. The structure for this simulation is
shown in Fig. 5(c). The results of Figs. 5(a) and 5(b) show
that the x-directed magnetic moment of CrGeTes substrate
can cause a large Zeeman gap of 75 meV at the X point.
Covered by a conventional s-wave Bardeen-Cooper-Schrieffer
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with armchair edge. The black rectangle represents the unit cell.

superconductor, e.g.,aluminum, the MZMs at the corners of
1T-PtSe, monolayer are experimentally accessible.

IV. CONCLUSION

The SI-free unconventionality of charge mismatch pro-
posed here does not have any symmetry eigenvalue indication,
analog to SI-free topological insulators [55]. But it can be
directly diagnosed by the computed WCCs using the 1D
Wilson loop method. We demonstrate that the SI-free uncon-
ventionality is attributed to the splitting of the decomposable
BR with band hybridization. The SI-free unconventionality
widely exists in the compounds with (Ga/In)** or (Ge/Sn)**
valence states, which suggests that the s-orbital states would
be empty and all above the Er. On the contrary, the DFT
results show that these states are quite far below the Ef.
The detailed BR analyses and orbital-resolved band struc-
tures of SnSe,, CulnSe,, and Cu,ZnGeSe, are presented in
Appendix B. These SI-free unconventional compounds have
exhibited superconductivity [65,66], and optoelectronic or so-
lar cell applications [67,68].

We demonstrate that 17-PtSe, is a SI-free unconventional
insulator whose unconventional nature originates from the
band hybridization between Pt d and Se p., states. The
obstructed electronic states on the zigzag edge exhibit large
Rashba splitting. With the high mobility and large Zeeman
gap on the magnetic substrate CrGeTes;, the MZMs at the
corners of 17-PtSe, monolayer are experimentally accessible.
Additionally, our two-BHZ model is proposed to capture the
Majorana corner modes in the unconventional monolayer with

(@) s ®

0.8

S
3

00

0.4 0.4

05

Energy (eV)

(Y

Energy (eV)

L
5 )

~0.4 0.4

1
=
3
L
I3
3

—
>
=1
=1

X

anisotropy. Our proposal for the Majorana corner modes in
a 2D unconventional insulator/OAI can be widely studied
in experiment.
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APPENDIX A: BAND STRUCTURES OF PtSe, RIBBONS

The band structures with SOC of PtSe, ribbons with zigzag
edge and armchair edge are shown in Fig. 6. The bulk band
gaps (shadowed area) of the two ribbons are aligned in
Figs. 6(a) and 6(b). The degenerate zigzag edge states above
the Er at the X point are still located within the armchair edge
gap (red line). In addition, the spin-resolved band structures
of PtSe, ribbon with zigzag edge are presented in Fig. 7, con-
sidering SOC. We can see that (s,) = 0, and the s, component
is dominant near the Er.

APPENDIX B: MORE EXAMPLES OF SI-FREE
UNCONVENTIONALITY

At the atomic limit (without interatom hybridization), all
the states originate from ABRs. After band hybridization

) © (s,)
0.5 0.8 0.5
EOD ilm
0.4
0s % 05
%ﬁ) 0.0
sl
0.4
I

FIG. 7. Spin-resolved band structures of PtSe, ribbon with zigzag edge, considering SOC. The color scales represent the expectation values

of spin components (a) (s,), (b) (sy), and (c) {s;).
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in crystals, the electronic charge centers of occupied bands
in an insulator cannot be located at any atom, which is
termed as unconventional insulator/OAI. Here we show two
types of unconventionality: with the symmetry indicator [SI;
Fig. 8(a)] and without SI [SI-free; Fig. 8(b)]. Case (a) with an
empty-site elementary band representation (EBR, generators
of the BRs) has the SI [25], while case (b) cannot be diag-
nosed by BR analysis or symmetry indicator, termed SI-free

unconventionality. The SI-free unconventionality is usually
found in the compounds with (Ni/Pd/Pt)**, (Ga/In)**, or
(Ge/Sn)** valence states. Figure 9 presents the schematics
of band hybridization and orbital-resolved band structures
for SnSe, (space group SG P3ml), CulnSe, (SG I42d), and
Cu,ZnGeSe, (SG I42m), illustrating that their SI-free uncon-
ventional nature arises from the splitting of the decomposable
BR with band hybridization.
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